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Kepalaro 1

To Miyadikd ExOetiko

Efvar yvwotd 6Tl n ekBetikii guvdptnon e* €yel Tto avdstuyua Taylor

2 3 4
R (RS S (1.1)
2! 3! 4!
Emiong, ot TolywvoueTkES GuvaQTneng €xovv avarttuyuota Taylor
x2 oxt xS
cosx = 1—2—!+4—!—a+---, 1.2)
X3 )C5 x7
Ssinx = x—g'f'a—ﬁ'i‘"'. (13)

Ou topaTtdve oelpés guykAivouv Vx € R. H datepn celpd (1.1) wag emitpéel va emektel-
Vouue TOV 0QLGUS TnG eKBETIKAG GUVAQRTNONG ATTO TOUS TIRAYUOATIKOUS GTOUS UyaSIKoUg
aEuovs we ggng: Ta kdbe z € C opicovue

2 3 4
Z

VAR, - —_ J—
e .—1+z+2!+3!+4!+ . 1.4)

H ocepd avtn cuykAiver yia kdBe z € C. Ztn cuvéyela da Seléovue 411, yio kdbe
21,22 € C, €972 = e%e™. Tlpdyuatt

1 S R AP PP  N | o
e = Z;(Zﬁm)" = Z; (k)z/fzgk = Z —k,(n_k),z'sz ¢

n=0 n=0 k=0 n=0 k=0
(o) o0 (o) k (o) n_k
_ 1 k_n—k _ z 29 — U2
= k'(n_k)‘Z1Z2 = _‘ (n—k)‘ =ee”.
k=0 n=k ° ’ k=0 " n=k ’

H cepd (1.4) wog emitpémel vo Sdcovue vénua, Kol 6Ty océtnta e” émov x € R.
Aayupdvovtag vtéyn 6Tt



Exouvue

i B SR AP S e Sl S5 S A S L A A
e’ = 1+ix+ + —+ =+

2! 3! 4! 5! 6! 7! 8!

2 oxt x5 a8 ) X ¥ X
= l-—4+—=—-=+—=|+i|lx-=+=-=+
2! 4! 6! 8! 3! 3! 7
agt” 6TTov TTAlEVouuE TV YeueMwdn cxéon
€™ =cosx+1isinx 1.5)

7oV ovoudceTan TUITog Tov Euler. ®¢tovtag x = 7 talgvouue

&m+1=0.

Iapduota BAETTOVUE VLo TTARASEUA OTL €2 = i, e

)

ot

N2 i
+lT,€

e

wIN

+1

N
N | —

[opatneeicte agté tov TiTto Tov Euler 6TL 0 ™ givan (yia x € R) mwdvto wyadikdg
oBuos wovadiaiov uétpov @’ dGGov

le™*| = |cos x + isinx| = Vcos? x + sin® x = 1.

Eniong, yio k € Z, amé tov t0mo tov Euler PAéTtovue OTL e = /¥H2m = pixp2hri —
e (cos 2krm + isin 2km) = e**.

IHoAwkn Moeen tov Miyadikov AQuBuwv. Ectw z = a + ib évag wyadikog apBuds
(a,b € R). To uétpo tov z eivan |z| = Va? + b? ko eTTOUEVWOS
a .
+1
Va? + b? Va? + b?
6 eivow n wovadikn yovia oto didatnua [0, 27) TTOoU kOvoTTolEl TIC GXEGELS

cosf = a sinf = b
Av 71 = e, 7o =1y, 1, >0, 6, € [0,2n), i = 1,2, té1€
R R )
22 ry

z = g

) = |zl(cosO+i sinf) = |z]e”. (1.6)

{139 = rrqe

n-06tég Piteg tng Movadac. H eglowon 7" =1, n € N, éxel n pltes 610 GUVOAO TwWV
wyadikov aptfunv C:

- 2knt

e, k=0,1,2,...,n—1.

[Na aeddeyua, dtav n = 3, ov pigeg elvon

0 i 2r .. 2r 1 V3 iz no .. 4dr 1 3
e =1, €'3 =cos— +isin— =—=+i—, '3 = COS — +i8iN— = —= — j——.
3 3 2 2 3 3 2 2
INa n =4 ou pitec elvan
60 - 1, el% = i, elﬂ = —1, ei:%r = —1



TVUmtog Tov de Moivre. 'Ectw n € N kaw 8 € R. A1t tov tomo tov Euler €xovue
cosnf +isinnf = " = (ei")n = (cosf + isin0)".
[a wapddeyua artd tov TUTto Touv de Moivre Taipvouue
cos 30 + isin 30 = (cos 6 + i sin 0)® = cos® @ + 3i cos? Osin O — 3 cos Hsin® @ — i sin® 6.
Emouévmg €xouvue

cos30 = cos®f—3cosfsin’d = 4cos®d—3cosb,

sin30 = 3cos’@sinfd—sin®>f = 3sind — 4sin® 6.






KepdaAaio 2

Toauuikoi Metacynuaticuol

2.1 IIivakes wg Avastapactdcels Ioayutk@dv petacyn-
UOTIGU®OV WG TTEOS XVYKeEKQWEVES Baoelg

"Ectw U, V 800 ypouukol yoeot ue Babuntd peyébn oto R. Mwa guvdptnon f: U — V
OVOUACETOL YQOUWKA v Yo kKGBe u, w € U kar @, € R woyvel 6T

flauw + pw) = af(u) +Bf(w).

"Ecto 6Tt n ddotacn tov U eival n kow n didctacn tov V eivan m. "Ectw cmiong 6T
{e,...,e,} etvaw wa Bdon tov U ko {fy,...,f,} wa pdon tov V. 'Ectw x = Z?zl xje;
ko y = f(x). Tote, AMdyw tng yoouwkotntag g f,

f6) = (T xje)) = Ty xif (e)). @.1)

Apo? f(e;) € V,woxvel om f(e;) = X, byfiyia j=1,2,..., n. ZUVETTOS AvTIROOIGTOVTOGS
atnv (2.1) €xovue

y=/fx)= Z?ﬂ xj Yy biffi = XL i Z?:l bijx;. 2.2)

Av n avamopdoeTacn Tov y wg meog tnv fdon tou V elvar
y =2l vifi (2.3)
T01e GUYKQELvovTag Ta degld uépn tng (2.2) kaw tng (2.3) €xovue
Y yifi = XL £ X bijx;

agt’ 4ITOV TTEOKVITTEL OTL
Yi = 2?21 bijx;. 2.4
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YUVETIOC XENGLULOTIOLOVTOS TOV GUUBOMGOUS TV TIVAK®V UItoQovue va yedwouue 4T

» by by - by X1
y.z _ .bZl {?22 ?Zn X.z @25)
Ym bml me bmn Xn
Av ue b; cuufolicovue Ty j-GTAAR TOV WWTEEW m X n TTivaka, SnAadn
blj
by;
b] = .J ’
by
T01e n e€lowan (2.5) ypdeeTol KoL ®G
y= x;b;
=1
O mivokog
bu b b1y
by1 by ban
B = .
bml bm2 e bmn
ERQPQEATEL TNV OVATTARAGTOCN TOU YeOouUtkoy petacynuoticuot f : U — V g Tog Tig
Bdoew {ej; j=1,...,n) Tov V kan {fi;i=1,...,m} Touv V.

2.2 IIivakeg AAMAayng Bdaong

"Ectw U évag yeauuikos xodeog didotacng n ue Babumtd ueyébn GToug ITeaylatikovg
aEBuovs ko {ey,...,e,} o pfdon tov xweov avtol. Kdbe x € U exkpedieton 16Te e
LOVABIKS TEOTIO WG YROUUKGS GUVBLAGUOS Twv GToxelwv g Bdong: x = 3 x;e;. Ta
xj, j=1,...,n, elval ol GUVIGTOGES TOV X WS TTEOS Tnv Bdcn {ey,...,e,}. 'Ectw Toea
{ag,...,a,} wa dAAn poaocn tov U kot €6Tw

aj= > aye, j=1....n 2.6)
k=1

n avoIToEdcTacn Tov a; ®g TEOoS Ty Bdon {ey,...,e,}. E@dcov ta {a;} amotedovv
Bdon tov U ustopovue avtiGTROEo Vo ek@EAGOUUE Ue LOVASIKO TEOTTO T GTOoLXeld TNG
apykng Bdong, {e;}, g TEOG TNV véa BAcN KOl GUVETTOS VTTAEXOUVV {Cji} TETOL WGTE

€ =21 Cjias i=1,...,n. 2.7
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AvtikafieTovtag tny (2.6) gtnv (2.7) Ttaipvouue
€ = anl Cj,' 22:1 akjek = ZZ:l (7% Z?:l Clijj,', I = 1, N (B
aIt’ 6TTOV TTEOKVITTEL, AOYw TNG YROWUWKAG avegaTnclos Twv {€;}, 0T

" 1 avk=i
Lije1 Wi = 0 avk#i

Eztouévwg, av A = [a;;] kaw C = [¢;j], Tote AB = I 1 1Godvvaua

C=A" 2.8)

’ — n _ n 4 A
Ectw X = ), Xx€ Kol X = ), i=1 £;a; n avasoapdctacn Tov X € V wg 1o T 8Vo
Bdoelc. Xpnowomolwwvtag thv (2.6) €xovue

X = 2 &) ey Akjer = L= i€k

n, 1oodvvaua,
k=1 €k L &jarj = Yoy ik

agt” GITOV TTEOKVITTEL OTL

n
wo= Y ayg,  i=12...n
J=1

n
X1 ang ai - A &
X2 dgy dgy -+ Qg &
=1. . ) A 2.9)
Xn am dp2 - Apn gn
Iodvvaya, apol A~ = C,
& cn Ciz2 - Cip X1
& Co1 Co2 -+ Cyp X2
=1. . . - (2.10)
é‘: n Cnt Cp2 - Cnn Xn

2.3 AAAayn Baong ce I'oauutkovg Metacynuatiouong

Ac vroBécovue Tea 6Tl U elval évag yeauukog x®eog didataong n ue Babumtd ueyéon
ctov R kan f: U — U £vag yoouukdg petacynuaticuds ctov U. ‘Ectw {e;;j =1,...,n}
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wa Bdon tov U kow B o gtivakag n X n 0 0Tolog €K@EALEL TOV UETAGYNUATIGUS f ®G
TEOS AVTR Tnv Bdon. Xvykekpuwéva, To gTotyela Tov Ttivaka B elvoal ol GUVTETAYUEVES
TV f(e;) os TEog Ty Bdcn {e;}, dnAadn

flep=Y byer  j=1...n.
i=1

Aéue 6t o mivakag B elvol n ovoItoQdeTOoN TOU YROUUWKOUD UETAGYNMUATIGUOV [ ®G
TEOg Tnv Pdon {e;}. Me Tapduolo TEdTO, 0 Tivakag B’ elval n avaswoapdctacn Tov
{Blov yooumumkoy geTacxnUaTIGuLoy wg TEog Thy Bdon {a;} kai

f(a)) = Z b a, j=1...,n 2.11)
i=1

XNGWOTIOLOVTOG TNV a; = Yy dk;€ GTNV TTaQATtdve Gxéon Talgvovue

n n n

i bja; = Z b Y e = ) e ) awb), (2.12)
i=1

i=1 k=1 k=1 i=1

Ko

n n n

f(a)) = Z a;;f(e) = an a;j an brier = Z [ Z a;jby;. 2.13)
k=1

i=1 i=1 k=1 i=1

ATté Tic (2.11), (2.12) ko (2.13) JwEoKVTTTEL OTL
Z bia;; = Z awb;; ylo kdBe k, j
i=1 i=1

n woodvvaua BA = AB’. Emtouévmg ot tvakes B ko B’ T0U avastaQletovv ToV YOOUUKS
ueTaoxnLaticud f ws 1eog Tis BAcels {e;} kat {a;} cuvdéovtar ueTaEY TOug Ue TV GYEon

B =A"'BA (2.14)

67T0V 0 Tlvakag A elvar o Ttivakag allayng Bdcong (Beite Tic oxéoeg (2.9), (2.10)). Avo
Tiivaxkeg B ko B’ ol omoiot guviéovtan pe wa oxéon tng woeeng (2.14) ovoudgovton
ouotot.
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KepdAoro 3

MetaO<oerg

M petdBeon o n Swatetayuéwv aTotyelnv eivol Wil ‘avadldTagn’ Tov GTOYEIWY QUTOV.
"Evag 1o auaTtneog opouds etvar o egng. MetdBeon touv cuvédov {1,2,...,n} elvon
WOl OLPLULOVOGAULOVTI OLITTEIKOVIGN TOU GUVOAOL OQUTOU GTOV €0UTO TOU, OnAAdSN wa
guvdptnon o ue Jtedio opiouov to {1,2,...,n} kar ;edlo Tww®dV To (8o Gvvolo TéToln
wote o(i) # o(j) 6tav i # j, i, j=1,...,n. Tnv getdbeon o avamaQloTAvoure GYMULOTIKA
(N
1 ... i .- n
o) ... o@) ... o)

To GUVOAO TV AUPLLOVOGRUOVT®V QITEIKOVIGEWVY aTtd TOo GUVoAo {1,2,...,n} atov eavtd
Tov cuuPoliceton we S, kow eivar evkoAo va Sovue Ot €xer n! ctoyela. Av ¢, ¥,
elvaw 8o ctoyela tov §, tdTEe GuuPBoAitovue Tnv GuvBecn Tous wes Y¢ = Y o ¢. Elvan
g€UKkOAO va dovue 6Tt n gvvBeon Twv Vo GuvaETNGE®V elval £TT{GNG AUELLOVOGALAVTI
agtewkovion, dnAadn ctouyelo tov S,. Emiong, emednn n gUvBeon cuvaQtncewv €xel
™mv JTQOGS't:eQLGTLKr'L wwtnta, ¢Wo) = (dY)o. (Avté amdd onpaiver 6T, yio kdbe
iefl,...,n}, dWo(i)) = p(Y(o(i))) = ¢yY(o(i))) H TavtoTiki guvdotnon e yia Ty ostola
woyVer 0L e(i) = i yio kGBe i elvon To ovdétepo GToryelo. Emiong, ywo kdbe ¢ GTo
S, vIdeyel n avtictpoen cuvdetnon ¢! yia tnv omoto woyvel ¢t = ¢l = e. T
TaQAdELyULaL oV

1 2 3 4 1 2 3 4
¢:(2413) KOl gb:( )TOTS oy = (1432).

(agatneeiote 6T dY(1) = p(Y(D) = ¢(3) = 1, dY(2) = p(Y(2)) = #(2) = 4.) Emiong,
12 3 4 123 4 123 4
a ¢:(2 4 1 3) ot ¢_1:(3 1 4 2) o ¢¢_1:¢_1¢:(1 2 3 4)‘

Ovoudcetan avtiuetdbeon wa uetdbeon n ogroio evaAldoer wévo o GToyelo Ko
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KEATd OAa ta dAAQ oTabepd SnAadn n T € §, elvar avietdbeon av, ywo KATTOLO
i,jel,:={1,...,n}, 7(0) = j, 7(j) =i, vaw 7(]) = [ yua v&0e [ € I, \ {i, j}.

Kdabe upetdbeon piropel va avastagactabel w¢ ywouevo avegdotniov kKUkAwv. o
Taeddetyua,

12345678
(73146582):(17823)(4)(56)‘

To 6tabepd onuelo 4 to omoio avtigTolyel Ge KUKAO urnkoug 1 ustopel va TTaQaingBet.

KdBe kiUkAog uitopel va avastapactadel wg ywouevo aviyetabécewy. To mropd-
deyua ( 178 2 3 ) = ( 1 3 )( 1 2 )( 1 8 )( 17 ) Tevikd, 6Twg uropovue
Vo SL0ITLIGTWGOVUE,

(i1 iy i3 e iny ik) = (i1 ik)(il ik_l)---(il ig)(il iz).

Emiong, av ¢ eivon wa petdbeon 1o S, woyvel ot {Yp : p € S,} =S, ={do : p € §,.}.

Oqewouds 1. Ectw (i, iz, .. .,i,) uta uetabeon tov cuvolov (1,2,...,n). Oa Adue 011 n
uetdbeon €xel uia avtiatpopn déang (r,s) ue 1 <r < s < nav i, > i;. Mia uetafecn wov
ExEL TEPLTTO aAELOUO AVTIGTEOP®Y OVOUALETAL TLEQLTTA VM wia uetdbean Tov €xel APTLO
aplBuo avtieTEOPWV ovoudgeTal GQTLO.

INa stapddetyua n (4, 3,5,2,1) €xel 3 AVTIGTEOPES WS TIEOS TO TTEWTO GTOLXELO TN,
2 g MEOG To JeVTeEROD, 2 WS TEOS TO TEITO KA 1 WS TTEOS TO TETORTO. XUVVETTWS £XEL
GUVOMKA 8 avTIGTEOPES Kal elval doTia.

Opwou6g 2. Mia evaldayn tng 9éong 6vo croiyeiwv, i, i, wag uetabeong (iy, ..., 1I,)
ovoudgetar avtuetdbeon: Me thyv avtiuetabeon avti, n iy, ..., 0y ... 105 ...,10,) YIVETAL
(s e e eslgyennslyy...,riy). Ta cTor el i, KOL iy EVAAAAGOVV TIC FEGELS TOUS EVMD OAA TA VITO-
Aowgta 116 Statngovv. Mia avtiuetdfecon GU0 YELTOVIK®OV GTOLYEIWV OVOUALETOL YELTOVIKI
avtuetdadeon.

Oewonua 1. Mia avtiuetdbeon ueTateTel uia TeQITTA ueTdbeon e APTIO KOl AVTL-
GTEOPWG.

Amobeién. 'Eoto (if,...,0,) wa puetdbson n ototxelowv. Mo yertovikn avtuetddeon
TV GTolelwV i, KAl i, Oev eTnEEediel Ge TiTToTe TOV AELOUS TOV OVTIGTROP®OV TWV
GTOLXELWV Iy, . . ., I,_1 OTTOC KOL TV GTOWEIWV i,49, ..., L, AV i, < i1 T6TE n aviuetdbeon
TOUG AVEQVEL TOV 0QOUO TV OVTIGTROP®DV TOV 41 KATA 1 evd aphvel Tov apliud Ttwv
OVTIGTROP®MV TOV i, aVOAAOlWTO. AV i, > i,y TOTE N AVTLETABEGN TOUG UELDOVEL TOV
0EWUS TV OVTIGTEOP®V TOU i, KATA 1 evdd a@nvel Tov apliud TOV AvVILGTEOP®OV TOU
ir41 vaALOlwTO. Ko GTIC dU0 TEQUITTOGES 0 GUVOMKOS aQOULOS AVTIGTEOP®V OA®V
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TV gToxelwv ueTafdAleton Katd ula povdda, eite avEAveTal €{TE UELOVETOL. LUVVETIOG
war deTia uetdbeon da yiver TTEQLTTA Kl AvTiGTEOEO.

XTnv YEVIKN TTEQITITOON TA GTOWElD i), Iy SeV €lvol YEITOVIKA KO €GT® OTL WEGOAOL-
Bovv m ctoyyela petagd Tovg. Xpetdcovtal TOTe m + 1 YELTOVIKES avTUETABEGELS Yyl val
TEOXWENGOVUE TO i, UEYEL Tn J€on s IOV KATE(XE AQYIKA TO i;. XTn GUVEXELDL XQELOL-
éuacte m yeltovikég avtiuetaféoels yio va Ttdue Tiom To iy otn 9€on r mov katelye
TO I,. LUVETTOS GUVOMKA ypeLdcovTon 2m + 1 YEITOVIKES aVTILETOOEGELS VIO VO OVTILETOL-
Yéoovue ta i, i;. Av k aTtd avTEG avEdvouy Tov aEiud TV avVTIGTROP®OV KATA 1 Ko
[ a1t aUTEC UELDOVOUV TOV GUVOMKO 0QBUO TV AVTIGTEOP®OV KOTA 1 TdTe N GUVOMKNI
uetafoAnl Tov aELoy TV AVTIGTEOPWV eivon k — [. Ioxvel 0T k + [ = 2m + 1 ko Guve-
TS k — 1 = 2m — 2/ + 1. Ewopévwg PAETTovue 6Tl N GUVOAIKI peTafoAn tov alduol Twv
OVTIOTROP®OV €lval TTERLTTOS aELOUOS Ko KATA GUVETTELD, Ov N petddegn NTov aQykd
deTia da yiver TTeQLTTA Ko avtioTEO@a. m|
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KepadaAaro 4

Ogpicovoeg

Opweuo6g 3. H opicovaa evog Trivarka A, n X n opigetal wg

detA = Z SIEN(0 )10y A20-2) * * * Ano(n) “4.1)

ogrov To abpoicua Aaufdvetal Tavw Ge 0Aeg Tic uetabécelg, o, Tov guvoldov {1,2, ..., n}
kat sign(o) = +1 av n uetdbeon eival dptia eve sign(o) = —1 av ival TeQLTTA.

4.1 AAyefokd cuumAnpauata, AvtiGTEOEOoL TTIVAKES KoL
10 Jewonua tov Cramér

‘Ectw A teTpaywvikdg Tivakas n X n ue otoxela (a;;). Oa cuuBoMcovue ue M;; tov
TIVOKO TTOU TIEOKVITTEL ATtd Tov A av Stayedapouue TNy yoOouun i Kot tTny GTAAn j. O¢-
Tovue A;j = (=) det(M; 7). O mivakag ue croryela A;; ovoudgeton KAAGGIKOS GUSVYHG
(adjoint) Tov Tivaka A kar cuyfoAiiteton wg adj(A).

H opicovca tov mivaka A vIToAoyiteTal wg

n

det(A) = )" ayAyj. (4.2)
=1
H mtapastdve oxéon woxvel yio ostowodngtote i = 1,2,..., 1.
Ioyvel 6T
A adj(A)" = det(A) I. 4.3)

15



[Mpdyuatt, To Gtoyyelo ij Tou ywouévou Twv dVo Tvdkmv divetal agtd tnv oxéon

n det(A) ovi=j

DAy = 4.4)
k=1 0 av i+ j

Av i # j t61e n €kppoacn (4.4) etvan {on ue tnv opitovsa evog TivaKka TTOU TTEOKVITTEL
av n yoouun j tov A avtkatoctodel aIrd tny yoouun i. XUveTtmg a@oy TIEOKELTAL Yo
éva Trivako pue dvo (dieg yoouués n oplcovga avtol Tov Jrivoaka eivon undév. Av i = j
Té1e n €rkppacn (4.4) eivan on ue det(A).

H oygon (4.3) onuaiver 6T, av det(A) # 0 téte 0 A~ vITdpxer ko Sidetan aTd Ty

Al = L adj(A)” 4.5)
= det(a) 2V ‘

Ymé tnv wpotmdBeon 6t det(A) # 0 To ypauutkd cuctnua Ax = b €xel uovadikn Avon
x=A"n

— : T
X = det ) adj(A)’ b. (4.6)

4.1.1 Zvouwaedyovteg Ko 0QiTOVGES

‘Ectw A Tivakog n X n kot
an A ai;j ain
asn Az az;j Aap

detA =
aip  Aig aij Qin

apl Ap2 Apj (2

ATt TG WOTNTES TV 0QLLOVGOV €XOVUE

1 1
das  dx agj Aop dsg A az;j Aon
detA = an + agn + ...
an A aij Ain ai  ap aij Qin
an  Adp2 Ay Ann anpl Ap2 ayj Apn
1 1
a1 A agj Aagp dag Az asj Aon
ta, +otan
apg  ap aij Adin a; dap a;j a;,
an  Apg Aapj Ann an Apg ayj Ann




KO €TTOUEVAOS, TTOAALATTAAGLALOVTOS TNV TTEAOTN YRAUUL KOATAAANAQ KOL OPOLQOVTAS OTTO
TIG VITOAOLTTEG TTaipvouue

1
(2] az; Adap an az; (M)
detA = ay + ago + -
(2] a;j Aaip aj a;j Aaip
(2% ay Jj Ann am ay Jj Ann
1 1
asg Az Ao as dx asj
+ay; +--+a 4.7)
J n
apg dap Aain ajg  dj aij
apl Ap2 (2 ap1 Ap2 anj

H tumikil opltovca otny mtapamdve eglicmon, 6Ttov n j 6ThAn €xel 1 gty mpodtn déon
kot 0 0TI dAAeS yRdA@eTal, UETA OTTO eVOANAYES GTRADY, OG

1 1
dgr  dgo gy dg1 Az (25
= (_1)]_1 = (—1)1_1 det MI]
ajp dp ain ajp  ap Adin
ay1 dp2 (25 ap dp2 Apn

6mov M;; elvar o Trivakag TV TTEOKVTTTEL 0Tt Tov A dtav Saypdypovue Tnv yoouun
1 kaw Tnv otiAn j. Tevikd, o gtivakag swov JreokvmTel ATtd Tov A dtav Saypdpouue
v yeauur i kar tnv 6TtAAn j cuuBoliteton ue M;;. H mocdtnta A;; = (—1)* det M;;
ovoudgeTan cuuITapdyovtag Tov GTolelov a;;. Me Bdon Ti¢ TaATTdvw TTAEATIEAGELS
n (4.8) ylvetaw

detA = auAu + CluAlg + .-+ alnAln- (48)

H Ttapamdve €keeacn ovoudeeTal avAaITTuUYUd TnG 0QILOVGOS GE GUUITOQAYOVTES ™G
TEOG TNV TEOTN yeauun. Me tov {60 TeOTT0 UIroeel Kavelg va d®OGEL TO AvATTTUYLO
TNG 0QI{COVGAS GE GUUITARAYOVTES S TTEOS OTTOLAONITOTE yeauun 1 ko otiAn. Ioyvet
ETOUEVIS OTL

n

D ayAy  i=12...n

J=1

detA

4.9)

n

Zaiinja j=12,...,n.

i=1

(4.10)

Oecwonua 2. 'Ectw A un 1816uop@oc sivaxkas nXn. O avticGTeopog TTivakas EKPEALETAL
WG TTPOS TOUS GUUTTAQPAYOVTES e TOV akdAovBo Tpémo. Av A~ = C 1éte ¢; ;= (detA)~'A jis
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oéniaén

Amoderen. Iopatnpeicte 6t To GTotyelo ij Tov ywouévov CA eivor To

n

All A21 Atl
A12 A22 Ai2
A Az A
Aln AZn Am

[CAL; = ) caayj = (det A)" Y Ayay;.

k=1

‘Otav i = j n moeamdve €peacn divel

k=1

(det A)™! Z Aty =1
k=1

AOyw tng (4.10). 'Otav i # j n €kppacn

Ay + agjAg; + -+ AnjAn

@.11)

4.12)

(4.13)

1GoUTAL Ue TO Undév eTteldn ek@EAgel Tnv 0pitouca evog TIVOKO TTOU TIROKVITEL OTTO
Tov Trivaka A 0V OVTIKOTOGTAGOUUE TNV GTAAN [ Ue Tnv GTAAN j €TGL OGTE N GTAAN j
va eueavicetar 600 @OoEES eva N GTAAN i KauuioL.

Oewonua 3 (Cramér). ‘Eatw A un 1610uop@og sivaxkas n X n kat b ditavucua ctov R”.

To ypauulko cuctnua Ax =b 1

anXxp + apXxe + -+ ayx; + -+ apX,

Ao X1 + AgoXg + - -+ + AgiX; + - -+ + Aoy Xy,

amX1 + apXo + -+ auiX; + -+ Auu Xy

€xel uovalbikn Avan tng ogrolag n GuVIGTOGA I 6i6eTal asro To akodovbo snliko opliov-

owv
an
as

x .
I detA | ain

an1

ayi-1

azi-

aji-1

ap,i-1

18

by ati+1
by az vl

b; aj i1

bn an,i+1

ain

(25

daip

ann
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AméSeién. 'Ectwo a; = (ay, agi, - - ., ay)! 10 Sdvucua 6tAAng vt abudv i =1,...,7n ko
b = (b, by, ...,b,)". To cUGTRRO UTTOEEL VO YOOPE! WG

ax;+agxe+---+ax;+---+a,x, =b.

Av A =[ay,---,a; - ,a,] elvar o wivakag Tov cuaTiuatog, det A = det[ay,--- ,a;, -+ ,a,].
Egetdcovue twpa tnv opicovca det[as,--- ,b,---,a,] n ool ITEOKVITTEL AV OVTIKATO-
GTAGOUUE TNV GTAAN a; ue tnv GTnAn b.

det[aj,---,b,---,a,] = det[a,---,a;x; +agxg + - +ax;+--+ax, -, a,]

n

= Zxkdet[a1,~--,ak,~--,an] = x;det[a;, -+ ,a; -+, a,]

k=1
YUVETTOG
xidet[ala"‘ s Ajy 0t 7an] = det[al"“ 7b"“ ’an]-
O
4.2 QOgicoveeg Vandermonde
‘Ectw x;, 1 =1,2,...,x, woayuatikol (N wyadikol) apbuol. H oplcovca
1 1 r -1
X1 X9 X3 cee Xn
Vaxtyoon X)) =| X2 x5 x5 - X2 4.15)
X;l_l xg—l xg—l . XZ_I

ovoudcetan opicovoa Vandermonde. H tun tng vitodoyigetor evkola amd To akdéAovbo
emyeiponua. Ag 9€covue gtn 9éon tov x, Ty puetafAnti Xx.

1 1 | S |
X1 X9 X3 ce X
Vilx, ..., x) = | ¥ x5 x5 - X (4.16)
-1 -1 -l -1
B P
AvasrticovTag Tnv 0pitouca g TEOG T TeAdgvtala GtnAn BAETTovue 6t n V,(xy, ..., X;-1, X)
elvan éva TToAVwvLRo wg TTEO0¢ X Babuot) (To woAV) n—1. BAEmouue etiong 4tL, yia x = Xx;,
i=1,...,n—1, n opltovca (4.16) undeviteTal Kow €TTOUEVMOS TTEETTEL VAL €YEL TNV LOEPN
Vn(xla N . x) = C(.XI, sees xn—l)(x - xl) e (x - xn—1)° (417)
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[a va Tteocdiopicovue Ty T tng otabepds C(xy, ..., X,—1) Yétovue x = 0 otnv (4.17)
kol Ty (4.16) kouw €xovue

1 1 1 e 1
X1 X2 X3
n—1 _ 2 2 2
(—1) C(Xl, ey .Xn_l)X1 X1 = X1 Xg X3 -+ 0
-1 n—1 -1
XXy Xy 0
0 0 o --- 1
X1 X2 X3
_ 2 2 2
= Xj X5 X3 0
-1 . n-1 -1
X1 X2 X3 ot Xp
2 2 2 2
_ n-1| X KXo Xzt Xy
= (=D
n—1 n—1 -1 n—1
XX Xy e X
1 1 1 1
_ n-1 X1 X2 X3 Xn—1
= (D" Xy Xt
n—2 -2 n—2 n—2
xl x}21 X3 ’xn—l
_ n—1
= (=D)""xi - xa Vi (xr, - 1 X))

A6 T TTapamdve BAETToVUE OTL
C(xt, ooy Xp-1) = Viea (X1, - - Xm1)

Emouévwg, détovtag x = n, atnv (4.17) kow Aaupdvovtog vIt” GWiv T TTARAITAVK £xouue

n—1
VaGtts s Xt X%0) = Via (et 500) | ]G = 0. (418)
i=1

E@poapudtovtag 1o mapaitdve ermxeipnuo avadpowkd €xouvue

Vb ox) = [ ] G- x. (4.19)

1<i<j<n

Ertouévag BALmTovue 4L n opigovca Vandermonde eivonr undév av kol uévo av x; = Xx;
ylo KATTowo i # j.
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Ke@dAoro S

Toauuikeég Avaopoukés EElcwcelg

5.1 Toeauutkéc Avadpoutkés EElcmoerg

M e€lcmon Tng LoeEng

Xpak + Q1 Xpak1 + - -+ + arx, = b, n=0,12,..., .1
ovoudceTon ypauuikn avadpoulki gyéon taéng k. Ou cuvteAeatés a;, i = 1,...,k elvon
dedouéveg GuvOQTAGELS TOL 1 Kal To de&l oréNog, b, elvar wa dedouévn GuvdpTnoen Tov

n. Tumikd, ol aQYkES GUVONKES X, X1, . .., X1 €lvol deSouéveg KoL OTTO QUTEG KOL TRV
(5.22) ov TWES Xy Xp41, Xnt2s - - - TTEOGOLOEITOVTOL AVASQOULKAL.

Av n b, elvan undév ywo kdbe n n gglowon (5.22) ovoudcetar ouoyevig GAAOS o-
voudiceton un opoyeviig. Av ou GUVTEAEGTES a; Oev €£0QTOVTOL AITE TO n TOTE €XOUUE
wa ypauuiki avadpoulkn eElcwon ue otablepovs GuvtedeaTés. AVTEG elval oL €ELGADGELS
oV, OTwe Ja dovue, eTmAVOVTAL EVKOAQ GE KAELGTA LOQOT.

5.1.1 Ouoyevelc yQOUUIKES AVAOQOULKES GYEGELS TAENG k ue ctabe-
Q0UGC GUVTEAEGTEG
OewEovue TNV OUOYEVA YROAUULKA OvadQOWKA Gyxéon tdgng k
Xpok + A Xpap—1 + -+ agx, = 0, n=0,1,2,..., ©.2)

ue aE)WES GuVONKeg
X0, X1y -, Xk Ocdouéval. ©.3)
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O cuvtedeotég a;, 1 = 1, ..., k elvon wpayuatikés (M wyadikég). Av {x,;n € N}, {y,;n € N}
elvar 8Vo axkolovbieg Tov wavoTtoloVV Ty (5.23) (AAAG OYL VTTOXEEMTIKA TIG OEXUKES
ouvOnkeg) tote evkoAa PAETTovpe OTL n akoAovBia {rx, + sy,;n € N}, émov r,s € R,
erriong kavotrolel tnv (5.23), Adyw yoouwkdétntag. ITpdyuatt, agkel vo ypdwpouue

Xpik + ClXpip1 + -+ Xy = 0,

Yotk + C¥pek-1 + -+ Cyn = 0,
VO TTOAAATTAQGLAGOVUE TRV TTEATN ££lGman Ue r, Tnv deltepn Ue s Kol va TpocBécouue
Kotd uéAn yia va sdoouue

TXpik + SYnik + C1(FXpak-1 + SYnii—1) + -+ + cx(rx, + sy,) = 0.

BA€gtoupe KaTd GUVETTELD OTL TO GUVOAO TV OKOAOUOL®V TToU elval AVGELS TG avadQo-
wKNg oyéong (5.23) arroteAoVv €va YRAUULKS VITOX®EO TOU GUVOAOL AWV T®V AKOAOV-
v, Etn cuvéxela da dovue 4Tl 0 VITOXWEOS AVTOS €xEL TTETEQAGUEVN SLAGTAGN KoL
Ya Peovue wa Bdon yU autdv.

ITpdyuatt, Ttapatneeiote 6Tl oTtoladnIote Avon {x,; n € N} tng (5.23) mtpocdiopicetan

ue Lovasikd TEOTTO ATt TIS TTEMTES 1 AQYKES TWES Xg, X1, - . . , Xk—1. KT cuvéTela, Adyw
NG yeauwk4TnTaS Tov Acewv agkel va ggetdoovue T k deuclidSers Micerg, {£:}, Tou
OVTLGTOLYOVV GTIGC OQXLKES GUVONKEG §§. =0y j=0,1,...,i-Li+1,...,k ff =1, yua

i =0,1...,k—1 H Mon tng (5.23) ue apxkés cguvbnkes (5.3) Slvetaw tédte WS 0
VOOUUKOS GUVBLOGUOS TV depeMwdov AVGemv

k-1
xn:Zx,- i n=0,12,.... (5.4)
i=0

A6 TO TTOQATIAV® KABIGTATOL GOPES OTL O YEOUULKOS X®WEOS Twv AVGE®V Tng (5.23)
elvar €vag yeouuwkos vTtoxmeog dtdataong k Tou yeouUtkoy x®eou OA®V TV OKOAOU-
Budv pe wyodued otoxela ko 6Tl ov akoAovbies {£}, i = 0,1,...,k — 1, asrotedovv wa
Bdaon yI' autd Tov vITOXWEO.

Ac dokpdoouvue tpa va Beovue Avcelg Tng (5.23) wov va £x0Uv ThV LoEEN

x, = A", n=0,12, ...,

6TT0v A elvar €vag TEAYUATIKOS I wyadikdg aplBudg katdAAnAa emdeyuévog. Ta va
elvaw n x, 6Ttwe tnv oplcaue Avon Ja TTEETTEL

AR g e g = 0.

AotV dev upac evliopépel n teteuuévn Avon Jtouv avtigTowyel otnv emidoyn A = 0,
Stawpwvtag ye A" Taipvouvue Tnv

a2+ 4 g, =0. (5.5)
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H (5.5) ovoudtetan yapaxktnplotiki €§lcwan tng ovadeowkng oxéong (5.23) kau eivon
Babuov k. ZuveTtwg €xel k iTes, TTEAyULATIKES N uryadikés. O uryadikés pites Pefalmg,
v VITAEYXOVV, eU@OVITovVTOL GE Cevyn GUILY®V AELOL®OY GTOV Ol GUVTEAEGTES TOU TTO-
Avwvigov atnv (5.5) eivan steayuatikol apbuol. Av A, i =1,2,...,k elvan ol k plteg tng
(5.5) tdte n yevikn Avon tng (5.23) dideton aTtd Tnv

n=0,12,.... (5.6)
omov ¢; elvan Ggtabepés. O gTabepés avTtég urtopovv va TTEoGdLoplglovv €16l WaTe

n {x,} va wavotrolel Tig aykés cuvOnkeg. Ia To okoTd avtd Ta ¢; Ya TEETEL va
eTMAEYOV €TGL WGTE va .GXVOUV Ol

cirtco+---Cp = Xp
Cl/ll + 02/7.2 + -0+ Ck/lk = X1
Cl/lf + Cg/lg + -+ Ckﬂi = X9
clxl’f_l + cz/llg_l +---+ ck/li_l = Xi_1,
n, GE WOEEN TIVAK®V,
1 1 . 1 ¢l Xo
/lé /lg . /115 ¢y Xy
/11 /12 cee /lk .| = : . 0.7
k-1 k-1 .. k-1 Cy Xk—1
/ll /12 /lk

[Mopatneeicte 6TL n 0pltovca Tov TTaEATTAvV® Trivaka elvanl akEPB®S n opitovca Van-
dermonde 1ov elvar SiapopeTiki arrd to 0 vITd TN TEOVTTO0EGN OTL A; # A; dTav i # |
KoL KATd GuvéTtela To gvatnua (5.7) €xel wovadiki AVon. XUveTtddg VITAQXEL Wld LoVaLdL-
kN Aon tng (5.23) TTov kavoTtolel TS aEYIKES GuvOnkeg (5.3) kaw avtn divetar aTtd Tnv
(5.6) ue TWéS TV GTafeEwV ¢; TTOV TTEOKVITTOVV aItd Tn AVcn Touv GuaTALATOS (5.7).

5.2 TloAAagtAég Pitecg

Ed® da egetdoovue tnv mepiTitwon TTou ol QITES TNG XOQRAKTNELGTIKAG £Elcwang (5.5)
dev elvan 6Aeg Srakprtéc. Ag Jempncouue kot apyn Tnv avadeowkn cxéon

Xpt2 — 20X,41 + pzx,, =0, Xo, X1 0edouéva, 5.8)

p € R (H (5.8) elvor ovclaGTIKA N YEVIKA TTEQITTTOON WAS AVASQOUKNAS GXEGNG TTOV
€XEL XOQAKTNELOTIKN e€lcmon ue SurtAn pica, p € R\ {0}. Avo Srapopetikés Avcelg gTnv
Tep{TtTon avti eivan ol " kow np”. Tpdyuott

(n+2)p

n+2

—2p(n + Dp"™ + p*np" = p"*(n+2) = 2(n + 1) + np) = 0.
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H yevikn Aon elvan x, = Cip"+Conp”, n = 0,1,2,.... Ovctabepég Cy, Co TOGS00{T0VTOL
aItd 10 GUGTNUA
xo = Cy, x1 = p(Cy + Cy).

Tevikd, av n eglonon (3.5) éxer tnv p € C\ {0} m—-mAn pica (m < k) téte gTnv elta
OVTA AVTIGTOLYOUV Ol €ENG m avegdpTntes AVGELS:
pn’ l’lp”, n2pn, . nm—lpn.
[Mopddetyua: "EGTm n avoSEOUWKA GYEGN X4 —DXpi3+ 99X 10— TX,11+2X, = 0 Uue X, X1, X2, X3
Sedouéva. H yapaxtnootkn eficoon eivaw A* —54%3 + 942 - 74+ 2 = (A - 1)3(1-2) =
0. H yevikn Adon elvan x, = C; + Con + Csn® +Cy2", n = 0,1,2,..., ko o otabepes
TTEOG3L0RICOVTAL ATTE TO GUGTNUO

Xo=Ci1+Cy, x1=C1+Co+C35+2Cy, x9 =C1+2C5+4C3+4C,, x3 = C1+3C53+9C3+8Cy.

5.3 Ou a@iBuoi Fibonacci

M arrd g Stacnudtepeg avadpoulkés oyéaels eivor avti stov divel Toug aBuovg
Fibonacci. H oxéon avtn elvar n

Fn+2:Fn+1+Fna n:2’3""$ (59)

uacl ue TS apxikés GuvOnkes
F() = 0, Fl = 1 (510)

Ytnv gropastdve oxéon F, elvor o n-o0tog apbuds Fibonacci kar o 1pdIT0g TTOUL OL
aEwuol avTtit TEoadlopitovtal avadooutkd elval capng: Fo = F1+ Fy=1+0=1, F3 =
1+41=2, F, =3, F5 =35, Fg =8, F; =13 k.0.k. IIogdTt 0 Stadoykds vitoAoyieudgs etvon
ATAOVGTATOS UOS eVOLAMEQEL va YVmEITouue 0V VITAEXEL UL €KMEACN, GOV GUVAQETNGN
Tov n n owroia va TEocdloeitel att’ evbelag Tov n—06Td aEud Fibonacci. Mo tétola
érkpeaon da pog €8ve ylo TTapddetypa Uio Gaen eidva yio Tov Quiud avEnong twv
aEWLOV avTov. Ag favaypdypouue tnv (5.9) T pLoeEn

Fpyo— Fpy— F, =0. G.1D)
Oa ovoudcovue Wo TETOLNL GXEGN OUOYEVH YpauUIKI avadQoulki Gxéan 6eUTeng TAing
ue ypauuikovs cuvtedeotés. H AEEn ouoyeviag ava@épetal GTo yeyovos OTL Tto el
GKENOG TNG avadEowkng cxéong, otav eivan ypauuévn w avtd tov teoTo, eivanr O.
Avtifeta n avadpouknn gxéon

Fpo—Fp—F,=n (5.12)
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elvar un ouoyeving. Av {x,}, {v.}, elvar dvo akoAovBieg TTOUL KOVOITOLOVV U0 OUOYEVI
VOOUUWKA avaSeowkn gxéon oTtwg n (5.11) tdte kdbe yoauwkds Guvdlacuds Toug, GTTMg
ylo Toeddetyua o z, := ax, + by, €mwiong tkovorolel Tnv avoSQOUKNn GYEoN.

M puéfodog Tov pag ermiteéTtel va feoldue TG AUGELS Wl OUOYEVOUS YQOUUKNAG
OVASEOWKNG Gxéong ue GTabepols GuVTeEAeaTES OTtws n (5.9) elvan va Soxkwdcouue

AMigelg tng wopeng A" émov 1o A Yo weoadloelebel KATAAANAA. AVTIKOOIGTOVTAS TNV
Jrpotewvouevn Aven gtnv (5.11) €xovue

/ln+2 _ /ln+1 —1"=0

A2-1-1=0.

H moapattdve eglcnon éyel Vo AMGels, Tig

H yevikn Aon eivan
F, = CiA] + Ca45 (0.13)

kar ov dVo ctabepés, Cp, Co, WITOEOVV VA €TAEYOUV £TGL WGTE VA LKAVOTIOLOUVTOL Ol
aE)KES guvbnkeg. Oétovtag n = 0 kar n =1 gtnv (5.13) kar Adaupdvovtag vit” dyw wog
TIG AEXIKES GUVONKeEG €xouue

0 = Ci+0C,y,
1 = CiA+Cady
n
Ci(l1—A2) =1

agt’ éITov €Youue

C1:

&l -

KOl CUVETTOC

Y o0 N | I

[Topatneeiote 6T yia ueydAes TWéS Tov 1 WOVO 0 TTEATOS OROS UEGO GTnY TaRéviean
elvar onpavtikds. O devtepog Ttelvel ypriyopa 6to undév a@ot) kot atmoéAvtn tun eivol
WKQEOTEQOS TNG LOVASAG.
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5.4 Toeoauutkd Avvoultkd XvGTNuoto

H avadpowkn oxéon (5.22) ypdpetor 1lGodUuvauo og

Xn+1
Xn+2
Xn+3

Xn+k—1

n, 1Godvvaua

| Xn+k

é1ou
0 1
0 0
A= 0 0
0 0
| —dr  —di-1

Emouévmg n Adon TteokvIttel avaSeowkd og eEng:

0
0
0

0
| —dg

0
1
0

0
—di-2

X1
X2

X3

Xn

—Ak-1

1
0
0

0

Xp41 = AX, + by,

o O

0

—ai-2

0 0
1 0
0 0
0 0
n=0,12,...
01
0
0
s Xy o=
1
—da; |

AX() + bo,

Ax;+b; = A2X0 + Abg + by,

S O O

—dap |

b

Xn
Xn+1
Xn+2

Xn+k—2

| Xn+k—1 |

Xn
Xn+1
Xn+2

Xn+k-2

| Xn+k-1 |

Axy; +by = ASXO + A2b0 + Ab; + b,

n-1
A" + Z A iy,
=0

X 0edouévo

e}

Y1nv TepiTttoon tng opoyevoig eslcmong, b, = 0 yio kKABe n KAl GUVETTMOG

x, = A"Xoq,

n=0,12,....

o
0
0
, (5.15)
0
| b, |
(5.16)
. n=0,12....
6.17)
(.18)

5.9 Emilvon avadQoutkowv €€l6dcewv ue tnv Pondeia

YEVVITOLOV GUVOQTNGEMDV

‘EGto {a,}, n = 0,1,2,... wa akoAovbio Treayuatikov apbuwv. H yevvAtpia cuvdp-
THON TOV OVTIGTOLKEl GTnv akoAovBia elvar n guvdeTnon JTov oQlteTal WEGW TG €ENG
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duvayocelpdg:

A(2) = Z a,7". (5.19)

n=0

Eivor stpopavég 6tL o kGBe axkoAovuBia avtioTouxel (o Kol LovoSKA TILOOVOYEVVIATLOL.
Ioyver dumwg kol To avticToryo: Xe Kdbe TOAVOYEVVATELOL GUVAQTNGN OVTIGTOLKEL Wil
ko povadikn arkoAovbia {a,}. Avtd TEOKUVTTTEL TTORAYWYITOVTAS k POEES Tnv Tibo-
voysvvm@m KOl VITOAOYIZOVTOG TnV TToQdy®myo TTov TEokUTITel yia z = 0. Ilpdyuoartt,

LA@ = Tnn =1 (1= k+ D a, ke &A@ = Klag. Tvvemag

1 d
a, = — —A®)

. , k=0,1,2,.... (5.20)

z=0

H mapoastdve oyéon meoadiopitel ue wovadikd tedTo tnv akolovbia {a,} asmd tnv
TOAVOYEVVITOLOL.

evikd, n Suvapocelpd tng egicmong (5.19) Jewpeltar wg cuuPolikn éxkppacn To
ottolo onuatver 6T Sev ypewdceTan va acyoAnfovue ye gntigoto coykMong. T'a toug
OKOTIOUG Hag Ouwg elvar agtAlovateQo va thv dempnoovue og wa Suvouocelpd Ue Gu-
VTEAEGTES GTOUG TTEAYULATIKOUS aplBuovs n omola GuykAivel ge éva Stdotnua yoew agtd
TO Undév (N evdexouévwg Yo GAOUG TOUGS TTEAYULOTIKOUS aptBiovg) Kat oQitel wa TTay-
UWOTIKA GUVAQTNGN.

Ag dovue ta arkolovba TTapadelywata
1. Ava,=c",n=0,1,2,..., 6wov ¢ Se60uévog TTEAYULATIKAS apLBUog,

[

1 1
A(z) = Z "' = . H ogpd ouykiiver yia 7] < —
4 e ]

2. Ava,=nn=0,12,...,

(o) (e8] 1 ’
A(z) = Z ng' = ZZ n ! = Z(l - Z) = a _Zz)z' H ce1pd cuykAiver yia |z < 1.

3. AvA(z) = 3 = va Beebel n akolovbio GTtnv oJtoia n yevvATELL GUVAQETNGN AWVTLGTOL-
xel. Oa umopovcaue va yencyogrtotngovye thv oxéon (5.20). Eivar dumc eukoAdTeQO
VO XENGWOITOINGOUUE avdAuon Ge aItAd KAAGUOTO Kol ThV TTLOAVOYEVVATOLO TOU TTALQOL-
delywarog 1 wg €gng: O Ttapovopactng tng A(z) yedeetoar wg (z —2)(z +1) kot emouévmg
€xouue Tnv avdivon ce aTtAd kKAdouaTta

Z B A N B
z-D@E+1) -2 z+41
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Suvends Az + 1) + B(z — 2) = z (ya kde 2) kaw emoudvog A = 2, B = 1

2 1 11 1({ 1 1 1w = (1Y)
A e e - _ 1) — - n
@ = 3772%37+1 3(1+z 1—~) 3[2( )’z Z(z)z]

% n=0 n=0
3 .

n=0

Yuvemag a, = % n =12,.... Tagatnpelcte 4Tl GTOV TTOQRATAV® VITOAOYLGUO

XONGWOTTOIGoUE TO aTtoTéAecua Tov Jtapadeiyuatos 1 ue ¢ = —1 kar ¢ = 1/2.

5.6 Toauuikéc avadQoulkég €E16MGeLS ue Ttafeovg Gu-
VTENEGTEG

H akoAovBia {x,;n € N} kavoTstolel yio ogoyevi ypauuikii avadoouiki e§icwon taéng
k ue oTabeovs GuvTedeaTés av VITAQYOLV k Trpayuatikol agubuol ay,...,a, ue a; # 0,
TETOLOL WGTE

X, + A1 Xp_1 + A2 Xyo + - + Qi Xy = 0, n=kk+1,.... (©.21)

ITpokewévou va TTROGEL0ELGTOVV Ta WéAn Tng akoAovbiag arouteiton emimtAgov va §o-
Yolv ol k TEwTOl BpOoL TNG aroAovdiag, Xo, Xi, . . ., Xk_1.

Y1tn cuvéyela da emkevtpwboiue wg €Tl TO TTAEIGTOV GE YQAUULKES EELGWGELS SeV)-
Tepng tdgng. Ipokewévou va Adcouue tnv opoyevi e€lcwaon devtepng TaEng

X, + A1 X1 + asXy_9 =0 (©.22)

Ya Sokwdoovue Avcelg tng wopeng x, = A", n = 0,1,2,.... T va eivon wo TéTola
axkolovBia AMon tng (5.22) Ja Tmeémer va wxver A" + a A" + a,A"? = 0 to oTolo
onuaiver 6Tt To A da TEETEL vaL IkavoTTolel Ty £Elcwaon

A2 +ad+ay=0. (5.23)

H mapastdve eglonon eivor Sevtépov Pabuov kat ev yéver €xel Suo SlapopeTikés plteg
(evBexouévmwg guguyelc wyadikég, apov ag, as € R).
IIedtacn 1. H yevikn Avon tng g€icwong (5.22) Sivetal airo tnv

CiA] + Ca A (5.24)

omov Cy, Cy avBaipetes crabepés. O 6Tabgpés auTéS ugropovv Travta va JToGsLo-
plgbovv povocruavia €16l waTte n Aven tng (5.22) va ikavosrolel SeG0UEVES AQYIKES
GUVORKEG, X(, X| B GUVORLAKES GUVONKES TNG LOPPIS Xo, Xy, 07OV N e N. Av 4y = A, = A
TOTE N yevikn Avon tng (5.22) Sivetar airo tnv

CiA" + Cond”. (9.25)
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Av {b,} elvon wa Sedouévn axkoAovbia, n avadpowkn cyéon
X, + 1 Xy—1 + AoXp—9 = b, n=0,1,2... (5.26)
OVOUALETOL UN OUOYEVIG YAUUIKI avadpoulki axéon Sevutepng taéng. Mo akolovbia
{y»} n omola kavostolel tnv (5.26) ovoudcetan eidiki AVGNn TRG Un oUoyevous eElwang.
IIpotacn 2. H yeviki Avon tng un ouoyevougs g€icwang (5.21) divetar aro tnv
CiA] + CaA5 + yu, n=0,12,... (5.27)

o0gTov Ay, Ay givar oL §U0 Sta@opeTikés pices tng (5.23) kat {y,} uia ik Aven tng un
ouoyevoug egicwang. Av Ay = Ay = A 10Te n yevikn Avan givar C1A" + ConA™ + y,.

5.7 Agq@uBuoi Catalan

"Ectw C, 0 apliuds TV JTOQACTAGE®Y TTOU WITOROVUE VO @TIAEOVUE Ue n evyn JTOQEV-
Uéoewv. 'Etal €xovue

Me 1 cevyog 1 tapdotacn: ()

Me 2 tevyn 2 stapactdoets: (()), )0

Me 3 tevyn 5 wagactdotes: (0(0), 000, (0O, ((0)), (O0).

Tevikd, av éyovue n+1 gevyn mapeviécemwy, Eekvdue avolyovtag wo Taeéviecn Tov Ge
kdgtoto onuelo Ja kAeioel. ‘Eotw 611 Trepiéyovian k cevyn mopevécewy uéga ¢° autd 1o
TEWTo gevyog (k = 0,1,2,...,n). Miogovue va @udgovue Ci; SLopoEeTIKES eRPEAGELS
ue avtd ta k gevyn kaw C,_; ek@EAGeELS Uue Ta 1 —k gevyn Tov elvol €Em aITo TNV TTEMOTN
TaEévieon. XUVETIDOS Ol GUVOMKEG €K@PQEAGELS TIOL UTTOEOUVUE Vo, @TidEovue ue n + 1
cevyn JraeviEcemv av n maévieon Tou avoiyel TTedTn TEQEXEL k cevyn eivan CiCi.
ABpoltovtac yia 6Aa ta k €xovue
Cn+1 = Cn + C1Cn_1 + Czcn_g + -+ Cn—ZCZ + Cn_1C1 + Cn

Av 9éoovue Cy =1 1éTe UItogovue vo ypdapouue
Cr = ) CiCos. (5.28)
k=0

O avadpoutkds TUIToG (5.28) ev elval YRAUUKOGS, TTEOGPEQEOVTOL OULMS YLOL TOV aQLOUNTIKO
vIroAoyloud tng akoAovdiag C,. Twa mapddetyua €xovue

C, = CiCy =1-1 =1

C, = CiCi+CiCy =1-1+1-1 =2

C;s = CyCy+CiC1+CoCyp =1-24+1-1+2-1 =35

Cy = CoC3+C1Cy+CyC1+C3Cy = 1:5+1-2+2-1+45-1 =14

C; = CoCy+CiC3+CoCe+C3C1+C4Cop = 1-14+1-5+2-2+5-1+14-1 = 42
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ITpokewévou va Ppolie (o €kEEOCN GE KAELGTA LOEEN Ja XENGLULOITTOLOVUE TNV YEVVI-
TELL GuvdETnon

C(z) = Z C,7" (5.29)
n=0

[MoAamAacidgovtag tnv axéon (5.28) ue 7! ko abpoitovtag wg TESS n

[ee]
§ 1
Cn+1Zn+
n=0

Il

[

la\|
[

N?V‘

a

N:

=~

= 72C(2)- C(2)
Agdougvou dt Yoo, Co 2™ = C(2) — 1 kotaMiyovue Gtn oxgon C(z) — 1= zC%(z) i
2C¥z)-C(zx)+1=0. (5.30)

Avvotag tnv devtepofdbuta eglcmaon €xovue TIg AVGELS

1+ V1-4z

9 (©.31)

ITpokewévou va eTMALLOVUE TO GOGTO TLEOGNUO GTOV TTOQATTAV® TUTTO TTAQRATRQOVUE
oL, Yétwvtag z = 0 atnv (5.29) €xovue C(0) = Cy = 1. Av ggetdioouye TNV GUUITEQLPOQEA
g érkppacng (59.31) dtav z — 0 PAETTovue OTL 0 TUTTOG ue To JeTikd TEOGNUO TElvel
GTO AITELQRO, EVG Yl TOV TUITO Ue QQVNTIKG TTEOGNUO LoxveL OTL VER | grav 7 — 0

2z
OTwg PAETTOVUE eapudtovTag Tov kavova tov de U'Hopital. Apa

C(z) = 1i2— “1Z_42’. (5.32)

[a va Beovue tnv akolovdia {C,} agtd tnv yevviatela cuvdetnon tng, C(z), da xenaot-
UOTTOGOVUE TO SlwVUULkS dewonua:

[Se]

1+ 0" = Z(:)x” <1 ack, (5.33)

n=0

dTT0V

(oz):: oz(a/—l)~~-(a—n+1). 5.34)

n n!
(Otav 1o @ elvar YeTikog aréparog 6Aot oL 6ot Tng GelRds (5.33) yia n > a wndevicovtat.
ITy. (g’) = w = 0. ’Etol n dmepn cepd yivetaw ¢ avtin Tnv Jtepimtoon €va
TeTeQocuévo dbpotoua.)
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Ytnv mepimtowon yos @ = 1/2 ko

(1/2) 5G=D--G-n+1)

n n!
3 (-1)"1271-3-5---(2n = 3)
B n!
3 (-)"12721.2.3-4.5---(2n=3)-2n—-2) - 2n - 1) - (2n)
B (n!)?
et 2n\ 4™
= =D ( n ) 2n—1

Me Bdon TS TTAQAITAV®D GYEGELS €X0VUE

X /1
1+ Z (2) (—1)"(47)"
n=1

= 2
1+ 2(—1)2"-1( n”) 2;_ 1 (5.35)

(1 - 47)?

KOl KOTA GUVETTELOL

n—1

> (2n)  z

¢@ Z; ( n ) 220 — 1)
= [(2m + 2 7"

Z ( m+1 ) 202m +1) (5.36)

m=0

2m+2) — (Zm) 2(2m+1)

Ioyver duwg oL ( KOl ovTIKOAOLGTOVTOS GTny (5.36) €youue

m+1 m m+1
o 1 (2m
C(z) = ", 5.37
@ mZ:() m+1 ( m )Z ©-37)
YuveTtwg, o apbuol Catalan Sivovtar amd tnv gxéon

1 (2
C, = ( ") (5.38)

n+1\n

5.8 TINagadeiyuoata I'oauuikov Avadpoutkov Xyécemv

5.8.1 Aq@iBuoi Pell

Ozweovue TELo NON TAAKLSiwV: Kokkiva kot witAe tao oTtola etvan tetedymva, 1X 1, ko
Agvkd opBoyadvia 1X2, ue o (8lo TAATOS AAAd SLItAd unkog. Ta stAakiSio ToTtofeTovVTOL
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oTnv gelpd ce wia yoouun. Mag eviiagépel va amaQlbuncouue tov agbud StopoeTkOV
dratdewv GuvoMkoU UAKOUGS 1, £0T® U,. Elvol capég 6Tl u; = 2, didti, vmdoyovv dvo
Suatdgerg unkovg 1, (kOkKkvo N ugtAe TAOKISLO) kot s = 5 (KK, KM, MK, MM, ko A,
6Ttov K=kdkkivo, M=umle, A=Aevkd). T'evikd,

U, = 2Uy_1+ U,_o, n=3,4,.... (5.39)

H mapastdve oxéon TTRoKVITTEL OV EEKWVAGOUUE UE TO TTEMTO TTAAKISI0. AV elvol KOKKIVO
N ugtde, uetd akoloBovv ce kdbe wa amd Tic dV0 TEQLITTOGELS TTAAKISIOL GUVOALKOV
unkoug n — 1, Ta omola UITOEOVV va eTAEYOUV UE U,—1. AV TO TTEOTO elvol Agvkd TdTE
akoAoVBOVV TTAOKISIL GUVOMKOU WAKOVG 12— 2, Ta 0TTola UTTOQOVV val ETTAEYOVV UE U,—o
TEATTOUC.

H yapaxtnolotikn egicoon mov avigtoxel oty (5.39) etvonw n A2—241-1= 0 ue piteg

1 =

2+ V8 2- V8
2\/_:1+\/§, A = 2\/_21—\/5.

YUVETTWOG
, = Ci(1+ V2) + Gy (1- V2,

Emouévwg, Aaufdvovtog vt oy Tig axkES GUVONKEG,

2 = C (1+ \/5) + C, (1— \/5) (n=1), (5.40)
2 2
5 = c1(1+ \/5) +cz(1—\/§), (n=2).
. ; 4 v -1, —1_ ¢
EmuAbovtag to cvotnua avtd saigvovue Cp = 5 + 5=, €1 = 5 — -7, KO ETTOUEVOS
1 V2 n 1 V2 n

To cVetnua (5.40) agtd Té oroio TEOKVTTTOVY Ol TWES TwV GTabepwv Cq, Coy, uItoel
va asthorroinBel av ragatngnoovue 4Tl ustopovue vo décovue uy = 1 Ymdoyer €vag
TEOTIOC e TOV 0Ttolo uropovue va tottobeticovpe 0 wAakiSio atn gelpd! Av autd dev
elvol 0EKETA IKAVOTTONTIKG, TTOQATNEOVUE ATTANS OTL Ue up = 1 kot u; = 2, n avadowkn
oxéon (5.39) diver uy =2-2+1=25. Avti yia To gicthua (5.40) €xovue ToTE

1 C1+C2, (n:()),
2 Ci(1+ \/§)+cz(1—\/§), (n=1).

To gVctnua avtd elvon agstAovctepo atd to (5.40) kar Pefaiwg diver tnv (Sta Aven yia
Ta Cl, Cz.

H akoAovBia twv @uckawv apbuwv 1,2, 5,12,70, 169, ... n omola ITRoKVITTEL AITTS TRV
avadpoutkn cxéon (3.39), elvaw yvwotn wc apbuol Pell gtnv Jewplo apbumv.
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5.8.2 Poég Emtituyiov

Ye éva emavalaufavouevo Trelpapa e dvo duvatd amotedécuata, emituyia, E, kol agto-
Tuxla, A, dewpovue avegdptntes Sokés. Av vitobécovue 4Tl n TTBAvVSTNTA ETITUYIOG
elvan p kar n BavoTnta arotvyias g := 1 — p, uag evdiagépel va fpovue tnv TTOAVS-
TNTA VO YEEWAGTOVV OKQIPADS 1 TTelpduato uéyel vo éxovue k Stadoyikés emituyies. Oa
ggeTdoovue TNy TeRlTTOON k = 2,

Il
OV \G)

EE ue mbavétnto p
AEE  ue ulavétnta gp’

AAEE 1 EAEE ue ubavétnta gp° + ¢*p? = qp*
AAAEE W EAAEE W AEAEE ue mbavétnto ¢°p* + ¢*p° + ¢*p° = (1 + p)g¢*p°.

S S S 3

"Ectw Aowtdyv, yia k = 2, f, n wbavotnia vo xeeweToUV OKELBOS 71 SORWES UéExQL va
gxovue 2 Sraboyikés emmituyleg kavoTtolel TRV avadpowkn cxéon

fn = qfn—l +prn—2' (5.42)

[a tnv cuvéyxela Ja vroBégouue 6Tl p = g = 1/2 yio val astAoucte’Gouue TOUG VITOAO-
ywouovs. H yapartnpiotiki e€icwon tng (5.42) elval, gtnv mepintoon avTn,
1 1

A—-1--=0
2" 4

ue pigeg A = ”f’, Ay = I_T\FS. TUVETIHOG

1+ V5)' 1- V5)'
o= G V5 +Cy ¥ : (5.43)
4 4
O otabepéc Cy, Co, UTTOQEOVUV VO TTEOGOLOQELGTOVV ATTO TIC OQYIKES GUVONKeS fo = }1,
fz = é. YUVETIOG €xouvue TEMKA
5-1(1+V5) V5+1(1-+5)
fu = V5 ( \/_) +\/— ( \/—) n=2,3,.... (5.44)
25 4 25 4

5.8.3 ABuoc Aégewv Mnkovug n ue Tora Wneia

Mo evdiapépel 0 apLBids SLapoEETIKRMV ALEEWV UNKOUS 1 TTOU WITOEEL VoL GYNUATIGYOVV
ue ta yneia 0, 1, 2 av to yneio 2 dev puiropel va akoAovbeiton TTOTE aTd £va SevteQo
yneio 2. Av dev VTTNEYXE O TEQLOPLGUOS TTOU AVOAPEQPETOL GTO WYn@io 2 0 GUVOMKOG
aBuos Aégemwv TTpopavwg Ja ntav 3". Ag cuufoAicovue pe f, To TANOOS TwV AEEEWV.
Ioxver 6T

fi=3, AMéeewcg 0, 1, kan 2), fo =8, (Aégeic 00, 11, 01, 10, 20, 02, 21, 12). (5.45)
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Tevikd, av f, elvar 16 givolo Twv Aégewv unkovg n téte f, = {0,1} X f,_; U {20, 21} X f,
SnAadn
fo = 2fn1+ 2f 0. (5.46)

AauBdvovtag vIt” dywv Thv (5.45) urropovue va TdQovue MG aQXKES Guvinkes fo = 1,
fo = 3. (H kevit Aégn undevikol unkovg @tidyveton ue évav uévo tedémo. Emiong
fo=2f+2f=2-1+2-3 =8.) H yapaktnolotikn e£icwon mou aviigtolyel gtnv (5.46)
elvau n

-21-2 =0

ue elteg
A =1+V3 1, = 1- V3.

Emtouévag n yevuki Avon tng (5.46) etvau n

fi = G(1+ V3) + Co(2- VB)
ue

1 = G+

3 = Ci(1+ V3)+Cy(1- V3).

YUVETTOG

b= () () - (4 5) (- ) 647

5.9 Pnroypauuikéc Avadooukég EElcwoeig

Pntoypauukés GuvapTnaels elval ol GUVAQTAGELS TNG LWORPNS

ax+b
cx+d’

fo) = xe R\ {-d/c}.

WrtoBétovue 6t ad — be # 0 (AAAMwg n guvdptnon f elvor gtabepd).

Pntoypauutkég ovoudcovTol ol avadQoWKES EELGNGELS TTEMOTNG TAENGS TNG WORENG

ax, +b ; , ,
X1 = , n=0,1,2,..., Xo: Oedouévn aykn Guvonkn. (5.48)
cx, +d

Ot avadQoWKES AVTES €E16MGELS AUvovTol GE KAELGTR Loeen ¢ eEnc. H yapaktnpiotiki
egiocwon g (;;) elvon n
al+b

2
=0. .
A= 1 S A+ d-a)d-b=0 (5.49)

Avaxpivouye 600 TTEQUITTOGELS.
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H (5.49) €xe1 800 duakQiteég Qites 4 # Ay, “Ioyvel 6T

al;+b

i = o, =12,
C/ll'+d :

KoL, agto T (5.48), (5.49),

ax, +b B ali+b  (ad —bc)(x, — 4;)

ot — A = , i=12. 5.50
e cxntd  chitd  (cx+d)ch+d) (©:50)
Awapavtog katd uéin tig oxéoelg (5.591) ya i = 1, 2, waipvouue
il — A Ao +d x,— A
Xn+1 L CAy X 1' (5.51)
X1 — Ao cAi+d X, — Ay
®¢touue
X, — A 0.1.92 cAy +d
U, = ,n=0,12,... = .
X, — Ay H cli+d

Me toug opieuovs autovs n (5.48) yetacynuatitetol gTny JToAY aITtAovGTeEQN

Upy1 = HUy

agté TNV oTtoia TTEOKVITTEL OTL

— n

Uy = M1'ug

4TTOV TO

Xo — A

Ug =
xo — Az’

elvan dedouévo a@ov yvweitovue tnv aQykn Tn xo. Ao TOV 0QIGUO TOU U, TTQOKVITTEL
ETOUEVIC OTL

Agutop — A
L e T (5.52)
uou™ — 1

H (5.49) #xer wa SummAn @ita A, = Ay = A.  Amé v egicwon cA? +(d—a)A—b =0,

dl->b
A = . 5.93)
a—cd

Emtiong, emweldn n A eivon SLarAn pica tng 8eutepofdbulag YoQOKTNELGTIKAG Elcmang,

a—d
2c

A = (5.94)

ax, +b 1= (a—cx,—(dA-b)  (a—clx,—A(a—c)
cx, +d B cx, +d B cx, —2cd+a

Xps1— A = (9.99)
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(Xtov agbuntn yencwomowmnacaue to yeyovos ot (dd — b) = A(a — cA) AMdyw tng (5.93) )

EV(® GTOV TLAQOVOULGTH TO yeyovds 6t d = a — 2Ac (AOyw tng (59.54) ). Emouévwg, aird

v (0.99),

(a—cx,—Ala—cl) _ X, — A
cx,—D+a-cl = (x,-D)+1

a—cA

(9.96)

Xpp1— A =

Oétovue TOEA U, = (X, — 7L Tuvertde

Up1 = V+ Uy

: e _c _ 2
OTTOoV V = papy i a—c% =

Emouévmg

u, = uUg+nv

Aaupdvovtag vIt Sy wag Ot uy = 'xol_p

X()—/l

n = 1+ n(xg— v

5.9.1 Iaedderypata

Awakortéc Piteg. "'Ecto n pnrtoypoauukin avadoutkn cxéon

2x,+6 ]
Xpi1 = , Xo=1
+1 X, + 1 0
H Xapaktnpiotikn Eflcwon efvon
21+6 9
A= & A1-1-6=0.
A+1

O pltec tng elvan o1 A; = 3, A2 = —2 KoL €TTOUEVOS

2x, + 6 3—x,
X, _3 X,

A T O = x, +1 - x, +1
2x,+6 4x, + 8

Xps1 +2 = al +2 = al
x, +1 X, +1

Alpadvtog Tig dUo avTég oyéaels Katd ueAn

Xpi1— 3 B 1x,-3
X1 +2 A x,+2
O¢touue
un::x s n:O,]-’Z"-" MO:xO - T o= =
X, +2 Xo+2 1+2 3
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1

4

)

Emouévmg €xouvue
u, = ——
3

3+2u, 4
= T €xovue

kot Aappdvovtog v’ dyw Ot X, =
n—1

9+ (—%1)

——, n=12,....

"EGT®m n QnToyQouuKkn avadQowkn ayéen

AvtAn Pica.
3x, —1 3
Xpp1 = ——, Xo = 3.
+1 4x’1 1 0

H Xoapoaxtnoietikn Eflcwon elvon
31-1
& 4 -41+1=0

A= —-
41-1
n omoia €xel tnv StzwAn pica A = % Emouévmg
1 3x,—1 1 2x, —1 2x, — 1 2x, —1
Xp41l — = = - = = = =
19 4x, -1 2 2(4x, — 1) 2(4x, -2 +1) 42x, - 1)+ 2
n
1 1
=4+ T
Xn+l = 3 Xn =5
-1 -1
Oétouvue u, = (Xn — %) ,n=0,1,2,.... Extiong up = (Xo — %) = %, KOl
U,,1 = 4+ u,.
Yvurtepaivouue 4TL
2
un:5+4n, n=0,1,2,....

AvtikafieTovTog €xovue

5.9.2 Tagadeiyuota

Xpe1 +ax, =0, Xo 6edouévo.
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AvTti efvol (o OULOYEVAS YROUWIKA OVOSEOWKA GXE0Nn TTEAOTNG TAENG TTOU UTTOEEl Vo
ABel dueca. TTap” 6Aa avtd elvarl eviia@épov va epapuécouvue tn yeviki uebodoloylia.
H yapoktnelotikn egicoon etvon A+a = 0 kAl eTTouévwg n yevikn Aon elvon x, = ci(—a)".
‘Exovue aréun xo = ci(—a)® Kol eTOUEVWS €] = Xg. LUVETTOS N AVGN TNG AVOSQOUKNAG
GX€0Nng Tov kavoTtolel TNV aykn cuvnkn elvatl n x, = xo(—a)".

2. Xpo+ Xp1+x, =0, xo =0, xy = 1. Ztnv weplMToN QUT £@AQUOTOVUE TNV
vevikr ueBododoyio wg efig: H xoporTtnoieTiki eficoon efvon A2 + 1 +1 = 0 ue plteg
g = %g H yevikni Aon da €xer emwoudvwg tnv woeen x, = cidf + cady 6mmov ol
GTOOEQRES €1, €2, TIEOGBLORITOVTAL AITO TS GYEGELS

Xo = 0 = 1+ Co
~1+iV3  -1-iv3
x=1 = ¢ + Co
2 2
agté TS oTroieg €xovue OTL
~1+iV3 -1-iV3 , , 3 3
C1 9 - B = (1l \/g =1 xm CUVETTWG C1 = —l?, Cy = l?.

. n . n
Emouévag x, = i%g ((%g) - (_1%5) ) vy n = 0,1,2,.... H ékppacn avti uiopsl
, 7 ’ 2 7 -1+ j2n —1-i
va agtAotrotnBel av Adfouvue vIT OWPw pog OTL ”T”E =é'%, sz\E
.3 [ jdnx s ’ / £ 4
Xy =i (e 5 —e's ) Awakpivouye TEELS TEQLITTWGELS AVAAOYQ Ue TO VTTOAOLTTO TOU N
otav Tov StaupéGovue Ue To 3.

- A ,
= ¢e's. Emouévmg

n=3k: X3 = I (el4k7l' _ el?kﬂ) = 0,

. Ao 42
n=3k+1: X3 = 1 (6’4]‘”“ 3

. .21
_ eLan+13) =1,

n=3k+2: Xgp = 1 —e

MEMERE

. .8, . .4,
(el4k7r+l?” 12kﬂ+l§") = —1.

5.10 Aocknoeig

Acknon 35.10.1. XpncwoToteliote TIC PAGIKES WLOTNTES TG 0Q{TOVGAC ylOL VO VITOAO-
vicete TG

b a a a 1 + 2 ¢ 112 4
a b a a t 1 t £ 1 2 35
a a b al’ ot t |’ 2 3 49
a a a b B2 1 1 3 51



(H tedevtaia opitovoa umopel va vitoAoyloBel uetacynuati¢ovtog Tov Tivaka 6e dvw
TOLYWVIKO.)

Acknon 3.10.2. OewENGTE TNV AVOSEOWKN GXEGN X9 = 22X — X, 1 = 0,1,2,... ue
aQYkES cuvlnkecs xo = 0, x; = 1. Na vrtoAoyicete Tov yevikd 6o tng axkoiovdiog.
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KepdAaro 6

Ioto0tavoGuata kot IotoTiueg

6.1 Eouwitiavol ITivokeg

H mAngng ueAétn tou ITeofARUATos TV L8LoSlovucUdT®y Kol ToV WOL0TW®OV WItoel
va yiver ue Tov To @UGKS TEOTo GTov yoouwko yweo C".  YmevBuultovue ot av
x,y elvar dVo Sravicuato G¢° AVTO TOV XDEO, TO EGWTEPLKO TOUS YVOUEVO 0QITETAL WG
(x,y) = 2 xyi. Av x,y,z € C" kaw @ € C td1e 10 YL OTL

(x+y,2) = (x,2) + 2,

(x,y) =, %),

(ax,y) = a(x,y).
ATté aTES TIC GYEGELS TIEOKVITTEL £TT{GNGS EVKOAN OTL

6,y +2) =2+ (2,

(x, ay) = a(x, y).

H vépua evic Sraviouatog opitetanr wg [Ix|| = V(x,x) = /XL x> Emwiong, ue R(z)
ouUBOAITOUUE TO TIEOYUATIKG UEQOS TOL Uyadikoy aebuov z evd ue J(z) To eavTacTiko.
"Etol éxovue z = R(z) + i3 (2).

Oeconua 4. To eGWTEPIKO YIVOUEVO IKAVOTTOLEL TNV €ENC TOUTOTNTA, YVWGTH KOl ©OC
VOUO TOU GUVIULTOVOU
2 2 2
[l + Y11 = [IxlI” + 2R (x, ) + Il

ATtédeten ‘Exouvue 61U

e+ yI* = 4y, x+y) = (00 + 0.0+ (6)) + 01)
Il + (G, 3) + (x,3) + Iyl

Ixd? + 2R (x, y) + [yl
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0TTov TNV TeAevTala Gxéon XENGWOTONGAUE TO Yevoyds OTL yio oTtolodnitote z € C

7+7=2R(2). |

"Ectw 0 n X n wivakag A = [a;;] ue atoryeia ctov C. O cuivyric avdeTeo@og Tou
Tmivaka A elvon o TTivakog
A" = (AT) 6.1)

ue atoyela a;; = aji. Av o A glvol TTEAYHATIKOS TOTE A = AT, Av oyvel 6T A = A* T6te
o0 A ovoudceton gpuitiavos (hermitian, wpog Twnv tov 'dAdov pabnuatiko Hermite).

H oxkommudtng tov moQastdve oeleuoy @aivetol aitd To YeEYOvoS OTL O GUTUYAG
avAGTEOPOGS £lval EKEIVOG O TIVOKACS YL TOV 0TTOL0

(Ax,y) = (x,A"y) yla kdfe x,y, ato C". 6.2)

[Mpdyuatt, av oxvel n (6.1) téte

(Ax,y) = Z(Ax)i)_’i = Z Z a;ijX;yi = Z xj[z Yiaij)
i=1 i=1 j=1 j=1 i=1
= ) x(AY); = (xAY).
j=1
AvtioTteoga, av woyvel n (6.2) StaAéyovue x = ¢;, y = e; 6mov ¢; = (0,...,1,. .0 1o

wovadiato didvucua gtny katevBuven i, kow xovue 0Tl (Ae;, e)) = aj; evd (e, A%e;) = (a;).

7 7 ’ ’ * VRN
ATt6 awT6 Guvdyovue OTL a;; = (aji).

"Evag gtivaxkag B ovoudceton avtiepuitiavos av B* = —B. KdBe tetpaywvikdg miva-
kag C umopel va yoapel wg C = A + iB 61mov 0 A elvon gQuITIOVOS KAl 0 B avTieQuL-
Tiavoc. Ta va Stagtigtowcouue avti tnv JTeotacn apkel av décovue A = %(C + C*) ko
B = %(C - C).

To yapaktnElGTiKo TTOAVOVUUO EVOS TETEAY®VIKOV, n X n Ttivaka A, elvol To TTOAM®-
vuuo det(Al —A) to omolo evkoAa (Ue eTTaywyn) uropel va del kaveis dTL elvow n—0GToU
Babuov. "Evag wryadikds apbuog A ovoudietor tStotiuri Tov Jtivako A ov VITAQXEL un
undevikd Sidvuoua x € C* té€tolo wate

Ax = Ax. (6.3)

O plTeg TOV XOEAKTNELGTIKOV TTOAV®VUUOU elvol TTROPOV®MS OL LBLOTIUES TOUV A o)
det(Al —A) = 0 av kaw uévo av o grivarkag A — Al elvar WLépoEEog, av dnAadn vItdeyel
un undevikd dtdvuoua x té€too wate (A—Alx = 0. AeSouévou 61, aOu@va ue To deue-
Mddec Yedpnua tng dAyefpag, kdbe TToAvdvVLrLo Babuov n 6to C éxel akePBws n Elteg,
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UETEMOVTOS KOl TNV TTOAAATIAGTRTO, GUUITEQALVOUUE OTL TO YOQAKTNELGTIKO TTOAV®MVUULO
YOAQETAL DG

k
det(Al — A) = 1—[(/1 — Q)"
i=1

6mov A; # A; 6tav i # j ko 7; elvon Quotkol Tétolor waTe 1+ - - +71, = n. O r; ovoudgeTan
alyefeikn TOAAATTAGTRTA TNG WOLOTWNAG A;.

Oeonua 3. Av xq,...,x; €ivar k 16iodiavicuato Tov avTiGTOLYoOUV GE OLAPOQPETIKES
WOoTWES, Ay, ..., A (ue A; # A; 0TAv i # j) TOTE TA X; VAL YOOUUIKA AveEAQTNTA.

ATtéderen Oa TEoxwencovue we astaywyn g dtomov. ‘Eotw 4T ta k Wbiodiavicuoato
dev elvan ypoauwkd avegdptnta. Tdéte vmdpyer euokoés m < k — 1 1ét010¢ WGTE T
X1, X9y ooy Xy VA VAL YOOUWKA QVEEAQTNTO QAN TOL X1, Xo, ..., Xy X1 VO UNV €0VOL.
(Evdéyetan BéPona to m va elvon {go ue 1.) Emouévwg, vitdoyouv c¢;, oyt 6Aa iGa ue to
undév, Té€Tolo WGTE

CixX1+  + CpXyp + Crps1 X1 = 0. (6.4)

A6 v TopaTtdve oyéon €xovue eTtiong OTL
0=A(cix1+ -+ - + CuXon + Cons1Xma1) = CLAXL + - -+ + Condp Xy + Crnt A1 Xt 6.5)
[ToAAaTtAacidgovtag Tnv (6.4) ue 4,41 KoL a@olpovag amd tny (6.5) walpvouue
0=ci(A; — Adpr)x1 + - - + (A — A1) X
Aot ot 1810TéS elvor SLapoEeTIKES UETAEY TOUG, A; — Ay # 0 v i = 1,2, ..., m, kow

GUVETTOGS TO Xy, .. ., X, €lval yoouwkd egoptnuéva, 0TteQ ATOTOV. |

Aueon cuvémela Tov Jewenuatog avtoy elvar 6Tl av €vag Trivakag n X n €xeL n
SLaPOEETIKES LOLOTIUES, TOTE €YEL KAl 1 YOOUULKA OVOEEQTNTO LOLOSLAVIGUATOL, Xy, . . . 5 Xp.
Av M = [xq]-- - |x,] o Ttivakag TTov €xel g oTrAeg Ta Wodtaviouata oTd, ToTe

AM = [Axq|---|Ax,] =[] - - - | Auxy ] = MA

oTT0V
A
A =
Ay

Slaywviog mivakag ue dtaydvia gtotyeia Tig WoTweés Tov A. Aot ta n Wodtavicuata
elvan yoauwkd avegdotnta o grivakag M eivol avacTEEWWOS KoL N TTAQAITAVKD GYéon
yod@eTal €T{GNG ®G

A=MAM™ n teoduvaua M™7'AM = A.

Avté onpatver 6L 0 A glvon duolog ue €va Staydvio TTivoKa.
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Oepnua 6. Av o A eivar eQuiTiavOS TOTE EYEL TTQAYUATIKES LSLOTIUES. AUTO LGYVEL
@UGLKA KAl GTNY €L0IKA TTEPITTTWGN TTOV 0 A €lval TTQAYUATIKOS, GUUUETEIKOGC TTIVAKAG.

Amtéderen ‘Eotow A4 wa wbotwn tou A pe avtictoyo dodidvucua x. Tdote Ax = Ax.
Emouévwg x*Ax = Ax*x n

X*Ax

[lx]I*
Apkel va delEovue 6TL A = A To 0Ttol0 1Y VEL OOV X*Ax = X*A*x = X*AX KOl GUVETIWOG
T6G0 0 aEWUNTAG 6GO KAl O TTAROVOUAGTNG elvon JTeaywatikol apduot. |

Ontwg eidaue, yia €vav orotodngtote Trivaka, 181odavicuato JToV AVIIGTOLOUV GE
SLaoeTikég 80TWES elvanl yoauwkd avegdptnta. Av o gtivakag elivor epuitiavog (h
GUUUETEKOC, GTNV TTQOYUATIKA TTEQITTTMON) TOTE 18L0SLOVUGUATO TTOV OVTLGTOLOUV GE
SraoeTkES WL0TIWES elvar ogBoywvia UETAEY TOUG.

Ozwonua 7. Av o A eival epuITIaVOS KAl X;, X;j, Elval 161001avUGUATA TTOV AVTIGTOLYOUV
oe U0 S1apoeTikéS 1I610TIWES A;, A TOTE (X;, xj) = 0.

Amodeign Ioyver 0T Ax; = A;x; ko eTTOUEVOS XA = A;x] (OTTOU YENGUOTTOGOUE TO
yeyovég ott A = A" kaw ou Wotwég eivar eayuatikés). IToAdastiacidcovtag ue x;
gxovue x:Ax; = A;xIx;. Aedouévov 6Tt Ax; = A;x; €xovue eTtiong 0T X;Ax; = A;x7x;. Ao
TG 8Vo awtég Gxéoelg cuutepalvouue 0Tl (4; — A4;)x;x; = 0 ko apov A; # A; Ta dVo
WBrodavicuato JTEETEL va etvanl opBoywvia. |

II6goua 1. Av o A eivar gpuiTiavog Kat €xel n SLAQOQRETIKES LOLOTIUES TOTE VITAQXEL
opBouovadiaios grivakag U tétolos wote AU = UA kot emtouévos A = UAU™.

YatevBuuicovue 6L évag mivakag U ovoudceton opbouovadiaios av UU = 1. ¥
QUTA Ty TTeQlTTTwon eYvel ettiong 6tL UU* = I kabos kaw 6t U* = U™,

Angupa 1. ‘Evac n X n stivakag U Siatnpel avalolwta ta uikn av kat uovo av Statnel
avadloiwta ta ecwteQikd yivoueva 6nidadn |Ux|| = ||x|| yia kabe x € C" av kat uévo av
(Ux,Uy) = (x,y) Vx,y.

ATt68e1En Av (Ux, Uy) = (x,y) Yx,y, té1e 9étwvrag y = x éxovue ||[Ux|®> = [Ix]*. T va
deleovue to avticTEoEo emenuoivouye 4T

e+ = Il + IDIP + 2R (x, y)
e+ iyl =[xl + Iy + 25 (x,y)
1
Reey) = 5 (Ile+ vl = I~ i), 6.6)
Lo
Sy = g (I il = Il = IyiF). 6.7)
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H oyxéon (6.6) meokvmtel kat” evbelav amd tov vouo Tov guvniutévou eve n (6.7) arrd
ToV vOUo Tou cuvnuitévou yio To didvuoua x + iy Adaufdvovtag vit’ dyw 6t R(x, iy) =
R(-i(x,y)) = R(=i(R(x,y) +iI(x,y))) = R(=iR(x,y) + I(x,y)) = I(x,y). Iaeduow

EXOUUE KO TIC GYEGELS

R(Ux, Uy) (l0Ce+ P = U = 11UIP), (6.8)

N = DN| =

3(Ux, Uy) (l0 G+ inl* = 11U = 1UIP). (6.9)
E@” 66ov o U dwatnpel to unkn, to de&l uéAog tng (6.6) eivar (co ue to 8e&l uéhog
g (6.8) ko to Segl uéhog tng (6.7) (oo ue to Se&l tng (6.9). AAG avtd cnupalver 4T
R(Ux, Uy) = R(x,y) kouw J(Ux, Uy) = J(x,y) wov cnuaiver 6t (Ux, Uy) = (x,y). |

6.2 Kavovikol Ilivakeg

‘Ontwg Ja arodergovue Alyo o KdTw, GAoL ol gpuitiavol Ttivakeg €xovv dtdoTacn Tng
HoEeng
A =UAU* (6.10)

6Ttov U opBouovadiaiog stivakag kar A Stay®dvios. YTtdpyovuv Befaiws kor dAAoL TTiva-
KEG, LN gQULTIAVOL, YI0L TOUG 0TTOl0UG LoYXVEL N TTORATIAV® StdaTtacn. @éAouvue va fpovue
€va YOROKTNELGUO Yo TRV KAAGN T®V TTVAK®V Yo Tn oTtola loxvel n Sidoacn tng Loe-
ong (6.10). IMapatneeicote 611 n (6.10) yodoetar kar ws Au; = Aiu; émov U = [uy] - - - u,],
wuj = &; Krou oL W80TWES A; Bev elvon LITOXEEMTIKA SLPOQETIKES UeTALy Tovg.! Xu-
VETIOG, N KAdon mov ¢ntdue elvol n KAAGn TV JTIVAK®V Ylo TOUS 0TTOL0US UITTOQOUUE
va emiAéovue éva TARPeS GeT aIro ophoywvia ibtoSiavucuata. O AGyog yio Tnv JrQo-
GEKTIKN QUTN SlaTVTTOGN 0PelAETOL GTO YeYOVOg OTL, OTAV O TTIVOKAGC €xel LOLOTUES Ue
aAyeBowkn oAlaTTAdTRTA UEYAAUTEEN TG LOVASAS TOTE n SLAGTAGN TOU LEL0YXMEOV TTOV
aVTIOTOLXEl GTIC GUYKEKQEWEVES L8L0TWES Uttopel va elva ueyaditepn tng pwovddog. X
OQUTA TRV TTERITTT®GN N 0ROOYOVIOTNTA TV WELOSLVUGULAT®OV elval Kol TATRUA ETILAOYIAG.
[a Taeddeywa yuo tov JTivoka

1
0
0

o N O
N O O

urropovue va eTmAégovue TElo opboywvia Wodiavicuata, to (1,0, 0)", (0,1,0)7 ko
(0,0,D7. Aev givar Suwg T uéva. O uTtopovcaue, yio TToeddeyUa, va, eTAEEouUE Kol
ta (1,0,0)7, (0,1/V2,1/V2)" v (0,1/ V2, -1/ V2)" ta omoia eivan emiong opboydvia
i akéun ko ta (1,0,0)7, (0,1/V2,1/ V2)" kv (0,0,1)" ta omoia elvar uev yoauwkd
avegdptnta dev elvar duws ogboymvia.

10 GuuBoMouds §;; To omoto elvar 1 av i = j kar 0 av i # j ovoudgetar SéAta tou Kroneker.
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Y1tn cvvéyxela da detEovue O6TL

Oewonua 8. Ectw H évag nXn eQuitiavog JTivakag e I6LOTIUES Ay, . . ., A, (Ol VITOXPEW-
TiIkd Srapopetikés ueta&v tovg). Tote o H Eyel ibiodiavicuata uy, . . ., u, ue Huj = Au;,
4
j=L12,...,nkat U'HU = A 6mtov U = [uy | - -+ | u,] kar A =
A

[Na tnv amdédeten Tov Yewpnuatog Ja ypelactolue To €ENG

Anguo 2. Av évag mivakag A agreikovicel vav vitoywpo Ly tov C" ue diactacn d > 1
GTOV £aUTO TOU TOTE 0 A €xel éva 1BloSidvucua GTov L.

Amoédeign Av o L, €yer Suidetacn d, £6Tw by, . .., by wa Bdcn tov. Ta Ab; etvan ypouuwkot
cuvovacuol TV by, ..., by Snhadn Ab; = mybi+myjby+...+myibg W A[by | - -+ | by] = BM
O0TTOoV
my | My2 myq
Moy | Mag | =+ | Myg
M =
mgqy | Maz Mgaq

To yopaktnEleTikd TToAVGVLULO det(Al — M) = 0 €xer TovAdyloTov wa eita (amd To
DeueMddeg dewpnuo tng dAyefeog) Kol GUVETTOS 0 Jrivakag M €xel TOUAGYLGTOV €va
wrodtdvuoua My = Ay, y # 0. Apov AB = BM,

A(By) = BMy = B(dy) = ABy.

H tedevtala oelpd amd wedtnteg Seiyvel 4t to By elvon 8odtdvucua tov A ue btotun
A. Emiong to By Tmpo@avig aviker gtov L, apol eivor yoauutkds cuvduacuds twv
otnA®V tou Tivaka B. Télog, By # 0 agov y # 0 kol ou 6Triideg Touv B elvan ypauutkd
avegdoTnIes.

ATtoderen tov Oewonuatog Amd to JeueMmddes deddpnua tng dAyepfpag, o Tivokag
H £éyel 18o8idvucua u; wov avtigtolyel oe kdirowa Wotwn 4;. "Eotw 61l €xovue Poel
k opBoywvia povadiaia brodiavicuata ug, ..., u; ue 1 < k < n. Oplcovue L, TOV
YOOUUKO VTTOXWEO TTov €lval 0QB0YWVIOS GTA Uy, ..., Ur. A@oVy o H eivon eputiavag,
da dovue OTL agtelkovicel Tov L, ; 6Tov €owtd tov: Av (x,u;) = 0 6mmov Hu; = Aju;
tote (Hx,u;) = (x,Hu;) = (x,u;) = Aj(x,u;) = 0. Me Bdon to Myupa, o H €yel

wroddvuoua 6Tov L, 4, €6TM Ugy TO 0Ttolo €§ opouov elvar opboydvio GTa iy, .. ., Uy
KOL TO OTTolo UItoQovue va to eTAEEovue wate va elvan povadiaio. H Sradikacio avtn
erravalaupdvetar 6o k < n. |

Opwoudg 4. ‘Evac grivakags N ovoudgetal kavovikog (normal) av avtiuetatifetal ue tov
cUCUYN avacTEoEo Tov, av éndaén NN* = N*N.
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Eilvaw evkoAo va Staatiotowcovue 4Tl €vag Jtivakag Ttov kavoTstolel tnv (6.10) eivan
KOVOVIKOG 0oV

AA" = (UNUYUAU") = UNU'UNU* = UANN'U*

VR
A'A = (UANUY (UANUY) = UN'U'UANU* = UNAU".

O1 V0 ek@pdoels duwg etvar {Geg apov

Juf?
AA" = A'A =
|l

ITowd dvekoAo elvar va deteovue TOo avTiGTEOEO, dnAadn ot av €vag Jrivaxkag eival
KOVOVIKOGS TOTE Staywvottoteiton ue €va opbopovadiaio mivako SnAadn wkavostolel tnv
(6.10). Avuto etvon To TrEELEXSUEVO TOV AKOAOVOOL TewEAULATOG.

Oewonua 9. ‘Evag srivakas N ikavogrolel tnv (6.10) av kat uévo av ivair KAVoVIKOG.

6.3 Kavovikn Moe@n tov Schur

Oewonua 10. Kdbe tetpaywvikog Tivakag uitopel va avayfel e dvw TlywvIKO UEGH
evog opBouovadiaiov uetacynuaticuov: P*AP = T, omov t;; = 0 étav 1 < j < i. Ou
16LoTiués Tov A fplokovtal atn Siaywvio Tov T. H Sidcrracn avth ovoudgetal SLAGITacn
katd Schur. Av o A kat ot ISLOTIUES TOV €lval TTPAYUATIKES, O P givatl egriong moayuatikos
Kol ETTOUEVOG TO (610 eivar kat o T.

Amrédeién. 'Ecto A; wa Wrotwn tov A pe avtictolyo wWbodidvucua x;. Oemwpolue 0Tl
llx]] = 1 kow cuuTTAnEwvovue ue ta opbouovadiaia diavdcuata w;, i = 2,...,n TOU TA
eTmAéyouue €TGL OGTE LAY UE TO X; VO AITOTEAOVV o fAGN TOU XDEOL KoL O TTIVOKOG
ue otideg Q = [xg, wy, ..., w,] va elvar opBouovadiaios: Q*Q = I. Tedpovue Q = [x1, W]

(©mov W o n X (n —1) wivarkag ue otides wy, i = 2,...,n). Apov Ax; = Axy, da €rovue
oTL
. e XA x]AW | A4 (AW | A4 b7
QAQ = [W] Alx. W] = [W*Axl weaw| = o waw| = o ¢ ©

omov b = W*A*x; elvan Sidvuouo otnAng pue n — 1 cuviotooeg koaw C = WAW eivan
Tivakoag (m—1) X (n—1). Av o A elvon Ttivakag 2 X 2 €youue TEAELWGEL POV O TTIVOKOG

A4 b
0 C
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elval TELymVIKAG.

XTn yevikn mepimtwon €gouvue tnv akdAovdn emaywykn amodeien: AelEaue 0Tl n
avogtopdotacn woxvel yioo kKAe Tivaka 2 X 2 Jtou elvar n fdon Tng emaywyng. Ag
vIroBégovue ATl IoYVeL yia kAOe Ttivaka (n—1) X (n—1). Tote yia Tov mivaxka C tng (6.11)
oxveL oL vTTdEyel opBouovadiaiog V Sidetaong (n—1) X (n—1) tétowog wate V'CV =T,
6Tt0v T TEy®VIKGG Trivakag dtdatacng (n—1) X (n—1). Osweovue THEA TOV nXn JTlvaka

U:[(l) 3]

Efvair evkolo va Srattietwcovye 6t U*U = I kaw cuventdg 6Tl o U eivan opBouovadiol-
og. ‘Exouvue emiong 6t o P = QU elvan opBouovadiaios wg ywwouevo opbouovadiainv

TCVAR®V KO
veagu = v s ¢le = |y v |5 ¢flo V]

_ /ll b*v _ /11 bV
N [0 V*CV] N [0 Tl]' ©12)

P*AP

O televtalog Trivakag elval Ave TEY®VIKOS KOl £TTOUEVEOS €XOUUE GUUITANQWGEL TRV
AITOSELEN TOV ETTAYWYIKOV PrRLaToc.

Mo va cuumtAnpocovye tnv agtédeten Jrapatnovue 0t 0 A kow 0 P*AP €yxouv Tig
{Seg W8oTwés. Aot o P*AP eivarl toiywvikdg, to Stayovia cgtolxeia tov da elvar ot
WLoTWES Tou KAl dea kot ot WoTwég Tov A. TéAog Ttapatngovue 6Tl av 0 A Kal oL
WoTwés Tou elvon JTeayuatikol, Téte To x; ko 4; Ja elvon rpayuatikol. Mitopovue ¢’
QUTR TV TTEQITTTOGN VO SLATIGTOGOVUE Ue €va eTTaymykd emixeipnuoa 6tL ov P kow T
elvan Teaywotikol TTivaked. |

6.4 Kavovikoi Ilivakeg
Opwouds 5. Evac teTpaywvikos srivakas A ovoudgetal Kavovikog av AA* = A*A.

IHapatneeicte OTL v 0 A elvon €QULTIAVOS I GUUUETELKOS TATE elvon Ko KAVOVIKOG. Ot
Kkavovikol Tivakeg elvar akePB®g ekelvol Tov Staywviostorovvton agtd opbopovadiaiovg
ueTOoYNUATIGLOVS 6Ttwg Ja Sovue 6To akdAovBo Jewonua.

Oswonua 11. Av A egivar TeTpaywvikog srivaxkag Tote vIrdgyel opfouovadiaios Tivarkag
P tétoiog wote va woyver PP'AP = A, ommov A Siaywviog av kat uovo av o A eivai
KAVOVIKOG.
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Amodeign. H ula katevBuvon elvar dueon: Av o A elvar opBouovadiaio StoymvioTtou-
owog €xovue A = PAP* Kol GUVETT®OG

AA* = (PAP")(PN'P") = PAAN'P* = PN'AP" = (PN'P")(PAP") = A"A.

YTnv ToaTtdve £56moNn YENGWOITONGAUE TO YEYOVOS OTL ot A kol A* avtetatiBevton
oot elvor Slay®Viol TIVOKEG.

INa va defEovue tnv dAAn katevbuvon, vitobétovue 6Tt 0 A elvar kavovikdg. Etvou
opBouovadioio dve TEywvoTToGwog AGym Tov dempnuatog touv Schur, 6Ttws kdbe
TETEAYWVIKOC TIVAKAG, KAl GUVETTWS P*AP = T. Xuvem®g

TT* = (P'AP)YP'A*P) = P'AA'P = P'AAP = (P*A*P)P'AP) = T'T.  (6.13)

Ta Sraywvia ototela Tov mivaka T7* divovtonr agtd thv €kppacn

(TT*),',' = Ztijtj'i = Ztijzij = th,'jlz (614)
J=1 J=1 J=1

6TOV, GTNV TORATTAV®W Gxéon AdPaue VIt dyn 6T ¢;; = 0 dtav j > i apoV o Tivakag
elvar dvo TEywvikdg. Ouolwg

(T*T); = Zn:t;;rﬁ = izﬁtﬁ = Zn:|zﬁ|2 (6.15)
Jj=1 j=i j=i

ATt6 T oxéoelg (6.14) kau (6.15) €xovue, yio i =1,
= el + ol + - - - + 0l
attd v omola cuumeaivouue, apoy |1;? > 0, éT
;> = 0, i=2,3,...,n. (6.16)

INo i = 2,
2 2 2 2 2
[tiol” + |ta2® = |taol® + |tag|” + - - + [t2]".

Xonowotowwvtog tnv (6.16) kot ATTAOTTOLOVTAS GUUTTEQALVOUUE OTL
ltl? = 0, j=3,4,....n. (6.17)
ITapouoiwg, ywa i = 3,
ltisl” + ltasl” + ltssl® = ltsal® + [tzal* + -+ + |34
Xonowotowwvtog tnv (6.16) ko Ty (6.17) Kol ITAOTTOLWVTOS SLOITIGTOVOUUE OTL
lt)> = 0, j=4,5,...,n. (6.18)

Emaywyikd uitopovue va Selfovue emoudvwg 6T £;; = 0 dTav j > i Kol eTTOUEVWwS 0 dvw
TOYWVIKOG Trivakag T elvar gTnv ovcia Sloywviog. |
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6.5 To Yewpnua Cayley-Hamilton

6.5.1 Avvdueilg TIVAK®OV

‘EGTw A TeTQOYWVIKOS TT{vakag n X n ue GTouela GToug Jreayuatikoug apbuovs. H

n-ogth SUvaun Touv Tivaka opigeTon wg A" = A- A" n =2,3,..., Al = A, A° =
I. Av o mivokag A elval avactéywiuog, 1dte 0 TTORATIAV® 0QLOUOS eTtERTEIVETAL UE
TOV TIRO@AVA TEOTTO KOl GTOUC OQVRTIKOUS akéalovg ekBétes. Av p(x) = a,x" +

Qo1 X" ax+ag etvon va TTOAVOVLLO (UE TEEOYULOTIKOUS GUVTEAEGTEG M Wy OSIKOUG
GUVTEAEGTEG), TOTE 0 Trivakag p(A) opitetar wg p(A) = a,A™ + -+ + a1A + aol.

6.5.2 To X0EAKTNELGTIKG TTOAV®OVUUO KAl TO EAAYLGTO TTOAVOVUUO
E€VOG TETEAY®VIKOU TTIVAKO

YatevBuuicovue 6Tt e kABe TETEAYWVIKG nXn TTivaka A avTieToy el £va TTOAVOVULO, TTOU
OVOUALETOL XAQAKTNELGTIKO TTOAVMVULO TOU TTivaka Kol TTov opiteTan w¢ y(x) := det(x]—
A). Elvar evkoAo va der kavels (rd Tov 0euo TS 0itouGag) 0Tl TO YOQEAKTNELGTIKO
TOAMGVURLO EXEL TV LOEPR Y (X) = X"+ ¢y X' L+ -+ 01X+ cp. (ZTNV TTOQATTAV®D EKPEOGN
emonpaivouge 0Tl 0 GUVTEAEGTG Tov X" elvan wovdda, evdd o GTtabepdg 6poc elvan
co = (—D"det(A).) Ou piteg TOL YAEOAKTNELGTIKOV ITTOAV®VULOU OVOUACOVTAL LOLOTIUES
TOU TIVOKO KOL 0V TO XOQOKTNELGTIKO TTOAVDVUULO €xel pICeg Ay, . .., 4, (O)L VITOXEEWTIKA
SlakQLTEQ), TOTE
X(X) = (x = A)(x = Az) -+ - (x = Ap).

Ye kdfe teTpaywvikd Trivaka opigovue A;; Tnv opitovca Tov Trivarko TTOV TTEOKVITTEL
av Swaypdypouvpe TRV YyeOUUR i KoL Thv GTAAN j amd Tov aykd Jtivaka. Oftouue
Cij = (-1)MAj;. Téte, av C := (Cyj), AC = det(A)]. YwevOouigovue 6T

D A=) = det(A)5

i=1
omov oy =0avizkwrouwlavi==k

Oewonua 12 (Cayley-Hamilton). Kdfe tetpaywvikog sivakags A undevitel 1o xapaKTn-
QLOGTIKO TOV JToAV@VUUO, LGYUEL SnAadn OTL

A"+ ¢ AT 00 AT 4+ 0lA + ol = 0. (6.19)

Amoderen: 'Ectow C 1o alyefoikd cuutinpmua tov sivaka xI — A. Tdote

(xI —A)C = det(x] — A)I. (6.20)
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Abéyw Tov TeSTOV e Tov 0moio o C TEorVTTTEL 0Itd Tov xI —A, woyvel 6t C = X"'B,_; +
X"2B,_g + -+ + x'B; + By. uvemdg, améd thv (6.20) TEOKRVITTEL OTL

(xI —A)X"'B,_1 + X" 2By + -+ xX'By 4+ By) = X" + ¢y X" U + -+ + c1xI + col
n 1Godvvayo
X'Byi+ X" '(Byog = AB,_1) + -+ + x(By — AB;) — ABy = X[ + ¢, . xX" ' + -+ + c1xl + col.
YUVETIOG €XOVUE TIS LGOTNTES
B,y =1

B, o —AB, = Ic,
B, 3—-AB,2 = Ic,

BO—ABl = Cll
—ABO = C()I.

IToAAaTTAOGLECOVTAS ThY TEMOTN GYéon ue A", tnv devtepn ue AL kar oUTw KaO™ €EAC
kol TTEOGHETWVTAS OAeS TIS £ElGWaeLS PAETTOVUE GTL LGYVEL n (6.21).

Hogatngnon: Av o grivakoag A elval StaywvoTtoiGylog tote elvol akdun uKoAS-
TeEo va amodelEovue to dewpnua Caley-Hamilton. ITpdyuatt, ¢° vt Thy TepiTttoon,
VITGEYEL avaoTEEWIWOS Trivakag M tétolog wate A = MAM™. (O A eivor Siaydviog
Tivakag ue atoweio Tov TS W8LoTWES Tov A eved oL GTAAES Tov M elvon Tal avTicToya
wrodtavicuata.) Téte, apov yio kAbe k € N A = (MAM ™)k = MA*M™,

A" + ¢, AT 0, 0ATTE o+ A + ol
MA" M + c, s MA"™ "M + ¢, s MA"2M ™ + -+ e ,MAM ™ + coM A M
M (A” + e A" e, oA+ oA+ cOI) M.

O Swaydviog Trivakag Tov Peloketon wéca Gtny Jrapéviecn elvar undevikdc yati, yia
omowodnitote Saywvio gtoyelo tov, £€0Tw A4;, wxveL oL A7 + cn_lxl?‘l + c,,_gxl?‘Z + .-+
cid; +co = 0.

H wAfov mpopavig guvémela tov Jdewpnuatog twv Cayley-Hamilton elvon 611, yia

EVav TETEOYWVIKG TIVOKO 7 X 11, N 1—0GTR TOL dUvaun yedeeTol ®S YOOUUKOS Guvdua-
ouwog Twv n — 1 TEOTWV SuVARE®DY TOV.

6.6 To €lAdyl6To TTOALGOVLUO

‘Eva. toAvovogo p ue cuvtedectés 6to coua F (to omolo otnv meplmtwon uog ei-

A

VoL Ol TTeOyUuoTikol 1 ov uryodwkol alBuol) ovoudeTtor Uovikd av 0 GUVTEAEGTAS TNG
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vynAdtepng dvvaung tng uetafAntig efvon 1, av dnAadn elvon tng wopeng p(x) =
X+ p X+ oo+ po (o kATow 7 € Np). ‘Eoto A évag TETEAYOVIKOS TTIVAKAG
n X n. XvufoAitovue pue p(A) Tov TETEAYWVIKG TTivako 7 X n TTov oiteton wg p(A) =
A"+ p, A"+ plA+ pol. OewEovie TO GHVOAO GAWV TOV LWOVIK®V TTOAWVUOUL®Y P VLol
Ta ogroia oyvel 6Tt p(A) = 0. To gvoro avTd Sev elvar kevd SLdTL TTEQLEYEL TOVAAYLGTOV
TO YOQOKTNELGTIKG TTOAV®OVLUO Tou A, x(x), To oTtoio elvarl Babuoy n, OTT®WS TTEOKVITTEL
amtd 1o dedpnua Cayley-Hamilton. "Ectw m(x) To povikd stoAvdvuno eAdyiotou Babuot
yia o ogroio woxver m(A) = 0. To wwoAvdvupo avtd eivor povadikd. Ipdyuatt, £€6T®
k o pabudg tov eAdyLGTOV TTOAV®VULOV. (AVOYKAGTIKG, k < n a@ov o Babuds Tov yo-
QOKTNELGTIKOY TToAV®VURoU elvar n.) Ag vmoBécouue 6Tl To A(x) elvan €Ttiong LOvViko,
Babuov k, kow woxver 6tL h(A) = 0. Tdte yio 1o TOAV®OVLUO p(x) = m(x) — h(x) woyxvel
0Tt p(A) = m(A) — h(A) = 0 kow deg(p) < k apov 1660 T0 m 6Go Kaw TO h elvar LWovikd.
(deg(p) etvar o Pabuds tov p.) A@ov k eivon €€ vtoBécews o Pabuds Tov eAayicTou
TToAV®VORov, p(x) = 0 kow m(x) = h(x).

Aedouévou OTL Ol TIVOKES TTOV €EETACOVUE TTEQLYQAMPOVV YQOUULKOUS UETAGYMLULOTL-
ouovg, elvor RAAUTEQEO va ueletngovue agt’ evbelog Tov Yeauulkd uetacynuaticud f.
"Ectw V évag yoouuwkdog xoeog Ttemepacuévng didotaong, £otw n = dim(V), opiouévog
Tavw oe éva oodpa B, Av f: V — V évag yoouwkdog LETOGYNUATIOUOS TOTE GUUPBOAL-
covue ue f tnv givBeon fo fo---o f (m @oeég). O f elvan emiong €vog yOOUULKOS
UETAGYNMUOTWOS TTAvw GToV X®wEo V. AV p(x) := apxX™ + @y X"+ -+ + aix + ag elvan
éva JToAvdvuuo pe cuvtedectés oto F, tote pe p(f) cuvufoiitovue tov yoouukd ue-
TOGXNUATIGUS @, [ + - -+ + arf + apl 6TToU I 0 TAVTOTIKOS YOOUUKAOS UETAGYNUATIGUOS
Tdve 1o V. Av A eglvan 0 n X n TIVOKOG TTOU EKQPQEATEL TOV YROUWKO UETACYNULATIGUO
f g 1o wa fdon, £6Tw {ey, s, .. ., €,}, TOTE O TIVAKAS TTOV €K@PEALEL TOV f™ OGS TTEOG
v Bdon oavtin elvar o A” kar o Tivakag Tov ek@Edcel tov p(f) elval acEAA®S o
pA) = a,A" + -+ a1A + apl om0V [ €8 €lval 0 TAVTOTIKOG TTIVOKAS 1 X A.

Oewonua 13. Av A eivar teTpaywvikog rivakag kal p(x) givar €va ToAvovuuo TETolo
wote p(A) = 0 10Te T0 €Ad)IGTO TOAVDVVUO TOV A, m(x), Stauel To p(x).

ATtéderen: 'EcTtw 6TL To eMdyloTo ToAvdvULo Tov Trivaka A efvar to m(x) = x* +
a1 X+ -+ aix + ag. 'E@’ 66ov p(A) = 0 o Babuds tov p(x) eival ueyoaAdTteQog
Tov Pabuot) tov m(x). (Omwg eldaue, arrd tnv yovadikotnta Tov m dev elvon duva-
T0v va €yovue deg(p) = deg(m).) A@ov o Pabudc Tov p elvar avctnEd UeyaAvTeQOg
atd Tov fabud touv m, azd Tov alyéplbuo Tng Salpeong Twv TOAVWVIL®V €xouue
p(x) = g(x)m(x) + r(x) émwov o Pabuds Tov r(x) elvol AVGTNEA WKQEGTEQOS AITE AVTOV
Tov m(x). Xvvemtwg €xovue r(A) = p(A) — g(A)m(A) = 0. Apa, av To r(x) dev elvau TO
undevikd TToAv®VLUO, TOTE elvon €va TToAv®VLULO PabuoV UkEATEQOL ATTO ekelvOov TOV
eAMAYLGTOV TTOAVWVUULOL Y TO oTtolo toyVel 0Tl r(A) = 0. Avutd duwg elvar advvatov
KoL €TT0UEVMOS Ya 1oxvel OTL r(x) = 0 ko p(x) = g(x)m(x), To oTwoio GuveTTdyeTal 4Tl TO
m(x) Swoupel To p(x). |
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6.7 To eAdYLGTO TTOAVOVLUO KOl N GXEGN TOV UE TO TTQO-
BAnua tng dtaywvortoineng

"Ecto V yoouukdg xoeog didotacng n (6Toug uryadikols agubuovg) kaw f 1V — V
WL YQOUWKA agtelkévion ¢” ovtév. ‘Ectw A o mivakog wov Jrepryed@el auTi tnv
OTTEKOVION OE TTEOS Wl GUYKEKQWEVN Bdaon, {ey,...,e,}. Oa agavticovue To €EAg dVo
EQWTIUOTOL:

1. II6te vwdgyer évag un W86uoE@og mivakas S (BnAadn wa aAlayn Bdong) tétolog
dote o A = SIAS va elvan Saydviog;

2. Av owvtd dev elvar e@Td TTOLd €lval n TANGLEGTEQN GTN SLOYOVIOL LOEEPN TTOU
wmopel va mdopel o S AS;

‘EGto ya(x) := (x — 2)"(x — A)™? -+ - (x — 4,)" TO XOEAKTNELGTIKG TTOAV®VUUO TOU
Tmivaka A, 6TTov A;, i = 1,...,7r elvar ol S1akpPLTES WBLOTWES Tou A KoL V; OL AvTiGTOLYES
alyefpikéc woddarAdtnteg. loyvel emouévwg 6T ny+ng+- - -+n, = n. Yrevluuitovue 6tL
TO XOQRAKTNELGTIKG TTOAVMOVUULO €EAQTATAL LOVO AT TG WOLOTWES KoL TLG AAYEREIKES TOUG
TOAAMATTAGTNTEG KOl GUVETIOGS Sev AAAACEL GE 0TTOLOOATTOTE PAGN KOL OV EKPEAGOVUE TNV
yoouuwkn agretkovion f. ETTouévmg To YoQaKTNELGTIKG TTOAVMVULO YOQAKTNEIZEL Ty f
ko 8ev Stakpiver avdueca ctov Tivaka A kot 6Tov S IAS. AeSouévou Tov HewERUATOg
Caley-Hamilton, av I elvol 0 TOVTOTIKOS UETAGYNUATIGUAS, LGYVEL OTL

x(f) = —uD"---(f —4D" =0, (6.2D)

dnAadn, o uetaoynuatiowds y(f) elvol TavToTIKA Undevikog.

YvuPoAitovue Tov UndevoymEo eviéc ypauutkol uetacynuaticuov, g ¢ V. — V ue
kerg :={x e V:g(x) =0}

Opwoudg 6. Av A givar uia iStotiun tov f 101 0 undevoyweoc ker(f — Al) ovoudgeTal
Wy weos g A. H idotacn tov ker(f — 1) ovoudgetal YewUeTEKN TTOAAATTAGTNTA TNG
A

"Ectw V; = ker(f — ;1) o undevéywoc tov ypouwkoy petacynuaticuoy f — ;1. Av
v eV 16te (f — A 1)v = 0 To omoio onuaivel 6Tl f(v) = A,y 1, av A elvarl o TTivakog JTov
TEQLYQAPEL TOV YOOUULKO UETAGYNUATIOWS f ™S TTEOS W Guykekeuwévn Bdon, Av = A,v,
dnAadn to v efvar 18odtdvucua Tov A Tov avtieTolxel athy WoTwn A;. Elvor edkolo va
der kavels 6t 0 Vi, elval yoaukog vItoxweos Tov V. w¢ undevoymeog evos yeaouukov
uetacynuaticuov. H Sidetacn tov Vi, y; = dim(V;) ovoudcetar yewuetpikrii sTolda-
sAotnta g WoTwng A;. Ilpopavadg, y; elvar o aQBuds Twv ypauwkd avegdotninv
1510810VUGUATEV TTOV AWVTLGTOLYOVV GTRV LOLOTWA A;.
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Opwoudg 7. ‘Evag mwivarkag A, n X n ovoudgeTal SLoymVIOTIONGWOS av vITdyel un 1810-
UoEQPOC (Bndadn aviiGTEEWYLULOGS) TTIvaKas n X n, £6Tw S, KAl Slaydvios TTivakag n X n,
gotw A, TéTOl0C WOTE

STIAS = A. (6.22)

Oewponua 14. Evag srivakag n X n gival SlaywVIOTTOILGLLOGC OV KOl UOVO aV EXEL n
yoouuikd avesdptnta 151061avicuaTa.

Agtéderen: Ilapatnpeiote 6Tl n (6.22) ek@EAETAL LGOSUVOULL MG
AS =SA (6.23)

KoL av ov GTAAeS Tov Trivaka S elvar § = [sy,..., s,] ko o Staywviog Ttivakag A elvon
A = diag(4y,...,4,) 161e n (6.23) yodpeTon 0g

AS[ = /ll'S,'. (624)

ATo g oxéoelg (6.23), (6.24) elvon ca@ég OTL oL GTAAES Tou S elvol AvayYKAGTIKA
wodtavicuata Tov A katl Ta gtoxelo Touv Staydviov Trivaka A ol avticToyes WloTég.
H yoapwkn avagaptnoio twv 8iodtavucudtov elval avoykoalo TTROKEWEVOU O TTIVOKOGS
S va elvar avacTEEWYWoG. |
Iodvvaua Adue 4Tl €vag yoouumkog uetacynuaticuos f: V. — V elvar StoyovoTtotnelLog
ov Kal uévo av vtdeyet uto Bdon tov V n ogroia va agtotedelton agtd WblodtavicuoTo
Tou f.

II6eoua 2. ‘Evac sivakag A gival S1aywvoITolicLiog av KoL Wovo av n; =y, i=1,...,r
éndaén av n alyefpiki sollastAotnto KdAOe 1610TIUNG lval [Gn ue TNV yewUETQLKN
TTOAAQTTAOTRTA THG.

H gtpdtacn avtn elval TTRO@AVAS GUVETTELOL TOU TTEONYoUUEVOL Jewenuatog didtt uévo
oty JIERiTTTOoNn VT da €xel o Tivarkag A n ypauwkd avegdetnta W8lodlavicuaTa.

H emduevn mpdtacn cuvdéel to TeoPAnua tng diaywvoroineng evog Trivako (e To
eENAYLGTO TOAVDOVLUS TOU:

Oeoonua 15. Eotw A évag sivakag n X n kat Ay, Ag, ... A, ol S1AKEITES TOV LOLOTIUEG.
Av o A eivar Staywvostoiticiuog 10te o p(x) = (x — Ap)---(x — A,) €lvar 10 €Ad)LGTO
JoAvadvuuo Tov A

ATtéderen: Av o A elvar SiaywvoTtoioog ToTte vItdExel fdon TTov va agtoteAeiTon
agrd wWodtavicuata tov A, €6Tw Vi, Ve, ..., V,. loyvel 6t p(A; = (A-A41)--- (A=A D),
‘Ouwg, emedn ol mapdyovtes (A — A;1) avtuetatiBevton, 1oyvel ot

pAVi=A -4l (A= A4D)A = i) - (A= ADA - 41)v; = 0.
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H mapartdve oxéon, wacy ue 1o yeyovdog 6Tt ta v; elval BAcn Tov x®Eovu, GUVETIAyETOL
6Tt p(A)x = 0 yua kdBe didvuoua x Tov XWEOVL. XVveTtdS p(A) = 0 KoL ETOUEVHOS TO
eNdyLoTo TTOAVWVLUO, m(x), Stowpel To p(x). Avtd onuaiver 6Tl To m glvol TO ywdouevo
KATTOLWV atd Toug 6ovs (x — 4;), SnAadn m(x) = [[ec »(x — ;) émwov 4 C {1,2,...,r}
(yviiolo vItocUvolo). Av vtoBécouue 6Tl i # A, SnAhadn 6TL 0 6pog (x — A;) dev elvon
6pog touv m. Tdote, av v; elvar €va Woddvucua TTov aviigTolel aTnv WoTWR 4; Kot
J# 1, éovue (A —A;v; = 4v; — Av; = (4; — 4;)v;. ETtouévog

mwi = [ [Aa-yn|vi=|] |- 1p|v.

jeH jeH

Aebouévov 6Tl j # i yo kdBe j € A mpokvmTel 6L m(A)v; # 0, cuuttepaivovue OTL
m(A) # 0. Zuvem®g 6A0L Ol TTORAYOVTES TOU p(X) TTEQLEXOVTOL GTO M(X) KOL ETTOUEVMS
To m(x) elval To EAAYLGTO TTOAVDVLUO.

To Ttapamdve dedpnua onuaiver 4Tt To EAdYLGTO TTOAVDVUULO VOGS SLOY®VOTTOAGLLOU
Trivako €xel wovo aItAég pices, oL 0Toleg elvar oL W8L0TWES Tov Tivaka. Oa dovue GTn
GUVEXELQL OTL LGYVEL KAl TO OVTIGTEOMO, SnAASH av To eAdYLGTO TTOAV®VUULO EVOS TTIVOKL
€xel wovo aTtAég piteg (ov omoleg PBefalmc Ja elvan OAeg ol WoTWES Tov Tivoaka) Téte
o Ttivakag elvar Staywvortotniaiuog. IIpokewévou va agrodeléovye avtn tnv avtictpopn
TEoTACN Ja XEEWGTOVUE UEQIKES ETTLITAEOV €VVOLEG.

6.7.1 A6poicuata ko EvBéa ABgoicuata YToxywewv

"Ectw V évag yoouukdg xoeog didotacng n ko U, W, ypauuikol vitdyweor tov V. To
GUVoAO
U+W: ={u+w:uelUweW}

elval yoauutkog vmtdyxweog touv V kot ovoudcetan dbpolcua twv vmoyxwewv U kot W.
Avto onpaiver 6L To dBpotcua dvo vtoxwewv U kar W elvar To Givolo Twv GTotyeimv
Tov V 1rou uItoeovv va ypaptolv ws dfpotoua evég gtoyelov tov U kat evog Gtotyelov
Tov V, oyt vrroxpewtikd ue povadiko teosro. Eivar €dkolo va Stagtietocouye 4Tl O
U + W givon Ttpdyuatt yeauukos vitdxweog tov Vi Av @, € C ko xi, xo € U + W 161e
VITAQEXOVV Uy, s € U kL wi, wy € W (Ol VITOXEEMTIKA LOVASIKA) TETOLOL WGTE X| = Uy + Wy
KOL X2 = Wy + Wy, aTT0 TOV 0QL6US Touv GuvéAov U + W. XuveTtwg,

axy + Bxy = auy + w) + Blug + wa) = (Quy + Bus) + (@wr + fws).
"Ouwg auy + Puy € U emedn o U elvarl yooukds vmtdyxmeos ko ouolwg awy + fwy € W.
Erouévmg to ax; + Bxs yedeetar og dfpotoua evdg atoyelov touv U kai evdg Grotyelov

Tov W kol GuveTtddg aviikel 6To dBpowcua U + W, glupwva ue Tov oploud.
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Av ou ypauukol vrtoymeor U kow W wkavotrotovv emimtAéov tny oyxéon U NV = {0}
ToTE TO ABpoleud Toug ovoudcetan evfY abpoicua kor cuupoliceton ws UG W = {u+w :
u e Uw e W} Tapatnpeiote 6L av x € U & W 161e 10 X ypdpetar cav dbpoicua
evog atotyeiov tou U kaw evdg atoxeiov tov V ue povoadiko tpogro. Ilpdyuatt, av
VITOOEGOVUE OTL X = Ui+Ww; = Us+wse 6oV u; € U, w; € Wy i = 1, 2, tét€ uy—uy = wi—wo.
"Ouwg, apov oo U, W elvan ypauukol vitdxweot, u; — us € U kow wy —wy € W. ZuveTtwg,
AOY®D TG 160TNTOC TV SlaPOoEWVY KAl Tou yeyovdtog 6t n toun twv U, W, elvon to
undevikd GTolelo TOU YROUUWKOU X®WEOV, U — us = 0 ko JTaeduote wy — we = 0.

Opwou6g 8. O V givar 10 evBy dBpolcua Twv vroywewv Vi,...,V, av kdbe Sidvucua
v € V ugropel va ypaptel ue uovadiko oo ws dbpowcua v = vy + -+ + v, 0mov v; € V.
To yeyovog avto To ekppdiovue ypdpoviag V=V, @--- @ V,.

Ieotacn 3. Av V;, i = 1,2,...,r givar vtéyweor tov V, B; eivar Bacn tov V; kal
r ’ ’ , ’
V= @izl Vi, tote to ouvodo U_ B; eivar facn tov V.

6.7.2 IToAvwvuuo IHogeufoAng tov Lagrange

AeSouévwv n TeEVYDV TTEAYULATIKOV aoBu®v, (x;,y;), i = 1,2,...,n tntelton TTOAVGOVLRO
p(x) Babuov n —1 to TOAY) TéTolo wate p(x;) = y;,. To gntovuevo TTOAVOVLUO TTOV
ovoudceTal TTOAVOVLUO TTaQeUPoArig Tou Lagrange umopel kavelg evkoAa va dev dTL
elvar wovadiko kaw Sidetar amd tny ek@EAcn

n

3 =) (= X)X = X)) - (= X)
P =D i

Xi— x1) -+ (X = Xim)(X = X)) - (X — Xp)

i=1
n 1Godvvayo
n

u X—X;
p(x) = Z yi Li(x)  6mov  Li(x):= ]_[ L i=12,...,n
i=1

X,'—Xj’

g
Oewonua 16. Eotw V ypauulkos xwpog SidcTacng n kol f ypauulkos UETAGYNUATIGUOS
f: Vo V. Ectw A;,i =1,2,...,r ot Stakités ibtotiués tov f. Tote, vmwdpyel fdon Tov
V w¢ mpog¢ tnv orrola o swivakags wov ekPEALEL TOV UETAGYNUATIGUO [ glval Siaywviog
Qv Kal govo av to eAdyiato ToAlvavouo tov f eivar o m(x) = (x — A)(x — Ag) - - - (x — A,).

Amobeign. H ula katevBuvon eivar evkoAn kow tnv €xovue ndn agrodeiéel 6To Oewpnua
(15). Oa vmobécouue Aowtdv tL m(x) = (x — AP(x — Ay) -+ - (x — A,) kol Jo amodeigouue
onV=VieV,d---@V,, édrov V; elvau o undevdymwpog tov f — A,/ SnAadn o yoouutkds
VTTOYWEOS TV L3L08LVLUGUAT®Y TTOV OVTLGTOLYOUV GTny WoTWwn 4;. Autd onualvel 6TL
KkdBe didvuoua Tov xweov V uttopel va ypapel ¢ yeauuwkds cuvdiacuog todiavucud-
TV TV [ kol €TTOUEVWGS OTL VITA)eL Bdon Touv V amotelovuevn agtd W8LodavicuaTo
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Tov f, TEdyua TTov cnuaivel 6Tl gty Bdon avti o f da ekeedieTan amd €va Stay®vio
Tivoka. YmoBétouvue Aomtdv 6Tl To eAd(LGTO TToAV®VLUO €xel amAég pitec. Opltovue

T JTOAVOVULULAL
! X—/lj
i(x) = , i=12,....
pi(x) Hai—ﬂj

i

ITapatneeicte 6TL
1 av k=i
pi(’l")‘{ 0 av k#i.

Ta ToAvwdvupa p;(x) elvar Babuov to oAV r — 1 KAl €TOUEVWS TO TTOAVDVUULO
p(x) = > pix)
i=1

elvar fabuot) To oAV r — 1. Emteldn to mwoAvwvouuo p(x) — 1 €xel elvon emiong to JToAv
Babuov r —1 ko €xer r QlLeg, TIC Xy, X9, . .., X,, GULUITEQALIVOLUE OTL €lval TAVTOTIKA TO
undevikd ToAvwvuuo, SnAadn p(x) —1 = 0. Ewouévwg p(f) = I n 1codvvouo

I= Zr: pi(f).
i=1

Zuvemag, yia kdbe v e V, v = Y1, pi(f)v. @étovue v; = p,(f)v. Ioxvel 6Tt

(f—&-l)vi:(f—ﬂinpi(f)v—H/M M[]‘[(f M)] H/M T " =0

Yvugstepatvovue OTL v; € V; = ker(f — A4;1). Ioyxver duwg 6L V; N'V; = {0} dtav i # j duidT
av v eV téte fv = Ay karav v € V; tote fv = A;v. AT6 TIG Svo TG GYEcels A;v = A;v
1 (4; — 4;)y = 0 kot GUVETTDG, aoV A; # 4j, v = 0. Entouévag V=V, e Vo ®---8 V..

O

Oewonua 17. Av o swivarac A eivar epuiTiavog, To EAGXIGTO TTOAVOVULO TOV EXEL ATTAES
piceg.

Amodeién. Ac vrmoBécouvue 0Tl TO eAdYLGTO TTOAV®OVLULO Tou A dev €xel arAég plgeg.
Téte vILdexer A kar ToAVGdVVLO p(x) Tétol Wwote m(x) = (x — A)%p(x). Avtd enuaivel
oL, av Yécouvue g(x) = (x — D) p(x) o Tivarag g(A) dev elvar undevikdg (AAAwS To m dev
Pa oV 1o EAdYLETO TTOAVMVUUO) KOl ETTOUEVHS VITAQXEL GTOLXE(O v ToL XWeov V TéTolo
wote w = g(A)y # 0. XuveTtwg

0 < (w,w) = (q(A),q(AW) = (A = AD)p(A)v, (A = ADp(A)v) = (p(A)v, (A = A1)’ p(A)v)
= (pAyv,m(A)v) = (p(A)y,0) =0

T0 0Tol0 €lval AToTro. (ETIC TTARATIAV® LGOTNTES XENGWOTTONGAUE TO YEYOVOS OTL, AoV
o A elvan goutiavog, kar o A — Al elvar epULTIOVOG, KOl ETTOUEVEOS, YO OTTOLASNITOTE
x,y €V, ((A—-ADx,y) = (x,(A - AD)y).) O
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To Tapatdve dedpnua amodeikviel 4Tl oL gpuitiavol TTivakeg elval Sloy®voTtonGtl-
wot, kATl Tou €yovue NN det.

YTnv yevikn yeQiintoon, 6Tav o YRAUUWKOS UETAGKNUATIGULOS f Sev elval vIToyxeemTL-
KA SLAy®VIOTTOIAGLLOG, TO EAAXLGTO TTOAV®VUULO €xel TV LOEEN m(x) = (x — A -+ (x —
AN omov 1 < w; < my, i =1,...,r. Avtd onpoivel 4Tt To eAdYLGTO TOAVOVUULO €XEL
OM\eg TIG PICES TOV YAEAKTNELGTIKOU OAAA evdeyouévmwgs ue wkedtepn woAlastddtnta. O
Jrivokag ol SlaymvioTtomncuog av i =1y 1,...,r.

[Mopddeyua: Oewpeicte Toug dVo TTivakeg

2 1 -1 2 1 -1
A=10 1 1 B={0 1 0
0 0 1 0 0 1

Kaw o1 800 €youv 3oeaKTnEIGTIKG ToAlvmvopo x(x) = (x — 2)(x — 1)%. ‘Ouwg, av kdvouue
TS TEdEgels PAETTovue OTL (A — I)(A — 2) # 0 GUVETIOGS TO €AAYLGTO TTOAVWVULULO TOU A
etvar to (x — 2)(x — 1)? kaw 0 A Sev efvou SaywvioTroricog. ‘OGov apoed Tov Trivaka
B, (B—1)(B—-2I) = 0 kow eTtouévmg To EAALGTO TTOAVOVLUO Tov B elvon To (x —2)(x —1).
Avto onpalvel 6tL o B glval SloywvioTtotnGyLoc.

Av évag mivakag dev elval StaywvioToncluog tdte pitogel va tebel pe wo addoyn
Bdong otn wopen Jordan. H uwopen avth elvar oxeddv draydvia pue Tic WL0TWES GTn
SLayovio Kol LOVASES TTAV® OITO TNV Slay®dVvio Yol TIG WOLOTWES EKEIVES TV 0TTOlOV N
YEOUETEIKN TTOAQTTAGTRTA elval wkedTeEn agtd tnv adyefeikn. Xwelc va pirtodue GTig
AeTttouépeleg ag dovue to €€ng rapddetyuo. ‘Ectw o sivakag

3 -1
To YQEOKTNELGTIKG Tov TToAvWvLRo eivon (x — 2)? (H ot 2 éxer alyePEiki TTOA-
AamAdtnta 2). ‘Exel duwg yewuetekn ToAlamAdtnta 1 ywati uévo éva ibrodidvucuo
avtieToel atnv Wotwn 2, to (1,1)7. Tuvemtwg, 6TTwg usrogovue vo SLOITTGTHGOVUE TO

eMd16To TTOAVGOVLWO elvon eTtiong To (x — 2)%. O mivakag B usropsl va ypagel ue wo
alMayr Bdong otn woeen Jordan
2 1
= [ 2! ]

IMpokewévou vo, vTtoAoyiGovue To e/’ urogovue eite va YENGUOTIOMGOUUE TOV OQLGUS

n ; 7
=3, =J" kow va vrtoloyicovue T duvduelg

.| 2n n2rt ]
e

n va AvGovye To SLoPOELKO GUGTNUO
dlx@® | _ |21 [ xi(0)
dit| x| 10 2] x0
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. . / x1(0) 1 . .
TEATA UE AQYIKES GUVONKEG 0 | =10 TQOKEWEVOL VO TIROGdL0picouUE TV
2
’. 7 7 Jt Z 2 2 ‘xl(o) O
TTEwTn GTNAN Tou Tivaka e’’ ko gTn guveEXELa Ue AQYKES ouvOnkeg X (0) = 1
2

WGTE vo TEOoGdlopicovue tnv devtepn GTAAN.

Av axkolovBncovue tnv ITEOTN UEBoS0 €xouue
[se]

no ﬁ o pon-1 _ 220:0 (ZnI!)" Z:O:() ;’T’!nzn—l
€ = an O 0o oy,

n=0 n=0 p!
B 621 te?t
- 0 eZt .
Ytnv tedevtala €€l6mon, eKTOC aTtd Thv Gelpd Yol Tnv ekBETIKIA GuvdeTnon, XENGUo-

TTOUAGOAUE KO TO YEYOVOG OTL 37 ”1'—,112"_1 = Yot (ni),Z"_l = te?.

Ooweuo6g 9. Avo molvavuua f(x), g(x) ovoudcovrar TpaTa ueta&V Toug (GTovg utyadi-
KoUG aplBuovcs) av Sev £YoUV KOIVES pICEG.

Oewonua 18. Av ta f, g eival Tolvdvuua TEOTA UETAEY TOUS TOTE VITAQYXOVV TTOAV®-
voua a(x), b(x) tétoia wote a(x)f(x) + b(x)g(x) = 1.

Agrodeign. YmobBétouvue ywelc PAGPn tng yevikdtntag 6t deg(f) > deg(g). Ag Sovue
TEAOTA TNV 181k TeQiTTTwon 6ITov deg(g) = 0 dnAadn to g elvon To GTafeEd TOAV®OVLULO
g(x) = 6 (7ov 6 € C). Térte, Fétovrag a(x) =1, b(x) = 6711 — f(x)) PAéTTOLUE GTL LGYVEL
TaTOTIKG 1+ f(x) + 6711 = f(x)) - 0 = 1. Zvvemog, n mEOTAGN LGYVEL GTNV TER(TTTOGN
avTti, SnAadn woyvel yia kdBe n > 0 koaw m = 0. Emayoyikd: ‘Ectw 611 woyxver yia
deg(f) + deg(g) < n—1. Av deg(f) +deg(g) = n tdte

f(x) = p(x)g(x) + r(x).

"Ectw deg(r) = 0. Av r(x) = 0 t61e avaykactikd g(x) = C, (AAMwg ov f, g da elyav
elca agtd Kowov) KoL GUVETIWS N TTEdTacn woxvel. Av deg(r) > 0 tdéte Ta g kow r Sev
€xouv kown ptca (yati av eiyav téte da ntav kot eica tng f). Aeov deg(r) < deg(g)
ko, emwedn deg(g) < deg(f), deg(r) + deg(g) < deg(g) + deg(f) = n, amd Tnv eTAYOYIKA
vITéOecn

r(x)u(x) + g(x)v(x) = 1.
UVETTNGC,

Fu(x) = p(ux)g(x) + r(xu(x) = p(x)g(xu(x) + 1 - g(x)v(x)

n, wodvvaua,
SOu(x) + g(x)[v(x) = p(x)u(x0] = 1.
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6.8 Aoxknocelg

IIed6PAnua 1. No StayovioTtoincete Tov JTivoka

13 0 O
39 0 O
A= 0 0 1 -3
0 0 -3 9
kol va vtoAoyicete tov A" yio n € N
Avon:
1 3 -3 1 -3 1 0
39 1 3 B 1 3 10
1 -3 1| 1 0
-3 9 1 -3 1 -3 10

A@oV o Tivakag A elvor GUUUETEIKOS TO WELOSLAVUGULATO UITOEE! VAL ETTAEYOUV UE TEO-
70 JTov vo elvon ogBoywvia kol avtd €ywve ed8w. (Afue «urropel va eTAEyOUV» Ko
oyl «etvar» egretdn ou 8LoTwES Sev elvar OAeG BLOPOEETIKES UETAEY TOUC.) XUVETTWG,
KOVOVIKOTTOLOVTOS €XOVUE TNV OVOITOQAGTOGN

A=UAUT
410V
-3 1
1 13
Vi 31
1 -3

ko A etvon o Sraywviog mivakag twv wotwwv. [Hapatnpeicte Tl 0 U elvor GuUUETEIKOS
ovventog UT = U. Apa wyver U? = I.

-3 1 0 -3 1
1 3 101 1 3
3 1 0 3 1
1 -3 10" 1 -3

YUVETIOC, UETA OTTO GTOLXELNOELS TTEALELS £xouue OTL
A" =10""A.

Avtd Sev mEémel va wag eRITANGGEL ooV uitopel kavels va det ue Ayn oréyn 6Tt o A
elva BaBUmTS TTOAMATIAGGLO VOGS TTivaKa TTROROARG.
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IIeoPANnua 2. No StoyovoTTONGeTe TOV TTivaka
0 11
B=|0 11
0 0 2
Kol va, vItoAoyicete Tov B" yia n € N

Avon: AoV o mivokag elvar TEywVIKOS ol 18l0TweS PelokovTal GTtny Slay®vio Kol
elvan o 0, 1 kow 2. Bplokovtag ta avtictoyyo wWodtavicuota £xovue

0 11 1 1 1[][0 0 O 1 -1 O
0O 1 1|={0 11ff0 1 0J]]0 1 -1
0 0 2 0 0 1|[0 O 2 0O 0 1
YUVETTOG
0 1 2"-1
B"=10 1 2"-1
0 0 2
IIeoPAnua 3. ITotot agtd Toug TTivakes
1100 1 0 2 3
0 110 0 2 8 -1
A=log o1 1| 7|2 8 2 5/
0 0 01 3 -1 5 3
. 0 01O
Wl e
3‘0_.0’4‘0100’
! 1000

uitopovv va StaywvoronBouvv ue €va ogbBouovadiaio Trivaka, dnAadn yio Toiovg amd
TOUG TTOQATTAV® TTivakeg witogovue va yedwouue A; = U; AU ZH omov U; opBouovadiaiog
kot A; Stayowviog (@ = 1,2, 3,4) ue otoyelo ato C; AikowoAoyelote TNy aItdvinci Gog.

IIe6fANnua 4. o) I'a tov Tivaka

va Beelte TG W8L0TWES KAl TO avTiGTOLXOL OLOGLOVUGUATO KOl VO VITOAOYIGETE TOUG
mivakeg A%, A3 kabdg kar Tov €. B) Na emavaldPete To TTOQOTAV® EQWTALOTO VLol
TOV JTivoKko

B =

S O O
O ==
O = =
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IMeopAnua 5. a) IIote €vag Ttivakag ovoudgetar ogBouovadiaiog; Aelgte étL av o U
elvar opBopovadiaiog Téte etvon kar o U2 B) IIdte elvan To yvéuevo 890 GUUUETOIKMOV
TWAK®OV 1 X 1 GUUUETEIKOS TT{VOKOG;

IMe6pAnua 6. 'Ectw v Sidvucua ctiAng tov R* ue otogela vy, ...,v,. AelEte 6L 0
TIVOKOG
ViV Vive s V1V,
VoVi VaVa - VoV
A=w'=
VuV1 VuV2 - VipVp

EXEL N TTQAYUATIKES LOLOTIWES (Ol VITOYXREWTIKA OSLAPOEETIKES UETAEY TOUG) kot Poeite
TS WoTWwég kot Ta aviiotoya wWodtavicuata. Ilepuypdwte tnv Ttepimtwon n = 3,
T

v =(1,1,2).

IIe6PAnua 7. Avcte ue Staywvorroinon to akOA0VO0 GUGTNUIO YOOUUK®OV SLOPORIK®OV
EELOWGEWV
EIESEINEIN
<xg | | -1 2 x(0) |’ x0) | | -1

ITIe6BANua 9. Av

0 -3 O
A=|13 0 O
0 0 -1

va vTtoAoyicete Tov Al ue v Borbeia Tov Fewonuatog Cayley—-Hamilton.
Ieo6PAnua 10. Na Beelte Tig W&roTwéS Tou TTivaKa
a b
=[5
ko vo detgete ot ta (1, —1) kan (1,1) efvon Wrodravicuata.

Ieo6pAnua 11. 'Ectew o srivakag

o™ |

0TTOV Ol TETEAYWVIKOL 2 X 2 Tivakeg Ki, Koy, 8iSovton amd Tig

K; =

[ cos®; sin6;
J

—sinf; cosej]’ Jj=12

KoL To VITOAoLTTa GTotxelo Tou Q elval undevikd. Na Setgete 6T ||Qx|| = ||x]|, dnAadn
ot o Q Swatneel Ta unkn. Na Beeite emiong Tig 8l0TWES kKo T 8L0daviGUATA TOU
Tivaka av §; = /4 wow 0y = /2.
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Acknon 6.8.1. Ozwpeicte Tov Tivaka U = I — 2ww! émov w! = 5(2, 2,1). Xwoelg
VO KAVETE VITOAOYLGULOUS GKEPTE(TE TTOLES TIEETEL vaL €lval ol WSLOTWES KoL TTOL0L TO
wodavvcpata tov U e Bdon tnv yeouetpio. Emaindeiote Tig oréWPEeIS Gag.

Acoknon 6.8.2. '‘Ectw P o mivakag puetabécemv

dudotaong n. Na Selgete 6Tl TO XAEAKTNELGTIKG TToAV®VUULO Tou P elvan to X" — 1. Av

w = e yo Selgete 6TL TO W08AVVGUO TOV P IOV aVTIGTOLYE! GTV S0TWA W'
Sivetal amod tnv
r 2r nr\T
x = (W,w’,..., "), r=2,2,...,n (6.25)

AelEte OTL, av

Co Cy1 -+ C2 (1

C1 Co et C3 Co

A =
Cn-1 Cp—2 -+ C Co

KO f(X) = co+c1x+cox® + -+ + XL, té1E A = f(P). XTouttepdvete 6T oL ISLOTWES TOV
A Stvovtar agtd 1 f(w"), r=1,2,...,n ue avtictorya wWodiavicuata x, wov divovton
amd v (6.25).

Acknon 6.8.3. Na Beeite Tig W&oTiwég katl ta Wodavicuato Tov Jrivaka

SO O -
e NeNoNe
SO N =
S = O O

Na Beeite emmiong To XOQAKTNELGTIKG KAl TO EAAXLGTO TTOAVMVUULO TOU TT{VOKAL.
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Kepdlaro 7

AvaAvon ITvakov

7.1 IIivokeg TV OTTOI®WV TO GTOLXEIQ EIVOAL TTQAYUOTIKES
GUVOQTNGELS

Ag Yewpnigovue €va (tetpaymvikd) Trivaka A, n X n Tov orolov Ta Gtoyelo elvon TTEOY-
WATIKES cuvoRTACELS Wwog uetapintig: g;i(f) : R — R. Av vitoBécovue 6TL Ta. GToyela
TOU Tivaka elivor guveyels, dtapopiclues GuvaETRGels 6e kKATtolo dtdotnua I C R to1e
witopovue va opicouue Tnv TARAYwYo Tov A(f) wg

d .1
d_tA(t) = (lslg(} . (A(t+06) — A@1)

YUVETTOG [%A(t)],- = %[A(t)],- ; (6nAadn to atotyelo ij Tng TaRAyDdYov Tov Trivaka A elvar
n ToEAY®YOS Tov GToyelov ij Tov Trivaka A n ye AL AGyLa O TTIVOKOS TTaQAywYICETAL
agtoyelo TEoc atoyelo). Ta wapddetyua, av

A(t):[ cost sint]’ B(t):[l 1],

—sint cost t

T0TE

,on | —sint  cost a0 O
A(I)_[—cost —sint]’ B(Z)_[l Zt]'

[Mopatnpnote 6t A(HA'(f) = A'(HA(L) eved avtiBeta B(H)B'(t) # B'(1)B(t). Ev yéver o
Tiivakes A kar A" dev avtpuetatiBevton.

ATt6 Tov 0QLopd pItogovue vo Sovue TTOS UETARAAAOVTAL Ol YVOGTO! KAVOVES TTAQOL-
YOYLGNG TIROYUOATIKOV GUVAQTAGEMV GTN TEQITTTOGN TV TTVAK®OV.

IIedtacn 4. Av A, B eival wapaywyiGLuol TETEAYWVIKOL JTIVAKES n X 1,

(ABY = A'B + AB'.
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Amoderen:

(ABy = lim 5L (A(t + 8)B(t + 8) — A(H)B(1))
= lim L (A1 + 6)B(t + 6) — A(t + 6)B(1) + A(t + 6)B(1) — A(1)B(1))
= lim 5'A(t + 6) (B(t + 8) — B()) + lim (At + 6) — A1) B(t)
= A'B+AB (7.1)

Av otnv TedTacn TTov wéMg deifaue mdoovue A = B éyxovue (A%) = A’A + AA’. Av
ol wivakeg A kow A’ avtwetatiBevion téte (A?) = 24A’ = 2A’A. Me Tov (8o TEéTO
wmopovue va, dovue 6T (A3) = A’A% + AA’A + A%A’, (A%Y = A’A3 + AA’A? + A2A’A + A3A’,
KOL YEVIKA, Yo KAOe aképaio m,

m—1
(Am)/ — Z AkA’Am_l_k.
k=0

Av vmobécovue 6TL 0 A elvar avtieTEéwwog kot décovue B = A7l téTe €xouvue
0=(AAYY = A/A71 + A(A™YY amr’ éwov cuutepaivovue 6t (A1) = —A~1A’A7L

7.2 To €kOETIKO €VOC TETEAYWVIKOU TIivVaKO

Av 0 A elvar évag TeTEAYWVIKOS TIIVAKOS 72 X 1 WItopovue vo opicovue To ekBETIKG TOU
UEGW TNG ATTELNG GELRAS

1A" 2
o (7.2)

N:B
I
gk

k

Il
[=}

Moag evdiapépel Wiaitepa n guvdptnon E(f) := ¥, t € R n omolo opieTar Tapdéuoa
(N
k
1A

AF (7.3)

Q
I
NgE
=

!

T
o

[Mopaywyigovtag Tnv avetépm celpd 6Qo TTEog 6o dlamicTdvouue 4Tl n guvdetnon
E(t) wavoTrotel tnv Stapopkn eglcoon E'(t) = AE(t) = E(t)A ue apywkn cuvinkn E(0) =
I. (Mopatnpicte emiong 6Tl o Tivakag e avtwetatiBetar ue tov A.)
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7.2.1 YgtoAoyieudg Tov €KOETIKOV £VvOC TTIvOKO UE OVOYOYN GTN
Staywvia uoeen

‘Evag amATtég TeéTmog vItodoyicuot tov e Bacitetar atny Staywvortoinen tou A, VI
v wEoUTTOBEGN GTL €xEl €val TTANEES GUVOAD OTTd YRAUUKA aveEdpTnta Wiodiavicuata,
X1, X9y« oy Xy AV Décovue S = [xq]...|x,] vow A = diag(4y,...,4,) Tov Stayodvio TTivaka
ue otoryela Tig WoTWES Tou A ToTE

A=SAS,

KOl
AF=SASTISAS ... SAS T = SAkS L

YuveTtadg, amd v cepd (7.3) €xovue

o0
A
et = E
=0

6mov e = diag(e'’,. .., e").

»|~$

'SA"S Y [Z —A") S1=g8eMs! (7.4)

7.3 NoOueg SLovUGUAT®OV KOl TTIVAK®V

O Adyog Tov TapeuPdAouvue TNV GLCATRON Yo TIG vopueS TTov akoAovBel elvar TrEo-
KEWEVOU va Sikatodoyngovue dementikd T NTARATA GUYKALGNS TTOU TIROKVITTOUV, Yol
TaEAdeyua, aid tov oploud (7.2). Eekvdue tnv evdtnta GVTA ue S0 GNUAVTIKES VL
GOTNTEG.

7.3.1 H avieotnta tov Holder

IMeétaon 5. Ectw a,b € R* kat p,q € [1,00) 1é€T0100 0GTE ;17 + é = 1. Tote woyvel n
aviGoTnTO
a’ b7
— + — >ab. (7.5)
V4 q

AgtéSeién. Oswpovue T guvdptnon y = xP. Ioydel 6T fou xPldx = % To oAokAnQwua
avtd elvan to gufadov tov xweiov OuR (ue kitowo ypwua ¢to oyxnua). H avtictpopn

1+

v »1
T

1+ =

7 ’ L ’ 7 , 7 v L A4 ’
guvdptnon eivon n x = y»1. IV avtin oyder 6T fo yridy = = ‘; H tedevtaia
p

. , ‘o 1 _ _ , ; p
16oTnTa oPeiAeTon GTo yeyovog ot 1 + T o q). To devtepo avtd oAokANQEMUO
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Yxnuo 7.1: H avieétnta tov Holder

elvar 1o euPadsov tov yweiov OPv GTo oxripa (e TEAcvo xewua). ATé To oxiuo eivor

GOPES OTL
" u? e
uvsf x”_ldx+f yﬂldy— —+ —
0 0 p q

egreldn to dbpoloua TV eufadov Tov xwelwv OuR koar OPv vrtepPfaivel To eufadov tov
opBoywviov OuQv kotd to eufadov tov POR. 'Etal Selgoue 6L woxvel n 7.12. Amd 10
oxnuo emtiong @ativetar 0Tl n igoétTnta oty (7.12) wyvel uwévo av to eufadév tov POR
elvauw undév modyua mov cuuPatver av v = u”! i 1codUvaua v = ud?PD A v = uP. (To
tedevtato wyvel yiott pt + ¢t = 1 cuvemdyetan p = g(p — 1)) |

Al il

<l Tyle EXovue

Epapuotovtag tn gxéon (7.12) yio tic JeTtikég mocdTnteg T

Ix,-lpp+ |yi|qqZ |x;yil ’
plixll, — qliylly — =yl

=1,...,n

ko 00QolCovVTaS WS ITEOG i

n

1 p q i= 1| lyll
—— ) il = Z| 17>
plixll, 4= QIIyIIq — Tl vl
ITapatneeiate Sumg Ot iy |xil? = ||x||§ OTwe Ko Yoy [yil? = ||y||q Emouévwg, dedouévou
om pt+qgt=1,
> 2?21 |x;yil
Il

H mopastdve avieétnta agrodeikviel tnv avicdétnta tov Hoelder:
n
e < D Byl < 1l - (7.6)
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7.3.2 H avieotnta tov Minkowski

Av x,y e R" ka1 p > 1 161¢
llx -+ yll, < lixll, + Iyl (1.7)
H oawvigédtnta avtin meoeoaveg toyvel étav p = 1. (Ztnv Teplnttoon avtn yivetow n

TOLYWVIKA ovigdTnTo yio Thy agtodvtn twn.) Emwouévwg vitobétovue 6L p > 1. Ioyvel
OTL

P
e+ ylI?

n n
-1
Z lx; +yil? = Z lxi + yil Ixi + yil”?
=1 =1

n n

-1 -1
D bl b+l ™+ > il b+ yil”
i=1 i=1

IA

A

n n 1/p n 1/q
-1 -1
Dkl + il < [Z |xl-|P) (Z i + vl >)

i=1 i=1 i=1

n 1/q
1
= ||x||p(2 |x,-+yi|”) = |lxll = lxll, llx + plIEe
i=1

ITapouolwg,

n

-1
E e b + yil?™ < Iyl [lx + 129
i=1

A6 TIC TORATIAV® GYECELS Exouue
e + yll? < llxll, [lx +ylIre + yll, [l +yllb/e
4 p p

ast’ éTov TEokvTTTEL n (7.14) Aaufdvovtag vt dyw 6L p — p/q = 1.

7.3.3 Nooueg Sravvcudtmv

"Ectw V évag yeauukog xoeog atov C ko || - || : V — [0, 00) wa guvdetnon astd tov V
GTOUG Un aEVRTIKOUGS TTRAYULATIKOUS aplipuols TTov €xel Tig arkolovdeg 18tdtnteg

NL [|x|] = 0 ko |[x]| = 0 av kow pévo av x = 0.
N2. |lax]| = |o|l|x|| yiao k4Oe x € V vou a € C.

N3. [[x + yll < |lxl] + |yl yio k@Be x,y € V. (Towyovikn ISidtnta)
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H vépua yevikevel tnv €vvolo Tou WAKOUS £voS SLaviGuatos. Av o yeauutkog xweogs V
elvarl eOBLOGUEVOC UE EGOTEQPIKO YIVOUEVO TOTE N ETTAYOUEVIL VOQUA AITTO TO EGWTEPIKO

ywvouevo givan n
llxll = v{x, x). (7.8)

H vépuo avth ovoudcetor ko evkdideia vopua. Xinv mepitttoon mov o V etvaw o C”
elvar eUkoAO va SLOTTIGTOGOVUE OTL N ETTAYWOUEVI VOQUA OITO TO £GMTEQIKO YLVOUEVO
kawvoTrolel TTEdyuatt Tig WdtnTeg Tov opleuov. Ilpdyuatt, ov x = (xp,...,x,)!, Téte

1/2 z z ’ e ’ z
((x, xHY2 = (Z;’ZI |x,-|2) agt’ é7mov PAémouvue 6Tl n N1 woyvel. Emiong n N2 woyvel Sidt

1/2 1/2
loxll = (X loxil?) ™ = led (Ziy %) = ledllxl

TéAog, Tpokewévou va draTietwcouue 6Tl n N3 toyvel mapatnoovue otL, av x,y € V
T0TE

I+ = (520 + €6y + 3, 0 + (3,0
< Il + 2 K )+ Iyl
< 1P + 20l Iyl + [yl

(Il + 1D,

o01ov yencwodttoncaue tnv avigétnta Cauchy-Schwarz. ITaigvovtog TeTeaywvikeés pites
GTNY JTOQATAV® GYEon TTEOKVTTEL n N3.

H vépua tov emmdyeTon aItd 10 e6MTEQKO yvouevo dev elvar n udvn srov €xetl evoia-
@€pov. Avnkel Ge Wa KOTnyopio €VEEMS YENGLLOITTOLOVUEV®V VOQU®V TTOU OVOULATOVTOL
P-vOpUeES Kol Ol 0TToleg opitovtan w¢ €&ng dtav yia x € C™:

p

n Y
b, = | >l . pellel 7.9)
i=1

‘Otav p = 2 o mapartdve oQuouds wag dtver tnv eukAidela vopua (7.8). Ag BefarwbBovue
OTL 0 0QLGUOG (7.9) kavoTtotel TIg TEELS LBLOTNTES TTOV TTEETTEL va Stabétel wia vopua. Oa
ggeTdoovue TEOTA TNV TeR{TiTon p € [1, ). H mepimttoon p = co givar W8idgovca kot
da tnv dovue atn cuvéyewa. To yeyovdc o6t o ogueuds (7.9) wavoTstolel tig N1 kow N2
efval eUKOAO VO TO SLATIIGTOGETE KoL TO A@nvovue s doknon. Mével va Beforwbovue
OTL kavoTTolelTOL KO N TELYWVIKA W3otnta, 6Tt SnAadn av x,y € C" 1o1e

llx +yll, < llxllp + 1yl (7.10)

YTnv YEVIKA TTEQITTTMOON Yo TNV AITOdEEN TG TTAQAITAVKD AVIGOTNTAS YEEWATETOL N OVL-
cgétnta Tov Holder. T tnv mepitttoon p = 1 ta wedyuata eivow ogtAd. |x;+y;| < x| +]yil
AOY® TNG AVIGHTNTAGS TTOV LGYVEL YO T UWETEOL WYASIKAOV 0OV (M TIG ATTOAVTES TWES
TV TTEAYULATIK®OV 0Buwv) kow abpoitovtag €xouvue

n n n
Dbl < Yl + ) il
i=1 i=1 i=1
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H weplmttoon p = oo TEOKVTTEL 0G TO 6pL0 Tov oQguov (7.9) étav p — oo, Av
Véoouue |X|max = max;—y,_, x| ToTE
p
( |l )
+
| Xlmax

INo va gretgBelte yia tnv tedevtalo 1lGOHTNTA TTOQATNEEIGTE OTL
)4
X X,
(i < |1| __.+(|n|)S%
|x|max |x|max

p
1< lim p( |X1|)

p—eo |x|max

p
. X1
||x||c>o = |-x|max lim P( | | )
p—)oo

| Xlmax

|x|max

KO ETTOUEVOS

|xn| ¢ . D

+ < lim {n =1
|-x|max p—

Eilvaw evkolo va eAéygovue 0L N || - || €TTiONG kOVOTTOLEL TIC W8L00TNTES Ny, N9, N3 TOU

0QLGUOV TNG VOQUAS.

H vépua amartelton mpokeévou vo opicouue tnv €vvolo tng astogtacng dvo dia-
VUGUAT®V G” €va YOOUWKS Y®EO0, ToV Ue Tn Gelpd Tng eival agtapaltntn JTeoKeWEVOU
va opicouue €vvoleg 0TS N GUYKAMGN.

Oqpwoudg 10. Av {x,} eivar uia akodovBia Gtolyeiwv evog ypauuikov ywpov V kat x € V
da Aéue ot n akodovbia Exel dpio 1o x kal da ypdpovue lim,_,. x, = x av

lim [|x, — x|| = 0. (7.11)

7.3.4 H avieotnta tov Holder

Moétacn 6. Ectw a,b € R* kai p,q € [1,0) téroia dote % + }1 = 1. Téte woxvel n
avicoTnTa
a’® b1
L4127 > ab. (7.12)
p q

z ’ ’ — ’ 7 u — P /
AgtéSeién. Oswpovue Tn Guvdptnon y = xPL. Ioydel 6T f xPldx = ”7. H avtictpopn
I+ 51 J .
— = V; H teAevtaia

p-1
£ , _ p _ ’ L A
1eoTnTA 0oPeiAeTon GTO yeyovog Ot 1+ pTl =5 = q). At T0 oxnua etvon GopEs ATL

u v P
uy < f X dx + f yﬁdy -2
0 0 P 4
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emreldn to dbpoloua Tewv eufadov Tov xwelwv OuR kar 0Py vrtepPBaivel to eufadov tov
opBoywviov OuQv katd to eufadov tov POR. ‘Etal Seigoue 6L woxvel n 7.12. Amd 10
oynua ettiong @atvetow 6Tl n edtnta gtny (7.12) 1oxver uévo av to gufadov tov POR
elvar undév modyua ov cuupaivel av v = u”! A 16oSvvapa v = ui?D n vi = yP. (To
tedevtaio el ywati p~t + ¢! = 1 cuvemdyetan p = g(p — 1).) |

Al il

Epapuodtovtac tn gxéon (7.12) yia tig JeTIKES TTOGOTNTES el Tl

gxouue
|Xi|pp+ |)’i|qq > ;i ’
plixll, — qlylly — [lxllllyll,
ko afQoicovTac wg ITEOG i

=1,...,n

n
lxil” +

1 1|xz)71|
—— I it 2 25
plixll; & C]||J’||Z IZ; Tell,lyll, pllylly

Hapatneeiote duwg 6t Yy [xl? = x|l émwwg kow Y1, [yil? = [lyll]. Esvouéveg, 8edouévou
6w pt+qgt=1,

S Dict |Xi)’i|'

Iyl
H mtapastdve aviedtnta amodewviel tny avicdétnta tov Hoelder:

e < ) byl < Iyl 7.13)

i=1

7.3.5 H avieotnta tov Minkowski

Av x,y e R" ka1 p > 1 161¢

llx + yll, < lixll, + Iyl (7.14)
H owvigédtnta avtin mpoeoaveg teyvel otav p = 1. (Ztnv Tmepimttwon avtn yivetow n
TOY®WVIKA avigdTnto ya tTnv agtoAvtn tun.) Esouévwg vitobétovue dtr p > 1. Ioyvel

ot
1
Z i + yil” Z i + yil b + il
-1 -1
Z il i + 7™+ Z il s + yil?
i=1 i=1

n 1/p n
[Z |xl-|f’) (Z I +yl~|q<f’—”)
i=1 i=1

n q
1
= ||x||p(§ Ixi+yi|”) = el = el llx + ylI2
i=1

)4
e+ ylI?

IA

1/q

IA

n
-1
DIl i + il
i=1
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ITapouoiwg,

n
-1
Dbl b+ 3™ < iyl e + 1.

i=1

A6 TIc TORATIAV® GYEaELS Exouue
Il + ylb < lxll, e+ yI2/7 + 1yl llx + pllb'

agt” dwov TEoKVTTTEL N (7.14) Aaufdvovtag vt dywv 6L p — p/q = 1.

7.4 Nooueg ITtvakwv

Oowouds 11. Ectw L™ to gUvodo Twv mivdkwy m X n ue atoryeia oto C. Mia cuvdp-
on || - || : Z"™" — [0, o) ovoudéetar vopua av 1oxvovy ol e£n¢ cuvOnKkeg

MN1. ||A]| = 0 yia kdbe A € ™" kau ||Al| = 0 av kat uévo av A = 0.

MN2. Tia kdbe a € C kat kdbe A € L™, ||aAl| = |al||All.

MN3. T kdbe A, B € ™", ||A + B|| < ||A|| + ||Bl. (Torywvikn ISi6TnTa)

EwElc oVCGLAGTIKA ATTOAELQ YevikOTNTOS T TTEQLOPLGTOVUE GE TETEAYWVIKOUG Trival-
KeS, dnAadn atoreio tov £, Emiong Yo 1reQoQuatolue GTIS AEYOUEVES ETTAYOUEVES
VOPUES TIOV TTROKVITTOVV OITO TIC AVTIGTOLYES vopueS Twv GgTolxeimv Tou C".

Opwoudg 12 (Emayouevn Népua ITivaka). I'ia orroiadrigrote vopua || - || Tov C" n emrayo-
uevn vopua otov L" opitetal uécw Tng cxéong

llAx]]
Al := — (7.15)
xeC":x#0 | |X||
1 igodvvaua
Al := sup [|Ax]|. (7.16)

xeC:||x]|=1

H vépua Tov eppavitetar 6to degl uépog tng (7.15) eivar n vopua tov C". Eivar
eUkoAo va ovue tnv eoduvauia tov dVo StatuTtwcenv Tov opleuov. Bacitetow gtnv
wwotnta N2 yua tig vopueg tov C'. Méver Pefalwg va Selgovue 6Tl 0 0QLGUOS TG
eTTaydUeEVNG vOEUAS TTEAYUATL tkavoTTolel T Teels wWidtnteg, MN1 — MN3.
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Ov Widtnteg MN1 kow MN2 efvon €0koA0 vo SLOTTLGTOGTOVUE OTL LGXVOUV KO TLG
apnvovue wg doknon. T va astodeigovue v MN3 gtapatngovue 6TL

IM+ NIl = sup{l|Mx+Nxll} < sup{||Mx]| +[|Nx[[}
=1 =1
< sup{||[Mx} + sup{[|[Nx} = [[M]| +[IN]|.
=1 =1

H 7to®dTn avicdtnto GTIS TTAQAITAVED GXECELS TTROKVTITEL TV avicdtnto N3 yio vopueg
Stavuoudtev eved n devtepn avigdtnta astd To YEYOVOS OTL GTO AQLOTEQRO GKENOG UEYL-
gtogtolovue to dbpowcua ||Mx|| + ||Nx|| yia 6Aa ta x yia Ta oTtola ||x]| = 1 eved oto Se&l
OKENOG UEYLGTOTTOLOVUE TOV KaBEVA aTtd Toug §U0 6QOUS YWELGTA.

IIeétaon 7. Ia yia emwayouevn vopua evog Jivaka IGYVEL LGNS N AVIGOTRTA

MN4. ||AB|| < ||AllIBI|-

Agtodeién. Av Bx = 0 yia kdbe x 161e B = 0 kar n MN4 oy0cel oG iodtnta. Alopoe-
TIkA, cuufoAicovtag ue S = {x : [|x|]| = 1} tnv povadiaio ceaipa,

[|ABx|]
lAB|| = sup {[[ABx|l} = sup { |Bx|
xeS§, ||Bx||>0 xeS, ||Bx||>0 ”BX”
AB
< sup {u} sup  {||Bxll} .17)
xes, (B0 U I1BXI[ ) xes, B0

H mopasdve avigdtnta o@eldetal 6to yeyovog 4Tl 6to Se&l orENOG UEYLGTOITOLOV-
ue kdBe €vav agd toug Vo TaEdyovtes XwEWTA. I1ROEAVAS, SUp, g g0 UIBX} =

sup,.s {lIBxll} = ||Bll. Adyw tng N2, ”ﬁ‘gﬂ” = ”A(Ilgill) I, ko eTTOUEVIGS

IABx||
sup { } = sup {lAyll} < sup {[|Ayll} (7.18)
x€S, ||Bx||>0

1Bl y:llyll=1, y=Bxylo. KAITOLO x y:vll=1,

6TTOV N TEAEVTALAL AVIGOTNTO OQPEIAETAL GTO YEYOvAS GTL ueyigtoTtolovue TTdvew Ge €val
ueyaAitepo guvolo. Attéd Tig (7.17), (7.18), wpokvgrter n MNA4. |

7.5 Aoxkneeg

IIeopAnua 4. a) I'ia tov TTivaxka



va Beelte Tic WoTWES KA TA avticToryo 18todiavicuato Kol vo VTTOAOYIGETE TOUG
mivakeg A%, A3 kabdg kar Tov . B) Na emavaldPete To TOQEOTAV®D EQWTALOTO VLol
TOV JTivoKko

0
B=(0
0

O = =
O = =

IeoPAnua 7. Avacte ue Staywvoroinon to akOA0VH0 GUGTNUN YOOUUK®DV SLOPOQIK®OV
ESLOWCEWV

gal_| 2 -1]] x0 a0 | _[ 1

£ xy -1 2 x() | x2(0) -1 |
IMe6PAnua 8. Av AT = A Beigte 6w e = (e?)T.

IIeS6BANua 9. Av

0 -3 O
A=|13 0 O
0 0 -1

va vTtoAoyicete Tov A7l ue tnv Borbeia tov Jewpnuatog Cayley-Hamilton kar tov e,

ITeoPAnua 10. Na Peeite Tic WoTwég Tov mivaka
a b
S

ko va delgete 6Tl Ta (1, —1) kou (1,1) etvar Wodavicuata. Kdtw amd molég cuvnkeg
elvaw 6 mivakag A detikd oouévog;
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KepdAaro 8

Ara@ooikéc EElcwoelg

8.1 Toauukéc Ara@oikés E€icwaoeig Ilpwtng Tagng

M ouoyeviic ypauuikn ta@opikn e§lcwan wpdTng tdéng elval o £lcmon tng LoEENg
Yy +py =0 8.1

o6Tov p(x) elvar wa cuveyng cuvdptnon. H Adon tng Stagoikng auvtig e&lcwong

TEOKVITTEL AV TTOAAATTAAGLAGOUUE KO T VO UEAN Tng €£l0mwong ue Tov 0AoKkAnQWTIKO
"X

Japdyovta elo pedu €xouue

y/efox p(u)du + p(x)yefox p(uw)du =0

n 1eodvvaua
(velb P0a)” = o

ZUVETTWOG
yefox p(u)du =C

67t0v C W avbaipeTn oAOKANEMTIKA G6TafeEd n oTola TTEOGSLOEITETAL AITTd TNV AEXIKN
cuvOnkn, y(0) 6edouévo. ZuveTtmg

y = y(0)e b rwde, 8.2)
H mopastdve Avon ustogovue va dovue edkoAa 4Tl elvol LOVASIKA.

[a maeddeyua, n povadikii Aon tng ¥ + xy = 0, y(0) = 1, elvar n y(x) = e,

x € R.

M un ouoyevric dta@opikn e€icwon TEOTNG TAng elvol Ulo €Elcwon Tng LOEENG
Y +py = rx) 8.3)
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o6Ttov p(x), r(x), elvan cuvexelc cuvagticels. IToAdastAacidgovtag TwdAl ue Tov (Sto
Toedyovta €xouue
y’efoxp(u)du + p(x)yefoxp(u)du — r(x)efoxp(u)du

=

(veh P0d)" = p(x)eh e,

OMAokAnpwvovtag, avtd divel

y(x) = Ce~ fOX pu)du + e fOX p(w)du f r(f)efj p(u)dudé: ‘

0

Oétovtag x = 0 PAETTovue 611 ¥(0) = C Kl TTORATNEOVUE OTL TO TTAQAITAV® ETTLXEIPNUAL
delyver 6L n Adon TTov Penkaue eivar kol wovadikn. ‘Etcl €xouvue

Y@ = y(O)e b o f r@e kg 8.4)
0
Hoeddetyua 8.1.1. H Swapopikn e€lcmon

, 1
y +m)’:1’ y(0) =1,

log 1+x

Va A yé Xi 4
e Tn Pfondeia Tov OAOKANE®TIKOU TTOEAYVOVTO efo md = ¢ = 1+ x, uswwopovus va
3¢ Q Q uitopouvw

Sovue 6T €xel Tnv Avon
1 1+x

+
2l +x) 2

y(x) =
IMoedadetyua 8.1.2. H Swapopikin e€lcmon

Y +xy=x, y(0) =0,

)

. . . 2 2 2 2
ue tn fonbera Tou OAOKANEWTIKOV TTORAYOVTO el xdx = ¢% yvivetow ez7y + xe?y = xe? n

2 ’ 2 / ’ 7 ,
(eZy) = xe?. OMORANQ®OVOVTOGS Kol T dVo ueAn Jraigvouvue
Xz X2 X2
ezy= [ xezdx=e7 +C
6Ttov C efvon wo gTafepd oAokAnpwaong, n

X2
y(x)=1+Ce =z,

Aedoyévou 6L y(0) =1+ C = 0, n Aon tng StapoQkng eElcmong elvor

5=
N‘N

yx)y=1-¢€"
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8.2 Aoywstikd ITAnBvcuioka Igdtuita

"Ecto x(f) to uéyebog tov evéc TAnbucuov tnv xpovikn gtiyun . O@smpovue 6tL 0 QUUOS
uetafoAng tov mAnBucuov dideton aIrd Tnv Siamoiki eElcwon

dx
o = rx(C — x), x(0) = xq. (8.5)

H gtapduetpog C ovoudeetal ‘@EQouaa IKAVOTRTA TOU GUGTARATOS. ‘OTav 0 TANBLGUGS
geqre@vd to 6o C 1oTe 0 EUOUGS avEnong yivetor aEvnTikdg (SnAadn ol yevvacels ge-
TeEVOUV ToUGS Yavdtoug) kat o TAnBuouds uewdvetal. H eflcwon (8.5) elvor ywetcouévwv
UeTAPANTOV €@’ GGOV uItogovue vo yedapouue

dx

m = rdt.

AeBouévou ot

1 1 1+ 1
x(C—x)_Cx C—x

dx dx
— Crdt
fx+fC—x fr

logx — log(C —x) = Crt +k.

Exouvue

KOl ETTOUEVOG

Apa log C—fx = k+ Crt vou emouévwg, détoviag K = e > 0,

— KeCrl
C—-—x
aTTd OITOV TTEOKVTTTEL OTL
KC eCrt
x(r) = 8.6
@ 1+ KeCr ©6)
7 7 7 Z CK 4
B<tovtag 1 = 0 oty TaATIAV® GxEon €xovue xo = x(0) = ¢ ko emouéveg K = Cfico.
AvtikafigTovtoag Tny T autin otny (8.6) aipvouue
Cx eCrt
x(t) = > , 20, 8.7)

8.3 ‘YmmaQgEn ko povadikdétnto tng AVGng uiag dra@o-
QKNG £EIGMGEWS TTEWTNG TAENG

‘EGctw n Stapoewkn €lcmon
dy

d_ = ¢, x), y(Xo) = Yo. (8.8)
X

79



Ocwpovue Tnv akoAovbia cuvaETAGEWY {y,} n ottoia opiteTal WS €ENg:

Yo(x) Yo,
Yur1(X) = Yo + f ¢(yu(§), §)d§ 8.9)

H mtopastdve Stadwkacio ovoudcetar emtavaingttikn pébodog Picard. Ta stapddety-
ua, ag €£eTAGOVUE TNV YQOUUKA SLopoEki eElcwan

d
Teu-y, y0)=2
X
"Exovue
Yo(x) = 2,
nx) = 2 + f 26(1—2)dé =2 — x* (8.10)
X(; x4
yo(x) = 2 + f 2§(1—2+§2)d§:2—x2+5 (8.11)
Xo
(8.12)
8.4 Toeauukéc AraoQikéc E€lcmwaelg
8.4.1 Tooumkn AvegapTneio XvvaQTNGewv
Ouv ouvaptnoes f;, i = 1,...,n, wov opltovton Tdvw cto didotnua [a,b] Yo ovoud-

covtol ypauulkd e§aptnuéves av vmdoyouv moayuatikol (i wyadikol) apbuol c;, oyt
6oL undév, tétolol wate Y, ¢;fi(x) = 0 yia kdBe x € [a,b]. Av ov Guvaptncels f; Sev
elvan yoauuwkd egaptnuéveg tote da ovoudcovtor yoauwkd avegdointes. 'Eatm 4Tl o
cuvopTnaels f; elvar n — 1 @oeés cuvexws Ttapaywyicwes. H oplcovga Wronski tov f;
oplceTon g

) LK) o ful)
Wi fiyi= | 100 B0 ®.13
) 7P - 17

H opitovca Wronski pag diver to akdAovBo 0xenGTo KELTIELO Yo va TToGdlopiGovue
av éva GUVOAO OTTO TTAQAYWYIGES GUVOQTAGELS lval YROUUWKA aveEAQTNTES 1 O)L.

Ocwonua 19. Ectw n guvaprtnicelg, f;, i =1,...,n, ogiouéves aro Siactnua [a,b], n —1
POPES GUVEXWGS TTapaywyiciues. Av n opicovca Wronski Twv GuvapTtiGe®V avT®v, JTOV

80



6ldetar ago tnv (8.13) eivar tovtoTikd undév ato [a, b] ToTe o1 GuvapTHGElS gival ypau-
uikd g€aptnuéveg. Av yia kasow xy € [a,b] W(fi,..., [,)(xo) # 0 T0Te 01 GUVAETHGELS
glval ypauukd avesdpTnteg.

Agrodeign. Ov f; elvon yoauikd €50QTMUEVES v KOL UWOVO OV VITAQXOUV GTAOEQES ¢;
TETOLEC WOTE
CcLfi(x) + cofo(x) + - cufu(x) =0 yio kdOe x € [a, b].

A@oV o1 GUVARTAGELS f; elvol TTARAYWYIGIUES WITOQOVUE VA TTOQOAY®YIGOUUE TNV TTOQOL-
Tdvew oxéon n — 1 @opég omdte Ja Exovue

c1filx) + cofo(X) + - cufu(x) = 0

afi®) +cafy()+ - efy(x) = 0
aff )+ e ff )+ fiT () = 0.
To Ttapamdven cVGTLO YEAPETOL KOS
Si(x) fox) e fuln) €1 0
CORC G I 19
FRIC N A RERT A O I P 0

Av vmtdoyxer xo € [a, b] yia To oTtolo n opitovca Tov TTivaka vo elval un Undevikin ToTe
OVOYKOGTIKG n wévn AMVGn Touv opoyevolg GUGTALOTOS £(VOL N TETEULUEVN KOl GUVETTMS
oL f; elvol yoOUWKA avegdptntes. Av n opicovaa elvon undevikn yua kdbe x € [a, b] tdte
VTTAQEYOVV ¢;, Ol OAQ UNSEV, TTOV VO IKAVOTIOLOUV TO TTOQATIAV® GUGTRUA KOL GUVETIOG
Ol GUVOQTAGELS f; elval yoauwikd €E0QTNUEVEC. |

HapdSetyua: Ov cuvagticels fi(x) = e, i =1,2,...,nue A4, # A; 6tav i # j elvan
yvoauukd avegdptnteg. Ipdyuatt, n opicovga Wronski elvar ¢ auti tnv srepimtoon

e/llx eﬂzx e/ln-x 1 1 oo 1
A1x Agx ApX
et Age™ e Age™ = Ut A Ay o Ay
n—1_,A1x n—1,1x .. n—1_,A,x n-1 n-1 n-1
A e Ay e A et AT A A,
= e(/11+-~~+/1,,)x | | (/1] - /1;) .
1<i<j<n

H tedevtailo eglowon ogpelleton 6to yeyovog 0Tl n devtepn opitovca eivon n opitovca
Vandermonde. Eivow mpo@avég 6Tt av ta 4; elvar didpopa uetagd toug, n opitovsa
dev undeviceTon.
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8.4.2 Toaumkécs Avapogikéc Eficwoeic Tagng n ue MetapfAntoug
YUVTEAEGTEG

Mo opoyeviag yoouukin Stapoikin elomon tdeng n ue UeTafAnNToUg GUVTEAEGTES €xel
TNV woeen

y(n) + al(x)y(n_l) + oo 4 an(x)y =0 (815)
ue dedouéveg apykés auvbrikes y(0),y(0), ...,y D(0). O cuvtedectés a;(x) elvar Sedo-
uéveg guvexels GUVAETAGELS.

Av ou cuvapTicels f; elvar n AVGELS TG YOOUWKNAS SLOPOQEIKNG eElGWoNG TdTE TTAQAL-
Thoovue 0Tl

L) R ful) ) fio - i)
d ﬂu) @u>-~ oo | ﬁm gm e i)
f“%).ﬁ”()~-ﬁ?%@ .ﬁ”()ﬁ“&)-~mﬁmu)
f(x) A o £l () A fulx)
G B G R A4 SO N IR B Co T 1O BERR A€
P00 @) - P 20 ) ~~fWQ)
) A fulx)
f0) fix) - fm

l(n) (x) f'Z(Vl) (x) . f(n) (x)

f fo = fo
_ A /i - 5
“”-—%ﬁ-ﬂﬁm”-—%ﬁ-~ —aff =

Ynv tedevtaio 0pltovaa, TOAATTAAGLALOVTAS TRV TIEMOTN YROUUN UE a,, TV Sevtepn ue
Ap—1 KATT. KOL TNV TTROTEAEVTALO UE do KA TTROGOETOVTAS TG GTnv TeAevTala TTaipvouue

h o h f2 . o
LA O T oo
I(n 1) 2(n71) e flD _a 1(}171) al (n Do g fD
n 1Godvvaua
d
EW(ﬁ’ cos ) = —ai(OW(fi, ..., ). (8.16)

82



Avvovtog avtnt tn Sapoiki e€lcwon PAETTovUE OTL

Wi s £ = Wy f)(xo)e ho @O 8.17)

Aedouévou 6Tt To ekBeTIkO dev undeviceton TOTE GuuITEQAlvouue OTL OTAV Ol GUVAQTAGELS
fi elvon AMdcelg tng yoaukng Staoikig eglcwong n opitovsa touv Wronski eite dev
Ya undeviceton T0TE, €ite Yo elvor TAVTOTIKA UndEv.

8.9 Toauukéc Avapoikés E&icwoelig Aevtepng Tdgng
ue Xta0eQ0oVS GUVTEAEGTEG

H yevikin opoyeviag yoauuwkn Sta@ogikii eficmon deltepng tdeng ue gtabepois Guvte-
Aeatéc elvar n ¥’ + ay’ + by = 0. Ilgwv egetdoouvue tnv yevikin avth egicoon da dovue
TEWOTA TS €ENG BV0 ELBIKES LWOQPEG.

8.5.1 H 3Swapogwkn £€icwon y”’ + by =0

Awakpivouue TEELS TTEQLITTWOGELS avdAoya ue o av b <0, b=0n b > 0.

YTnv 7o TEQITITOON Yedpouue Tny SlopoQiki e£lcnon mg
y' —k*y = 0. (8.18)

kx

tvar evkoAo va dovue GTL TOGO 1(x) = € 660 kot o(X) = e glvan AMdoel
Eilvaw evkoAo va Sovue 6Tl 1660 n kg n var MGELS T

Srapopikng avtng egicmong. To (8o woxvyel kKAl yia Tnv

y(x) = Cryi(x) + Caya(x) (8.19)
n omotla elvar kow n yevikn Adon. Avti elvor Kot n povadiki AUon Tng SLopOoQLKNG
eglowong 6Ttwg Ja dovue e Alyo. To avticTor o TEOPANLA QQYIKOV GUVONKWY aTtoutel
Tov TeoaGdlopeud tng y(0), kat tng y'(0).
Ytnv devtepn meplTttwon €yovue Tnv
y' =0 (8.20)
n otoia €xel Tnv yevikn Alon
y(x) = Ci+ Cox. 8.21)
Ytnv teltn meplmTmon ypdopouvue tny e£lcmon mg

y' +ky = 0. (8.22)
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Ov cuvapTtnoelg yi(x) = sinkx ko yo(x) = coskx elvow Adcelg tng StapoEkng eElcmong
KoL N yevikin Avon 8idetar aIrd tnv

y(x) = Cysinkx + Cy cos kx. (8.23)

Ko 6T el mepuirtwoels elval eUKOAO va dovue OTL Yo OTTOLEGONITOTE QEXLKES
Twég y(0), y'(0), ov atabepéc Cy, Cq, TTROGIOQICOVTAL TTAVTA KL LOVOGALOVTOL.

Mo eVAAAQKTIKI TTRQOGEYYLGN GTNY TELTN TeRlITOon elvol n ¥eNon Twv Wyadkov
EKOETIKOV GUVOQTAGEWY yi(X) = e, yo(x) = e~ H yeviki Mon 6" auti tnv Tepimttmon
elvau n

y(x) = Cre™ + Coe ™. (8.24)

O1 gTaBepés Cq, Co elvar wyadikol aBuol Tov ustopel vo eITAEyoUV Yol VoL IKOWVOITOLEL
n Aon tic dedouéves apxikés auvinkeg y(0), y'(0). Egtedn

y0) = Ci+Cy (8.25)
Y(0) = ikCy—ikC, (8.26)
TEOKVTEL OTL
o O YO k() - y(0)
! 2k ! 2k
AvTIKABLGTOVTOGC TS eKPEAGELS OVTES oty (8.24) kot Aaupdvovtog vt dyv wog 4Tl
ikx + —ikx ikx _ ,—ikx
coskx = L, sinkx = i. (8.27)
2 2i
Taigvouue
(0
30 = y0)coskx + 22 gin k.

8.5.2 Ouoyeveig e€lomoelg devtepng TtdENg ue 6tadeovg Guvtele-
GTEC

H yevikii opoyeviig eglcwaon Sevtepng TdEng ue 6tafeQovs GUVTEAEGTES elvall TNG LORMNG
y'+ay +by=0 (8.28)

ue TS aEXWES GUVONKeG
v(0), y'(0), dedouévec. (8.29)

[Mpokewévoyv va Acovue tny €€lGoon avth Sokwdcovue wo AVon Tng woeeng e,
Avtikofietdvtag oty (8.28) Taipvovue A2 + ale™ + be™ = 0 ko, Sedoudvov 6T
e™ # 0 yio kdbe x, TEOKVITTEL OTL

A +al+b = 0. (8.30)
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To GuuTtépacua Tov g£dyouue aTTd To TOEATAV® elvan 6Tl n GuvdeTnon e givar Aon
g (8.28) av kol uévov av 1o A eivon Aon tng (8.30). H eticwon (8.30) ovoudceton
xaparktTnEloTiki e€icwon tng (8.28).

Ev yével, n xapaktnolotiki eglcwon €xel dvo pltes, €éotw A; kau A. H yevikn Aven
g (8.28) eivon n
y(x) = Cie™ + Cye™* (8.31)

o6Ttov Cp, Co, 800 avbaipetes ctabepés. Ipdyuatt, TTapatngovue 4T
(Cle’hx + Czeﬂ”)" +a (Cleﬂ” + Cgeﬂ”)/ +b (Cle/hx + Czeﬂzx)

(Cl/lfe’hx + /l%CzeA”) +a (/llCleﬂ”‘ + ﬂnge/lzx) +b (Cleﬂlx + Czel”)
= Cpe™ (/lf +al + b) + Cye* (/13 +aly + b) = 0.

(Xtnv tedevtala €€lcmon ol TTocoTnTES HEGa Gt dvo Tapeviécels elvan 0 ereldn ol Ay,
Ay elvan lTeS TNG XAQEAKTNELGTIKAG €EIGWONG.

Méver va Seléovue 6Tt ov gtabepés Cy, Co, WITOEOVV Vo eTTAEYOUV €TGL OGTE VA
LKOVOTTOLOUVTAL Ol aQ)kES GuvBrikeg (8.29). Tlpdyuatt

y(0) = Cie"’+Coe®’ = C1+Co,
yl(O) = C1/116/110+/12C2€/120 = C1/11+C2/12.

To cvVoTnua oWTS yedpeTal WS

1 1 Ci | | y0)

A Ay Cy y(@) |
O mivakag €xer opitovca Ay — A1 # 0 (Bedouévov vITOBEcOUe OTL N YOEAKTNELGTIKNA
eglowon €xel 5Vo dlakQLTég EIteg) KAl eTTOUEVMS VTTAQEYEL Wovadikin AVon GTo cuGThU

n ogroio elvon R 0 HO)— n(O
20 -yO® . _ YO =0 8.32)
Ay — A4

C, =
! Ay — Ay

IHoeddetyua. Na emAvdel n Stagpopwn eglcwon y” —y — 2y = 0 ue apykés guvOnkeg
y(0) =1, y'(0) = 3. H yopaxtnewotiki gficwon eivar n A2 — 1 —2 = 0 n omwola el piteg
A = -1, 13 = 2. Emouévwg, n yevikn Adon eival n

y(x) = Cre™ + Coe™.

"Exovuue emiong y(0) = 1= C; + Cy kou ¥'(0) = 3 = —=C; + 2C,, am’ 6IT0V TTEOKVTTTEL OTL
Ci=-fxkmCy=1%
1 3 2 3
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H mtepintoon tov cuiuydv uyadikodv Quiodv. H moapattdve pébodog cuvexiter va
oYVel KAl OTAV N XOQOKTNELOTIKA £Elowon €xel wyadikég pitec. Ac dewpnoouue To
akolovbo Topddeyua: O@éAovue va Avcovue tnv ¥y’ — 4y’ + 5y = 0 ue aQyikég cuvOnkeg
y(0) = 1, y'(0) = —2. H x0pokTnoleTiki glcoon efvar n A2 — 44 +5 = 0 n omola €xel
oltec Iy =2 +1i, Ay = 2 —1i ko n yevikn Adon gival
y(X) — Cle(2+i)x + Cze(Z—i)x

0TT0V 0oL GTalEEES Cp, Cy, elvan T avbépeTol uyadikol abuol ov oTtoiol TTEOGS0QL-
TOVTOL OTTO TS AQXIKES GUVONKES WG EENG:

y0)=1=C;+Cqy, Y(0)=-2=2+0)C;+(2-10)C,.
Avvovtag to guotnua PBelokovue Cp = % + 2i, Cy = % — 2i, KOl GUVETTOS N AUoh TTov
KOVOTTOLED TIG QQXLKES GUVONKES elvan

1 (1 .
y(x) = (5 - 2i) e#" 4 (5 - Zi) e,

Mgtopovue va guvexiGovUe TIROKEWEVOU VAL EKMEAGOVUE TRV TTOQATIAV® AVGN S TTEOS
TEOYUATIKA eKOETIKA, nuitova Kol guvnuitova:

1 , 1 . 1 . . . .
_ - <) (2+0)x — 9 C-Dx _ [ @2+D)x (2—i)x - C+Dx _ (2-Dx
y(x) = (2 +21)e +(2 21)6 = 2(6 +e )+21(e e )

eix + e—ix ) eix _ e—ix )
. — (2i)%e* — = e** (cosx —4sinx).
i

H mepimtoon wov n YaQakTnEetikn e€§lcmon £xel StawAn Qica. Xtnv meplmtoon
avTth n dwakeivovca g (8.30) eivar 0 SnAadn A = a* —4b = 0 ko A = —a/2. Ttnv
TeplTTTOon auTh ol §Vo yoauukd aveEdptntes AMcelg tng (8.28) elvan ov e ko xe .
H yevikn Aon tng (8.28) elvau n

y(x) = Cre™ + Coxe™.
Mopdyuatt, Aaupdvovtag Vit dww 6T (xet) = e + Axe™ ko (xe™)” = 21e™ + A2 xe™
(Cleu + CQxeM)” +a (Cleu + Cpce“)l +b (Cleb‘ + ngelx)

= Cie™ (/12 +al+ b) + Coe™ (21 + a) + Cye™ (/12 +al+ b) = 0.

y' +ay + by

H tedevtaio 166TNTO TEOKVITTEL 0TS TO Yeyovos 6Tl A2 +ad +b = 0 kaw 24 +a = 0,
emweldn n A elvon dumAn plca tng (8.30). Ouv cuviedeatég Cy, Coz, TNG yeVIKAG AVGNG
TEOGOL0QRITOVTAL ATTO TIS AEXIKES GUVONKES WG £ENG:

¥0)=Cie'® + C,0eP° =C;,  y(0) = CiAe' + Cy (e“’ + /106“))

¥(0) =Cy, y'(0) = ACy + Cs.

ITpo@avag, Yo 0TTOlEGONITOTE TWES TwV AEYIK®OV cuvink®v, y(0), ¥'(0), vitdoxel wova-
Sikn Aon Tou TroaTtdve cuathpatos. (H Avon eivar n C; = y(0), Cy = y'(0) — Ay(0).
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IMoeddetyuo yQoumKkng Sta@oeikng £€icoong devteQng TAENG Tng oTroiag n yo-
QOKTNEGTIKN £Eicwon €xel SummAn i¢a. Na Beeite tnv AMon tng y” —2y+y =0 ue
aykés cuvlrikes y(0) = 2, y'(0) = —1.

H yopaxtnewotiki gficoon etvar 42 — 24 +1 = 0 n omola el wa SumAn eita,
A =1 Zuvemtog¢ n yevikin Aon tng Staoikng e&lcwong etvon n y(x) = Cie* + Coxe™.
[Mapaywyitovtac maipvovue y'(x) = Cie* + Coe* + Coxe* Kol eTOUEV®DS

y0)=C; =2, wruy0)=C+Cy=-11Cy=-3.

YUvETT®S n AVon TTov KAvoTTolel TS aE)kES GuvOnkeg elvan y(x) = 2e* — 3xe™.

8.6 Mn ouoyeveic YOOUUIKES SLOPOQLKES £ELGMWGELS BEV-
TEENG TAENGS ue 6TA0EQOVS GUVTEAEGTES

Ed® ggetdcovue €E100GELS TNG LOQPNG
Y +ay +by=r(x) (8.33)

omov r(x) dedouévn cuvdptnon. Odtrowadnitote Avon tng (8.33) Ja ovoudceton el8ikn
Adon. Oa Selgovue TEWTA ATL n yevikn Avon tng (8.33) TTEOKVITTEL ATTO TNV YEVIKNA
Adan tng opoyevous eglcwong (TTov divetonw amd tnv (8.31)) av ¢ avtn TEocBEGouue
wo ewwn Aon. 'Ectm y.(x) n yevikn Adon tng ouoyevovg egicmong (8.28) n ool
BeBaing da eivar tng woperic Cie'* + Coe?™ av n yapaxtnEletiki eficwon (8.30) éxel
800 BlaKELTES iges, A1, Az, i Cre'™ + Coxe™ av €xer wa ST pita, 4. TuveTtdg 1oy veL
ot
Yy +ay, + by, = 0.

Emiong, é0tw yy(x) wa ediki Avon tng un ouoyevovg eglcwong (8.33), dnAadn wia
GUVAQETNON YL TRV 0TTola LGYVEL

Yy +ay; + by, = r(x).
Téte n y(x) := yo(x) + y5(x) elvon n yevikn, Adon tng un ouoyevois egicmang. Ipdyuatt

(yg + ys)” +a (yg + ys), +b (yg + ys) = (y;,' +ay, + byg) + () +ay, + by,) = 0+ r(x),

dnAadn n y, +y, elvow n yevikn Avon.
Méver dumwg To TTEOPANUO Tng efevpeong wog eWkig Avong. Oa Topovcldcouue
dvo uebBdédovg. H mrpdtn elvar vItoAoylotikd evkoAn aAdd e@apudgetar wdvo yia edt-

KEC KOTNYoElEC GUVARTAGEMY, evw n devtepn, n ogtola opeldetanr gtov Lagrange, elvan
YEVIKN.
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8.6.1 Egevpeon wmag €18ikng Avong otav n r(x) givar ToAvwvouo,
ekBeTikn GuvdgeTnon, nuitovo, Guvnuitovo n ywéuevo T®v o-
VOTEQW

ITeétaon 8. Av n r(x) eivar wolvavuuo Babuov k 1éte uia ebiki Avon tng (;;) gival
JsrdAL wodvavuuo Tov [Giov fabuov, Tov 0ITolov 0L GUVTEAEGTES TTEOGOLOPLLOVTAL AVTL-
rkabotwvtag atnv e€icoon (8.33).

H amoédergn elvanr evkoAn. Avt avtig da Swcovue éva mapddetyua: ‘Ectw n un
ouoyevig eslcwon y” + 3y —y = 2x% + 4x + 1. Mo eildikri Aon tng Ja elvan n y,(x) =
Ax? + Bx + C. Emouévmg

Y/ +3y. -y, =2A +32Ax + B) — (Ax* + Bx+ C) = 2x* + 4x + 1

aTt’ 61mov Taipvovue —Ax* +(6A — B)x+2A + 3B —C = 2x? + 4x + 1 ko ewouévwg A = -2,
6A-B=4,2A+3B-C=11A=-2, B=-16, C = -53. Xuvem®¢, n gntovuevn e8ikn
Mon efvar n y, = —2x% — 16x — 53

IIedtaon 9. Eotw ot n r(x) eival ekBeTiki cuvdeTnon tng Uop@Hs e* kar o p Oev
eivar pica Tng yapPaKTIQIGTIKNAG glcwong A% + ad + b. Tére wa eldikrit Aoen tng (8.33)
eivar n yy(x) = Ae’* 6Tov n gTabepd A poGSpLopiceTal aviikalGTwvTas GTny Sla@opIKn
e&lowon. Xe mweplmrtwon JTov o p gival agtin Qica TG YAEAKTNELGTIKIG £§IGWGNG TOTE Uia
ebikn Avan eivar n yy(x) = Axe’* omrov n grabepd A TOGSI00ICETAL AVTIKAOIGTDOVTOAS
otnv g&icwon. TElog, av o p eivar SITTAML QILa TNG YAEAKTNEIGTIKAG £€lGwong, ula
ek Avon givar n y,(x) = Ax*e* émov n A mpoacSiopiteTal wdAl avTikaOIGTOVTAS GTV
egicwan.

Amobeién: "Ectw 6L T0 p dev elvon Aon tng xaakTnEloTiking eElcwong. Tdote, Yé€tovtag
ys(x) = Aef™ gty Spoeikit elcwaen ¥’ + ay’ + by = e malpvovue Ape?* + aApe’* +
bAeP* = ¥ kan emouévwg PAETTOLUE OTL n Aef* elvon wa edikn Adon av

1
P +ap+b

[Mopatneeicote 6Tl GTO TTOEATIAV® KAAGUO TTOU 0QICeL Thv A O ITOQOVOUOGTAGC elvol
SLdpoog Tov undevadg, e’ dgov To p dev elvar EITO TS YOROKTIPLGTIKAG €E(CMONG.

Av to p elvar agtAn plTo TG XOEAKTNELGTIKNAG eElcmang Jétovue yi(x) = Axe* gtnv
Sloupopikit €icman y” +ay’ + by = e#* kar malpvovue A(2pe”* + pixe*) + a(pxeP* + ) +
bAxef* = ef*. AmAoTtoldvTag To e, €xouue

Ax(p® +ap +b) + A(20 + a) = 1.
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O TEWOTOS 6ROS GTO APLGTERS UEAOG TNG TTaRATAve eElcwang elvar 0 eTeldn o p elvon
elca Tne xaEakTNELGTIKAG eflcwaong. Emiong, 2p+a # 0 emeldn o p elvow asrdn pica tng
YOQOKTNELGTIKNG €£(GMGNGS. XUVETIWGS, GTNV TEQITTTWGN QUTH,

1
B 20+a

TéNog, ag vmoBécovue 6TL 0 p elvon SLITAN PIiga TNG YOQOKTNELGTIKAG £ElGwang.
Oétovue y,(x) = Ax%e’™ gTnv ok e£lGwon kal TTaipvovue

Ael" (2 + 4px + x2p2) + aAe’” (2x + xzp) + bAx% e’ = "

2A+2xA(2p+a)+x2A(p2+ap+b):1.

A@ov To p elvon SumAn piga woyder 6T p* +ap +b = 0 ko 2p +a = 0. Tvvenog, A = 1/2
V4 4 rd V4 Z 2
KoL N €8k Avon oty TepiTttoon avti elvar y(x) = e

IMopadeiyuata.

1. H un ouoyevig Stapopwkn e€icmon y” + 3y’ + 2y = Se* €xel eldikn Avon y,(x) = Ae*
omov 10 A Ja meocdopiatel avtikabicTovtag otnv dSrapopwkn egicoon. (H yapaktn-
EoTIKN £ElGmwan tng owoyevoug eftvaw n A2 + 31 + 2 = 0 n omola éxel piges 4; = -2 ka
Ay = —1. Zuvemmc to 1 dev elvar plca TnG XaQOKTNELWGTIKAS e£lcwang.) "Exovue GuveTtwg

5
Ae* + 3Ae" + 2A¢* =5¢* = 6A =5 :A:E.

H yevikni Aven tng un ouoyevoug e&icoong elvar n

—2x X

)
y(x) = Cre™ + Coe™™ + ée .

Av Jélovue va Pfeovue tnv AVGn TG un opoyevous e£lcmong e aykES GuVONKeg
y(0) =1, y(0) = 2 tdte meoacdropitovue Tic TWES Twv ctafepwv Ci, Cy, €161 ®GTE
VO LKOVOTTOLOUVTAL Ol OQXLKES GUVONKEG.

C+C+5 1 wxo C 2C+5 = C 3 C 1
— = KOl — — — = -, = ——,
1 2 6 1 2 6 1 2 2 3

YUVETTI®OS N AVGN TTOV IKAVOTIOLED TIG AEXIKES GUVONKeS elvan n y(x) = ge‘x - %e‘zx + ge .
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2. Acg dovue twea tnv drapopkn e€lcmon tov TEonyovuevoy TraQadelyuatog otav o

ekBETNG GTOoV Se€ld OO0 elval EITAL TNG YAQEOKTNQEGLTIKNG £E(GMONG. XUYKEKQWEVA O

Sovue tnv ¥ + 3y +2y = 3e7% ue apykés cuvbrikeg y(0) = 1, y'(0) = 0. Xtnv mepimtmon

auTth wo eldkn Aon da eivar n Axe . H ctafepd A TTpocdlopiteton amrd T
(Axe_zx)” +3 (Axe_zx)/ + 2 (Axe_zx) =3¢

= 4Axe > —24¢% — 6Axe X + 34X + 2Axe ¥ =3¢F = A=3.

YUVETIOGS N YEVIKA AUGNn TG un opoyevoig eglcwong elvar n

—2x

y(x) = Cie™ + Coe™ + 3xe .

Yuvemtog, y(0) = C1+ Cy +3 =1 v y'(0) = -C; — 2Cy + 3 = 0 7ov Sivouvv C; = -7
kaw Cy = 5. Egtouévwg n Avon tng Sla@oQikig €E(GHOGNGS TTOV IKAVOTIOLEL TIS OQQYIKES
GuVOrikeg elvon n y(x) = —7e™ + 5e % + 3xe %"

3. Etetdtovue Ao Tnv un ouoyevi gficmon ¥’ + 4y + 4y = e % ue apyikés GuvOnkeg
y(0) = 0, y'(0) = 1. H yopaxtnewetiki eficwon eivar A2+ 41+ 4 = 0 n otrola €xel ST
plta To —2. Tvvemmg wa ki Aon eivon n y(x) = Ax?e . ‘Eyovue

Vi(x) = 2xAe™*(1-x)
Y/(x) = 2Ae7*(1 - 4x + 2x%)

KOl OVTIKOOLGTOVTOC

1
24X (1— 4x + 2x*) + 84e X (x — X)) + dAx*e X = = A= 5
YUVETI®OG N YEVIKA AUGN TNG un opwoyevous eivon

1
y(x) = Cie™® + Coxe™ + QXZe‘Zx,

y(0) = Cy kou y'(0) = =2C; + Cy = 0 kau emmouevwg C; = 0 kar Co = 1. Apa, n Aven TToU
IKOWOTTOLEl TIG QEYIKES GUVOTikeg elvan n y(x) = xe 2 + %xze‘zx.

IIeotacn 10. 1) Otav n r(x) eivar nuitovoeldrnig¢ cuvdpTnon, Jr.y. sin(wx) 1 cos(wx) Tote
uta ek Aven tng Siapoikris e&lcwong eivar n y,(x) = A sin(wx) + B cos(wx) o07Tov ot
ouvtedectéc A, B mpoabiopicovtal avtikabicTtadvtag atnv e§lcwon.

2) E&aipeon amotedel n TEQIITTOGN JTOV N un ouoyevig Sia@opikn eEicwon gival n
y” + by = sin(wx) ue b= w (8.34)

Tote wa edikn Avon gival tng LoeEng ys(x) = +Bx cos(wx) ésrov n gtabepd B Tpocbio-
piceTal avTikabiGTOVTAS ThY YV GTNV €EIGOGN.

AvTioToLya QIroTeEAEGUATA IGXVOUY OTAV 1(X) = COS WX.
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Amodeién: 1) E@” 6Gov

yi(x) = Awcoswx — Bwsinwx

V/(x) = —Aw’sinwx — Bw’ cos wx.
Zuvemwg n yy + ay;, + bys = sinwx ylveton
—Aw? sin wx — Bw? cos wx + a(Aw cos wx — Bw sin wx) + b(A sin(wx) + Bcos(wx)) = sin wx
Ko 1lGodvvaua
cos wx (—Bw? + aAw + Bb) + sin wx(—Aw® —aBw +bA -1) =0 (8.35)
‘Ouws Ol GUVAQRTAGELS SIN WX KOL COS WX €lval YROUWKA aveEAQTNTEG:

sin wx COS WX

.9 2
) = —w(sin” wx + cos“ wx) = —w # 0.
(sinwx)” (cos wx)’ ( )

WCOS WX —w SInwx

_ ‘ sin wx COS WX

TuveTt®dg aTtd thv (8.35) éxovue —Bw? + aAw + B = 0 kaw —Aw? —aBw +bA-1=01

b-w® -aw Al |1
aw b-w? || B| |0
agt’ IOV TEOKVTTTEL OTL
A= b - ? B = —aw
(b - W?)? + dw? (b - W?)? + a?w?
YUVETTOG
_ b—w? , b—w?
ye(x) = b= W) 1 aPa? sin wx + b= W)+ a%a? COS WX.

2) H yévn mepimtoon wou TEOoKVITTEL TEOPANUA GTRV TTAQAITAvVe dtadikacia elval dtav
0 TOQROVOUOGTAS GTLS TLORATTAV® eKEEAGELS undevitetan, SnAadn étav (b—w?)*+a’w? = 0
na=0,b=w?. Auvth elvar n TeplTwtoon 2) omwdTe avagnTovue wo ki Avon Tng
(8.34). ®étovtag y(x) = Bxcoswx €youue

yi(x) = —Bwxsinwx+ Bcoswx

V/(x) = —Bxw’coswx — Bw sin wx
ZUVETIWGS AVTIRAOIGTOVTOS GTnv Stapoikn e€lcmon yY (x) + by, = sin wx, TTaigvouvue

—Bxw? cos wx — Bw sin wx + b(Bx cos wx) = sin wx

n
Bxcos wx(b — w?) — (Bw + 1) sinwx = 0.
Aedouévov 61l b = w? Gty TERITTOGN TToV eEeTdcovue GuuTtepaivouue 61l B = —L ko
w
GUVETIOS Ys(X) = —= COS WX. |
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Ioeadeiyuata.

1. 'Eotw n y” — 3y + 2y = 2sin(2x) uye apxikég cuvbnkes y(0) = 0, y'(0) = 0. H
YOQOKTNOLGTIKA e£lcwon efvar n A2 — 31+ 2 = 0 ue plteg 4 = 1 ko Ay = 2. Mo el8Iki
Aon tng e€lcwong da elvar n Asin2x + Bcos2x. AvTikaBlGTOVTOS GTnv SlopoQikin
e€lowon Taipvouue

—4A sin2x — 4B cos 2x — 3(2A cos 2x — 2B sin 2x) + 2A sin2x + 2B cos 2x = 2sin 2x
n

. -4A+4B+2A-2=0
(-4A + 6B +2A —2)sin2x+ (—4B—6A + 2B)cos2x =0 = { _AB—6A+9B =0
ATté T0 GuGTNUO avTo Belokovue A = —%, B = %, KOl GUVETIOG N €8ikn Avon elvon n
vs(x) = —% sin 2x + % €0S 2x. ZUVITETTOS N YEVIKN AVGN TnG un opoyevous e€icmong elvon
n y(x) = Cie* + Cye? — % sin 2x + = cos 2x. ITpokewévou va Tpoadlopicouue TS GTAOEQES
Advouue To cuGTRUA

3
10

3
0) = 0 = =
¥(0) C1+C2+10
2
‘0 = 0 =C{+2C,— —
y'(0) 1+ 420 10

kot matpvovue Cp = %, Cy = %

2. ’Eotw n y” + 9y = 2sin 3x ue apykés cuvinkeg y(0) = 0, y'(0) = 0. Ed®d n eldikn
Adon efvan tng woeeng Ax cos(3x) (n mepimttwon 2) tng redtTacng 10). Avtikabietovtog
TTalpvouvue

1
—4Asin 3x — 9Axcos3x + 9Axcos3x =2sin3x = A= —5

H yevikn Adon tng ouoyevois egicmong elvar Cpsin3x + Cycos 3x kKoL n yeviki Avcn
TnG un ouyoyevoug eftcwong eivar y(x) = Cysin3x + Cycos 3x — %x cos 3x. Ov Twég TTou
KOWVOTIOLOUV TG aEywkés cuvOnkeg elvan Cp = é, C, = 0. Emouévwg n Adon tng un

OUOYEVOUG TTOU LKOWVOTTOLEL TIG QEYKES GuVONnKeg elvon n y(x) = ésin 3x — %x cos 3x.

H mtepimttoon r(x) = p(x)e’, p(x)sin(wx), p(x)cos(wx), e’* sin wx, e* cos wx KAOOS KA
afBpoicuata TéTowwv 6pwv. Edo da egetdoovue QUTES TIC TTEQUITTMOGELS TV YWVOUEV®OV
UEGW TTORASEYUATWV.
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1. Tpokewévou va Peovue wa edikn Adon tng ¥’ —5y +6y = (x*+1)e* Sokdcovue wo
cuvdptnon g woeenig (Ax? + Bx + C)e*. AVTIKaOIGTOVTOG WITOEE(TE VoL SLaTTIGTOGETE
otL wa eldikn Aven eivor n
(x2 3x 9) .
—+—+—|e

2 2 4

2. Tlpokewévou va Beovue wa edikn Aven tng y” +y 4+ y = xcos 2x détovue ys(x) =
(Ax + B)cos 2x + (Cx + D) sin 2x. Ioyver 611

vi(x) = (-2Ax+ C - B)sin2x+ (2Cx + D + A)cos 2x
y/(x) = —4(Cx+ D+ A)sin2x — 4(Ax + B — C)cos 2x

KOl GUVETIMOGC, AVTIKAOIGTOVTOS GTnv Staoeki eflcwan Ttalpvouue
((-3C-2A)x+2D+A+C—-B)sin2x+ ((-3A+2C)x+-3B+4C + D + A) cos 2x = xcos 2x

agt’ 4ITOV TEOKVITEL TO GUGTNULA

—2A -3C =0
-3A +2C = 0
A -B +C +2D 1
A -3B +4C +D 0
Tov omofov n Mon elvar A = -2, B= 4, C = 2, D = £ Suvenadg, n eilikni Mon elvar
—15x + 11 10x+8 .
ys(x) = B cos 2x + sin 2x.

3. Na Peebel n Aon tng ¥y’ +y +y = e* + x ue apxkés cuvinkeg y(0) = 0, y'(0) = 0.
H yopaxktneotiki €glcoon tng owoyevovs eivaw A2 + 4 +1 = 0 n omola éyxel piteg
Ao = _IJ"T’\E’ O exBétng oTo exkbeTikd Tou SeELov Gpov elvarl Sidmoog Twv Vo ELLOV.
YuveTtwg Ja avagntncgouye wa e8ikn Avon tng wopeng Ae* + Bix+ By. AvTikaOiGTOvVTOS

oTnv SLapoEkn eElcman TTalpvouue
Ae*+Ae* +Bi+Ae" +Bix+By=¢"+x

ko emouévws A = 1/3, By = 1, B, = —1. H aldwkn Adon tng un opoyevoug eivon
Y(x) = Cre"™ + Coe™ + ze* + x — 1

Il
=]
I

1
y(O) _C1+C2+§—1

Il
=]
|

1
y'(0) = 4G+ 0 + 3 +1
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’ 7 7 _ 2/12#'2 _ _2 2-4
agt’ 6ov Ttaipvovue Cp = £ Lo C, = —3 oL

Taipvouue UeTA aITo TTEAEELS

AVTIROOIGTOVTAGS TIG TWES TV Ap, Ao

1+iV3 1-ivV3
, Cy= .
3 3

C1:

YuveTtg, n Aon mov J€lovue elvorn

1
+ =" + x - 1.
3

MgtogoUue Vo OITAOTIOIAGOUUE TNV TTOQATTAV®D AVGN YENGUOITOLWVTAS TOV TUTO TOU
Euler:

. . iﬁx —iﬁx iﬁx —iﬁx
1+l\/§e’”2"ﬁx+ l—l\/§e—l—2i 3 _ ge_x/Z ez +e':2 +i\/§ez —e "2
3 3 3 2 2
V3 V3 V3 V3
2 1*X+ =l X = X __ 15 X 2 3
e ] Y - S .e e *? cosix— 3 sin —x
3 2 2i 2

H tedevtala €k@pacn astdoToleiton TEQLGGOTEQO v J€couue V3 = tan bt

2 V3 m . V3 2 3 T .1 . V3
—e COS —x —tan — Sin —x = —Qe COS —XCOS — —S1In — SINn —X
3 2 3 2 3cos /3 2 3 3 2

4 V3 o«

ge_x/Q cos (—x + —).

2 3
Katd cuvémela n Aon ypdpetor wg

4 3 1
y(x) = —e*? cos £x+ o+ 2+ x - 1.
3 2 3 3

8.6.2 H u£0odoc tov Lagrange

Meyots €80 eidaue ueBd80ug TOV LOG ETLTEETTOVV va Beovue el8IKES AVGELS Un OLOYEV®OV
YOOUULKWY SLOPORLKOV EELGOGEMV OTAV Ol GUVAQTAGELS GTO deEl uépog elvan TOAVWVL-
ua, ekBETIKES GUVAQRTAGELS, nuiTova 1 guvnuitova (Ta oTtola Befaiws efval EAVTUGTIKA
eROETIKA) KAODGS KOl YIVOUEVO TTOAV®VUUL®OV KOL EKOETIKOV. TNV JTOQOVGA TTOQAYQOPO
Ya Tmapovcidcovpe Ty uébodo Twv petafAntodv cuvieAectv tov Lagrange. H ué-
Yo8og avtn elvar JTI0 TTEQITTAOKN OAAG EPAQUAOTETAL VIOl OTTOLOSAITOTE OAOKANQ®OGLUN
guvdptnon r(x).

YmoO€touue OTL 0oL QITES TNG YOAEAKTNELGTIKNG €EIGMONG elvol SLOPOQEETIKES UETOED
Toug Kow Fewpovue tnv y(x) = Ci(x)et™ + Co(x)e?*. "Exovue

Y (x) = Cj(x)eM™ + 1,C1(x)e™™ + Ch(x)e™™ + A3Cy(x)e™" (8.36)
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Av 9écouue

Ci(x)e"* + Cy(x)e™ = 0 (8.37)
Té1e n (8.36) ylveton
Y (x) = 4,Ci1(x)e™™ + A,Co(x)e* (8.38)
KO TTOLQOY®YITOVTAGS aroun Ui goed €xouue
y'(x) = ZCi(x)e™ + B5Co(x)e™>" + 1,Cj(x)e™™ + 1,Ch(x)e™ . (8.39)
O<touue TOEA
1C[(x)eM + 1,CH(x)e™> = r(x). (8.40)

Amd g TopaTdve €Elocelg, Topadelmovtag tnv ggdptnon twv Cp, Cy amd Tto X,
Exovue

V'+ay +b = ACie" + 5Ce™ +r(x) +a (/llCle’hx + /lgCgeA”) +b (Clem + Czeﬂzx)
C, (/lf +al + b) el + Oy (/13 +aly + b) e + r(x)

r(x).

O guvaptnacels Cy, Co LKOVOTTOLOVV TO YEAUULKS GUGTRUO

Cj(x)e™ + Ch(x)e>™ = 0

LC)(x)e™ + 1,Ch(x)e™ = r(x). (8.41)
A6 to Jewpnua tov Cramér €xouvue
0 e
r(x) Age™ r(x)e~
C = = . 8.42
1(%) i o A= 1, ( )
/116/11)( /126/12)‘
Kol
e 0
e r(x) r(x)e -~
C, = = . 8.43
2(x) i o P ( )

/lle/hx /128/12)6

ATt6 TIg §V0 TeAevtaleg GXEGELS, OAOKRANQWVOVTAGS £XOUULE

Ci(x) =

f ) r(u)e " du, Cy(x) = f ) r(u)e ™ 2"du. (8.44)
0 0

Ay = Az

Emouévmg, wa edikn Aon tng (8.33) elvar n

e/hx X eﬂzx X
y(x) = f r(w)e Mdu + f r(u)e " du
0 0

Ay = A4

/11 - /12 /12 - /11
X Ar(x—u) _ ,A2(x—u)
= f r(u)e ¢ du
0 A1 — Ay
= f r(u)G(u, x)du (8.45)
0
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OOV
e/ll(x—u) _ e/lz(x—u)

G(u,x) = PRy . (8.46)

IMaedadeypa 8.6.1. Na Peeite tnv Adon tng Stopoeikig eficwong vy’ — 2y —y = e’ ue
apykés cuvdnkes y(0) = 0, y'(0) = 1. H yopakTtnolotiki gficoon etvan s2 — 25 —1 =0
ko €xel plceg 44 = 1+ V2 ka Ay = 1— V2. H yevikn Avon tng ouoyevoug e€lGmaong,
y' =2y —y=0 elvau n

yo(x) = Cle(1+\/§)x + Cge(l_ \/i)x
M eldikn Aon tng un opoyevoig eglewaong elvon n
) = L (6(1+ V2 f g1+ Vg _ 0= D f * - \@udu)
22 0 0
_ e(1+ \/E)X _ e—x e(l— \/i)x _ e_x
2+ V2 2- V2

H yevikn Aon tng un opoyevolg ggicmong elvow n yo(x) + y,(x) ko eouévog n Avon
TTOV IKOVOTIOLEL TIG QEYIKES GUVOrKES (AapBavousvou VIt Oy Tov YeyovoTog 6Tt y,(0) =
yl’p(O) =0) elvou n

6(1+ V2)x _ e(l— V2)x e(1+ V2)x X e(l— V2)x

—e” —e*

+ —
2 2+ V2 2- V2
3 _2\/§e(H Vo _ O +2‘/§e(1— V2 1 +2\/§e—x.

y(x)

8.7 Toeauukéc Avaoikés E&icwoelig Aevtepong Tdégng
ue MetafAntovg GuvTeEAEGTEG

8.7.1 Advon pe poeen dvvapocelpdc

Etetdcouue tn yevikn Sia@oeikn e€lcwon devtepng tdeng. "Exel tn popen

Y+ P(x)y + Q(x)y = R(x). (8.47)
H avticTtoyn opoyevng eglcwon eivar n
Y+ P(x)y" + Q(x)y = 0. (8.48)

Avagntovue AMcelg vItd Ty woeen Suvapoacelpds. Ba Treprypdpouye Tnv Stadikacio
emiAvong gekvovtag amod evkoAa Ttagadeiyuata 6ITouv n Avcn da wiropovce va evpebet
kot ue dAAeg ueBodovg. "Eatw n e€lcmon

y-y=0, y0)=1 (8.49)
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Av gk@doouye T Aon Tng Ge LoEEn duvapocselpdg, y(x) = Y7 c,X", T0Te TTOQAYywWY(-
covtag 600 TTEog 6po (LITevBuuitovue 6Tl avtn n Stadikacio elvor eTLTEETTTA Yo TS du-
VOUOGERES UEGOL GTNV OKTIVOL GUYKALGNG) €X0UUE Y (X) = Yoo cut X = X2 cppi(n+ DX
KOl OVTIKOOLGTOVTOS GTn Slopoikin e€iGwan maigvouue

(o8]

i X" — Z Coi(n+Dx" =0

n=0 n=0
n
o
D (€= cuan+ D' =0
n=0
To oJtolo guveTtdyetal OTL ¢, — Cpii(n+1) =0 yia k@Be n =0,1,2,...,

1
Chi1=——¢C,, n=0,1,2,....
n+1

Avvovtag Tnv avadeoulkn avTn oxéon €xouvue

1
c,=—co, n=0,1,2,...
n!

KO €TTOUEVMOC TTQOKVITTEL N YEVIKA AVGN TNG SLOPOQLKNG €EIGMGNGS wG
N 1 n X
y(x) = co Z —Xx" = cpe’.
n!
n=0

Oétovtag x = 0 gtnv Taamdve oyxéon €xouvue ¢y = y(0). ZuveTtas n Avon tng AE JTou
tkavoTtotel Tnv aykn cuvlnkn eivan n y(x) = y(0)e*.

Ac dovue topa €va devTeQo TTORASELYUO TG XENONS TV SUVOULOGELROV TOU OTTO{OV
Tnv Aon emtiong yvweigovue. ‘Eotw n yoauwxn AE devtepng tding

Y + 2% =0 (8.50)

o6Ttou A € R, ue dedouéveg apxwés cuvlnkes y(0), y'(0). Aokwdcovue tnv Avon y(x) =
Yoo enX™. Tote y7(x) = Yoo yn(n—1)c,x" 2 = 32 (n+2)(n+ 1)c,y0X" KAl GVTIKOOGTOVTOG
otnv (8.50) €xovue

(]
Z (cn + Acpon+2)(n + 1)c,,) xX'=0
n=0
agté OTTOV TTEOKVTTTEL ATL
/12

" —.Cn> =0,1,2,.... 8.51
n+hn+2 " (8.51)

Cpny2 =
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H avadpoutkn oxéon (8.51) wpoacdiopitel To ¢z amd To ¢p, TO ¢4 ATTO TO 3 Ko OVTw Ko’
eeng. Ouolwg, TTEOGSL0QILEL TO €3 ATTO TO €1, TO €5 QIO TO €3, KAIL. XUVETTOS €X0UUE

(_l)n/lZn
» - 8.52
Co )] Co (8.52)
(_l)n/lZn
. —c, =0,1,2,.... 8.53
Con+l on + 1)!C1 n ( )
AT TIC TTORATIAV® GYEGELS €youue
A2 A4 A8
Co=—7—, C4=———F, Cg=—
2-1 4-3-2-1 6-5-4-3-2-1
/12 /14 /16
“=737 ©®T54.3.2 9T 7765.4.3.27°"
H yevikn Aon tng (8.50) elvan emouévmg
- (_1)n 2 N (_1)2n 2n  2n+1
= —— (A" + — A" x" 8.54
yx) = o L @ T L1 20+ 1)! ©-54)

[Mopatneeicte 6T, av 4 = 0 TdTE GAOL OL GEOL TOV TTARAITAV® SUVALOGELR®V Undevico-
VIO €KTOS OITO TOUS TTRMTOUS KoL €Xouue Y(X) = ¢o + Xcp TOU €lvol TEAYUATL N YEVIKA
Aon g AE ¥y = 0. Av 4 # 0 16Te n TTOQATTAVED AVGN YEAEPETOL KAl ®S

(WP (' @ )

Y = 00(1_ 21 "4 el

+ Cc1—
A

1! 3! ! 7!

1 (/lx e R G )

Avayvwpitouue 4Tl Ol TTORATTAVKD SUVOULOGEIRES OVTIGTOLXOUV GTO COS AX Kol sin Ax ovTi-
GTOLYO KOL, AoV Ta Cp, ¢1 €lval ovTtws N AAA®wg awBaipetes cTabeés, Eavaypdpouue
TNV YEVIKN AVon g

y(x) = Cycos Ax + Cy sin Ax. (8.95)

[Mapaywyitovtag tn axéon (8.55) €yxovue y'(x) = —Codsin Ax + CiA cos Ax. ZUVETTHG, Yo
x=0,

y(0) Co,
y,(o) = Cl/la

KoL ATt TS GXEGELS avTES TTRoadlopicovue ta Cp, Ci, MGTE VA LKOVOTTOLOUVTOL Ol OLOYLIKES
GUVONKeG.

Y1a mogoattdve Jrapadelyuata eidape TS wiropel va epoauocbel n uébodog Twv
duvapocelp®v Ge TOAY ATTAEG TTEQLITTWOGELS 6TToV n Adon wag AE Atav nén yvwetn. H
u€00d0¢ dUWGS AVTA LOS ETILTEETEL TNV £TtiAVGN €ElGMGEMV TToV dev da witopovcaue va
AMdcovue ue AAAOUG TEOITOUG.
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8.8 Avvauocelég

Ocwpovue Tnv SLapopkn e€lcmon
Yy +xy=0 (8.56)

H e€iowon avtn efvol yoouwki, TTeodTng Tdeng, ue LeTafANToUS GUVTEAEGTES Ko WITOQEL
va AvBel ue tnv u€Bodo Twv OAOKANE®TIKWVY TTapayéviwv. H yevikn tng Avon eivon

y= Ce 2" (8.57)

67t0V C GTOBEQRA TTOV TTEOGELORITETOL AITO TNV ORXIKN GUVOTKN.

Ag emMicovue tny 8o e€lcwan ue tnv puébodo twv duvapocepwv: ‘Ectm y(x) =
Yo 0 @nX" M yEVIKA AMYon g (8.56). Oa woyveL Yo na, X"+ Yol a, X =0 n

(o] (o)
Z(n + Da, x" + Z a1 X' =0
n=0 n=1

YUVETIOC, POV N TTARAITAV® GYEGN TTEETTEL VAL LoYXVEL TAWTOTIKA Yo KABe x, Yo éxovue

(n+Dap = ap_, n=1,2,... kat a; = 0 (TS TEOKVTITEL 0Ttd TOv 60 x°). Tvutrepai-
vouue OTL
ay
api2 = —
" n+2

agt” 4ITOV TLEOKVITTEL OTL

aog(=1)" _ap(=1)"
2-4-6---2n-2)2n)  nl2n

gy =

KOl
Aope1 =0 yia k4Be n € N,

"ETGL n yeviki AUon TEoKVTTTEL WG N GeRd

[ee)

(=1)"x*" o (=x/2)" 2
y(x) = Z_;ao—?‘n! = do I =qpe 7.

H Mon avtn cuueovel TTAR®S (0TTwg avagevotav) pe tnv (8.57

8.8.1 H dwa@ogikn €€icwon tov Airy

Acg Sovue Tpa pa €Elcwaon ylo Ty oTtola Sev vITAE)EL OVGLAGTIKA AAAOS TEATIOC AVong
eKTOC aItd T Yenon duvapocelpwv. ‘Ectw

Y +xy=0 (8.58)
Oétovtag y(x) = Y02, a,x" ;aigvovue Yoo, n(n — DX"2 + 3% a,x" i

Z(n +2)(1 + Datyyox" + Z a1 X" = 0.
n=0 n=1
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8.9 Ouoyevelc AloPOEIKES EELGOGELS

Etetdcovue tnv Stapopkis eficmon
’’ a 7 b
Yy +-y+5y=0, x> 0. (8.99)
X X

Aokydgovue Mon Tng wopeng y = x”. Oa meémel va woyvel r(r—Dx" 2 +arx™2+bx"2 =0
KO €TTOUEVMG, Aol x > 0, To r da meémel va wkavorolel tnh oxéon r(r— 1) +ar+b =0
n

P+r@a-1)+b=0. (8.60)

YTnv yevikn Tieplmttwon n wopattdve eflcmon €xel dvo Siakeltég plteg, 1, 1 KAl n
yevikn Avon tng (8.59) divetow agd tnv

y(x) = C1x" + Cax™. (8.61)

Av o plteg tng (8.60) elvon wryadikég, dnAadn ry = k + id, ry = k — id To1E TO deEl uéAog
g (8.61) yivetan

X~ (Cl)c"’l + sz_“) = x (Clelog"u + Cope'® xfm)
= X~ (Clei/l log x + Cze—i/llogx)
= x*(Djcos(dlog x) + D sin(11og x))

6mov 6Ty Tedevtala ayéon AdBaue vt Sy uag Thv oxéon tov Euler e = cos +isin 6.
Ouv Dy, D, eivan avBalpetes 6Tabepés TOU TTEOGL0QITOVTOL ATTO TIS AEYIKES GUVONKEG.

‘Otav n (8.61) éyel wa St pica Tédte n TaRAITdAve UéBodog TEoadiopitel uo wévo
Adon tng (8.99).

8.10 Mé£0060¢ Twv petapAntodv cvvieAecTtowv Tov La-
grange

H uébodog avtn ustopel va epapuocbel srpokewévou vor fpovue wa devtepn, yoauutkd
avegdptnin, Acon pag opoyevous yeauwtking AE dtav wa Aven etvar nén yvooti. "Ecto
n AE

Y+ P(x)y + Q(x)y =0 (8.62)

Kol €6Tm yi(x) wa Avon tng. Oa avagnticouye wa devtepn AVcn Tng LoEENg
y2(x) = v(x)y1(x) (8.63)
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67T0V V(X) Wa Ayvwaetn guvdetnon n ottola Ya TeocdoQatel KATAAANAQ TTQOKEWEVOL
n y; va ikavosotel tny (8.62). Iapaywyicovtac tnv (8.63) stalpvouue

vy + vy
Vi + 20y + vyt

¥
Vo

ITpokewévou va eivar n (8.63) AMon tng (8.62) Ja mesmer va woyvel y, + Py, + Oy, = 0
KOL OVTIKOOIGTOVTAS TIG TWES TV TTOQAYOY®V AoV TTAQOYOVTOITONGOUUE KATAAANAQ
Talpvouue

vOL + Pyl + Qy) +V'y1 + vV (2)] + Pyy) = 0.

O ToEdyovTag Tou v H€Ga GTNY JTRAOTN TTaREVOEGN GTNY TTOQATIAV® GYéon undeviceton
a@ov €€ vrobécems n y; elvar Avon tng (8.62). Av 9écouvue u = Vv tdte Ya £xovue

u'yr +u2y;+ Py;)) =0

,

u +u(2h +P) =0.
N

H tedevtalo avth eficmon eivon wa AE medtng tdéng ue uetofAntols GuUVTEAEGTES

Tnv oTola €UKOAQ LITOQOVUE VO eTIAVGOUUE TTOAMAATTAAGLALOVTOS UE TOV OAOKANQMTIKO

TTaEAyovTa

f (2’}1 +P)dx
1

"Exovue GuveTT®OG

=

‘f(%”’)dx ~2logyi- [ Pdx —2 - [ Pdx
u=Ce "\’ = Ce =% =Cy;e ,

6Ttov C elvon wat gtabepd TToU JTEOKVTTEL AITd Tnv OAOKARQwon. OAOKANQEOVOVTOS
dAAn wo @od, dedouévou Ot u = Vv JTallpvouue

vix)=C fyl_Ze_dexdx + Co.
YuveTtg wo Sevtepn, yoauwkd avegdptntn Avon tng (8.62) da elivow n ys = vy
y2 = Cy f)’1_2€_fpdxdx + Coy1.
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Aedouévou 6Tt n y; elvor Adn yvwGTA KAl Ol TTOAAATTAAGLOGTIKES GTABERES 67 AUt Tn
@don dev yog evilapépouv €xovue aTTA®S Ty devtepn Aon

Yo =0 f yi2e I Pdxgy. (8.64)
H yevikn Aon tng (8.62) elvon erouévmg n
y(x) = cpyi(x) + caya(x). (8.65)

(To tedevtaio avtd Prga da TTEéTel va eTtegnyel TTANE®S To AGYo TToU ypedapaue Tnv
devtepn Adon Gtnv popoen (8.64).)

8.11 Toauuikd Ata@oikd Xvcotnuata kot To ExOetikd
Evéc Ilivaka

Ed® Yo egetdoovue yoouutkd Slooeikd GUGTARATOA TIEMOTNG TALNGS Ue GTafeovs Gu-
viedeagtes. To yevikd StopoQikd GUGTNUO AVTAG TS LOEENG elval TO

d
le(t) = anx() + -+ apx, () + bi(?)
(8.66)
d
Exn(t) = anlxl(t) +--+ annxn(t) + bn(t)
ue dedouéveg agyés cuvinkes x1(0) = ¢y, ..., x,(0) = ¢,. O GUVTEAEGTES a;; KO OL GU-
VaQTNGELS by(1), ..., b,(1) elvon eTtiong dedouéva tov TrpofAnuatog. To TEOPAnULa uitopet

VO, TTEQLYQAPEL GUVOTITIKA UEGW TOv Trivaka A ue gtoela a;j, Tov SlavdcraTog GTAANG
x(0) = [a@®, ..., 01, ¢ = [er, ..., ¢]" kaw ToV (1) = [Bi(D), . .., ba(D]" G

,X(1) = Ax(2) + b(1),  x(0) = c. (8.67)

To cVotnua avtd uropel va €AVl YENGUOTIOLWVTAS TOV OAOKANQ®TIKG TTOQAYOVTO
WG €ENG

MY (- Mx(t) = e b)) = (eMx(1) = eMb(t) = e Mx(t)—e°x(0) = fo t e b(s)ds.

Emouévmg, Aaupdvovtag vir’ éww 6t x(0) = ¢, e 0 = I, éyovue e 'x(t) = c+ fot e Yb(s)ds
x(t) = e*e + ft AIb(s)ds. (8.68)

‘Otav b(t) = 0 yia kdBe t > 0 To gVGThUA O\i)oudgstou OUOYEVEGS KAl N Avcn Tou elvan

x(t) = e'le. (8.69)

IMTpakTikd, n SucKoMa eTTIAVGNGS VOGS TETOLOV GUGTALATOS EYKELTOL GTOV VTTOAOYIGULS
Tov ekbeTikoV e,
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Hoeddetyua 1. Na emidvBel To gucTnua

Xp = —X1+2x
X, = 2Xx1— X

ue aykés cuvinkes x1(0) =1, x(0) = —1.

a2

H xopaktnelatikn tov g§icmon eivon

Edw, o mivaxkag A elvar o

|A+1 -2

T ﬂ+1|:(ﬂ+n%ﬂ1:(ﬂ—nu+3):o.

YuveTt®g ol WOOTWES Kal Ta avticTorya Wodiavicuata eivor

-2 2 u 0 , 1
A4=1: [ 9 —2][\/]_[0] = 1Stodtdvucuo [1]

2 2 u 0 i 1
Ay =3 [2 2][\)]_[0] = 8woddvucua [_1]

O mivakag tov oToiov ot GtriAeg elvarl ta 8todiavicuata kol 0 avtiGTEOEHOs Tou elval

REEE L1111
(e A

KOl GUVETTWC,

11 1 e’ 1 1 L[e+e® e —e™
At _ Atgg-1 _ = =
e’ = Me™ M —2[1_1][ e—St][l_l] 2>et_e—3t et+e—3t]'
YUVETTOG _
@ | _ 1]+ e e —e¥ 1| e’
xo0t) | T 2| e —e et -1 | =

8.11.1 ’Eva ITapdderyua Ata@o@ikoV XuGTnuatog

‘EGto Teelg SeEauevég TTov TeELéouv aAvEd vepo ue TukvéTnta alatiol (Ge gr/m?),
xi, i =1,2,3. Kabapd vepd eiGpéel oty momTn Sefauevi ue pudud r (m3/sec).

‘Ectw 6TL 0 dykog tng defauevig i etvon V; (m®) kon n agki uwdta alatol Gtny
decauevn i etvon m; (gr) kat etouévag x;(0) = m;/V;. @éAovue va Beodue Tic TTUKRVOTNTES

TOU OAATIOV GTIC TEELS deLaueveéS ¢ guvdptnon Tou yeovovu. Ilgokewévou va Peovue
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TIC SLAPOQLKES EELGAGELS TTOV SLETTOVV TNV UETABOANL TWV TTUKOVOTAT®V TTOQATNQEOVUE
ot

my(t + Ar) = x(£)(Vy — rAr)
KOl CUVETTOC

Xt + A1) — x(8) = x,(8) (1 - VLAt) — x(0).
1

O¢tovTag
’
i == 8.70
@i = (8.70)
Exovue
x1(t + A1) — x1(1)
= —q; t
A @;x(1)
Ko a@nivovtag Ar — 0 gtnv TTaEAITdve eSlcmon éxovue
x1(t) = —ayx,(2). (8.71)
[Na tnv Se€auevn i = 2,3 €ovue
m;(t + A) = x;(t) (V; — rAr) + x;_1(H)rAe.
Atonpavtag ue Tov Oyko tng degauevng, V;, €xovue
xi(t + At) = x;i(t) — aixi(H) At + a;jx; (1)
agt’ éITov TTOAlEVOoLUE
(t+ A) — x;(t
il ) 40 = —a;x;(t) + @;x;—1(2).
At
Aopnvovtag T At — 0 €xouvue
X(t) = —a;xi(t) + a;x;1(1). 8.72)

Ot TaEATTAV® SLOPOQEIKES EELGMGELS YEAPOVTOL S GUGTRUO
X' (1) = AX(1)

ue
—ay
A= Oy —Q9
@3 —as

O mivokag A elvol KAT® TEYWVIKOS KAl Ol LELOTWES TOU PAivovTol GTNV SLoydvio Kot
elvan ov ¢, 1 = 1,2, 3.
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8.12 Teauuikéc SLo@POQIKEG EELGWGELS WS YOAUULKA Oral-
@OQKA GUGTAUATO TTEWTNG TAENG

Acg ggetdoouue TNV Un OUOYEVA YROUULKIL S1apoki €Elcwaon we GTabepoUs GUVTEAEGTES
X" (@) +ax'(t) + bx(®) = r(t), x(0)=c;, x'(0)=cy. (8.73)
O¢tovtag xi() = x(r) raw xo(f) = X'(f) €ovue 6T x”(f) = x5(f) row eTwOUEVWES N (8.73)

YOAQETOL WG
x5(t) + axy(t) + bxy(t) = r(1).

Me Bdon ta ropastdve PAETTtovue 6Tl n (8.73) yodpetor wg

ol [ o 1][x0 0
0| T -b —al|lwmo | T o

KOL €TTOUEVOGS €xovue €va Slamopkd ciaTnua tng woeeng (8.67). H xapaktnoloTtiki
eglowon tov Trivako Tov GuaTRUaTog Yo elvor

A -1

_ 2 _
b 1+ =A+Aa+b=0 (8.74)

GnAadn (8o we Tnv YOEAKTNELGTIKA €£lGwoN TN ouoyevoug SLapokig eElcmong). Av
Ay, A2 elvar ol PLTES TNG YORAKTNELGTIKAG AVTAG £Elcwaong Tdte T avticTolya Wiodiavy-
GUOTO TTEOKVTTTOVV WG

u | 10

v 1o

A -1
b A4 +a
AwoAéyovtog u = 1, v = A; BAETTOVUE OTL N TTEATN €£lcwon tkavoTtoleiton. Ikavosroleiton
exiong kaw n Sevteen yotl b+ A2 + 4ia = 0. Etouévag to 18lodidvucua tou avtiotolyel

atnv Wotwn A; etvan to [1, 4]7 ko, Tagowoiwg, ekeivo mov avticToy el Gty Ay eivan
10 [1,42]7. Apa, o Tivakag M tov oTolov ol GTrhAeg elvon Ta 1BLOSIOVUGUOTO, KOUODS

kot o M~ elvan
11 i 1 A -1
M = , M= )
[ /11 /12 ] /12 —/11 [ _/11 1 ]

/lll/t %
bu+v(d +a)

"Etol

Aoetti— ) 12! At _ Aot
Ayt 2 1 e e
A= L1 1 et A 1| T T

=4 | A A et A 1| 7| A=) dpelioyet

A=Ay A=Ay

YUVETIOG, YENGWOTTOLWVTAS Thy Gxéon (8.69), £xovue

/126’11’—/116’{? el _p2!
x(@® | A=y -4 Cy
= '
x/(t) /11,12(6 1_e2 ) gt 3 e2! Cy

/12—/11 /12 —/11

KOl ETTOUEVWOG
/126/111 _ Ale/lzl‘ e/l]l‘ _ e/lzl‘

+ Co .
/12 - /11 /12 - /11
Yuykpivate tnv gxéon VTR ue Thv avdAvon ng sapayedpou 8.5.2.
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8.12.1 Ywoloyioudg tov ¢! uéem Tng AMdeng £vég dLa@opikov Gu-
GTRAUOTOG

‘Ectw o mivokog
2 1
= [ 2! ] .
[Mpokewévou va, vitoloyicouue To e’! urmogovue vo XENGWOoTOGouUE Tov 0Qleud e’ =
39 LT kou va vITOAOYIGOUUE TIC SUVAUELS

n=0 p!
. [z n2
=%

WOTE VA KOTAANEOUUE GTO GUUTTEQAGLLOL

®© n Zoo—o ﬂ'zn Zoo—o #”27!_1 2t 2t

Jt_Ezt_n_ e = | et te

e’ = n!J = . = 0 & | (8.75)
pry 0 Y Lo

Ytnv tedevtola €£lcmon, ekTOg aTtd Tny Gelpd ylo Thy eKOETIKR GUVAQETNGN, XENGLULO-

TOGOME KO TO YEYOVOG 6T 3,7, 1n2" ' = F0 ) ~Em 2! = fe?,

EvaAAOKTIKAG, witogovue va AVGouUe TO S1opoEko GUGTRUA

dlx@® | _ |2 1] x®
dt| x| |0 2 xo(1)

1
TEMOTO UE OQXKES GUVONKES [ fgg; ] = [ 0 ] TEOKEWEVOV va. TTRocdlopicovue Ttnv
2
’. 7 z Jt 2 2 A xl(O) O
TEOTN GTAAN TOV TIVOKA e’' KOl GTNn GUVEXELDL e AEYIKES GUVONKEG %(0) =1
2
®oTe vo TEoadlopicovue Ty Sevtepn atnin. To VTN YEAPETOL KOG
x((1) = 2x1(t) + xo(1) (8.76)
xX5(1) = 2xy(2) (8.77)

H 8evtepn eElcmon divel xo(f) = x2(0)e? Kol OVTIKOOIGTOVTAS GTNV TEOTN TTAlPVOUUE

MO = 200+ 000 = e air) - 27450 = 1(0) = (eFn(0) = x(0)
= e ¥ x(t) — x1(0) = x2(0)t

=

x1(6) = x1(0)e? + x5(0)te?.

AvTikaBLGTOVTOC TIG KATAAMNAES aykés cuvOnkes x1(0), x2(0), TEOKVITTOUV T GTOL-
yela Tov Tivaka (8.75).
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KepdAaro 9

BeAtTiGToTmoinon

9.1 Teteay®wvikég noe@<s gtov R” ko to dewonua Tov
Taylor

Opwouog 13. Eotw
an - A,
A=

apr - App

GUUUETPIKOC TTIVAKAGS N X N UE GTOLYELQ GTOUG TTEayuatikovs apbuovs. H cuvdptnon
Y : R" = R mov opigetar wg

Y(x) = xTAx = Z Z a;jXiX; 9.1
i=1 j=1
OVOUALETAL TETPAYWVIKIL UOQQPN.

1 -1

_1 9 ] glvol

[a TTaeddetyua, n TETEAYMVIKIA LOEEN TTOV AVTLGTOLXElL GTOV TTvVaKa l

n (X, X2) = X7 — 2x1x7 + 2x3,

Opwoudg 14. Evag cuuuetpikog srivaxkag A, n X n ovoudgetal

OeTikd opuouévog av xT Ax > 0 yia kdbe x € R", x # 0,
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Oetikd nwoglsuévog av x'Ax > 0 yia kdbe x € R" ue tnv 16étnta va 16yvel yLo
kagroto x # 0,

apvntikd oguouévog av x’ Ax < 0 yia kdbe x € R, x # 0,

apvnTikd nuoglouévos av x’ Ax < 0 yia kdfe x € R" ue tnv 166TnTa va 16 veL yLo
kagroto x # 0.

Oewonua 20. Ectw cuuuetpikos mivaxkas A, n X n ue swpayuatikd croyeia. O grig
TEGGEPELS TTPOTAGELS glval LlGodUvaues

(1) O mivakag A eivar JeTikd 0QIGUEVOG.
(2) OAeg ot 1SioTiuég Tov A eival JeTikég.
(3) Ot opi¢ovaes OAwV TV dvw APLGTEQA VITOTTIVAK®V TOU A gival JETIKEG.

4) OAov ot obnyoi d;, i = 1,...,n otnv amwalowpn katd Gauss ywpic evallaygs yoau-
uwv eivar detikoi

Amobeign. Oa Seigovue modTa 0T (1) & (2). AeSouévou 6Tl 0 A elval GUUUETELKOG, €XEL
n JTEAYULOATIKES WOLOTWES, Aj,...,4, ue aviictorya Wodiavicuata qi,...,q, TA OItola
uIroEovV va, Anghotv wg opboydvia kar povadiaiov unkovs, SnAadh ¢l g; = &; Gmov
Sj=1lavi=jru0avi#j Xvvends, A = YL Aqgq (Qacuotikd dedonua) ko
ETTOUEVIG

xTAx = Z /l,-qu,-qiTx = Z /l,-(qiTx)z. 9.2)
i=1 i=1

Av vTrobécouue 6Tl 0 Trivakag efvan Jetikd opiouévog, téte xT Ax yia kébe x € R Awa-
Aéyovtag x = q; éxovue q;Aq; = YL Ai(g] q;) = 4; > 0. Zuvemag (1) « (2). Avticteoea,
av 6Aeg ol WBoTWES elvan awcTned detikés ard tnv (9.2) meokvTtel 6t x'Ax > 0. H
uovn TeRlTTTwon va weyvel wedtnta elvar va €gouvue ql.Tx = 0 yia Ao ta i. Ouwg Ta
(g),i =1,...,n amwotedovv Bdon tov R” kow GuveTTHS owTd onuaivel 6Tl x = 0.

Y1tn cvvéxela da astodeigovue 6Tl (1,2) © (3) © (4) & (1,2).
(1,2) © (3). Ovoudcouvue Ay TOov Gve aELoTteEd k X k vrtoTtivaka tov A, 6Tov 1 < k < n.

‘Ecto x; éva Stdvucua otiing 6tov R, Av to Sidvucua x éxel tnv wopen x! = [x],0]
GnAadn ta tedevtala n — k gtoyela (Ga e To undév,
Ak * Xk
xTAx = [x,{,O][ . . H 0 ]:x,{Akxk>o.

H tedevtalo avicétnta oyvel emedn o grivarkag A elvar detikd oglouévog, vitd tnv
TEoUTTO0ecNn OTL X # 0. AUTO Suwg onuaivel 6Tl o k X k gtivaxag eivon emriong detikd
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0QLOUEVOC. XUVETI®OGS Ol LO0TWES Tou Ay TreéTel va elvanl awotned detikés (AUTtég ot
wWotwés dev tavticovton pe T WLoTWES Tov aE)koV Trivaka Befaimg) Kot eITOUEVEOS
n opttovca tov A; TEETrel va elvan etiong JeTikn, wg ywouevo Tov JETIKOV WSLOTWOV
TOVL.

(3) © (4). Eexkwvdue ue tnv didomacn A = LDU émov o L eivol KAT® TEYOVIKOS Ue
uwovddeg atnv Staywvio, D dve TEYOVIKOS pe Lovadeg atny Saydvio, kor D o Slaydviog
T{VOKAG TTOU TTEQLEXEL TOUS 0dnyovg tng Stadikaciag amalowpng kotd Gauss. Aedoué-
vou 6Tt 0 A eivar cuuueTEkdg, Ja Teémel va woyvel 6t A = AT = UTDLT. AeSouévou
6T n SideTracn LDU givar povadikd ko 6t o U eivon kdtw torymvikos, Jo mredmet
va woyver 6t U = LT, Tvvemog, n Sidemacn otny wepimttoon wag yivetow A = LDLT.
Adyw tov alyopibuov duwg, fdcel Touv oTroiov emituyydvovue Thv SideTtacn LDU, av
guupoiicovue pue L koD, Toug dvew alotepd vItoTtivakes Twv L kow D avticTouya,
woyveL 6t Ay = LDy L. Zuvemaog

det(Ay) = det(Ly) det(Dy) det(L,{) =1-det(Dy)-1=didy---d; >0 9.3)

6TT0V, GTNV JTORATIAVE €Slcwon AdPaue LIT dyYv wog OTL n 0RITOVGA TOU TELYWVIKOV
Tivoka L elvar povddo apov ta diaydvio gtotyeio tov eivon 6Aa (oo ye 1 kow OTL
o mivakag D elvar o Swaywviog tivakas twv odnywv d;. E@’ écov n (9.3) woxvel ya
k=1,2,...,n cuumepaivovue 6L d; >0y i =1,...,n.

4) © (1,2). Amé v oxéon x'Ax = x'LDL" x, 9étovtag ¢; := (LT x);, éxovue xT Ax
Yiidic? > 0 8edouévou 6t ou odnyol d; elvar 6oL detkol. H mepimtoon x'Ax = 0
Vel wévo otav ¢; = 0 yio kKéOe i. Avtd duwg cnuatver 6t L' x = 0. AeSouévou 611 0
L elvar ToIymvikdg, xweic undevikd ctotyeia atnv dtaydvio, autd onuaivel ue thy Gelpd
ToU 611 x = 0 ko eTTOUEVWGS OTL 0 A elvan FeTikd 0QLGUEVOG. |

AT6 TOo TJTOROITAVED TedEnUo JTEOKVTITTEL OTL N TETEAY®WVIKN wopen (9.1) sraipvel
avotnEd Yetikés TwéS yia kaBe x # 0 av kol uévo av o avtictolyog Tivakag A elvon
Jetikd oQouévog. AvTIGTOLO N TETEAYWVIKA LOQMN TTALEVEL AVGTNEA OQVNTIKES TUES
yia kKdBe x # 0 av ko wévo av o Tivakag A elval apvntikd 0QLGUEVOG.

‘Eva. avticToro dedonua 1oxvel yio apvnTikd 0QLGUEVOUS TTIVOKES. XUYKEKQUEVA,
O\eg oL WoTWES Touv A oty TERIMTWon avth elval aEVRTIKES. Xe OTL aPoQEd TLS
00{CoVGES TV AV 0PLETEQA VTTOTILVAK®V TO TIEOCNUA EVAAMAGGOVTUL WS EENG:

apg o Qi
(-DF | >0 yvwk=12,...,n
agy - Ak

Acknon 9.1.1. Oswenacte Tov Tivaka

A =

e al \ )
DN = =
—_— N =
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a) Etvaw 0 A 9etikd ogiouévoc;
B) IToweg eivar ot ISLOTWEG;
y) Na StaywvioTtongete tov A.

Oewonua 21. (Oswpnua Taylor) ‘Ecto f: R" — R uia cuvdptnon ue Guveyeic UeQIKES
Japaywyovs Sevtepng taéng. Tote

"9 1 & &
farem = foo+ Y Ly S0 6xf (;fhh, +olIAlP)
i=1 i=1 j=1 "7

(9x,-

Tnpetoon: Tevikd do xenowoTrolovue Tov GUUBOMOUS X = (X1, . .., X,) KA [|lx]| = /x + -+ + x2.

0 6p0g o(||hll*), to Aeyduevo vitéAowto tov Taylor, telvel 6To wndév yonyopdTepo aItd
10 ||Al? étav A — 0. To Jedpnua Tov Taylor yod@eTow GE SLAVUGUOTIKA LOEPA ©G

Jx+h) = f(x)+Vf(x)-h+ %hTH(X)h + o(|IAlI*)

omov o Ecgolavog mivakoc (Hessian)

Fro L PW
6,\'% 0x10x,
H(x) := : :
Pro W
0x,0x1 (')x%

efvar ouuueTEkdg dedoudévou OTL, dtav ov Sevtepeg Ttapdywyol eival cuvexelg (ge €va
Ff  _ 8
> Oxi0x; — Oxjox;’

OVOLKTO XwEL0)

Ooweuds 15. Eotw f : R" — R 8o @opéc cuveyas mapaywyicwun. To cnueio x° da
ovoudgeTal KQIGWo av
VFx®) =0.

Ozwonua 22. Eotw x° kplciuo onueio tng f. Av o wivaxas H(x°) eivar 9etied opiouévog

TOTE TO cnuelo avuto Jda gival gnuelo ToTTIKOV EAA)XIGTOU EVQ AV VAL AQVRTIKA 0QLGUEVOS
da eivar onueio ToITIKOV UEYIGTOV.

(H agtéderen tov dempenuatog avtov elvarl duecon guvértela Tov dewprpatog tov Tay-
lor kot pog eTiTeémel va fpovue Ta gnuelol TOTTKOV UeEYIGTOU Ko TOTTKOV eAay{GTOV.)

9.1.1. Na Beeite ta ToTkd akedtata (péyiota i eAddyota) tng cuvdgons f(x,y) =
x2y2e " i (x,y) € R2,
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9.2 BelticToTroinon VIO TEELOQPLGUOVGS LGOTNTOS

O¢Novue va peylgToTtomgovue Thy guvdetnon f : R” — R kdtw amd Toug meproorouons
gx) =0 06mov g: R" > Rue m<n. 'Ectw m,ne N émovm>nru f, g,i=12,...,m
cuvaptneels R" — R. Oswpovue to mTEéPAnuo BeAticgTortoinong

min f(x)
VTS TOVG TTEQLOQLGUOVS 9.4)
g(x) =0, i=12,...,m.

‘Ectow L : R™" — R n guvdetnon Tov olifeTol g
L, ) = f00 = ) 4igi().
i=1

H cuvdptnon avti ovoudgetaw Aaykpavgavi. Belokovue ta kelonua onuelo vitd
TEQLOEWOVS WS AVGELS TV EELGHOGEDV

oL 0 i _19

— =0, =L4,...,n

an J

oL

gL - 800=0. i=12...m

Ta onueia peyiotov Pelokovion avdueco ¢ avtd Ta cnueiol.

IHoedderyua.

min x; + x; + X;

VTTO TOUG TTEQLOQLGULOVG
Xt+Xxo+x3=0

X1+ 2x9 + 3x3 = 1.

H Aaykeavaavn eivan
L=2x7+ x5+ x5 — 41(x; + Xo + x3) — Ag(x; + 2x9 + 3x3 — 1)

ko ta 6Tdowa onuela Sivovtar amd to cvotnuo 0L/dx; = 0, OL/0A; = 0, j =1,2,3,
i=12.

—2x1 —/ll —/12 =0
—2)C2 —/11 —2/12 =0
—2x3 -4 =31, = 0
X1 +X9  +X3 =0
Xy +2x9 +3x3 = 1
To cvotnua avtd €xer Tn wovadikn Avon x; = —1/2,x9 = 0,x3 = 1/2 kou 4y = 2,45 = —1.
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H yewuetowkn cnpacio tov dewpnuatog tov Lagrange elvar OTi, TIQOKEWEVOU VO
elvaw To onuelo x* = (xj,...,x,) kelonuwo cnuelo Ja TEETEL N KAlon Tng f GTo cnuelo
avTtd, VF(x*) va elvon elvar kAOBetn TNV VITEPETILPAVELQ TTOV 0QITOVV OL TTEQLOPLGUOL g
oto {610 onueio. O kKAOETOS QVTAS VIO WEOG elval elvar 0 XDEOS TTOV SnutovEyelTal ATTO
Ta Stavvcuata Vgi(x*), i = 1,...,m. O yoauwkol avtol guvdiacuol elvow o vITéXWEOS
{3, AiVgi(x*) 1 4 e R}

9.3 ‘Eva maddciypo stov €€nyel tn @UGIKN onuacio
TOV GUVONKwv

‘Ecto f, g : R? = R GuvapTicelg cuvexds Topaywyices. Ag vtobécovue 6Tt 9élovue
VO LEYLGTOTIOGoUUE TRV f(X, y) KAT® aTtd Tov Teplopouwd g(x, y) = c. Mo amin okéyn
elvan n €gnc: n axéon g(x,y) = ¢ €MTEETEL, TOVAAYLGTOV TOTIKA, Vo, AVGOVUE WG TTEOGS Y
KO VO EKPEAGOVUE TO ¥ MG GUVAQTNON TOV X KAl TG 6TafeRdS ¢. AuTtd Sikaroloyeiton
aTtd 1o dedEnua g TETAeYUEVNG GUVAQRTRGEWS . YTToBETOVTOaS GTL VTTAEXEL GLUVAQTNGN
¢ (n oTtolal €€aETATAL ATTO TNV TWA TOU ¢) TETOLA OGTE g(X, (X)) = ¢ KAl TOQAY®YILOVTAG
WG TTEOC X €xovue
9g

08 o\ _
a+a—y¢(X)—O.

H avaykaio cuvOnkn yio va €xel to f ToTkd akedTato 6To cnuelo x elival

dfx. o) _of  of

dx 0x E(ﬁ () =0.

ATt6 16 dVo avTég oyéaelg, VIO Ty TTEOVTTOHEGN ATL afé—;"y) # 0 rat g—i’ # 0, €ovue

T
Ox _ 0x _ 7
E - g —¢(X)
ay ay

1, 1odvvaua, vitdeyel 4 € R t€tolo wate

dg 0 af o
9 98\ _ (2L %) 4 ostvana,  Ve(x) = AV ().
ox’ Oy dx dy

H mopastdve oyéon evvoeital 6Tl oxvel yia ta onuela ekelva wov eivar decuevuéva
aredTaTA.
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9.4 H owovoulkn cnuacio twv cuvtedestov Lagrange

Ac ypodwouue to TEARANUA ueyigtoTtoingng (9.4) otn pLoeen

max f(x)
VIO TOVG TTEQLOPLGUOVG 9.5)
gx)=b;, i=12,...,m

H Aaykeavgiavin elvan

L(x, A) = 00 = > 4(gi(¥) = b))
i=1

KOL Ol €E1l6MGELS Yo T Kelowwa onueio eltvon

o, 08 .
=0, =1,...,n, 9.6
8xj (9xj Zl 6x] I " ©6)
gi(x) = i=1,...,m. 9.7

‘Ectw x*, A%, ou TWég TTou UeYGTOTOoUV TO KErtheo f kat f(x*) n BéAtiotn Twni
Tov kErtnEiov. ‘OAec awTég ol TocdTNTES €€aRTOVTAL BERara aTtd ta b;, i = 1,...,m.
To epwdTnua Tov Fétovue €dw elvar TTAOS aAAdLer n BEATIGTN TWA TOV KELThElov dTav
uetafAnBovv Alyo ta b;. o To GKOTTO AVTé AVTO VITOAOYITOUUE TIC TTALRAYWYOUS

) $ )%

9.8
6bi - axk Obl ( )
gu(x") o Ogi(x) 9%
= — =0y 9.9
b, ,Z; dx; ob; " ©.9)
OTT0UV
S = 1 avk=i,
K710 SapoeTikd.
TéNog, amd tnv (9.6), otig PEATIGTES TIWES (XT, A7),
Af(x) < ,.08(x)
= A 9.10
8Xk Z ! ( )

Ao Tic (9.8), (9.10), €xovue

ofx*) S .08 ) 0x; B L 0gi(x) 0x; n L
6bi - Z(Z /ll 8Xk ]abl - Z/ll Z 6)(]( ab IZ 6[1 - = /li' (911)

k=1 \ [=1 =1 k=1

YUVETTOG, Ol TWES TV TTOAMAITAAGLOGT®OV Tou Lagrange oto BEATiGTo gnuelo Selyvouv
7660 da petaBarldoTav oplakd n BEATIGTR TWAR TOU KELTNEIOV 0V UETABAAASTAV OQLOKA
70 de&l uéNog Tov avticToy oL TrEQLOELGUOV. Av vtobBécouue 4Tl avEdvouue To b; e b;+h
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z 7 z Z 2 A 7 7 (')f(x*) _
O0TToV A wa wKEN TogdTnTa, n véa RBEATIGN TWR Tou KElrtneiov Ja efvar f(x*) + 2, h=

f(X) + A7h. Tw to Adyo owtd ou Guvtedectég Lagrange vitoloyiGuévol 6to BEATIGTO
ovoudcovton Ko ‘oKlddels Tiwes’ (shadow prices).

Ag dovue éva aItAd TTapddetypa TTou Selyvel Thv onuacio Twv TTOAAAITAAGLOGTOV TOU
Lagrange. ®¢Aovue va Beovue To 0pBoymvio TtapaAinAemimedo mov €xel uéylgto dyko V
yia dedouévn emmpdvela S. Ipaxktikd, ag vrobécouue 6Tl éxovue S TETEAYOVIKA UETEA
Aapapivag pe tnv omoia J€Aovue Vo KATAGKEVAGOUUE €Val KAELGTO VIETTOCITO UEYIGTOU
6ykov. Av x, y kaw z elvar ol SlaoTdoelg Tov TTARAAMNAETILIESOV, TdTE N LabnUaTikin
SratiTtwon Tov TTEORANUATOS elvor

max V := xyz VTG TOV TEQPLOELGUS 2xy + 2yz + 2zx = § 9.12)

6Tt0oV S efvan n dedouévn ermipdvera. H Aaykpavaavi etvon L = xyz—A(2xy+2yz+2zx—S)
KoL ETTOUEVMC Ta kKElowa cnuela divovtal aItd Tig €E16waeLg

oL
— = yz—-2Ay+27) =0
ox
L
8_ = zx—2A(z+x) = 0
dy
oL
— = zy-2(x+y) =0 9.13)
0z
oL _ 2y +yz+zx)+S =0
o1 BRI B

[Tpokewévou va AVgouye To GUGTNUA TTOAAATTAOGLACOUUE TRV TTEATN £EGOGN UE X, TNV
devtepn ue y ko tny teitn ue z:

xyz =2Ax(y +2), xyz=24y(z+x), xyz=24Az(x+Yy)
KO GUVETTOS X(y + 2) = y(z + Xx) = z(x + y) am’ dmov €xovue
xX=y=2z 9.14)
Me Bdon to yeyovog autd, n tétaptn eflocwon otig oxéaels (9.13) Sivel 6x2=Sn
Sl/2
X = —. 9.15)
V6

YUVETI®OG, 0 UWEYLGTOCS duvatig Gykog yia deSouévn eTtipdvela S etvor

SS/Z

" 66

KOL ETLTUYYAVETOL OTOV TO TTOQRAAANAeTI{TIESO €lvol KUPOG, OTTWS TROEKLYPE OITO TNV
(9.14). TéAog yoncwomowwvtag T (9.14) kar (9.15) ctnv MEwTn €€icwon amd Tig (9.13)
Talpvouue

V = xyz 9.16)

S Sl/2 Sl/2
Z 4= =0 1=

6 V6 46
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Y10 onuelo avtd puIrogovue vo astavticovue Ty eEng epdtnon: Iéco da dAlate o ué-
YIGTO Gykog av dAdace Alyo n StaBéown emipdvelo: Me dAAa Adya, av elyoue Stabéoyo
€va, eTTLITAEOV TETEOYWVIKO EKOATOGTO ETTLPAVELAGS, TTOGO KUPIKA ekATOGTA Yo avgavitav
0 6ykog: H agtdvtnon 8idetor agrd tnv Tapdynyo Tov wéyloTou OYKoU ®S TTEOS S':

v d §% sV

dS ~ dS 6v6 46

ITapatnpeicte 611 n Twn avtn eivon Befaimg n Twn tov ToAAaTAaclacTA Lagrange
cVupwva ue tnv (9.17). Avtd BePalwc TTokUTTTEL 0ITd To Jewpnua TTov astodelaue 67
QUTA TNV TTAEAYEOPO.

9.5 Ikavég cuvOnkeg ywo BEATIGTO pe TTEQLOELGULOVG LGO-
TNTOG

Oewonua 23. Eotw A cuuuetpikos sivakas n X n kot B swivakag k X n, TETol0¢ doTe
rank(B) = k kai detB; £ 0.

by by -+ by | - by

by by -+ by | -+ by,
B=| . . :

bu by bk by

0 - 0 by - by - by )
0 -+ 0 by - by - by
by -+ bulan -+ ayx - an
C =
by -+ bwl|au - Qi - Gk
L bln e bkn Apr =+ g Apy |
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Av C, gival 0o dvw agloTepd TETRAYwVIKOS vIToTtivarkas Tov C Tov 03rolov To KATw Ge€ld
agtolyelo eival To a,, (kal eTOUEVGS Exel didcTacn k + r) Sniadn

0 e 0 bll e blr 1
Cr _ 0 . 0 bkl . bkr
by -+ by ay -+ ay

| blr e bkr a0 Ay |

TOTE

1. xTAx>O0Vx#0:Bx=0avka yévoavyiar =k +1L,k+2,...,n, (-D)fdetC, > 0.

2. xTAx<O¥x#0:Bx=0avkaruovoavyiar=k+1L,k+2,...,n, (1) detC, > 0.

Hapdderyua 1: 'Eocto 6Tl pog evliagpéper vo dolue KATA TTOGOV N TETEOYMVIKA

uoe@n
[x0, X5] an  ap X1
2 dag1 A4z X2

VTG TOV YQOUULKO TTEQLoQoUd X1by + xobe = 0 elvon detikd N agvntikd ogiouévn. (O
Tivakag pitopel va dewenbel GUUUETEKOS ue ap = dag.) O yOUULKOS TTEQLOELGUOS
uIToEel Vo ek@EACTEl TTAQAUETEKA S X; = thy, Xy = —tb;, t € R ko eTmouévag n
TETEAYWVIKA WOEMNA YOAPETOL WG

0O by by

2
—t°| by an ap
by as ay

(-D* det C,

an a2 by
*[by, —b
[b2 1][ Az d22 ] [ —b

] = t2(b§au + b%azg — 2b1b2012)

a@oV GTNY eI TOoN AVTR
0 by by
C=|b an ap
by ag ax

A

Aedouévou 6Tl k =1 kan r = 2 BA€tovue 6L avddoya ue to av n detCy elvon detikn n
OQVINTIKA N TETEAYWOVIKNA LORMPN VITG TOV YRAUULKO TTEQLOELGUS elval avTiGTolyo aevnTikd
i detkd oguouévn.

Hapdbeyua 2: Tapouolwg, £€0tm OTL Y€Aovue va €EeTAGOVUE OV N TETQAYWVIKA
uoe@n

any dp i3 4duy X1

dgr Az dgz3 a4y X2
[X1, X2, X3, X4]

dzy dzz d3zs d3z4 X3

ag Qg ag3 Adyg X4
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UTTO TOUG YQOUULKOUS TTEQLOQLGULOVS

X1

bu by bz by Xo 0
byy byy boz by X3
X4

‘Eyouvue k =2, n =4, vt

[ O 0 by bz bz b |
0 0 by by bys by
bu by an ap a3 au

0 0 bu b b3
0 0 by by by
Cs=| by by an ap as |, Ci=
biy by az ag as;
biz byz asz as ass

big by ay az ax amy
biz bys as aszy ass as

| by by ag as asz A |

Av detC3 < 0, kou det Cy < 0 TOTE N TETEOYWVIKA LOEPNR VITO TOUS deSOUEVOUGS TTEQLOQL-
cuovg elvon detikd opwouévn. Av detCs < 0, kow detC4 > 0 TéTE N TETEOYWVIKA LOEPN
VTTO TOUg JedoUEVOUS TTEQLOELGUOVS elval aEVvnTIKA 0QLGUEV.

ATode1En TNy mMeQiTTTOON TOU £ =1

Egetdtovue €8¢ katd mécov xT Ax > 0 yia kdBe x # 0 tétolo wote bl x = 0, émov b =

2
(b1, by, ...,b,]. AvTté onuaiver 6Tl yioo kGO 6 > 0 apketd ueydlo, xT Ax + Q(bTx)) >0
yla kdbe x # 0. Me dAAa Adyta o TTivakog
an + Qb% ap + lebg e dip t+ Hblbn
Aoy + 6baby dgo + Hbg -+ a9, + 6bsyb,
a, + 6b,by ane +6b,by - a,, + 9[93

elvan Petikd oplouévog. Autd elvar 1GodUvauo e tTny Guvinkn

an + Qb% ap + 6biby -+  ay + 0biby
Aoy + 0byb; a9y + ng cee Aot ngbk
Ay = . . ) . > 0, k=12, ...,n.
ap + Qbkbl Ao + Qbkbz s Ay + Hbi

Opltovue tov Tivaka

[ -1 0 0 e 0
9b1 an + 9[9% dp + 9b1b2 cee At Hblbk
M, = sz Aoy + 6bsb;  agg + ng cee dop t Hbgbk
| 0by ay +6biby ays + 60biby - - - ay + lezc
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ITapatnpeicte 6Tl det M) = —A;. Eztiong, umopovue evkola va dovue 6t

[ -1 by by be 1|1 by by by

le a;n Ay (2578 0 1 0 0

M, = | 6Dy axn ax asg 0 0 1 0
| Obr an ar aw |10 0 0 1

[Tatievovtag 0pltovGes GTO TTOQATIAV® YIVOUEVO TIIVAK®Y KAl TTAQATNEMOVTOS OTL n 0Ql-

ctovaa tov devtepov Tivaka elvan 1 €xovue

-1 by by by -1 by by by 0 b by by
6b; an ap Ak 0 au ap aik by an ap (2577
det M, = Oby as  ax Aok | = Qs d22 A2k Oby as az Aok
Obr an  ax Ak 0 an aw Ak 0b, an  ax Akk
Aayupdvovtag vt oy yog ot det My = —A,,
0 b by by
ap  dp Ak b
a a a 1 dun dp a1k
21 Q22 2%
Ay = -9 | b2 an axp Aok
air Qg2 ik i
by au ap Ak

Egtouévmg, yia va efvar o grivakag detikd oguouévog yia ueyddes tuég tou 6, da el

va woxvel 0t Ay > 0 yia k =1,2,...,n T0 ommolo cnuaiver 6tL da TEETEL
0 b by by
6by an ap Ak
Oby as am as | < 0.
Obr an  ar Akk

Ag ggetdooupe TOEO TO TTEOPANKA

(9.18)

max (min) f(x) VIO TOUg TrEELOQLGUOVS gi(x) =0, i=1,...,m.

Oewonua 24. Eotw f, kat g, i = 1,...,m V0 QOEES GUVEXWDS TTAPAYWYIGIUES GUVAQ-
THOELS 0Qlouéves oe ula avoikth mepioxn U € R, Ectw L(x,A) = f(x) — X7, igi(x)

n Aaykpavaavi tov mpofiriuatog. Emiong (x*, %) = (x{,...,x,,4],...,4;) éva onueio
JTOV IKAVOTTOLEL TIC GUVONKES
oL oL
— =0, j=1,...,n, —=gix)=0, i=1,...,m. 9.19
o, J oL 8i(x) 9.19)
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Opl¢ovue Tov mivaxka (n +m) X (n

0

0
0181

61gm

L angl

Aoknoelg

IHedopAnua 1

ot ; £ 2,02 2 2 ; , —
No ggeTdoete TNV TETEAYWVIKIL WOREN X7 + X5 + X5 + X3 VITO TOUG TTEQLOQLOUOVS X+ Xz = 0,
x1 + x3 = 0. (BéPara, €6 uirogovue va Agovue TTOAD eUKOAL: Xo = —X, X3 = —X] KOW
ETOUEVIS N TETEAYWVIKIL LOREA YiveTow 3x7 + x5 Tov Béfona efvan Jetid oguouévn Ko
emouévms to onueto (0,0,0,0) elvar onueto ToTTikKoU (Ko 0AMKoV) eAayiGTOV.)

H mAaiciwouévn Ecalavi eivon

Ioyver 61 detCy = 3 kaw det Cs = 3 kaw emoudvg (ue k = 2) (-DfdetC, > 0 yio, r = 2, 3.
YUVETIOC N TETEAYWVIKN woeen efvor detikd opuouévn ko to onueto (0,0,0,0) eivon

onueio Tokoy glayicTov.

IHeopAnua 2

Na Bpeite Ta onueia Tomkoy ueyictou Kot eAayicTov Tng cuvdetnong f(x,y) = x* + 2
vTté Tov TEQLoEIGUS g(x,y) = x% +4y* — 4 = 0. H Aaykpaviavi etvon L = x* +y? —

+ m)

0

0
aIgm

On8m

018m

0181 Ong1 3n8m |
Bign  Ongw Dot
&L L 9L
BL o #y o L
BL o gL o L

[ 0 01 1 0
0 01 01
11100
10010
01001
| 00 0 0O

- o O o OO

119




oL

A(x* + 4y* — 4) kou, GUUBOMTOVTOG TIC UEQIKES TTOQAYWYOUS e Selkteg (.. L, = o

L = (%Ly = L,, k.0.k.) Bolokovue ta kelcwa cnueio wg AMIGES TOV GUGTARATOG
L, = 2x-2lx=0nx(1-24)=0 (9.20)
L, = 2y-8ly=0ny1-44)=0 9.21)
L, = —-(x*-4*-4)=0. 9.22)

AT TIc V0 TTEMOTES £5l0waelg PAETTOUUE GTL VITARXOUVV TEELS TEQLITTWCELS, dnAadn (1):
x=01=1/4, 2): y=0,4=1, kw 3): x =0,y = 0. H tpltn Aon, x =y = 0 8ev
kavoTtotel tnv (9.22) ko eTTouévmg aTogeiTrteTal.

H mepimtoon (1) xoncwotowdvrag tny (9.22) Stver 4y —4 = 0 i y = 1. Apa divel
Ta kelowa cnuela (x*,y*, 4*) = (0,1,1/4) vou (0,1,1/4).

H mepimtoon (2) yonoworowwvtag Ty (9.22) iver x2 —4 = 0 i x = +2. Apa divel
Ta kelowa onueta (x*,y*, %) = (2,0,1) kow (=2,0,1).

ITpokewévou va egetdoovue To T€6GEQRA WTA onuelo kal va Sovue av eivar onueio
TOTKOV UeyioTou 1 edaylotov ggetdcovue thv TAactwuévn Ecolavin

0 g g 0 X 4y
C=|8g L« Ly | =2 x (A-2) 0
g Ly Ly, 4y 0 (1-42)

INa to kelowwo onueto (0, 1,1/4) woyvel 1L (TapaieiTtovtog Tov JeTikd Tapdyovio 2
TOV TOAAAITAAGLALEL TOV Trivaka Kow eTteldn elvon JeTikdg Sev emippedcel To ATTOTEAE-
oua)

0
det C(0,1,1/4) = | 0 =12
4

O rlw O
S O

E@” 6cov m =1 kaw (-1)""|Cs| > 0 cuugtepaivouue 6t to onueio (0,1,1/4) etvon onueio
ehayicotou. To (810 woxvel kaw yia to onueto (0, —1,1/4).

[a to kelowo onueio (2,0,1) woxvel 6t (TTopadeimovtag Tov Jetikd Tapdyovia 2
TOU TTOAAATTAQGLALEL TOV TrivaKa Kow eTTedn elvarl JeTikdg Sev emipeedcel To ATTOTENE-
oua)

0
0
-3

0
detC(2,0,1) =| 2 =12
0

S O N

Eg" 6cov m = 1 kar (=1)%|Cy| > 0 cuumepaivovue 6L to onueio (2,0,1) elvan conueto
ueyiotou. To (8o woxver kat yia to onueto (-2, 0,1).
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IIeépAnua 3

Na Beeite Ta onyeia ToTmikoV UEYIGTOV KL TOTIKOV eAay{iGTOV Tng GuvdpTnong f(x,y) =
22+ y? v tov Tepopoud g(x,y) = x2 + xy +y* = 3. H Aaykeovgovi etvon L =
f(x,y) — A(g(x,y) — 3). Ov guvbnkeg yia ta kpionua onueta eivar

oL of e

T A a3 T 2x—A2x+y) =0 (9.23)
oL of g

= = L _ 122 = 9v-2 2v) =0 9.24
% 3 3 y — A(x + 2y) 9.24)
oL _ 2 o _

a1 X +xy+y°-3=0 9.25)

O eglowoeis (9.23), (9.24) ypdpovtor wg

2(1-2) -1 x| |0
- 21-1) y| 0]
Av n opicovca Tov TaEATTdAve TTivaka dev elvar undév, n udvn Avon JTov €xel TO

gvotnua elvar x = 0, y = 0, stou dev wavoTtolel tnv (9.25). Emouévag egatdcovue tnv
mepinrtoon 4(1- )% — A% = 0 wov divel Tig Moeig 4 = £ ko A = 2.

ald = % AvtikadigTovTag tnv i avtn gtnv (9.23) maipvouue x% - %y =0n x=y.
AvTi n oygon pagt ue Ty (9.25) diver 3x2 = 3 kaw eTouévag éxovue x = +1. ‘ETcl éxouvue

ta onpela (x,y,4) = (1, 1, 2) ko (=1, -1, 2).

B) 4 = 2. H twn avtn pe tnv (9.23) 8iver —2x -2y = 0 n y = —x. Avutn n oxéon
wagl ue v (9.25) Siver x% = 3 kar emouévwS xovue x = + V3. ‘Etol éxovue T onueia

(x’y’/l) = (\/g,_\/g’ Z) KOl (— \/g, \/g,% .

H mtAouciwouévn Ecgravn etvon

0 g g 0 2x+y  x+2
& Lu Ly | = | 2x+y 2(0-2) -A
g Ly Ly X+ 2y -1 21-2)

Ioxver k = 1 kou emmouévag k +1 = 2, dpa egetdcovue oe kAbe TeQlTTTOON WA UW6vVo
oplcovaa.

To onueio (x,y,1) = (1,1, 2). ’Exouvue

0O 3 3

Ay =13 % —% = —-24. Yvvemaoe, (-1)'Ay >0 ko 0 onuelo awtd elvar ToTIKG EAAYLGTO.
5 3
S -5 3
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To enueio (x,y,4) = (-1,-1,%). “Exouue

0 -3 -3

Ay =| -3 % g = —24. Yvvemaoe, (-1)'Ay >0 ko O onuelo avtd efvor TOTKG eAAYLGTO.
5 3
-3 -3 3

To onueio (x,y,1) = (\/§, - \/§, 2). “Exouue

0 V3 -V3
Ay = V3 -2 -2 | = 24. Xvvemoce, (-1)*A, > 0 kar TO onuelo avtd elval TOTIKG eAAYLGTO.
-V3 2 -2

To onueio (x,y, 1) = (- V3, V3, 2). “Eyxouue

0 -V3 V3
Ay =] =3 -2 2| = 24. Zvvemdg, (-1)?Ay > 0 ko TO onuelo avtd efvor ToTKG EAAYLGTO.
V3 -2 -2

IHeofAnua 4

Y10 mEOPAnULa avTtd arodeikviovue 0Tl TO KElGWo cnuelo JTov Perkaue GTo TTEOPANUA
(9.12) eivan onueto yeyictov. (Auto Béfora etvar Sranabntikd TTEOoPOvES.) H TtAcuciouévn
Ecaclavni etvon
0 g & & 0 20 +2) 2z+x) 2(x+y)
C = 8x Lxx ny sz _ 2()1 + Z) 0 Z— 24 y - 21
& Ly Ly, L 20x+y) z-24 0 x—24
8 L, L, L. 20+x) y—-24 x-24 0

, . , , , & xRy _ (SY2 g2 g2 gl/2
YmoAoyicovtag tnv tAatciouévn Ecclavii 6to kplcwo onueio (x*, y*, z°, A*) = (%, Ve Wé)
Talpvouue

S1/2 Sl/2 SI/Z Sl/2 S3/2

Ve Ve 5ve - 8

_— = O W

3
1
1
0

W w w o
—_ O = W

7 z z 3/2 /7 vé z
A VOOVTOS TOV JeTIkd TTOPAYOVTOL S O 0TTOLO0GC eV €TMNEEEALCEL TO TTEOGNUO TWV OQL-
Y ody 7 00

COVGHV eLETALOVUE TIC

ICol =13 0 11, [Csf:=
3 10 3101
3110
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BA€movue gvkoAa 6tL |Co| = 18. T Tov virodoyioud tng |Cs| wpocHBeTovue Tig TEE(S
Tedevtaleg yoouués, toAdamAactdcovye to dbpowoua ue 2/3, kol agopoue amd tnv
TEOTN yoouun. Ou Ttpdgelg avtég Sev aAAdcouy Tnv TWA TG 0Qlgovcag, oTtdTe £xouue

_36 8 (1) (1) 0 11

|Cs| := =-6(1 0 1| =-12
3 1 01 110
3 110
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