The Binomial Theorem

Let « € R and n € N. We define

<Z> — a(a—l)(a—iz!...(oz—n—i-l) forn=1,2,..., and (g) — 1.

Since
MNa+1l)=all(a)=ala—1)T'(a-1)=a(la—1)(a—2)- - (a—n+ 1) (a+1—n)

we can also write

<a>_a(a—1)(&—2)'--(a—n+1)F(a+1—n)_ (a+1)
IFa+1—n)n! S nll(a+1-n)

n

The Binomial Theorem of Newton states that,
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Note that when « is a positive integer then the above series terminates after a finite number of terms. To
give an example for the case where « is not a positive integer, suppose o« = —r, k € N. Then
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As a second example consider the case « = —1/2.
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1 Problems
1. a) The negative binomial distribution is the distribution
r
pnzzmpaq”, a>0, n=0,1,2,...
I'(a)n!

where p,q > 0 and p + g = 1. Use the binomial theorem to show that its probability generating function
: oo n __ p<
1S ano Dnz” = (1—gz)>"

b) What is the probability generating function of the Poisson distribution given by p, = 2re *, n =

n:



0,1,2,...?

¢) Suppose now that in the Poisson distribution above the mean A is itself a random variable with Gamma
a—1

distribution given by 3 %e‘ﬁ’\, o, f > 0. What is the resulting distribution? (Use the generating

@)
function obtained in part b.)

2. Suppose that {X;} is an i.i.d. sequence of exponential random variables with rate 1. Also {¢;},
i=1,2,...,1s ani.i.d. sequence (and also independent of {X;}). The ¢; take only two values, +1 and
—1withP(§& = 41) =p, P(& = —1) = ¢ = 1 — p. Finally let N is a geometric random variable with
P(N=n)=(1-a)a®!,n=1,2,...,and a € (0, 1), independent of all the other random variables.
LetY = Zfi L & - X;. Find the moment generating function M (9) = E[e?Y].



