
JewrÐa Pijanot twn Earinì Ex�mhno 2013
1h Seir� Ask sewn

Prìblhma 1. 1) 'Estw {An}, {Bn}, n = 1, 2, . . . dÔo akoloujÐec uposunìlwn tou Ω. Na
deÐxete ìti lim supn→∞(An ∪Bn) = lim supn→∞An ∪ lim supn→∞Bn.

2) 'Estw A,B ⊂ Ω kai

An =

{
B an n perittìc
C an n �rtioc.

Na ekfr�sete ta lim supn→∞An kai lim infn→∞An wc proc ta B kai C.

3) 'Estw {an}, {bn}, n = 1, 2, . . . akoloujÐec pragmatik¸n arijm¸n tètoiec ¸ste an > 0,
bn > 1, gia k�je n kai limn→∞ an = 0, limn→∞ bn = 1. An An = {x ∈ R : an ≤ x < bn} na
eurejoÔn ta sÔnola lim supn→∞An kai lim infn→∞An.

Prìblhma 2. Na deÐxete ìti to s-pedÐo tou Borel sto R genniètai apì ta diast mata
(−∞, rn), n ∈ N, ìpou {rn} eÐnai mia (opoiad pote) aparrÐjmhsh twn rht¸n arijm¸n.
(Oi rhtoÐ eÐnai arijm simoi epomènwc up�rqei 1-1 antistoiqÐa touc me touc fusikoÔc.)

Prìblhma 3. An (Ω,F ,P) eÐnai q¸roc pijanìthtac na deÐxete ìti

P(lim inf
n→∞

An) ≤ lim inf
n→∞

P(An) ≤ lim sup
n→∞

P(An) ≤ P(lim sup
n→∞

An).

Prìblhma 4. 'Estw X mia oloklhr¸simh tuqaÐa metablht  ston (Ω,F , P ). An {Λn} eÐnai
mia akoloujÐa stoiqeÐwn tou F tètoiwn ¸ste limn→∞ P (Λn) = 0 tìte

lim
n→∞

∫
Λn

XdP = 0.

(Mia endiafèrousa eidik  perÐptwsh eÐnai limn→∞
∫
{|X|>n}XdP = 0.)

Prìblhma 5. 'Estw X ≥ 0 mia mh arnhtik  tuqaÐa metablht  ston (Ω,F , P ) kai
∫

Ω
XdP =

m <∞. Na deÐxete ìti h sunolosun�rthsh ν : F 7→ R+ pou orÐzetai apì thn sqèsh

ν(A) =
1

m

∫
A

XdP, A ∈ F

eÐnai mètro pijanìthtac ston (Ω,F ).

Prìblhma 6. Na breÐte dÔo paradeÐgmata katanom¸n ston jetikì hmi�xona, miac diakrit c
kai mi�c suneqoÔc, me �peirh mèsh tim .
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Prìblhma 7. 'Estw X mia mh arnhtik  tuqaÐa metablht  me katanom  F . DeÐxte ìti an
h X eÐnai oloklhr¸simh (dhlad  EX < ∞) tìte EX =

∫∞
0

(1 − F (x))dx. DeÐxte akìmh
ìti h sunj kh limx→∞ x(1 − F (x)) = 0 eÐnai anagkaÐa all� ìqi ikan  gia na eÐnai h X
oloklhr¸simh. (Upìdeixh: jewreÐste thn sun�rthsh katanom c F (x) = 0 an x < e,

F (x) =

∫ x

e

c

x(log x)2
dx,

ìpou h stajer� c èqei epilegeÐ ètsi ¸ste limx→∞ F (x) = 1.)

Prìblhma 8. 'Estw {Xn} mia akoloujÐa tuqaÐwn metablht¸n. An
∑∞

n=1 P (|Xn| > n) <∞
tìte na deÐxete ìti

lim sup
n→∞

|Xn|
n
≤ 1, a.s.

Prìblhma 9. 'Estw {Xn} mi� akoloujÐa apì anex�rthtec, mh arnhtikèc tuqaÐec metablhtèc.
DeÐxte ìti an An = {ω : |Xn(ω)−EXn| > ε} tìte P (An) ≤ ε−2V ar(Xn). QrhsimopoieÐste
to L mma Borel–Cantelli gia na deÐxete ìti h sÔgklish thc seir�c twn mèswn

∑∞
n=1EXn <

∞ kai h sÔgklish thc seir�c twn diaspor¸n
∑∞

n=1 V ar(Xn) sunep�getai thn sÔgklish thc
seir�c

∑∞
n=1 Xn.

Prìblhma 10. 'Estw {Xn} mi� akoloujÐa apì anex�rthtec tuqaÐec metablhtèc, ekjetik�
katanemhmènec me par�metrouc λn, dhlad  P (Xn ≤ x) = 1 − e−λnx. a) DeÐxte ìti h pi-
janìthta tou endeqomènou h seir�

∑∞
n=1Xn na sugklÐnei eÐnai   1   0. b) DeÐxte ìti h

seir�
∑∞

n=1Xn sugklÐnei me pijanìthta 1 an h seir� twn mèswn
∑∞

n=1 λ
−1
n sugklÐnei kai

apoklÐnei me pijanìthta 1 an h seir� twn mèswn apoklÐnei.
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