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Chapter 1

Discrete Distributions

1.1 Sums of discrete independent random variables

Let X, Y, be independent random variables with values in Z. Suppose that a, =
P(X =n), b, = P(Y = n) denotes the distributions of X and Y respectively. The
distribution of Z := X + Y is then given by

P(Z=n) = Y PX+Y=nY=k=> PX=n—kY=k)
k=—00 k=—o00
= > PX=n-kPY =k= > an b
k=—o00 k=—o00

For the most part we will restrict ourselves to distributions on the non-negative
integers. In this case, if X, Y, take values on N, then

P(Z =n)= Zan,kbk for n € N.
k=0

If {a,}, {b,}, n € N are real sequences then the sequence {¢, } where ¢,, = > _ an_iby
is called the convolution of the two sequences. We write ¢, = (a % b),,.

1.2 The Probability Generating Function

The probability generating function (p.g.f.) of a discrete random variable X (with
values in N) is defined as

¢(z) = Bz =) P(X =n)z". (1.1)



The series above converges at least for all z € [—1, 1]. We note that if p, = P(X = k),
P(z) = > 02 prz", and by gb(k)(z) we denote the derivative of order k at z, then

1
Pe = H¢(k)<0)’ k=0,1,2,..., (1.2)

and
EX(X-1)--(X—k+1)]=0"Q1). (1.3)

The latter is called the descending factorial moment or order k. Ordinary moments
can be easily obtained from these. Finally we note that the probability distribution
{pn} obviously determines uniquely the p.g.f. ¢(z) and, reversely, the p.g.f. uniquely
determines the probability distribution via (1.2).

In particular we point out that, if X, Y, are independent random variables with
p.g.f.’s ¢x(2), ¢y (2) respectively, then the p.g.f. of their sum Z = X 4+ Y is given
by ¢,(2) = ¢x(2)dy(2). To see this it suffices to note that ¢,(z) = E[zXTY] =
E[2%2Y] = E2XE2Y, the last equality holding because of the independence of X, Y.
The above relation extends readily to the case of any finite number of independent
random variables. In particular if X;, i = 1,2,...,n are i.i.d. (independent, iden-
tically distributed) random variables with (common) probability generating function
¢x(z) then their sum S, := X; +--- 4+ X,, has p.g.f. given by ¢g (2) = (dx(2))™.

While the p.g.f. of the sum 5, is readily obtained in terms of the p.g.f. of each
of the terms X;, the corresponding probability distributions are in general hard to
compute. Based on the above discussion it should be clear that

P(S, = k) = 5 o (6x ()

z=0

a quantity that, in the general case, is not easy to evaluate. Alternatively, if p, =
P(X = k) then P(S, = k) = p{™ :== (px -+ * p)i, the n—fold convolution of the
sequence {p,} with itself.

We give some examples of discrete probability distributions.

1.3 Discrete distributions

1.3.1 The Bernoulli and the Binomial distribution

The random variable
~J O wp.g:=1-p,
&= { 1 w.pp
where p € [0,1] is called a Bernoulli random variable. It is the most elementary
random variable imaginable and a useful building block for more complicated r.v.’s.
Its p.g.f. is given by ¢(z) = 1 — p + zp, its mean is p and its variance is pq.



If¢,i=1,2,...,n are independent Bernoulli random variables with the same
parameter p then their sum X := &, + &, + -+ + &, is Binomial with parameters n
and p. Its distribution is given by

P(X =k) = <Z)pk(1 )R k=0,1,2,...,n,

and its p.g.f. by

6 =3 ()=t = (= et e

The mean and variance of the binomial can be readily obtained from its representation
as a sum of independent Bernoulli random variables. Indeed, EX = E[{;+---+&,] =
np and Var(X) = Var(§, +--- +&,) = Var(&;) + --- + Var(&,,) = ngp.

Note that, if X ~ Binom(p,n), Y ~ Binom(p,m), and X, Y, are independent,
then X +Y ~ Binom(p,n + m).

1.3.2 The Poisson distribution
X is Poisson with parameter a > 0 if its distribution is given by

1
P(X =k)=—de™™  k=01,2....

k!
Its p.g.f. is given by
)= S e S o i
k=0 k! =0 k! :

The mean and variance of the Poisson can be easily computed and are given by
EX =Var(X) = a.

One of the most important properties of the Poisson distribution is that it arises
as the limit of the binomial distribution Binom(n,«/n) when n — oo (i.e. in the case
of a large number of independent trials, say n, each with a very small probability of
success, a/n). This is easy to see by examining the probability generating function
of the binomial (n,a/n) and letting n — oo. Indeed,

n 1 _ n
lim (1 _2. zg) — lim (1 _al=2) Z)) _ oo(l-2)
n n

n—0o0 n—o0 n
which establishes that Binom(a/n,n) — Poi(a) as n — oo.

We also point out that, if X;, X5 are independent Poisson random variables with
parameters aj, g respectively, then X; + Xy ~ Poi(a; + ag). The easiest way

to see this is to consider the p.g.f. EzX1tX2 = X1 F% = gma(l=2)gmax(1=2) —
67(a1+a2)(17z).



1.3.3 The geometric distribution

If X is geometric with parameter p its distribution function is given by

PX =k =¢ ", k=123,..., (1.4)
where p € (0,1) and ¢ = 1 — p, and its p.g.f. by
— (1—q)z
o(z) = ¢ pF = . 1.5
B=3 = (15)

The parameter p is usually referred to as the “probability of success” and X is then
the number of independent trials necessary until we obtain the first success. An
alternative definition counts not the trials but the failures Y until the first success.
Clearly Y = X — 1 and

PY =k =¢p, k=0,1,2,..., (1.6)

with corresponding p.g.f.
l—gq

E2Y (1.7)

T qz
It is easy to check that EY = ¢/p and Var(Y) = ¢/p*. Also, EX =1+ EY = 1/p
and Var(X) = Var(Y) = q/p*.

1.3.4 The negative binomial distribution

The last example we will mention here is the negative binomial (or Pascal) distribu-
tion. Recall that the binomial coefficient is defined for all « € R and n € N as

(a)za(a—l)...(a—n+l)

n n!

If a is a positive integer then Z) = 0 for all n > a. If however a is a negative integer
or a (non-integer) real then () # 0 for all n € N. Also recall the binomial theorem,
valid for |z| < 1 and all o € R:

(1+2)" = i (2) 2", (1.8)

k=0

(If o is a positive integer then (2) =0forall k =a+1,a+2,--- and thus the infinite

series (1.8) turns into a finite sum: (14 z)* = >"7_; (7)a*.)

Note in particular that binomial coefficient (_na) can be written as

<—a) (—a)(—a—1)-- (—a—n+2)(—a —n+1)

n n!

_ (_1)n(a+n—1)(a+n—2)---(a—|—1)a _ (_1)n<

n!

a+n—1
N .



Thus we have the identity

(1—a) = i (‘k‘)‘) (=)t = i (O‘ “; - 1)a;k. (1.9)

k=0 k=0

If p € (0,1) and ¢ = 1 —p then the negative binomial distribution with parameters
p and « > 0 is defined as

<a+k—1

. )paqk, k=0,1,2,.... (1.10)

In order to check that the above is indeed a probability distribution it suffices to
note that (a+l]:71) > 0 when o > 0 for all £ € N and that >~ (a+§71)paqk =
p*(1 —¢q)~* =1, on account of (1.9).

The probability generating function of the negative binomial distribution is given

by
o k_ (6%
¢(Z):Z<a+k 1)paqkzk: <1_pqz) ‘

k=0

If X is a random variable with this distribution then EX = ¢'(1) = aqﬁ or

EX =a2,
p
. 2
Similarly, FX(X — 1) = ¢"2(1_Z)Q+2 =a(a+1) (%) . Thus we have FX? = a(a +
2 2 2
1) (%) + o and thus Var(X) = a(a + 1) (%) +al - <a%) =al (1 + %) or
q
Var(X) = a—.
(X) p

When o = m € N then the negative binomial random variable can be thought of
as a sum of m independent geometric random variables with distribution (1.6). This
follows readily by comparing the corresponding generating functions.



Chapter 2

Distributions on R

The statistics of a real random variable X are determined by its distribution func-
tion F(z) := P(X < z), x € R. It is clear that F' is nondecreasing and that
lim, o F(z) =0, lim,_,o F(z) = 1. F is defined to be right-continuous. Note that
Pla < X <b)=F(b)— F(a). If z is a point of discontinuity of F' then x is called an
atom of the distribution and P(X = z) = F(xz) — F(z—) > 0. If on the other hand
x is a point of continuity of F' then P(X = x) = 0. F' can have at most countably
many discontinuity points. If there exists a nonnegative f such that

F(a) = / " f)dy, zeR

then F' is called an absolutely continuous distribution and f is (a version of) the
density of F. Most of the distributions we will consider here will have densities
though occasionally we will find it useful to think in terms of more general distribution
functions. Most of the time we will also be thinking in terms of distributions on R¥,
i.e. distributions for which F(0—) = 0. The function F(x) := 1 — F(x) is called the
tail of the distribution function. The moment of order £ of a distribution is defined

as -
My ::/ 2*dF(z),

—00

provided that the integral exists.

The moment generating function that corresponds to a distribution F' is defined

as
M(0) := Ee?X = / e’ dF (x)
for all values of 6 for which the integral converges. If there exists ¢ > 0 such that M (0)
is defined in (—¢, +€) then the corresponding distribution is called light—tailed. In that
case one can show that repeated differentiation inside the integral is permitted and
thus M®)(0) = [*° z*ePdF(z) for 6 € (—¢, +¢). Thus we see that I’ has moments
of all orders and
M®(0) = my,



k=0
This justifies the name “moment generating function”. There exist however many
distributions for which the moment generating function does not exist for all values
of # € R. We shall see such examples in the sequel. In fact it is possible that the
integral defining the moment generating function exists only for # = 0. This is the
case for instance in the "double-sided Pareto" distribution with density f(z) = et

lz] > 1, a > 0.

Convergence problems, such as the ones just mentioned, are usually sidestepped
by examining the characteristic function fR e'dF (). In this case the defining inte-
gral converges for all t € R. Also, particularly when dealing with nonnegative random
variables, it is often customary to examine the so-called Laplace transform which is
defined as [ e 5*dF'(x). For nonnegative random variables the Laplace transform al-
ways exists for s > 0. The only difference between Laplace transforms and moment
generating functions is of course the sign in the exponent and thus all statements
regarding moment generating functions carry over to Laplace transforms mutatis mu-
tandzs.

Scale and location parameters. Let X a random variable with distribution F
(and density f). If Y = aX + b where (¢ > 0 and b € R) then the distribution
G(z) := P(Y <x) of Y is given by

a

Glz) = P(X < (x—b)/a):F(x_b).

a is called a scale parameter while b a location parameter. The density of G, g, is

given by
o0 =11 (F2)

Note in particular that EY = aEX + b and Var(Y) = a*Var(X). Thus if X is “stan-
dardized” with mean 0 and standard deviation 1, then Y has mean b and standard
deviation a. Also, if Mx(0) = Ee’X is the moment generating function of X, then
the moment generating function of Y is

My (0) = BP@X+0) — P01y (ah). (2.1)

2.1 Some distributions and their moment generat-
ing functions

In this section we give the definition of several continuous distributions that will play
an important role in the sequel. Many of their properties will be explored in later
sections.



2.1.1 The normal distribution

This is the most important distribution in probability theory. The standard normal
distribution has density given by

1
7 zeR. (2.2)

90(93)2\/%6 ERg

The distribution function of the standard normal, denoted by

O (x) ::/ o(y)dy, reR (2.3)
cannot be expressed in terms of elementary functions. Its values are available in tables.
If X has the standard normal density then one can readily check (by a symmetry
argument) that £X = 0. Also, an integration by parts shows that Var(X) = 1.
We denote the standard normal distribution as N(0,1). The general normal random
variable can be obtained via a location-scale transformation: If X is A(0,1) then
Y = 0X + p (with 0 > 0) has mean p and variance o2. Its density is given by

fla) = %@ (w w) - (2.4)

o o\ 2T

and of course its distribution function by F(x) = ®(*>#). It is denoted by N (u, 0?).

The moment generating function of the standard normal distribution is given by

&0 1 o 1

= 6%02/00 ! 6_%(76_0)2(133

= 6%02, (25)

1 (I—9)2

where in the last equality we have used the fact that \/% e 2 is a probability den-

sity function. Thus, using (2.1), for a N (i, 0%) normal distribution the corresponding
moment generating function is given by

M(0) = e"2%°° g eR. (2.6)
Note that the moment generating function is defined for all # € R.

While ®(x) cannot be expressed in closed form in terms of elementary functions,
some particularly useful bounds for the tail of the distribution, ®(z) := 1 — ®(z) are
easy to derive. We mention them here for future reference.

Proposition 1. For all x > 0 we have

(1 1) LA B(z) < » e i (2.7)
- — — —P(x) < — .
x 23] \2or — Tz \or



Proof: The tail is given by ®(z) = [~ \/%e_%uzdu. The upper bound for the tail

follows immediately from the inequality

/ e~ gy < / L / b gLy = Lot
. . T z J, 2 x

(remember that x > 0).

The lower bound can be obtained by the following integration by parts formula

o] oo o]
OS/ %e_%uzdu = —%6_5“2 —/ ie_%uzalu
e U u . . U
o0
= ie_%:’:2 —/ ie_%“20lu
x3 . u?
1 1 o
= —36"%2 — —ea® +/ e 2" du (2.8)
x x -

2.1.2 The exponential distribution

The distribution function is

0 itz <0
F(x):{ l—e™ ifg>0"

(where A > 0 is called the rate) with corresponding density

0 ifx <0
/() _{ Ae ™™ ifx >0
1

The mean of the exponential distribution is + and the variance %

5\ 2 Its moment
generating function is given by

/ e’ e Mdx = L, for 6 < .
0 A—10

2.1.3 The Gamma distribution

The density function is given by




[ is often called the scale parameter, while o the shape parameter. The Gamma
function, which appears in the above expressions is defined via the integral

I'(z) = /OO t"leTtdt x>0, (2.9)

and satisfies the functional equation0

I(x+1) = al'(z).
In particular, when x is an integer, say n,

I(n)=(n-1)".
(This can be verified by evaluating the integral in (2.9).) We also mention that
r@)=vr

The corresponding distribution function is
0 ifx <0

F(z) = . o
/0 FAC F“()a) LBy i 0

which can be expressed in terms of the incomplete gamma function defied as I'(z, «) :=
Jo et
0

a >0,

The moment generating function of the Gamma distribution is
> pr)et _ B \"
M0 :/ e"wﬁ(—e Brgr = [ = .
D= T e
Note that M (f) above is defined only in the interval —co < 6 < [ because when

0 > [ the defining interval does not converge. It is easy to see that, for a = 1 the
Gamma distribution reduces to the exponential.

A special case of the Gamma distribution is the so-called Erlang distribution
obtained for integer &« = k — 1 (We have also renamed [ into \). Its density is given
by

0 ifz<0
fz) =
A k
)\ﬂe’M ifz>0
k!
with corresponding distribution function
0 ifz <0
F(z) = k-1 ;
(A'T)Z —r
1-— z; )\Te ifx>0
Its moment generating function is of course (ﬁ)l‘c One of the reasons for the im-

portance of the Erlang distribution stems from the fact that it describes the sum of
k independent exponential random variables with rate .

10



2.1.4 The Pareto distribution

The Pareto density has the form

0 ifr<e
0= aer
g ifz>c

with corresponding distribution function
0 ifz<e

1-— (E)a ifx>c

x
where o > 0. The Pareto distribution is a typical example of a subexponential
distribution. The nth moment of the Pareto distribution is given by the integral
f:o 2"ac®s~* Ldx provided that it is finite. Hence the nth moment exists if @ > n
and in that case it is equal to 2<~. In particular the mean exists only if « > 1 and in

a—n"
that case it is equal to ==
a—1

F(z) =

An alternative form of the Pareto which is non-zero for all > 0 is given by

(0 ifz <O
flz) = o
— ifx>0
| e+ zje)ert BT
(0 ifz <0
F(z) = 1 ¢
- —— ifz>
| Tt

where o > 0.

2.1.5 The Cauchy distribution

The standardized Cauchy density is given by
1 1
flx) =

Tl +a2 zeR,

with distribution function
1 1
F(z) = 2 + —arctan(z), x€R.
T
It has “fat” polynomial tails: In fact using de ’'Hopital’s rule we see that

F@) oy f@ @ 1

li F(z) =1 =—.
zL%x (Zlf) zLIEO ,’L‘*l T—00 ;U*2 T—00 71'(1 —|—{L‘2) T

This it does not have a mean or a variance because the integrals that define them do
not converge. It is useful in modelling phenomena that can produce large claims.

11



2.1.6 The Weibull distribution

The distribution function is given by

0 ifx <0
1—e ifz>0

F(z) = {

with corresponding density

0 ifz<0
f(z) = { BaP-le=®" ifx >0

The nth moment of this distribution is given by
/ Bt te=" dy = / y"Pevdy =T (ﬁ + 1) :
0 0 5

2.2 Sums of independent random variables in R*

Suppose that F', G, are two distributions on R*. Their convolution is defined as the
function

FxG(x) = /Om F(z —y)dG(y), x> 0. (2.10)

If X, Y, are independent random variables with distributions F' and G respectively,
then F'x GG is the distribution of their sum X + Y. Indeed,

PX+Y <) — /OOOP(X+Y§93|Y:y)dG(y):/OOOP(ngL“—y|Y:y)dG(y)

- /Ooo F(z —y)dG(y) = /Ox F(z —y)dG(y).

In the above string of equalities we have used the independence of X and Y to write
P(X <z —ylY =y) = F(z —y) and the fact that F'(z —y) = 0 for y > x to restrict
the range of integration. In view of this last remark it is clear that F'xG = G*x . We
will also write F*" to denote the n—fold convolution F'x F' % --- % F' (with n factors)
with the understanding that F*! = and F** = I where I(z) = 1ifz > 0 and I(x) =0
when x < 0. When both F' and G are absolutely continuous with densities f and g
respectively then H = F' x (G is again absolutely continuous with density

hz) = / " fe - ygly)dy.

We will denote the convolution of the two densities by h = f % g. For instance, if
f(x) = Xe™*, g(x) = pe ", then

(L—e )

= ' “ME=Y) o=1Y Jy — Xz _ -\t _ —puz
fxg(x) /Okue e Mdy = Aue P ,U—)\(e ey

12



Note that, if X, Y, are independent then the moment generating function of the
sum X + Y is given by

Mx,y(0) = BEPCHY) = EefXY — My (6) My (6).

If X;, ¢ =1,2,...,n are independent, identically distributed random variables
with distribution /' and moment generating function Mx () then S := X; +---+ X,
has distribution function F** and moment generating function Mg (0) = (Mx(6))".

Convolutions are in general hard to evaluate explicitly. As an exception to this
statement we mention the exponential distribution, F(z) =1 — e ** 2z > 0. In that
case we have

F'(z)=1- e
k=0

(This is the well known Erlang distribution). More generally, if F/(z) = 1-5_7' (M, A
then F*(z) = 1 — S "t %e_’\’” and, more generally yet, if F' is Gamma(a, \)
then F* is Gamma(na, \).
2.3 Random Sums
Suppose that X;, ¢ = 1,2,... is a sequence of non-negative random variables with
distribution function F' and moment generating function Mx(0) := [ e’ dF(z).

Suppose also that N is a discrete random variable, independent of the X;’s, i =
1,2,.... Let Sy = ZZJL X;. The distribution and the moments of Sy can be obtained
by conditioning on N. For instance

P(Sy < z) = ZP PXi+--+X,<z)= ZP n)F*(z). (2.11)
The mean and the variance of Sy can be computed in the same fashion.
ESy = Z P(N =n)E[X; + - Z P(N =n)nEX, = ENEX;. (2.12)
Also

=nEX; +n(n—1)(EX;)?

XY XX

n=1 1#]

E (iXZ)Z:E

13



and thus

ES% = Zp E[(Xy +- ZP ) (nEXT +n(n —1)(EX1)?)

= E(X}?)EN + (EX;)? f:n(n —1)P(N =n)
= E(X})EN + (EX1)2EV2 — (EX,)’EN
= Var(Xy)EN + (EX;)?EN?. (2.13)

From (2.12) and (2.13) we obtain

Var(Sy) = Var(X,)EN + Var(N)(EX;)% (2.14)

Finally we can also compute the moment generating function of Sy by condition-
ing:

Mg, (0) = Ee’ = ZP = n)Bef XX — Zp )(E€9X1)n
= Y P(N =n) (Mx(0)".

If we denote by ¢y (2z) = D> o0y P(N = n)z" the p.g.f. of N we see from the above
that
Mgy (0) = o (Mx(0)). (2.15)

14



Chapter 3

Stochastic Processes

3.1 Brownian Motion and the Poisson Process

A stochastic process {X;;t € T} is a collection of random variables (assumed real
here) indexed by a set T which, in our case is either the natural numbers N or the
real numbers R. In this section we will focus on processes defined in continuous time
so T =R.

To define a stochastic process it suffices to define a system of probability dis-
tributions, pu,, (1, T2, ..., xy;t1, L, ..., t,) which satisfy the Kolmogorov consistency
conditions namely that

lim g, (21,22, .., Tno1, Tustr b, oo b1, tn) = fly 1 (T1, T2, - Tp1i by, by E).

Ty —00

If these conditions are satisfied then Kolmogorov’s theorem states that there exists a
stochastic process {X;;t € R} such that

P(Xy, <ap,...,X:, <an) = p,(x1, ..., Tp;t1,te, .. t,), forall z;t; € R, neN.

3.2 Brownian Motion

This is the most important continuous time stochastic process. It can be thought of
as a building block for a variety of other, more complicated stochastic processes. One
way of defining it is the following.

Definition 1. A stochastic process {W;,t > 0} is called Standard Brownian Motion
if it satisfies the following three postulates

i) P(Wy =0) =1, i.e. the process starts with probability 1 from 0 at time 0.

15



it) The increments are independent ie. if 0 < ¢; <ty < -+ < t; then P(W;, —
W, , € Hyi=1,2,....k) =[], P(W,, — W,,_, € H;) for any (Borel) subsets
Hi of R.

i11) For 0 < s < t, Wy — W is normally distributed with mean 0 and variance t — s:

—x2/2 t—s)

P(W, — W, € H) =

From the above postulates it follows that the finite dimensional distributions of
the process W, are given by

P(Vth S ('xlaxl +d.flf1),...,Vth € (xnaxn+dxn)) = f(l'l,.flfQ,---,l’n;tl,tQ,-..,tn)dl'l"'d[lfn
with

f([lfl, e ,l’n;tl,tg, . tn)

1 ! 6_%{#—’—( t227t11) +...+( tn*tnfll) }
27T)n/ \/tl t2 — tl) (t - tnfl)
1 ]_ —leQ71I
—e 2
R
where z7" denotes the transpose of x = (x1,...,,) and
Wi, EW, Wy, e EW W,
Q = FE (Wt17"'7th) = EWtth].
Wi, EW, Wy, e EW, W,
— [tl /\ tj] i=1,...,n
Jj=1,...,n

is the corresponding covariance matrix, i.e. the finite dimensional distributions of
brownian motion are normal. This means that brownian motion is a Gaussian process.
3.2.1 Properties of Standard Brownian Motion

1. Markov Property. Brownian motion is a Markov process with stationary tran-
sition probabilities

P(x,A) = PWys€ AWy =12)=PWys—Ws€ A—zx|Wy=12x)

= PWyeA—zx)= o(u)du
A—x

where A — z is the set {y —z :y € A} and ¢(u) = \/%e_uz/z.
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2. Scaling Property. Ve > 0 {\/cW,/.;t > 0} L (Wt > 0}

Indeed, v/cW,/. has continuous paths, stationary and independent increments,
and the correct distribution.

3. Symmetry. {—W;;t >0} < {W,;t > 0}.

4. Time reversal. {tW;,;t > 0} 4 {Wi;t > 0},

3.3 Maximum of the Standard Brownian Motion

Let M; = max{W,;0 < u < t}, where as usual {W;;¢t > 0} is SBM (Standard Brown-
ian Motion). For fixed ¢ this is a nonnegative random variable, while, if we consider
the process {M;;t > 0} then we have a process with My = 0 and nondecreasing
sample paths. Here we will compute the distribution of the random variable M, using
the reflection principle. Define 7 := inf{u > 0 : W,, = a} the first time when the
brownian motion reaches the level a (note that 7 is a stopping time). Now define new

process, Wu, via the relationship

= W, u<T
Wu_{a—(Wu—a) u>T

In the figure below, W is the process that is identical with W up to time 7, and after
that time results from the reflection of W around the level a (the grey path in the
figure). Note also that {M; > a} = {7 <t} (i.e. the two events are the same). Now

P(MtZa):P(MtZa,VVtZa)—G—P(MtZa,VVt<a)
and {M; > a} C {W; > a}, so that P(M; > a,W; > a) = P(W; > a). Also,
PMy >a, Wy <a) = P(tr<t,Wy<a)=Plr<t)PWy<al|T<t)

- 1
= P(My>a)PW,<a|T<t)= §P(Mt > a)

From the above it follows that
& 2
P(M; > a) =2P(W; > a) = / \/—te"”“ﬂ/%dx, a> 0. (3.1)
" T

Equivalently, we can say that M, 4 |W;|. This same formula gives the distribution of
the time required for SBM to reach a given level x > 0: If we denote by 7, := inf{t >
0: W, =z} we have

< /2
P(ngt):P(Mth):/ _teny/Qtdy
T s

17



Figure 3.1: The reflection principle

The change of variables y = 21/t transforms the above equation into

o 2
P(r, <t) = / \/;Zz/zdz
x/\/f ™

and differentiating with respect to ¢ we obtain the density function of 7,:

;xe’mz/% t>0.

fTJL(t) = \/ﬁ ?

(This is the inverse Gaussian distribution.)

3.4 Martingales associated with Brownian Motion

It is easy to see that standard brownian motion is a martingale. If we denote by
Fs = 0{W,;0 < u < s} the history of the process up to time s then

E[Wy|Fs] = Wy + E[W; — W|Fs] = Wy

the second term in the above equation vanishing as a result of the independent incre-
ments property.

This property, together with the optional stopping theorem allows us to compute
probabilities of reaching boundaries. Suppose that Wy = x and let a < z < b. Set
7 =1inf{t > 0: W; = a or b}. Then, by the optional stopping theorem we have

EW, = EW, =x.

18



However W, = al1(W, = a) + b1(W, = b, and if we denote by p, = P(W, = a) (and
similarly for p,) we have ap, + bp, = x which gives (since p, + pp = 1)

b—x

b—a

Pa =

Similarly, one can easily show that the process S; = W2 —t is also a martingale.
Indeed,

EW? —t|F] = E[(W, — W)+ 2W (W, — W) + W2 — t|F,]
= B[(W, — W,)?|F) + 2W,EW;, — W,|F,] + W2 — ¢
(t—s)+0+W2—t=W2—5s

With 7 defined as before let us use the optional sampling theorem again. This time
we obtain

EW?— Bt = 22

which gives
Paa” + pub* — BT = 22

or
(b— x)az + (z —a)b® 2
—a
from which we obtain
ET = ab.

An important martingale associated with brownian motion is the exponential mar-
tingale. Suppose here that W; is BM (i, 0?). Then, if 6 is any real number

1
My = MO with q(0) = p0 + 5070

is a martingale. Indeed,

E[M,|F,] = E[ee(Wt_WS)_qw)(t_s)\]:S]MS = M,

the last equality following from the fact that Ee/Wi=Ws) — enb(t=s)+30%0%(t=s)

We have thus seen that M; is a martingale for any choice of . If we set 6 = 6y =
—%% we see that ¢(p) = 0 and thus the exponential martingale becomes e®":, We
can use this to compute p, and p;, (defined as before) when p # 0. Indeed, in this
case, from the optional sampling theorem we have

Oo W~ — oz
E[e"™" ] =e

or

foa oz

Pa€’ " + pbeoob =e

19



which gives

The optional sampling theorem can also be used to obtain the Laplace transform

of the time until we hit the boundary. Here we will assume that ;1 = 0, 0 = 1 which

1

corresponds to ¢(6) = 56’2, in order to simplify the algebra. We start with

E [€0W.,— qu(O)] — e@z.

or

Pl — paE[eowffrq(e)‘WT = a) _i_pr[eOW-r*Tq(@)‘WT = I
= paeGaE[e—Q(Q)T|WT — a] +pb60bE[€_q(6)T‘WT _ b]

We seem to have the problem that this is one equation and we have two unknowns,
E[e=197|W, = a] and E[e~?“7|W, = b] but in fact we can get around this problem
by setting

Lo
s=q(0) = 56’ :
There are two solutions to this equation,
(91 = \/%, and 92 = —\/%
Thus, if we set f,(s) = Ele™*"; W, = a| and fy(s) = Ele”*"; W, = b], we have
eVE = eV (s) + V()
VT = VEL(s) YR fyfs).

From this system we can compute f,(s), f»(s) separately, and hence also Ee™" =

fa(s) + fo(s). In fact, adding and subtracting the above equations we get

cosh(zv/2s) = cosh(av/2s)f,(s) + cosh(bv/2s)
sinh(2v2s) = sinh(aVv/2s)f,(s) + sinh(bv/2s)

or, using the fact that sinh(a — ) = sinh a cosh § — cosh acsinh 3, we obtain
fa(s) sinh(b — a)v/2s = sinh(b — 2)v/2s
f5(s) sinh(b — a)v/2s = sinh(z — a)V/2s

We thus have

9= 400+ 0 = SRR G20
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and using the formulas sinh 2a = 2 sinh « cosh «, sinh a+sinh 5 = 2 cosh (ﬁ—;a) sinh (O‘—;rﬁ)

we obtain
cosh (42— 2) V)
Js) = cosh (b;;b\/%)
Since we can take x = 0 without loss of generality, this formula simplifies as follows
cosh (bif \/%)
cosh (b;; \/%) '

In particular, when b = ¢ > 0, a = —/, then

f(s) =

1
J(s) = cosh (ﬁ\/275)

3.5 The Poisson Process

Intuitively speaking the Poisson process on the real line describes the occurrence of
random events in time. Let {7} n = 1,2,..., denote the positions of the random
points in the half line [0, 00). We number them consecutively so that 0 < T; < T, <

. Denote by N; the number of points in the interval (0,¢]. We can then write
Ny = >°  1(T,, < t). Note that, even though this sum has an infinite number of
terms, only a finite number of them is non-zero. The collection of random variables
{Ny;t > 0} is called a counting process.

Definition 2. Given any positive number \ a process { Ny;t > 0} is a Poisson process
with rate \ if
e I. Ny=1 a.s.

o 2. Foranyn and(0 <ty <ty <--- <t, the increments Ny, , Ny, — Ny, ..., Ny, —
N, _, are independent.

o 3. Forany s,t >0, P(Ny s — Ny =k) = (’\l;)ke_)‘t, fork=0,1,2,....

Let vy =Ty and 7, =T, —T,,_1, n = 2,3, ..., denote the interevent times, i.e.
the distances that separate the consecutive points. We can prove using the definition
that these are independent exponentially distributed random variables with rate A.
For instance P(7; > t) = P(N; = 0) = e~ . Similarly,

P(T, >7) = P(N,<0)= Y P(N;, = k) = v 0 A

il
o
i
o

Differentiating the above expression we obtain the density of T}, as fr, (t) = A ((Ayf ):117)'1 e,

t > 0. This is in accordance with the fact that 1,, = 71 + 79 + - - - + 7,, where the 7,’s
are independent, exponential with rate \.




The Poisson process can be used as a building block for more general processes.
We will discuss in particular the compound Poisson process, obtained as follows. Let
{0} be a sequence of independent, identically distributed real random variables,
independent of the Poisson process {N;;t > 0}. Define a new process {X;;t > 0} via
X, = ij;l o with the understanding that an empty sum is 0 i.e. if V; = 0 then
X, =0.

The process {X;;¢ > 0} inherits the independent increments property from the
Poisson process so that, for any n € N and 0 < t; < t3 < --- < t, the random
variables X, , X, — Xy,,...,X;, — X;, , are independent. In order to obtain the
distribution of X is is best to use the characteristic function or (provided it exists)
the moment generating function defined as B[e?**] where § € R and such that the
expectation exists. Thus

E[e"X!] = B! Zva o] = | [E [ef’zgil“kwt” —E|B

Nt
H €00k ‘Nt] ] .
k=1
Since the 0}’s are independent from each other and from N; we have
B e X N | = (Bl )™
Hence if the denote the moment generating function of o; by M, (0) := E[e’1] and
the moment generating function of X; by My, (0) we have
M (0) = B 0)%] = 3 M0y A o poxenano
Xt o o L .
k=0

From the above expression we can obtain the moments of X; by differentiation. For
instance, B[X;] = ME[o] and Var(X;) = ME[0?].
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Chapter 4

Martingales in Discrete Time

4.1 Adapted and Predictable processes

Let {Y,,}n>0 be an sequence of random variables which we will regard as an informa-
tion sequence. We will often write F,, := {Yy, Y1,..., Yo}

e The process {X,, },>0 is adapted to {Y,,},>o if there exists a sequence of func-
tions f,, : R"™! — R such that

Xn:fn(%v}/iu"’vyn>u nZO

We will write
X, e F,.

e The process {X,},>0 is predictable with respect to {Y,,},>¢ if there exists a
sequence of functions f, : R""! — R such that

Xp=foa(Yo,Y1,..., Y1), n>1 Xy = constant.

We will write
X, € Fn_1.

4.2 Stopping Times

Let T be a nonnegative, integer valued, random variable. 7" is a stopping time w.r.t.
the information pattern {F,} iff the sequence of random variables 1(T" = n), n =
0,1,2,..., is adapted to {F,}. In particular, note that if 7" is a stopping time then
{1(T < n)} is also an adapted sequence, while {1(7" > n)} is a predictable sequence.
To see this, write 1(T < n) = S.—¢ 1(T = k) and observe that 1(T = k) € F, C F,
for k& < n. This establishes that 1(7T" < n) € F,. On the other hand 1(T" > n) =
1 —1(T < n—1) which, in view of the above is a predictable sequence.
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Proposition 2. If S, T, are F, —stopping times then S +1T, SVT, S AT are also
Fn—stopping times.

Proof: To prove the first statement, note that 1(S +7 = n) = > ;_1(S =
k)1(T =n — k) € F,. The second follows from 1(SVT <n)=1(S < n)L(T < n),
and the fact that both 1(S < n) and 1(S < n) are in F,, since T and S are stopping
times. Finally 1(SAT > n) = 1(S > n)1(T > n).

)

4.3 Martingales in Discrete Time

Definition 3. A process { X, } is a martingale w.r.t. {F,} if

Theorem 1. e X, is an adapted process, i.e. X, € F,,
o FX,| < oo Vn,
[ ] E[Xn+1|fn] = Xn Vn.

Example 1: Let {Y;} be independent random variables with E|Y;| < oo for all ¢ and
denote by F,, = {Y,,Y1,...,Y,}. Let EX; = p;. The process X, = > " Y — p; is
an JF,—martingale.
Example 2: Using the setup of the previous example suppose that, for all i, o7 =
Var(Y;) < oo. The process X, = (30 Vi — u;)* — S0, 02 is an F,,—martingale.
Example 3: Using again the same setup we assume that Y; has distribution F; and
Fy(s) == [7°_e™**dF;(x) is finite for s in a neighborhood of 0. Then

Xn — 6*32?:033

[T Fi(s) ’
is an F,—martingale.

Example 4: Let {Y,,} be a Discrete Time Markov Chain with state space S and
transition probability matrix P(i, j). Also suppose that f : S — R be a real function.

Then
X, = Z (f(Yk) — ZP(Yk—laj)f(j)>

k=1 jES
is an F,—martingale.

Example 5: [Right Regular Sequences and Induced Martingales for Markov
Chains| Let {Y,,} be a Discrete Time Markov Chain with state space S and transition
probability matrix P(7,j). Let f: S — R be bounded and satisfy

f)=>_PG,j)f(G), VieS.

)
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Such sequences (right eigenvectors corresponding to eigenvalue 1) are called right
regular sequences. Then

is a martingale.

Example 6: The above example is a special case of the following more general class
of martingales. Let f be a right eigenvector corresponding to an eigenvalue A of P,

i.e.

M) PGIG), ViES.

jes
Assuming that E|f(Y,)| < oo,

is a martingale.

Example 7: [Likelihood Ratios] Let {Y,,} be an i.i.d. sequence with density g.
Let f be another density function. Then the process

fYO) f(Y1) - f(Yn)
9(Yo)g(Y1) -+~ g(Yn)

X, =

is a martingale.

4.4 The Optional Sampling Theorem

4.4.1 The Optional Sampling Theorem for Martingales

Let {X,,} be a martingale w.r.t. {F,}. We know that £X,, = FX. If T is a stopping
time, under what conditions is F X = E X7 We start with

Lemma 1. Let {X,} be a martingale and T a stopping time w.r.t. {F,}. Then, for
alln >k,
EX,1(T =k)] = E[X;:1(T =k)] .

Proof: Indeed

E[X,1(T = k)] =E[E[X,1(T =k)|F,] =FE[LT = k)E[X;|F,]|
= E[1(T = k)X,,]

Lemma 2. With the assumptions of the previous lemma

E[X71rn) = EXyp .
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Proof: We can write X7, = Z;é X, 1(T = k) + X, 1(T > n) and taking
expectations,

BlXrl = S BIXA(T = 0] + EX,A(T > )
- nZIE[an(T = k)] + E[X,1(T > n)]
= E|X, <n211<T: k) + 1(T > m)]

Theorem 2. Let {X,} be a martingale and T a stopping time w.r.t. {F,}. Suppose
that P(T < o0) =1 and E[supy |Xrax|] < 00. Then EXr = EXj.

Proof: From the previous lemma we have EXp,, = EXy Vn. Since P(T <
o0) = 1, lim, oo X7rpn = Xr. Finally, X7, > supy | X7ak|. Use the Dominated
Convergence Theorem to conclude that

lim E[XT/\n] = E[hm XT/\n] = EXT .

n—oo n—oo
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Chapter 5

Laws of Large Numbers and
Central Limit Theorem

Suppose that {X;}, ¢ = 1,2,..., are independent, identically distributed random
variables with finite mean, i.e. F|X| < co.

Theorem 3. Weak Law of Large Numbers If u:= EX; then

lim P(‘X1+X2+-~+Xn
n

— [ >e):0 for all e > 0.

n—oo

A stronger version also holds under the same assumptions

Theorem 4. Strong Law of Large Numbers:

© X+ X e+ X,
limP(U{ L 2; TAm

>e}>:() for all e > 0.

If, in addition to the above assumptions we also assume that the variance VarX; =
o? is finite then

Theorem 5. Central Limit Theorem If (z) := \/% [ e~2¥dy is the cumulative
distribution function of the standard normal then

X, 44+ X —
limP( Lt n'ugx):q)(x).

n—o0 J\/ﬁ
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Chapter 6

Logarithmic Asymptotics

Suppose that X;, + = 1,2,3,..., are i.i.d. with distribution function F', correspond-
ing mean m = [, F(dx), variance o*, and moment generating function M (f) :=
Jg € F(dzx). The weak law of large numbers guarantees that

lim P(S, >nz)=0 forxz>m (6.1)
and similarly that
lim P(S, <nzx)=0 forz<m (6.2)

Correspondingly, if the premium charged per policy, z, is higher than the expected
claim size, m, then the probability or ruin goes to zero, whereas if the it is less than
m then ruin is certain.

One important question however not answered by the weak law of large numbers
is how fast do the above probabilities go to zero. We will see that they go to zero
exponentially fast, i.e. that

P(S, >nzx) < e ™M@ forz>m (6.3)

In the above formula note that the exponential rate of decay I(x) is a function of x.
The meaning of (6.3) is made precise if we state it as

lim 1 log P(S,, > nz) =—I(x)  forx > m. (6.4)

n—oo M,

Where does the exponential behavior come from? Write P(S,, > nx) as

P (S, —nm > nlz —m)) = P(SU\/_ >\/‘(l°_ )) (6.5)

M

and appeal to the central limit theorem: For n large is approximately normally
distributed with mean 0 and standard deviation 1 and hence

Sp — 1 > 12
P(S, >nx) = P< >\/_< ))%—/ e 2% du
( ) 0.\/7 \/% \/ﬁ(m;m)

g _plz—m 2

e ——] 51 252
(x — m)v2mn

M

Q
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Are the above asymptotics justified? In one case at least yes. Suppose that the
r.v.’s X;, are i.i.d. are normal with mean m and variance o2 (N(m,oc?)). Then S, /n
has distribution N (m, "72) Hence in this case (6.5) becomes an exact relationship

and we have -
1 1.2

e 2" du. (6.6)

P(S, >nzx) = /
Vi(zsm) V2T

Taking into account the bounds in proposition 1 we have

3

_1, 2
log ( (% — ey ) e 10F)) < 1ogP(S, > na)

< log (gL i (=)’
= og nl/2x—m 27T6 g

or

1 o 1 o3 1 1 [(z—m\’
_§logn+10g(x_m—5(x_m)3)—510g27r—§n( . ) < log P(S, > nx)

r—m 2 o

1
< —ilognjtlog g —%logQW—ln(“f_m)Q.

Dividing the above inequality with n and letting n — oo (taking into account that
Llogn — 0) we obtain

.1 1 /(z—m\’
lim —log P(S,, > nx) = —= . (6.7)

n—oo N, 2 g

Hence, setting I(z) = 3 (%)2 we obtain (6.1) for normal random variables. Can we

generalize this to non—normal random variables? Can we generalize it for sequences
that are not independent and identically distributed?

As we will see the answer is in the affirmative on both counts. We start with a
relatively simple bound known as the Chernoff bound.

6.1 Chernoff bounds

In the same framework as before X;, © = 1,2,... are assumed to be i.i.d. r.v.’s with
moment generating function M (). We start with the obvious inequality

1(S, > m;)e":’”9 < ¥

which holds for all # > 0 since the exponential is non—negative. Taking expectations
in the above inequality we obtain

P(Sn > n:(:) < e—nzé)E[€0X1+Xz+~-+Xn] — e*m"eM(H)", 6 > 0.
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The above inequality provides an upper bound for P(S, > nz) for each § € R™.
Since the left hand side in the above inequality does not depend on # we can obtain
the best possible bound by setting

P(S > 7’L$) < inf e—n{z&—logM(G)} _ e—nsupgzo{xG—logM(G)}‘
"= = 6>0

Define now the rate function

I(z) := ilelﬂg {z6 —log M ()} . (6.8)

With this definition the Chernoff bound becomes
P(S, > nx) < e @), (6.9)

As we will see in many cases this upper bound can be turned into an asymptotic
inequality. This is the content of Cramér’s theorem.

Theorem 6. The cumulant log M (0) is a convex function of 6.

Proof: To establish this we will show that the second derivative j—;z log M (0) is
non—negative. Indeed

e MT0)  (M(0)\?
a2 s MO = )~ (M<9>)

However note that
d2

M//(e) _ WE[€6X] — E[X2€0X]
and hence

M”(é’) B ) eGX B ) )

M) = FE[X W] = Es[X7].
Similarly e i x L
and thus
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6.2 Examples of rate functions

Bernoulli Random Variables Suppose that P(X; = 1) = 1 — P(X; = 0) = p (i.e.
the random variables take only the values 0 and 1 with probabilities 1 — p and p
respectively). In this case log M (6) = log (pe’ + 1 — p). To maximize z6 — log M (6)

we set its derivative equal to zero: x = 1_§fp69 or e/ = ﬁ% and, taking logarithms,
x 1-—
0 = log + log b
1—2z
Therefore )
:clog£+(1—:c)log1_x, 0<zx<l
I(x) = P -
0, otherwise

Normal N (u,02) Here M(0) = e?#+3%°* The rate function is given by

I(xz) =sup [Hx —Ou — %9202} :
0

Differentiating we obtain (z — u) — 60 = 0 or § = “*. Substituting back we get

I() :%(I;“y.

Exponential (rate A) In this case M(f) = 125 and thus the rate function is obtained
by maximizing the expression #x — log ﬁ. The optimal value of 6 is obtained by the
solution of the equation  — 35 = 0 or §# = A — 1/z which gives

| XA —=logAr -1, >0
I<x)_{+oo, x <0

Binomial (number of trials n, probability of success p) Here M(0) = (1 — p + pe?)”
(note the close connection with the Bernoulli distribution) and log M (0) = nlog(1l —
p+pe?). Thus, arguing as in the Bernoulli case, we see that 260 —log M (f) is maximized

for 6% = log (fk(l_;f;) and hence

x n—x
log — —x)l
:cogp+(n :c)ogl

—nlogn, 0<zxz<n

I(x) =

0, otherwise

Geometric (probability of success p) Here
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Figure 6.1:

Following the same procedure as before we obtain

1
zlogz — (v + 1)log(z + 1) +9310g]—) —log(l—p), >0

400, <0

In the following graph the rate function of the geometric distribution (with p = 1/2)
is shown.

6.3 Properties of the rate function

Let D = {z : I(z) < oo} be the domain of definition of I. It is easy to see that D
is either the whole of R or an interval that may extend infinitely to the right or the
left. If the upper or lower end of the interval is finite it may or may not belong to D
depending on the case. Thus in any case D is a convex set in R.

1. 1(x) is a convex function (on its domain of definition). It suffices to show that,
for each A € [0,1], z,y € D, I(zA+y(1 — X)) < AI(z) + (1 — A\)I(y). Indeed,

IxA+y(1—X) = sup {0(zA +y(1 —N)) —log M(0)}
= sup {A(fr ~1og M(6)) + (1 - X) 6 — log M (6))}
< Asup {0z —log M(0)} + (1 — A) sup {0y —log M(0)}
= M(z)+(1=MNI(y)

2. I(x) > 0 for all z € D and I(m) = 0. (In particular this implies that I is
minimized at x = m.) We begin with the remark that for § = 0, 0z — log M (6) = 0.
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Thus I(x) > 0. Next, use Jensen’s inequality: M () = Eef* > ¢’EX for all § for
which M(0) < oo. Thus log M(0) > 0m or fm — log M (0) < 0. Since I(z) > 0, we
conclude that I(m) = 0.

3. For each x € D there exists 0° such that
Ml*)
M(0")

=2z (6.10)

We will not present a complete proof of this. A justification might be given along the
following lines: since for fixed = the function f(0) = 0z —log M (0) is convex in # and
smooth (M (6) has derivatives of all orders) it suffices to find §* so that f(6*) =0 or
equivalently x — M"™)/M(6*) = 0.

6.4 The twisted distribution

Let F(y) be a distribution function on R with moment generating function M (6).
The distribution function F'(y) defined via

Oy

M(0)

dF (dy) =

F(dy)

is called the twisted distribution that corresponds to F. It is easy to see that

F) = [ 7l

is a non—decreasing function of y and as y — oo, F(y) — 1.

The mean of the twisted distribution is given by

—00 o0 —00

In particular when 6 = 6", the solution of (6.10),

1 Rl M™
—M(é’*) /oo ye! YV (dy) = M(QZ) =1 (6.11)

Regarding our notation, it will be convenient to think of two different probability
measures, the probability measure P, under which the random variables X;, i =
1,2,..., have distribution F', and the twisted measure P, under which the r.v.’s X;
have distribution F'. Expectations with respect to the probability measure P will be
denoted by F.
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6.5 Cramér’s Theorem

Theorem 7. Suppose that {X,} is an i.i.d. sequence of real random variables with
moment generating function M (0) which exists in an open neighborhood of zero. Then,
ifm=FEX; and S, .= X1+ - -+ X,

1
lim —log P(S,, > nz)=—I(z), x >m,

n—oo M,

1
lim —log P(S, < nxz)=—I(x), x < m.

n—oo M,

34



Bibliography

[1] Asmussen, S. (1987). Applied Probability and Queues, John Wiley.

[2] Geoffrey R. Grimmett, David R. Stirzaker, (2001) Probability and Random
Processes, 3rd edition, Oxford University Press.

[3] Sheldon Ross. (1995). Stochastic Processes, 2nd edition, John Wiley.

35



