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M. Zaz�nhc

1 Ta ajroÐsmata merik¸n enallassous¸n seir¸n

To je¸rhma tou Leibniz mac eggu�tai thn Ôparxh twn ajroism�twn twn enallassous¸n seir¸n thc
morf c

∑∞
n=1(−1)nan ìtan h {an} eÐnai fjÐnousa akoloujÐa kai limn→∞an = 0. Den mac dÐnei ìmwc

ton trìpo na upologÐsoume to akribèc touc �jroisma. Autì prèpei na gÐnei (stic peript¸seic pou
eÐnai dunatì) me �llec mejìdouc. Ed¸ ja upologÐsoume ta ajroÐsmata merik¸n apì tic aploÔsterec
enall�ssousec seirèc.

1.1 H seir� 1− 1
2
+ 1

3
− 1

4
+ · · ·

Gia k�je t ∈ R isqÔei ìti

1− t+ t2 − t3 + · · ·+ (−1)ntn =
1− (−t)n+1

1 + t
. (1)

(Gewmetrik  prìodoc me lìgo −t.) Xanagr�foume th sqèsh aut  wc

1− t+ t2 − t3 + · · ·+ (−1)ntn − 1

1 + t
= −(−t)n+1

1 + t
. (2)

Oloklhr¸noume thn parap�nw sqèsh èqoume∫ x

0
1dt−

∫ x

0
tdt+

∫ x

0
t2dt−

∫ x

0
t3dt+ · · ·+(−1)n

∫ x

0
tndt−

∫ t

0

1

1 + t
dt = (−1)n

∫ x

0

tn+1

1 + t
dt. (3)

Lamb�nontac up' ìyin ìti ∫ x

0

1

1 + t
dt =

∫ 1+x

1

1

t
dt = log(1 + x) (4)

prokÔptei h exiswsh

x− x2

2
+

x3

3
− x4

4
+ · · ·+ (−1)n

xn+1

n+ 1
− log(1 + x) = (−1)n

∫ x

0

tn+1

1 + t
dt. (5)

Ac upojèsoume t¸ra ìti x > 0. Apì thn parap�nw sqèsh sumperaÐnoume ìti

−
∫ x

0

tn+1

1 + t
dt ≤ x− x2

2
+

x3

3
− x4

4
+ · · ·+ (−1)n

xn+1

n+ 1
− log(1 + x) ≤

∫ x

0

tn+1

1 + t
dt. (6)
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Gia k�je t ≥ 0 tn+1

1+t ≤ tn kai epomènwc∫ x

0

tn+1

1 + t
dt ≤

∫ x

0
tndt =

xn+1

n+ 1
. (7)

Qrhsimopoi¸ntac thn anisìthta (7) sthn sqèsh (6) paÐrnoume thn anisìthta

− xn+1

n+ 1
≤ x− x2

2
+

x3

3
− x4

4
+ · · ·+ (−1)n

xn+1

n+ 1
− log(1 + x) ≤ xn+1

n+ 1
. (8)

H parap�nw anisìthta isqÔei gia k�je x > 0 kai gia k�je n ∈ N. An upojèsoume ìti x ∈ [0, 1] tìte
xn+1

n+1 ≤ 1
n+1 . Sunep¸c isqÔei h anisìthta

− 1

n+ 1
≤ x− x2

2
+

x3

3
− x4

4
+ · · ·+ (−1)n

xn+1

n+ 1
− log(1 + x) ≤ 1

n+ 1
∀x ∈ [0, 1]. (9)

An af soume to n na p�ei sto �peiro sthn parap�nw sqèsh paÐrnoume to an�ptugma

log(1 + x) = x− x2

2
+

x3

3
− x4

4
+ · · · =

∞∑
n=1

(−1)n−1x
n

n
, 0 ≤ x ≤ 1. (10)

H parap�nw sqèsh, gia x = 1 dÐnei to �jroisma thc enall�ssousac seir�c:

∞∑
n=1

(−1)n−1 1

n
= log 2. (11)

Ac upojèsoume t¸ra ìti to x eÐnai arnhtikì kai sugkekrimèna ìti x ∈ (−1, 0). PaÐrnontac
apìlutec timèc sthn (5) èqoume∣∣∣∣x− x2

2
+

x3

3
− x4

4
+ · · ·+ (−1)n

xn+1

n+ 1
− log(1 + x)

∣∣∣∣ = ∣∣∣∣∫ x

0

tn+1

1 + t
dt

∣∣∣∣ (12)

'Otan x ∈ (−1, 0) isqÔei ìti∣∣∣∣∫ x

0

tn+1

1 + t
dt

∣∣∣∣ = ∫ |x|

0

tn+1

1− t
dt ≤

∫ |x|

0

tn+1

1− |x|
dt =

1

1− |x|

∫ |x|

0
tn+1dt =

|x|n+2

(n+ 2)(1− |x|)
.

Sunep¸c∣∣∣∣x− x2

2
+

x3

3
− x4

4
+ · · ·+ (−1)n

xn+1

n+ 1
− log(1 + x)

∣∣∣∣ ≤ |x|n+2

(n+ 2)(1− |x|)
, −1 < x < 0 (13)

kai, dedomènou ìti limn→∞
|x|n+2

(n+2)(1−|x|) = 0 gi� k�je |x| < 1 sumperaÐnoume ìti to an�ptugma (10)

isqÔei gia k�je x ∈ (−1, 1]. Gia thn perÐptwsh pou to x eÐnai arnhtikì eÐnai suqn� qr simo na
gr�foume thn sqèsh (10) wc

log(1− y) = −y − y2

2
− y3

3
− y4

4
− · · · = −

∞∑
n=1

yn

n
, 0 ≤ y < 1. (14)
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(Jèsame y = −x ≥ 0.)

Gia par�deigma, apì tic sqèseic (10) kai (14) blèpoume ìti

∞∑
n=1

(−1)n−1 1

n2n
=

1

1 · 2
− 1

2 · 4
+

1

3 · 8
− 1

4 · 16
+

1

5 · 32
− 1

6 · 64
+ · · · = log(1 +

1

2
)

= log 3/2 = log 3− log 2 ≈ 0.4056

kai

∞∑
n=1

1

n2n
=

1

1 · 2
+

1

2 · 4
+

1

3 · 8
+

1

4 · 16
+

1

5 · 32
+

1

6 · 64
+ · · · = − log(1− 1

2
)

= − log 1/2 = log 2 ≈ 0.6931.

2 H seir� 1− 1
3 +

1
5 −

1
7 +

1
9 −

1
11 + · · ·

H seir� aut  melet jhke epÐshc apì to Leibniz. GnwrÐzoume ìti sugklÐnei, prokeimènou ìmwc na
upologÐsoume to �jroism� thc basizìmaste p�li sth gewmetrik  prìodo. Xekin�me me thn sqèsh

1− t2 + t4 − t6 + · · ·+ (−t2)n =
1− (−t2)n+1

1 + t2

h opoÐa eÐnai to �jroisma gewmetrik c proìdou me lìgo −t2 kai isqÔei gia k�je t ∈ R. Oloklhr¸-
nontac apì 0 mèqri x > 0 paÐrnoume∫ x

0
dt−

∫ x

0
t2dt+

∫ x

0
t4dt−

∫ x

0
t6dt+ · · ·+ (−1)n

∫ x

0
t2ndt =

∫ x

0

1

1 + t2
dt+ (−1)n

∫ x

0

t2n+2

1 + t2
dt

kai lamb�nontac up' ìyin ìti
∫ x
0

1
1+t2

dt = arctanx èqoume ìti

x− x3

3
+

x5

5
− x7

7
+ · · ·+ (−1)n

x2n+1

2n+ 1
− arctanx = (−1)n

∫ x

0

t2n+2

1 + t2
dt. (15)

Apì thn parap�nw sqèsh prokÔptei ìti∣∣∣∣x− x3

3
+

x5

5
− x7

7
+ · · ·+ (−1)n

x2n+1

2n+ 1
− arctanx

∣∣∣∣ = ∣∣∣∣∫ x

0

t2n+2

1 + t2
dt

∣∣∣∣ . (16)

Gia x ∈ [−1, 1] isqÔei ìti∣∣∣∣∫ x

0

t2n+2

1 + t2
dt

∣∣∣∣ = ∫ |x|

0

t2n+2

1 + t2
dt ≤

∫ |x|

0
t2n+2dt =

|x|2n+3

2n+ 3
≤ 1

2n+ 3
. (17)

Apì tic (16) kai (17) blèpoume ìti∣∣∣∣x− x3

3
+

x5

5
− x7

7
+ · · ·+ (−1)n

x2n+1

2n+ 1
− arctanx

∣∣∣∣ ≤ 1

2n+ 3
→ 0 ìtan n → ∞, gia |x| ≤ 1.

(18)
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Sunep¸c, èqoume to an�ptugma

∞∑
n=0

(−1)n
x2n+1

2n+ 1
= arctanx, |x| ≤ 1. (19)

An jèsoume x = 1 sthn (19) paÐrnoume

∞∑
n=0

(−1)n
1

2n+ 1
= 1− 1

3
+

1

5
− 1

7
+

1

9
− 1

11
+ · · · = arctan 1 =

π

4
.

3 Oloklhrwtikì Krit rio gia thn SÔgklish twn Seir¸n

Je¸rhma 1. 'Estw f mia jetik , fjÐnousa sun�rthsh, orismènh gia k�je x ≥ 1. Gia k�je n ∈ N
jètoume

sn :=

n∑
k=1

f(k) kai tn :=

∫ n

1
f(x)dx.

Tìte oi akoloujÐec {sn} kai {tn} eÐte sugklÐnoun kai oi dÔo eÐte apoklÐnoun kai oi dÔo.

Apìdeixh. IsqÔei ìti
n∑

k=2

f(k) ≤
∫ n

1
f(x)dx ≤

n−1∑
k=1

f(k).

(Gia par�deigma, sto sq ma n = 9 kai
∑9

k=2 f(k) eÐnai to embadìn twn kÐtrinwn orjogwnÐwn e-
n¸

∑n−1
k=1 f(k) eÐnai to embadìn twn kÐtrinwn orjogwnÐwn mazÐ me ta pr�sina.) Dedomènou ìti∑n

k=2 f(k) = sn − f(1), èqoume ìti

sn − f(1) ≤ tn ≤ sn−1.

AfoÔ kai oi dÔo akoloujÐec eÐnai aÔxousec, oi anisìthtec autèc deÐqnoun ìti eÐte kai oi dÔo eÐnai
�nw fragmènec, eÐte kai oi dÔo den eÐnai.

Par�deigma 1. H seir�
∑∞

n=1
1
nα sugklÐnei an kai mìno an α > 1. Pr�gmati, an p�roume

f(x) = x−α tìte

tn =

∫ n

1

1

xα
dx =

{
n1−α−1
1−α an α ̸= 1

log n an α = 1

Apì thn parap�nw èkfrash blèpoume ìti an α > 1 h {tn} sugklÐnei en¸ an α ≤ 1 h {tn} apoklÐnei,
kai sÔmfwna me to oloklhrwtikì krit rio to Ðdio k�nei kai h {sn}.
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Par�deigma 2. H seir�
∑∞

n=2
1

n(logn)α sugklÐnei an kai mìno an α > 1. (ParathreÐste ìti ed¸

to �jroisma arqÐzei apì n = 2 ¸ste na mhn mhdenÐzetai o paronomast c.) An f(x) = 1
x(log x)α tìte

tn =

∫ n

2

dx

x(log x)α
=

∫ n

2

d log x

(log x)α

=

∫ logn

log 2

dy

ys
=

{
(logn)1−α−(log 2)1−α

1−α an α ̸= 1,

log log n− log log 2 an α = 1.

Apì thn parap�nw èkfrash eÐnai kai p�li profanèc ìti h {tn} sugklÐnei an α > 1 en¸ apolÐnei an
α ≤ 1 kai epomènwc to Ðdio k�nei kai h {sn}.

4 O tÔpoc tou Stirling

O tÔpoc tou Stirling epitrèpei ton proseggistikì upologismì tou n! gia meg�lec timèc tou n qwrÐc
na qrei�zetai o pollaplasiasmìc twn n pr¸twn fusik¸n. To perieqìmenì tou eÐnai h akìloujh
asumptwtik  sqèsh:

lim
n→∞

n!√
2πnnne−n

= 1 (20)

thn opoÐa gr�foume epÐshc wc
n! ∼

√
2πnnne−n.

H (20) gr�fetai kai wc

lim
n→∞

n!

n1/2nne−n
=

√
2π. (21)

Prokeimènou na apodeÐxoume thn (21) exet�zoume thn akoloujÐa

dn := log
n!

nn+1/2e−n
= log n!− log

(
nn+1/2e−n

)
= log n!−

(
n+

1

2

)
log n+ n. (22)
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IsqÔei ìti

dn − dn+1 = log n!−
(
n+

1

2

)
log n+ n− log(n+ 1)! +

(
n+

3

2

)
log(n+ 1)− (n+ 1)

=

(
n+

1

2

)
(log(n+ 1)− log n)− 1

=

(
n+

1

2

)
log

n+ 1

n
− 1

=
2n+ 1

2
log

1 + 1
2n+1

1− 1
2n+1

− 1.

Dedomènou ìti gia k�je x ∈ (−1, 1]

log(1 + x) = x− x2

2
+

x3

3
− x4

4
+ · · ·

kai ìti gia x ∈ [−1, 1)

log(1− x) = −x− x2

2
− x3

3
− x4

4
− · · ·

sumperaÐnoume ìti gia |x| < 1

log
1 + x

1− x
= log(1 + x)− log(1− x) = 2

(
x+

x3

3
+

x5

5
+ · · ·

)
. (23)

'Estw f h sun�rthsh

f(x) =
2x

log

1 + x

1− x
− 1.

Lìgw thc (23) isqÔei ìti gia |x| < 1

f(x) =
x2

3
+

x4

5
+

x6

7
+ · · · . (24)

Apì thn parap�nw sqèsh sumperaÐnoume ìti f(x) ≥ 0 ìtan |x| < 1. Apì thn (23) blèpoume ìti

dn − dn+1 = f(
1

2n+ 1
) ≥ 0

kai epomènwc sumperaÐnoume ìti h {dn} eÐnai fjÐnousa akoloujÐa. IsqÔei epÐshc ìti gia |x| < 1

f(x) ≤ x2

3
+

x4

3
+

x6

3
+ · · · = x2

3

(
1 + x2 + x4 + · · ·

)
=

x2

3(1− x2)
.

Jètontac x = 1
2n+1 èqoume ìti

dn − dn+1 = f(
1

2n+ 1
) ≤ 1

3

1

(2n+ 1)2 − 1
=

1

12

1

(n+ 1)n
=

1

12

(
1

n
− 1

n+ 1

)
ap' ìpou sumperaÐnoume ìti

dn − 1

12n
≤ dn+1 −

1

12(n+ 1)
.
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Autì shmaÐnei ìti h akoloujÐa {dn − 1
12n} eÐnai aÔxousa kai epomènwc ìti

dn − 1

12n
≥ d1 −

1

12

 

dn ≥ d1 −
1

12
+

1

12n
≥ d1 −

1

12
∀n ∈ N.

H teleutaÐa aut  sqèsh mac deÐqnei ìti h {dn} eÐnai k�tw fragmènh kai epomènwc, afoÔ eÐnai fjÐ-
nousa, sugklÐnei, dhlad , gia k�poio C

dn = log
n!

nn+ 1
2 e−n

→ C ìtan n → ∞.

AfoÔ h ekjetik  sun�rthsh eÐnai suneq c autì shmaÐnei ìti

n!

nn+ 1
2 e−n

→ K ìtan n → ∞. (25)

ìpou K = eC eÐnai mia �gnwsth stajer�. Mènei mìno na upologÐsoume thn �gnwsth stajer� K.
Autì ja gÐnei sthn epìmenh par�grafo.

5 To ginìmeno tou Wallis

To ginìmeno tou Wallis eÐnai to ex c entupwsiakì apotèlesma (ìpwc diatup¸jhke apì ton Wallis
to 16??).

2 · 2 · 4 · 4 · 6 · 6 · 8 · 8 · 10 · 10 · · ·
1 · 3 · 3 · 5 · 5 · 7 · 7 · 9 · 9 · 11 · · ·

=
π

2

'Estw

In :=

∫ π/2

0
(sinx)ndx.

EÐnai eÔkolo na diapist¸soume ìti h akoloujÐa {In} eÐnai fjÐnousa afoÔ, gia x ∈ [0, π/2], 0 ≤
sinx ≤ 1 kai epomènwc (sinx)n ≥ (sinx)n+1 ≥ 0 apì to opoÐo blèpoume ìti

∫ π/2
0 (sinx)ndx ≥∫ π/2

0 (sinx)n+1dx ≥ 0.

I0 =

∫ π/2

0
(sinx)0dx =

π

2
(26)

I1 =

∫ π/2

0
sinxdx = cos 0− cosπ/2 = 1 (27)

In =

∫ π/2

0
(sinx)n−1 sinxdx =

∫ π/2

0
(sinx)n−1d cosx

= cosx sinx|π/20 − (n− 1)

∫ π/2

0
(cosx)2(sinx)n−2dx

= (n− 1)

(∫ π/2

0
(sinx)n−2dx−

∫ π/2

0
(sinx)ndx

)
= (n− 1)In−2 − (n− 1)In gia n ≥ 2.
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Apì thn sqèsh (28) èqoume nIn = (n− 1)In−2  

In =
n− 1

n
In−2, n = 2, 3, . . . . (28)

AfoÔ h {In} eÐnai fjÐnousa akoloujÐa èqoume ìti

I2n+2 ≤ I2n+1 ≤ I2n

 
In+2

In
≤ I2n+1

I2n
≤ 1. (29)

kai qrhsimopoi¸ntac thn (28) upì thn morf  I2n+2

I2n
= 2n+1

2n+2 paÐrnoume

2n+ 1

2n+ 2
≤ I2n+1

I2n
≤ 1.

Af nontac to n → ∞ sthn parap�nw sqèsh kai parathr¸ntac ìti 2n+1
2n+2 → 1 ìtan n → ∞ èqoume

lim
n→∞

I2n+1

I2n
= 1. (30)

Apì thn (28) lamb�nontac up' ìyin tic (26), (27), èqoume

I2 =
1

2

π

2

I4 =
1 · 3
2 · 4

π

2

I6 =
1 · 3 · 5
2 · 4 · 6

π

2
...

I2n =
1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · (2n)
π

2
=

1 · 2 · 3 · 4 · 5 · 6 · · · (2n− 1) · (2n)
(2 · 4 · 6 · · · (2n))2

π

2
=

(2n)!

4n(n!)2
π

2
. (31)

ParomoÐwc, èqoume

I3 =
2

3

I5 =
2 · 4
3 · 5

I7 =
2 · 4 · 6
3 · 5 · 7
...

I2n+1 =
2 · 4 · 6 · · · (2n)

3 · 5 · 7 · · · (2n+ 1)
=

(2 · 4 · 6 · · · (2n))2

(2 · 3 · 4 · 5 · 6 · 7 · · · (2n) · (2n+ 1))2
=

4n(n!)2

(2n+ 1)!
. (32)

Dedomènou ìti h tetragwnik  rÐza eÐnai suneq c sun�rthsh, apì thn (30) prokÔptei ìti√
I2n+1

I2n
→ 1 ìtan n → ∞. (33)
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Qrhsimopoi¸ntac thn (31) kai (32) sthn parap�nw sqèsh èqoume

Bn :=

√
4n(n!)2

(2n+ 1)!

4n(n!)2

(2n)!

2

π
=

√
2

(2n+ 1)π

4n(n!)2

(2n)!
→ 1 ìtan n → ∞. (34)

Ac jèsoume t¸ra g(n) = nn+ 1
2 e−n. Apì thn (25) èqoume n!/g(n) → K (kai paromoÐwc (2n)!/g(2n) →

K). ParathroÔme ìti isqÔei

(g(n))2

g(2n)
=

(
nn+ 1

2 e−n
)2

(2n)2n+
1
2 e−2n

= 4−n

√
n

2
. (35)

Xanagr�foume thn (34) wc

Bn := =

√
2

(2n+ 1)π

4n
(

n!
g(n)

)2
(2n)!
g(2n)

4−n

√
n

2
=

√
n

(2n+ 1)π

(
n!

g(n)

)2
(2n)!
g(2n)

.

ìpou sto dexÐ mèloc thc (34) qrhsimopoi same kai thn (35). An af soume t¸ra to n na p�ei sto
�peiro sthn parap�nw sqèsh èqoume

lim
n→∞

Bn = lim
n→∞

√
n

(2n+ 1)π
lim
n→∞

(
n!

g(n)

)2
(2n)!
g(2n)

=

√
1

2π

K2

K
= K

√
1

2π
.

Dedomènou ìmwc ìti apì thn (34) limn→∞Bn = 1, sumperaÐnoume ìti K =
√
2π.

6 To genikì diwnumikì je¸rhma

To genikì diwnumikì je¸rhma genikeÔei to diwnumikì je¸rhma tou Pascal, sÔmfwna me to opoÐo
(1 + x)n =

∑n
k=0

(
n
k

)
xk gia k�je x ∈ R kai n ∈ N, gia opoiond pote ekjèth stouc pragmatikoÔc.

Je¸rhma 2. An α ∈ R kai |x| < 1 tìte

(1 + x)α =

∞∑
n=0

(
α

n

)
xn (36)

ìpou o diwnumikìc suntelest c orÐzetai wc(
α

n

)
:=

α · (α− 1) · · · (α− n+ 1)

n!
, n = 0, 1, 2, . . . . (37)

('Otan n = 0
(
α
n

)
= 1, pou sumfwneÐ me ton parap�nw orismì mia kai to kenì ginìmeno, dhlad  to

ginìmeno pou den perièqei kanèna ìro isoÔtai ex orismoÔ me thn mon�da.)

9



ParathreÐste ìti, an α ∈ N tìte, gia n > α o diwnumikìc suntelest c mhdenÐzetai afoÔ
o arijmht c ja perièqei èna mhdenikì ìro. Sunep¸c to �peiro �jroisma sthn (36) ja eÐnai èna
peperasmèno �jroisma kai to genikì diwnumikì je¸rhma mac dÐnei to gnwstì diwnumikì je¸rhma tou
Pascal.

An jèsoume f(x) := (1+x)α tìte f ′(x) = α(1+x)α−1, f ′′(x) = α(α−1)(1+x)α−2, kai genik�,
f (n)(x) = α(α − 1) · · · (α − n+ 1)(1 + x)α−n gia k�je n ∈ N. Epomènwc, an to an�ptugma Taylor
sugklÐnei sthn sun�rthsh, an dhlad  to upìloipo Taylor teÐnei sto mhdèn ìtan n → ∞ mporoÔme
na gr�youme

f(x) =

∞∑
n=0

xn

n!
f (n)(0) =

∞∑
n=0

α(α− 1) · · · (α− n+ 1)

n!
xn.

Aut  h teleutaÐa èkfrash eÐnai akrib¸c h (36). AntÐ na apodeÐxoume ìti to upìloipo Taylor teÐnei
sto mhdèn ja d¸soume mia diaforetik  apìdeixh.

Apìdeixh. Ja xekin soume deÐqnontac ìti h �peirh seir� sthn (36) sugklÐnei gia k�je |x| < 1.
SÔmfwna me to krit rio tou lìgou exet�zoume thn apìluth tim  tou lìgou dÔo diadoqik¸n ìrwn
thc seir�c (mia kai oi ìroi den eÐnai upoqrewtik� jetikoÐ). 'Eqoume∣∣∣( α

n+1

)
xn+1

∣∣∣∣∣(α
n

)
xn
∣∣ =

|α · (α− 1) · · · (α− n+ 1)(α− n)|
(n+ 1)!

n!

|α · (α− 1) · · · (α− n+ 1)|
n!

|x|n+1

|x|n

=
|α− n+ 1|

n+ 1
|x|.

H seir� ja sugklÐnei an

lim
n→∞

|α− n+ 1|
n+ 1

|x| = |x| < 1,

to opoÐo apoteleÐ upìjesh tou jewr matoc.

Dedomènou ìti h seir� sugklÐnei gia k�je |x| < 1 ìpwc mìlic apodeÐxame orÐzoume thn sun�rthsh
g(x) := (1 + x)−α

∑∞
n=0

(
α
n

)
xn. Ja deÐxoume ìti g(x) = 1 gia k�je |x| < 1. 'Opwc èqoume anafèrei

mporoÔme na paragwgÐsoume mia dunamoseir� pou sugklÐnei ìro proc ìro. Sunep¸c èqoume

g′(x) = −α(1 + x)−α−1
∞∑
n=0

(
α

n

)
xn + (1 + x)−α

∞∑
n=0

(
α

n

)
nxn−1

= α(1 + x)−α−1

(
−α

∞∑
n=0

(
α

n

)
xn + (1 + x)

∞∑
n=0

(
α

n

)
nxn−1

)

= α(1 + x)−α−1

(
−α

∞∑
n=0

(
α

n

)
xn +

∞∑
n=0

(
α

n

)
nxn−1 +

∞∑
n=0

(
α

n

)
nxn

)

= α(1 + x)−α−1

(
−α

∞∑
n=0

(
α

n

)
xn +

∞∑
n=0

(
α

n+ 1

)
(n+ 1)xn +

∞∑
n=0

(
α

n

)
nxn

)

= α(1 + x)−α−1
∞∑
n=0

xn
(
−α

(
α

n

)
+ (n+ 1)

(
α

n+ 1

)
+

(
α

n

)
n

)
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Ac exet�soume ton ìro mèsa sthn parènjesh sto teleutaÐo mèroc thc parap�nw exÐswshc. EÐnai

(n− α)

(
α

n

)
+ (n+ 1)

(
α

n+ 1

)
= (n− α)

α(α− 1) · · · (α− n+ 1)

n!

+(n+ 1)
α(α− 1) · · · (α− n+ 1)(α− n)

(n+ 1)!
= 0.

Sunep¸c g′(x) = 0 tautotik� sto di�sthma (−1, 1) kai kat� sunèpeia g(x) = C. Prokeimènou na
prosdiorÐsoume thn �gnwsth stajer� parathroÔme ìti g(0) = 1 kai sunep¸c g(x) ≡ 1.

7 To je¸rhma tou Taylor

SÔmfwna me to je¸rhma thc mèshc tim c, an f eÐnai mia sun�rthsh suneq¸c paragwgÐsimh sto
di�sthma [a, b] tìte up�rqei c ∈ [a, b] tètoio ¸ste

f(b)− f(a)

b− a
= f ′(c).

'Amesh sunèpeia tou gegonìtoc autoÔ eÐnai ìti

f(x) = f(a) + (x− a)f ′(ξ)

gia k�je x ∈ [a, b] ìpou, fusik�, to ξ exart�tai apì to x kai an kei sto [a, x]. To Je¸rhma tou
Taylor eÐnai mia genÐkeush aut c thc prìtashc.

Orismìc 1. 'Estw mia sun�rthsh f , h opoÐa èqei parag ģouc t�xhc n sto shmeÐo a ∈ R. To
polu¸numo Taylor bajmoÔ n thc f sto shmeÐo a orÐzetai wc

Tn(x) =
n∑

k=0

1

k!
f (k)(a)(x−a)k = f(a)+f ′(a)(x−a)+

1

2
f ′′(a)(x−a)2+· · ·+ 1

n!
f (n)(a)(x−a)n. (38)

ParathreÐste ìti to Tn(x) èqei tic Ðdiec parag¸gouc (mèqri thn t�xh n) sto a:

f (k)(a) = T (k)
n (a), k = 0, 1, 2, . . . , n (39)

To polu¸numo tou Taylor proseggÐzei thn sun�rthsh f se mia perioq  tou a kai h prosèggish eÐnai
tìso pio ikanopoihtik  ìso megalÔteroc eÐnai o bajmìc tou poluwnÔmou kai ìso plhsièstera eÐnai
to x sto a. To sf�lma thc prosèggishc dÐdetai apì to akìloujo je¸rhma.

Je¸rhma 3 (Je¸rhma Taylor me upìloipo). 'Estw f pragmatik  sun�rthsh sto [a, b] h opoÐa
eÐnai n forèc suneq¸c paragwgÐsimh sto di�sthma autì kai h opoÐa èqei par�gwgo t�xhc n+ 1 gia
k�je x ∈ (a, b). Tìte gia k�je x ∈ [a, b]

f(x) =
n∑

k=0

1

k!
f (k)(a)(x− a)k +Rn+1(x, ξ) (40)
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ìpou h sun�rthsh Rn+1(x, ξ) onom�zetai upìloipo Lagrange kai dÐdetai apì thn sqèsh

Rn+1(x, ξ) =
1

(n+ 1)!
f (n+1)(ξ)(x− a)n+1. (41)

To shmeÐo ξ sto opoÐo upologÐzetai h par�gwgoc t�xhc n + 1 exart�tai apì to x kai an kei sto
di�sthma [a, x].

Apìdeixh. 'Estw Tn(x) =
∑n

k=0
1
k!f

(k)(a)(x − a)k kai, gia k�poio tuqìn x ∈ [a, b] ac orÐsoume thn
posìthta

m :=
f(x)− T (x)

(x− a)n+1
. (42)

ArkeÐ na apodeÐxoume ìti up�rqei ξ ∈ [a, x] tètoio ¸ste

f (n+1)(ξ) = (n+ 1)!m. (43)

(Pr�gmati, an antikatast sete sthn (42) blèpete ìti autì isodunameÐ me thn prìtash pou jèloume
na apodeÐxoume.) OrÐzoume t¸ra thn sun�rthsh

g(t) = f(t)− Tn(t)−m(t− a)n+1, t ∈ [a, x].

ParathreÐste ìti T
(n+1)
n (t) ≡ 0 (afoÔ to Tn eÐnai polu¸numo bajmoÔ to polÔ n) kai epomènwc

g(n+1)(t) = f (n+1)(t)−m(n+ 1)!.

An deÐxoume ìti gia k�poio ξ ∈ [a, x] g(n+1)(ξ) = 0 tìte, antikajist¸ntac sthn parap�nw exÐswsh,
blèpoume ìti ja isqÔei h (43) kai epomènwc ja èqoume apodeÐxei to je¸rhma. ParagwgÐzontac thn
g(t) k forèc (wc proc t) èqoume

g(k)(t) = f (k)(t)− T (k)
n (t)−m(n+ 1)n(n− 1) · · · (n− k + 2)(t− a)n+1−k

kai, lamb�nontac up' ìyin thn (39) èqoume ìti

g(a) = g′(a) = g′′(a) = · · · = g(n)(a) = 0. (44)

Apì ton orismì tou m isqÔei epÐshc ìti g(x) = 0. AfoÔ g(a) = g(x) = 0, apì to je¸rhma tou Rolle
sumperaÐnoume ìti up�rqei x1 ∈ [a, x] tètoio ¸ste g′(x1) = 0. AfoÔ g′(a) = g′(x1) = 0 p�li apì
to je¸rhma tou Rolle sumperaÐnoume ìti up�rqei x2 ∈ [a, x1] tètoio ¸ste g′′(x2) = 0. H diadikasÐa
epanalamb�netai kai ètsi prosdiorÐzoume arijmoÔc x ≥ x1 ≥ x2 ≥ x3 ≥ · · · ≥ xn+1 ≥ a. Gia ton xk
isqÔei ìti g(k) = 0. Mac endiafèrei o teleutaÐoc ap' autoÔc, o xn+1 = ξ, gia ton opoÐo isqÔei ìti
g(n+1)(ξ) = 0. Autì sumplhr¸nei thn apìdeixh.

Je¸rhma 4. Enallaktik�, k�nontac thn epiplèon upìjesh ìti h par�gwgoc t�xhc n+ 1 eÐnai kai
aut  suneq c, to upìloipo Rn+1(x) sto je¸rhma tou Taylor mporeÐ na grafeÐ se oloklhrwtikh
morf  wc

Rn+1(x) =
1

n!

∫ x

a
f (n+1)(t)(x− t)ndt (45)
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Apìdeixh. Par' ìti den eÐnai anagkaÐo gia na apodeÐxoume to je¸rhma, ja k�noume prokeimènou na
dieukolÔnoume thn apìdeixh. H epiplèon upìjesh den ja mac periorÐsei pragmatik� giatÐ ikanopoieÐtai
se ìlec tic endiafèrousec peript¸seic pou ja doÔme. Xekin�me me to Jemeli¸dec Je¸rhma tou
OloklhrwtikoÔ LogismoÔ:

f(x)− f(a) =

∫ x

a
f ′(t)dt. (46)

Gr�foume to olokl rwma sto dexÐ mèloc wc

−
∫ x

a
f ′(t)d(x− t) = − f ′(t)(x− t)

∣∣x
a
+

∫ x

a
(x− t)f ′′(t)dt = f ′(a)(x− a) +

∫ x

a
(x− a)f ′′(t)dt

ìpou oloklhr¸same kat� par�gontec. Antikajist¸ntac sthn (46) paÐrnoume

f(x)− f(a)− f ′(a)(x− a) =

∫ x

0
f ′′(t)(x− t)dt. (47)

H diadikasÐa aut  mporeÐ na suneqisteÐ. Oloklhr¸nontac p�li kat� par�gontec, to olokl rwma
sto dexÐ mèloc thc (47) gr�fetai wc

−1

2

∫ x

a
f ′′(t)d(x− t)2 = −1

2

(
f ′′(t)(x− t)2

∣∣x
a
+

∫ x

a
(x− t)2f ′′′(t)dt

)
=

1

2
f ′′(a)(x− a)2 +

∫ x

a
(x− t)2f ′′′(t)dt

kai antikajist¸ntac sthn (47) paÐrnoume

f(x)− f(a)− f ′(a)(x− a)− 1

2
f ′′(a)(x− a)2 =

1

2

∫ x

a
f ′′′(t)(x− t)2dt. (48)

H diadikasÐa èqei gÐnei pia faner . Me ton Ðdio trìpo èqoume ìti∫ x

a
f ′′′(t)(x− t)2dt =

1

3
f ′′′(a)(x− a)3 +

1

3

∫ x

a
f (4)(t)(x− t)3dt

kai antikajist¸ntac sthn (48) paÐrnoume

f(x)− f(a)− f ′(a)(x− a)− 1

2
f ′′(a)(x− a)2 − 1

3!
f ′′′(a)(x− a)3 =

1

3!

∫ x

a
f (4)(t)(x− t)3dt. (49)

Epagwgik�, mporoÔme na apodeÐxoume ìti

f(x)−
n∑

k=0

1

k!
f (k)(a)(x− a)k =

1

n!

∫ x

a
f (n+1)(t)(x− t)ndt. (50)

Autì apodeiknÔei to je¸rhma tou Taylor me oloklhrwtikì upìloipo.

Orismìc 2. 'Estw mia sun�rthsh f , h opoÐa èqei parag ģouc ìlwn twn taxewn sto shmeÐo a ∈ R.
H seir� Taylor thc f sto shmeÐo a orÐzetai wc

T (x) =

∞∑
k=0

1

k!
f (k)(a)(x−a)k = f(a)+f ′(a)(x−a)+

1

2
f ′′(a)(x−a)2+

1

3!
f ′′′(a)(x−a)3+ · · · . (51)

To an�ptugma Taylor gia a = 0 suqn� onom�zetai an�ptugma Maclaurin.
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Sq ma 1: Prosèggish thc sun�rthshc sinx me diadoqik� polu¸numa Taylor. H maÔrh kampÔlh
eÐnai to hmÐtono. H kìkkinh gramm , to polu¸numo Taylor pr¸tou bajmoÔ, T1(x) = x. H pr�sinh
kampÔlh eÐnai to polu¸numo Taylor trÐtou bajmoÔ, T3(x) = x− 1

6x
3. ParathreÐste ìti ta diadoqik�

polu¸numa dÐnoun polÔ kalèc proseggÐseic kont� sto 0, ìmwc ìla teÐnoun sto �peiro gia meg�lec
timèc tou x en¸ h sinx paramènei bebaÐwc fragmènh. (Eikìna apì thn Wikipedia.)

8 ParadeÐgmata

1. 'Estw f(x) = x3 + 2x2 + 3x+ 1. Ta polu¸numa Taylor sto 0 eÐnai

T1(x) = f(0) + xf ′(0) = 1 + 3x,

T2(x) = f(0) + xf ′(0) +
1

2
x2f ′′(0) = 1 + 3x+ 2x2,

T3(x) = f(0) + xf ′(0) +
1

2
x2f ′′(0) +

1

3!
x3f ′′′(0) = 1 + 3x+ 2x2 + x3 = f(x)

Tn(x) = f(x) gia k�je n ≥ 4.

2. 'Estw f(x) = ex. IsqÔei ìti f (n)(x) = ex gia k�je n ∈ N. To polu¸numo Taylor sto 0 eÐnai
to

Tn(x) = 1 + x+
1

2!
x2 +

1

3!
x3 + · · ·+ 1

n!
xn.

To upìloipo dÐdetai apì thn

Rn+1(x) =
eξ

(n+ 1)!
xn+1, ξ ∈ [0, x].

3. 'Estw f(x) = sinx. 'Eqoume f(0) = 0, f ′(0) = 1, f ′′(0) = 0, f ′′′(0) = −1, f (4)(0) = 0,
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k.o.k. Sunep¸c

T2n+1(x) = x− x3

3!
+

x5

5!
− x7

7!
+ · · ·+ (−1)n

x2n+1

(2n+ 1)!
kai

R2n+2(x) =
sin(2n+2)(ξ)

(2n+ 2)!
x2n+2, ξ ∈ [0, x].

4. 'Estw f(x) = cosx. 'Eqoume f(0) = 1, f ′(0) = 0, f ′′(0) = −1, f ′′′(0) = 0, f (4)(0) = 1,
k.o.k. Sunep¸c

T2n(x) = 1− x2

2!
+

x4

4!
− x6

6!
+ · · ·+ (−1)n

x2n

(2n)!
kai

R2n+1(x) =
cos(2n+1)(ξ)

(2n+ 1)!
x2n+1, ξ ∈ [0, x].

5. 'Estw f(x) = log(1 + x). 'Eqoume f ′(x) = 1
1+x , f

′′(x) = − 1
(1+x)2

kai genik� f (n)(x) =

(−1)n−1 (n−1)!
(1+x)n . Sunep¸c

Tn(x) = x− x2

2
+

x3

3
− x4

4!
+ · · ·+ (−1)n−1x

n

n

kai

Rn+1(x) =
(−1)n

(n+ 1)(1 + ξ)n
xn+1, ξ ∈ [0, x].

6. 'Estw f(x) = (1+ x)α me α ∈ R. ParagwgÐzontac blèpoume ìti f (n)(x) = α(α− 1) · · · (α−
n+ 1)(1 + x)α−n. ParathreÐste ìti an α ∈ N gia n = α+ 1 h par�gwgoc mhdenÐzetai. Sunep¸c

Tn(x) = 1+αx+
α(α− 1)

2
x2+

α(α− 1)(α− 2)

3!
+ · · ·+ α(α− 1) · · · (α− n+ 1)

n!
xn =

n∑
k=0

(
α

k

)
xk.

To upìloipo eÐnai

Rn+1(x) =
α(α− 1) · · · (α− n+ 1)(α− n)

(n+ 1)!
(1+ξ)α−n−1xn+1 =

(
α

n+ 1

)
(1+ξ)α−n−1xn+1, ξ ∈ [0, x].

9 AnaptÔgmata Taylor merik¸n gnwst¸n sunart sewn

Oi sunart seic uperbolikì hmÐtono kai sunhmÐtono dÐdontai apì tic sqèseic

sinhx =
ex − e−x

2
, (52)

coshx =
ex − e−x

2
. (53)
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Sq ma 2: Prosèggish thc sun�rthshc log(1 + x) me diadoqik� polu¸numa Taylor.

Lamb�nontac up' ìyin ìti

ex = 1 +
x

1!
+

x2

2!
+

x3

3!
+

x4

4!
+

x5

5!
· · · ,

e−x = 1− x

1!
+

x2

2!
− x3

3!
+

x4

4!
− x5

5!
· · · ,

an prosjèsoume kai afairèsoume kat� mèlh paÐrnoume

sinhx =
x

1!
+

x3

3!
+

x5

5!
+

x6

6!
· · · (54)

coshx = 1 +
x2

2!
+

x4

4!
+

x6

6!
· · · (55)

Prokeimènou na broÔme to an�ptugma Taylor thc sun�rthshc arcsinx parathroÔme ìti

(arcsinx)′ =
1√

1− x2
= (1− x2)−

1
2 =

∞∑
n=0

(
−1

2

n

)
(−1)nx2n, (56)

ìpou, to an�ptugma se seir� prokÔptei apì to diwnumikì je¸rhma. Gia tuqìn n ∈ N èqoume ìti(
−1

2

k

)
=

(−1
2)(−

1
2 − 1) · · · (−1

2 − n+ 1)

n!
= (−1)n

1 · 3 · 5 · · · (2n− 1)

2nn!
= (−1)n

(2n)!

22n(n!)2
. (57)

An g(x) := (1− x2)−
1
2 tìte apì ta parap�nw prokÔptei ìti g(x) =

∑∞
n=0

1
(2n)!

(
((2n)!)2

4n(n!)2

)
x2n. Autì

shmaÐnei, dedomènou tou anaptÔgmatoc Taylor g(x) =
∑∞

n=0
1
n!g

(n)(0). Sunep¸c, lìgw thc (56),

arcsin(2n)(0) = 0, arcsin(2n+1)(0) = g(2n)(0) =
((2n)!)2

4n(n!)2
, , n = 0, 1, 2, . . . .
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Apì thn parap�nw sqèsh èqoume

arcsinx =

∞∑
n=0

1

(2n+ 1)!

((2n)!)2

4n(n!)2
x2n =

∞∑
n=0

1

(2n+ 1)4n

(
2n

n

)
x2n+1.

Me ton Ðdio trìpo, dedomènou ìti (arctanx)′ = 1
1+x2 , douleÔontac me ton Ðdio trìpo, blèpoume

ìti

arctanx = x− x3

3
+

x5

5
− x7

7
+ · · · .
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