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1 'Apeirec Seirèc: Pr¸tec ènnoiec

Orismìc 1. 'Estw {an} mia akoloujÐa pragmatik¸n arijm¸n. H akoloujÐa {sn} pou orÐzetai wc

s1 = a1, s2 = a1 + a2 kai genik� sn = a1 + a2 + · · ·+ an onom�zetai �peirh seir� kai sumbolÐzetai

wc

a1 + a2 + a3 + · · ·
 

∞∑
n=1

an.

An up�rqei pragmatikìc arijmìc s tètoioc ¸ste sn → s ja lème ìti h seir� sugklÐnei ston s   ìti

to �jroisma thc seir�c eÐnai s kai ja gr�foume
∑∞

n=1 an = s. An h {sn} apoklÐnei ja lème ìti h

seir�
∑∞

n=1 an apoklÐnei.

Par�deigma 1. 'Estw a ∈ R me |a| < 1. H seir�
∑∞

n=1 a
n−1 sugklÐnei diìti sn = 1 + a + a2 +

a3 + · · · an−1 = 1−an
1−a kai epomènwc sn → s := 1

1−a ìtan n→∞.

Par�deigma 2. H armonik  seir�
∑∞

n=1
1
n apoklÐnei sto +∞. Pr�gmati, eÐnai safèc ìti h

akoloujÐa twn merik¸n ajroism�twn, sn = 1+ 1
2 + · · ·+

1
n eÐnai aÔxousa kai, ìpwc ja doÔme, teÐnei

sto �peiro. Jewr¸ thn s2n gia thn opoÐa isqÔei ìti

s2n = 1 +
1

2
+

1

3
+

1

4︸ ︷︷ ︸
≥ 2× 1

4

+
1

5
+

1

6
+

1

7
+

1

8︸ ︷︷ ︸
≥ 4× 1

8

+ · · ·+ 1

2n−1 + 1
+

1

2n−1 + 2
+ · · ·+ 1

2n︸ ︷︷ ︸
≥ 2n−1× 1

2n

≥ 1 +
1

2
+

1

2
+ · · ·+ 1

2︸ ︷︷ ︸
n ìroi

= 1 +
n

2
.

Sunep¸c s2n → ∞ ìtan n → ∞. EÐnai eÔkolo na dei kaneÐc ìti autì sunep�getai sn → ∞ ìtan
n→∞.

Par�deigma 3. H seir�
∑∞

n=1
1
nα sugklÐnei gia k�je α > 1. Pr�gmati, dedomènou ìti ìloi oi

ìroi pou ajroÐzoume eÐnai jetikoÐ, kai epeid  2n ≥ n+ 1 gia k�je n ∈ N, isqÔei ìti

sn ≤ s2n−1 = 1 +
1

2α
+

1

3α︸ ︷︷ ︸
≤ 2× 1

2α

+
1

4α
+

1

5α
+

1

6α
+

1

7α︸ ︷︷ ︸
≤ 4× 1

4α

+ · · ·+ 1

(2n−1)α
+

1

(2n−1 + 1)α
+ · · ·+ 1

(2n − 1)α︸ ︷︷ ︸
≤ 2n−1× 1

(2α)n−1

≤ 1 +
1

2α−1
+

1

(2α−1)2
+ · · ·+ 1

(2α−1)n−1
=

1−
(

1
2α−1

)n−1
1− 1

2α−1

≤ 1

1− 1
2α−1

.

H teleutaÐa anisìthta ofeÐletai sto gegonìc ìti, afoÔ α − 1 > 0, 1
2α−1 < 1. Epomènwc, èqoume

deÐxei ìti h {sn} eÐnai fragmènh, kai afoÔ asfal¸c eÐnai kai aÔxousa, sugklÐnei.

1



Je¸rhma 1. 'Estw
∑∞

n=1 an,
∑∞

n=1 bn sugklÐnousec �peirec seirèc kai α, β ∈ R. Tìte oi seir�∑∞
n=1(αan + βbn) epÐshc sugklÐnei kai

∞∑
n=1

(αan + βbn) = α
∞∑
n=1

an + β
∞∑
n=1

bn.

Apìdeixh. An sn = a1+· · ·+an kai tn = b1+· · ·+bn tìte h rn := αsn+βtn eÐnai h akoloujÐa merik¸n
ajroism�twn thc seir�c

∑∞
n=1(αan+βbn). IsqÔei bebaÐwc ìti limn rn = α limn sn+β limn tn lìgw

tou antistoÐqou jewr matoc gia tic akoloujÐec kai autì apodeiknÔei thn prìtash.

Pìrisma 1. An h
∑∞

n=1 an sugklÐnei kai h
∑∞

n=1 bn apoklÐnei tìte h
∑∞

n=1(an + bn) apoklÐnei.

An h
∑∞

n=1 an kai h
∑∞

n=1 bn apoklÐnei tìte den mporoÔme na apofanjoÔme gia to �jroism�
touc. Gia par�deigma exet�ste thn perÐptwsh an = 1

2n + 1 kai bn = −1.

Je¸rhma 2. An h seir�
∑∞

n=1 an sugklÐnei tìte an → 0.

Apìdeixh. An h seir� sugklÐnei tìte limn→∞ sn = s = limn→∞ sn−1. Sunep¸c èqoume 0 =
limn→∞ sn − limn→∞ sn−1 = limn→∞(sn − sn−1) = limn→∞ an.

2 Thleskopikèc Seirèc

To �jroisma
∑n

k=1(bk − bk+1) = b1 − bn+1 onom�zetai thleskopikì.

Je¸rhma 3. An an = bn− bn+1 tìte h seir�
∑∞

n=1 an sugklÐnei an kai mìno an h akoloujÐa {bn}
sugklÐnei. Tìte èqoume

∑∞
n=1 an = b1 − L ìpou L = limn→∞ bn.

Apìdeixh. 'Eqoume sn =
∑n

k=1(bk − bk+1) = b1 − bn+1. To sumpèrasma tou jewr matoc prokÔptei
an af soume n→∞.

Par�deigma 4. H seir�
∑∞

n=1
1

n2+n
eÐnai thleskopik  kai èqei �jroisma 1. Pr�gmati, eÐnai

an = 1
n(n+1) =

1
n −

1
n+1 . Epomènwc èqoume bn = 1

n → 0, b1 = 1, kai

∞∑
n=1

1

n(n+ 1)
=

1

1 · 2
+

1

2 · 3
+

1

3 · 4
+

1

4 · 5
+ · · · = 1.

Par�deigma 5. 'Estw x pragmatikìc arijmìc pou den an kei sto sÔnolo twn arnhtik¸n aker-
aÐwn {−1,−2,−3, . . .}. H seir�

∑∞
n=1

1
(n+x)(n+x+1)(n+x+2) eÐnai thleskopik  kai sugklÐnei. Pr�g-

mati, an = 1
(n+x)(n+x+1)(n+x+2) = 1

2

(
1

(n+x)(n+x+1) −
1

(n+x+1)(n+x+2)

)
. Epomènwc èqoume bn =

1
2(n+x)(n+x+1) → 0, b1 =

1
2(x+1)(x+2) , kai

∞∑
n=1

1

(n+ x)(n+ x+ 1)(n+ x+ 2)
=

1

2(x+ 1)(x+ 2)
.

Par�deigma 6. H seir�
∑∞

n=1 log
n
n+1 eÐnai thleskopik  me bn = log n. H seir� aut  den sugklÐnei

afoÔ bn →∞.
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3 Enall�ssousec seirèc

Orismìc 2. An h akoloujÐa an èqei jetikoÔc ìrouc, h seir�
∑∞

n=1(−1)n−1an onom�zetai enal-
l�ssousa.

Je¸rhma 4 (Krit rio tou Leibniz). An h {an} eÐnai jetik , fjÐnousa kai sugklÐnei sto mhdèn,

tìte h enall�ssousa seir�
∑∞

n=1(−1)n−1an sugklÐnei. An S sumbolÐzei to �jroism� thc tìte

0 < (−1)n(S − sn) < an+1 ∀n. (1)

Apìdeixh. H upakoloujÐa {s2n} eÐnai aÔxousa afoÔ s2n+2 − s2n = a2n+1 − a2n+2 > 0. ParomoÐwc,
h {s2n+1} eÐnai fjÐnousa epeid  s2n+1 − s2n−1 = a2n+1 − a2n < 0. IsqÔei ìmwc ìti

s2n = a1 + (−a2 + a3) + · · ·+ (−a2n−2 + a2n−1)− a2n < a1 = s1

kai
s2n+1 = a1 − a2 + (a3 − a4) + · · ·+ (a2n−1 − a2n) + a2n+1 > a1 − a2 = s2.

'Ara h s2n+1 eÐnai fjÐnousa kai k�tw fragmènh kai epomènwc sugklÐnei: s2n+1 → S′. ParomoÐwc, h
s2n eÐnai aÔxousa kai �nw fragmènh kai epÐshc sugklÐnei: s2n → S′′. IsqÔei epÐshc ìti

S′ − S′′ = lim
n→∞

s2n+1 − lim
n→∞

s2n = lim
n→∞

(s2n+1 − s2n) = lim
n→∞

a2n+1 = 0.

'Eqoume sunep¸c deÐxei ìti h enall�ssousa seir� sugklÐnei se èna pragmatikì arijmì S pou isoÔtai
me to koinì ìrio twn dÔo upakolouji¸n.

Gia na deÐxoume t¸ra thn anisìthta (1) parathroÔme ìti

s2n < s2n+2 < S < s2n+1 < s2n−1.

Sunep¸c

0 < S − s2n < s2n+1 − s2n = a2n+1

0 < s2n−1 − S < s2n−1 − s2n = a2n.
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