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1 AkoloujÐec pragmatik¸n arijm¸n

Ja onom�zoume akoloujÐa pragmatik¸n arijm¸n opoiad pote monos manth apeikìnish apì
touc fusikoÔc stouc pragmatikoÔc arijmoÔc, f : N→ R. Sun jwc sumbolÐzoume touc ìrouc
miac akoloujÐac wc a1, a2, a3, . . ., ton genikì ìro wc an, kai thn Ðdia thn akoloujÐa wc
{an;n ∈ N},   apl� {an}. ParadeÐgmata akolouji¸n eÐnai oi

an =
1

n
, an = (−1)n, an =

1

nk
ìpou k ∈ N, an =

2n2 + 3n+ 1

3n2 + 2n+ 5
.

S' aut� ta paradeÐgmata o genikìc ìroc thc akoloujÐac prosdiorÐzetai apì mia algebrik 
èkfrash tou fusikoÔ n. Se pollèc peript¸seic ìmwc oi ìroi thc akoloujÐac mporoÔn na
prosdioristoÔn me diaforetikì trìpo.

Gia par�deigma, suqn� prosdiorÐzoume touc ìrouc thc akoloujÐac b�sei enìc anadromikoÔ
orismoÔ: 'Estw mia sun�rthsh f : R → R mia pragmatik  sun�rthsh kai r ∈ R. Tìte h
anadromik  sqèsh

a1 = r

an+1 = f(an), n = 1, 2, 3, . . .

prodiorÐzei mia pragmatik  akoloujÐa. 'Etsi, an r = 1 kai f(x) = 1
2

(
x+ 2

x

)
, h h anadromik 

sqèsh pou prosdiorÐzei thn akoloujÐa eÐnai h

a1 = 1

an+1 =
1

2

(
an +

2

an

)
, n = 1, 2, 3, . . .

Oi 5 pr¸toi ìroi thc akoloujÐac aut c paratÐjentai ston akìloujo pÐnaka (se dekadik  morf 
me akrÐbeia 8 dekadik¸n yhfÐwn)

a1 1
a2 1.5
a3 1.41666667
a4 1.41421569
a5 1.41421356

Poll� praktik� probl mata katal goun se anadromikoÔc orismoÔc kai den up�rqei lìgoc
na perioristoÔme sthn perÐptwsh pou k�je ìroc thc akoloujÐac prosdiorÐzetai san sun�rthsh
mìno tou prohgoumènou ìrou. Ja mporoÔse k�llista na prosdiorÐzetai san sun�rthsh twn
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dÔo prohgoumènwn ìrwn, twn tri¸n,   kai ìlwn twn prohgoumènwn ìrwn. EpÐshc suqn�
epilègoume h arÐjmhsh twn ìrwn thc akoloujÐac na xekin� apì to 0 kai ìqi apì to 1, oi ìroi
thc akoloujÐac dhlad  na eÐnai oi a0, a1, a2, klp.

AkoloujÐa Fibonacci. Estw f0 = 1, f1 = 1, kai

fn = fn−1 + fn−2, n = 2, 3, 4, . . . . (1)

EÐnai profanèc apì ton anwtèrw orismì ìti ìloi oi ìroi thc akoloujÐac eÐnai fusikoÐ. Oi
pr¸toi 36 ìroi dÐdontai ston parak�tw pÐnaka.

f0 f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12 f13 f14 f15 f16

0 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610 987

f17 f18 f19 f20 f21 f22 f23 f24 f25 f26 f27

2,584 4,181 6,765 10,946 17,711 28,657 46,368 75,025 121,393 196,418 317,811

f28 f29 f30 f31 f32 f33 f34 f35 f36

514,229 832,040 1,346,269 2,178,309 3,524,578 5,702,887 9,227,465 14,930,352 24,157,817

Oi arijmoÐ autoÐ onom�zontai arijmoÐ tou Fibonacci kai, ìpwc parathroÔme aux�nontai me
meg�lh taqÔthta.

Orismìc 1. H akoloujÐa {an} ja onom�zetai aÔxousa an an+1 ≥ an gia k�je n ∈ N . An
an+1 > an tìte ja onom�zetai gnhsÐwc aÔxousa. Sthn perÐptwsh pou an+1 ≤ an   an+1 < an
oi antÐstoiqoi ìroi gia tic akoloujÐec eÐnai �fjÐnousa� kai �gnhsÐwc fjÐnousa�.

Orismìc 2. H akoloujÐa {an} ja onom�zetai �nw fragmènh an up�rqei B > 0 tètoioc ¸ste
an ≤ B gia k�je n ∈ N . 'Omoia ja onom�zetai k�tw fragmènh �n up�rqei B > 0 tètoioc ¸ste
an ≥ −B gia k�je n ∈ N . Mia akoloujÐa pou eÐnai �nw kai k�tw fragmènh ja onom�zetai
fragmènh.

Par�deigma. H akoloujÐa { n
n+1} eÐnai fragmènh. H akoloujÐa {n2 + 2} eÐnai k�tw

fragmènh all� ìqi �nw fragmènh. H akoloujÐa {(−1)nn} den eÐnai oÔte �nw oÔte k�tw
fragmènh.

2 'Orio akoloujÐac

Orismìc 3. O pragmatikìc arijmìc L ja onom�zetai ìrio thc akoloujÐac {an} an gia k�je
ε > 0 up�rqei fusikìc n0 tètoioc ¸ste

|an − L| gia k�je n ≥ n0.

IsodÔnama, lème ìti h akoloujÐa {an} sugklÐnei sto L kai gr�foume sumbolik� an → L.

2



Par�deigma 1. H akoloujÐa {1/n} èqei ìrio to mhdèn. Gia na to diapist¸soume arkeÐ na
deÐxoume ìti gia opoiod pote ε mporoÔme na broÔme n0 ètsi ¸ste |1/n| < ε gia ìlouc touc
n ≥ n0. Ac dialèxoume n0 > 1/ε. Sunep¸c èqoume n ≥ n0 > 1/ε kai epomènwc 1

n ≤
1
n0
< ε.

Par�deigma 2. H akoloujÐa {2n2+1
n2+n

} sugklÐnei sto 2. Pr�gmati,
∣∣∣2n2+1
n2+n

− 2
∣∣∣ = ∣∣∣−2n+1

n2+n

∣∣∣ < 2
n .

Dedomènou opoioud pote arijmoÔ ε > 0, dialègoume n0 >
2
ε . 'Otan n ≥ n0,

∣∣∣2n2+1
n2+n

− 2
∣∣∣ <

2
n ≤

2
n0
< ε.

Orismìc 4. H akoloujÐa {an} tÐnei sto +∞ (suqn� qrhsimopoieÐtai kai o ìroc �apoklÐnei
sto +∞�   kai apl¸c apoklÐnei) an gia k�je B > 0 up�rqei fusikìc n0 tètoioc ¸ste an > B
gia k�je n ≥ n0.

'Omoia, h akoloujÐa {an} tÐnei sto −∞ an gia k�je B > 0 up�rqei fusikìc n0 tètoioc ¸ste
an < −B gia k�je n ≥ n0.

Par�deigma. H akoloujÐa { n2

n+5} tÐnei sto +∞ en¸ h {−n2+100n+221
n+1 } tÐnei sto −∞.

Je¸rhma 1. An mÐa akoloujÐa sugklÐnei se k�poio ìrio, tìte to ìrio autì eÐnai monadikì,
dhlad  den mporeÐ na up�rqoun dÔo diaforetikoÐ arijmoÐ, L kai L′ tètoioi ¸ste an → L kai
an → L′.

Apìdeixh. 'Estw ìti up�rqoun dÔo diaforetik� ìria kai, qwrÐc bl�bh thc genikìthtac, ac
jewr soume ìti L < L′ kai ac jèsoume δ = L′ − L > 0. 'Eqoume

|L′ − L| = |L′ − an − (L− an)| ≤ |an − L′| + |an − L| ∀ n ∈ N (2)

apì thn trigwnik  anisìthta. 'Estw 0 < ε < δ/4. Apì ton orismì thc sÔgklishc gia
arket� meg�la n ja isqÔoun oi anisìthtec |an − L′| < δ/4 kai |an − L| < δ/4. Sunep¸c,
antikajist¸ntac sthn (2) èqoume

δ = |L′ − L| < δ/4 + δ/4 = δ/2,

ìper �topon.

Je¸rhma 2. K�je sugklÐnousa akoloujÐa eÐnai fragmènh.

Apìdeixh. Estw ìti h an → L. Ja deÐxoume ìti up�rqei B > 0 tètoio ¸ste |an| ≤ B gia
k�je n ∈ N. Apì thn sÔgklish thc akoloujÐac sun�goume ìti up�rqei fusikìc n0 tètoioc
¸ste, gia k�je n ≥ n0, |an − L| < 1 to opoÐo sunep�getai |an| < |L|+ 1. Sunep¸c

|an| ≤ B := max{|a1|, |a2|, . . . , |an0−1|, |L|+ 1}, ∀ n ∈ N.
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Je¸rhma 3. Estw {an}, {bn} dÔo akoloujÐec tètoiec ¸ste an → L1, bn → L2. Tìte isqÔei
ìti

1. H akoloujÐa {an + bn} sugklÐnei sto L1 + L2.

2. H akoloujÐa {ran}, ìpou r ∈ R, sugklÐnei sto rL1.

3. H akoloujÐa {anbn} sugklÐnei sto L1L2.

4. H akoloujÐa {anbn } sugklÐnei sto
L1
L2

upì thn proôpìjesh ìti bn 6= 0 gia k�je n ∈ N kai
L2 6= 0.

Apìdeixh. 1. Prèpei na apodeÐxoume ìti gia k�je ε > 0 up�rqei n0 tètoio ¸ste |an + bn −
L1 + L2| < ε gia k�je n ≥ n0. 'Estw ε dedomèno. Apì thn sÔgklish an → L sumperaÐnoume
ìti up�rqei n1 tètoio ¸ste |an −L1| < ε/2 ìtan n ≥ n1. ParomoÐwc, up�rqei n2 tètoio ¸ste
|bn−L2| < ε/2 ìtan n ≥ n2. Ac dialèxoume n0 = max(n1, n2), dhlad  to megalÔtero metaxÔ
twn n1 kai n2. Apì thn trigwnik  idiìthta isqÔei ìmwc ìti

|an + bn − L1 + L2| ≤ |an − L1|+ |bn − L2|

kai gia n ≥ n0 èqoume

|an − L1| < ε/2 kai |bn − L2| < ε/2.

Antikajist¸ntac tic dÔo autèc anisìthtec sthn prohgoÔmenh èqoume ìti

|an + bn − L1 + L2| < ε/2 + ε/2 = ε ìtan n ≥ n0

kai h 1 èqei apodeiqjeÐ.

2. Mac dÐdetai ε > 0. Ef�oson an → L1, mporoÔme na dialèxoume n0 tètoio ¸ste |an−L1| <
ε
|r| gia k�je n ≥ n0. All�

|an − L1| <
ε

|r|
⇐⇒ |r||an − L1| < ε ⇐⇒ |ran − rL1| < ε.

3. Ef' ìson h {an} eÐnai sugklÐnousa, b�sei tou prohgoumènou jewr matoc up�rqei jetikìc
A tètoioc ¸ste |an| ≤ A gia k�je n ∈ N. Eqoume sunep¸c

|anbn − L1L2| = |anbn − anL2 + anL2 − L1L2| ≤ |anbn − anL2|+ |anL2 − L1L2|
= |an||bn − L2|+ |L2||an − L1|
≤ A|bn − L2|+ |L2||an − L1|. (3)

An dialèxoume n1 kai n2 ètsi ¸ste |an − L1| < ε/(2L2) ∀ n ≥ n1 kai |bn − L2| < ε/(2A)
∀ n ≥ n2 , tìte, gia k�je n ≥ n0 = max(n1, n2)

|anbn − L1L2| < A
ε

2A
+ L2

ε

2L2
= ε.

4



4. Pr¸ta ja deÐxoume ìti, afoÔ bn → L2 6= 0, up�rqei n3 tètoio ¸ste n ≥ n3 sunep�getai
ìti |bn| > |L2|/2. Autì alhjeÔei epeid  up�rqei n3 tètoio ¸ste |bn − L2| < |L2|/2. An mac

dojeÐ ε > 0 mporoÔme na dialèxoume n1 kai n2 ètsi ¸ste, ∀ n ≥ n1, |an − L1| < ε|L2|
4 kai

∀ n ≥ n2, |bn − L2| < ε|L2|2
4|L1| . Dialègontac n0 = max{n1, n2, n3} exasfalÐzoume ìti kai oi

treic proanaferjeÐsec sunj kec isqÔoun ìtan n ≥ n0.

Prosfafair¸ntac kai qrhsimopoi¸ntac thn trigwnik  anisìthta èqoume∣∣∣∣anbn − L1

L2

∣∣∣∣ =

∣∣∣∣anbn − L1

bn
+
L1

bn
− L1

L2

∣∣∣∣ ≤ ∣∣∣∣anbn − L1

bn

∣∣∣∣+ ∣∣∣∣L1

bn
− L1

L2

∣∣∣∣
=

1

|bn|
|an − L1|+

|L1|
|bn||L2|

|bn − L2|. (4)

'Otan n ≥ n0, qrhsimopoi¸ntac tic anisìthtec gia to |bn|, kai ta |an−L1| kai |bn−L2| èqoume∣∣∣∣anbn − L1

L2

∣∣∣∣ <
2

|L2|
ε|L2|
4

+
2|L1|
|L2|2

ε|L2|2

4|L1|
= ε.

3 UpakoloujÐec

Estw g : N→ N mÐa austhr¸c aÔxousa sun�rthsh apì touc fusikoÔc stouc fusikoÔc, dhlad 
tètoia ¸ste m < n⇒ g(m) < g(n), ∀m,n ∈ N . (Gia par�deigma oi sunart seic g(n) = n3

kai g(n) = 2n − 1 ikanopoioÔn tic parap�nw proôpojèseic mia kai eÐnai austhr¸c aÔxousec
me pedÐo tim¸n touc fusikoÔc en¸ h g(n) = n

n+1 den tic ikanopoieÐ diìti eÐnai men aÔxousa
all� den èqei wc pedÐo tim¸n touc fusikoÔc.) Estw {an} mia akoloujÐa rht¸n arijm¸n. H
sun�rthsh f : N→ R pou orÐzetai wc

f(n) = ag(n), n = 1, 2, 3, . . .

onom�zetai upakoloujÐa thc {an}.

Par�deigma 1. An h akoloujÐa {an} eÐnai h { 1n} kai g(n) = n2 tìte h upakoloujÐa pou
prokÔptei eÐnai h { 1

n2 }.

Enac isodÔnamoc trìpoc orismoÔ thc ènnoiac thc upakoloujÐac eÐnai na jewr soume mÐa
austhr¸c aÔxousa akoloujÐa fusik¸n arijm¸n, èstw {nk ; k = 1, 2, 3, . . .}, kai thn kainoÔrgia
akoloujÐa pou prokÔptei apì thn {an} an jewr soume mìnon touc ìrouc {ank

}. Gia par�-
deigma estw nk = fk, k = 1, 2, . . ., ìpou fk o k-ostìc arijmìc tou Fibonacci (exairoumènou
tou f0). An an = 1

n tìte h upakoloujÐa {ank
} eÐnai h

{
1, 13 ,

1
5 ,

1
8 ,

1
13 ,

1
21 . . .

}
.

Par�deigma 2. Estw h akoloujÐa

{an} =
{(
−1

2

)n}
= {−1

2 ,
1
22
, − 1

23
, 1

24
, − 1

25
, . . .}.
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Oi akoloujÐec {−1
2 , −

1
23
, − 1

25
, . . .} kai { 1

22
, 1

24
, 1

26
, . . .} eÐnai upakoloujÐec thc {an}.
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