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First-order Difference Equations
The general form is:

biy: + boy:—1 = g(t)

where g(t) is a known function. The solution of the homogeneous
equations byy; + boyr—1 = 0 is:

v =c(=N)"

where ¢ is an arbitrary constant and A = %.

Use the method of undetermined coefficients to find a particular
solution ;. The general solution equals the sum of the solutions of
the homogeneous and the non-homogeneous equation (the
particular solution):

Ye=yi + 5= (=N + 3t
In order to determine the arbitrary constant we need one additional

condition:
*

yve=y"  for t=t

*

where y* and t* are known values.



Polynomial guess
olve yy11 — by = 3t + 2 subject to yp =0

We will start by solving the homogeneous equation y;+1 —5y; =0
Let non-trivial solution y; = A" # 0 and substitute into the
homogeneous equation:

Virl =By =0= N1 _B5Af =0 &

AM(A=5)=0&A=5
Therefore, the solution of the homogeneous equation is:
yh = At = c5t

Next, we will solve the non-homogeneous equation by trying a
solution in the form of a first order polynomial guess function in t:

yi=at+p, yrp=a(t+1)+p

and will substitute for y; and y;11 into the original equation
leaving the RHS unchanged:



Polynomial guess

Yir1 —5yr =3t+2=a(t+1)+—-5(at+p)=3t+2<

at+a+pf—bat—-5=3t+2<

—4at -4 +a=3t+2

Equating coefficients on both sides yields a linear system in two
unknown parameters (the undetermined coefficients):

—4a=3 o a:—%

Therefore, the solution of the non-homogeneous equation is:

The general solution equals the sum of the solution of the
homogeneous and the non-homogeneous equation.



Polynomial guess

ve=yl+yp=

3 11
=ch'—"t—— Vvt
y: = ¢b 2 16 v

We may use the initial condition in order to determine the arbitrary
constant c in the general solution:

3 11
_ — ~0 _ “n_ =~
0=y=cbh 40 16 =
11
c=—
16
Therefore, the general solution equals:
1_, 3 11
=—5'——t—— Vt
ve=16> "2t 715 7

Since the characteristic root is A =5 > 0 and |\| > 1; the
movement will be monotonically divergent (from the long run
equilibrium) as t — co.



Exponential guess

Solve y; — 3y;—1 = 4" subject to yo = 0.

We will start by solving the homogeneous equation y; — 3y; 1 = 0.
Let non-trivial solution y; = A\! # 0 and substitute into the
homogeneous equation:

Vi—3y1=0=> A -3\1=0s

AN =3)=0s1=3
Therefore, the solution of the homogeneous equation is:
vl =c\=c3t

Since the characteristic root is A = 3 > 0 and |\| > 1; the
movement will be monotonically divergent as t — oo.

Next, we will solve the non-homogeneous equation by trying a
solution in the form of a first order exponential guess function in t:

Ve = a4t, Vi1 = a4t~ 1



Exponential guess

Substitute for y; and y;_1 into the original equation leaving the
RHS unchanged:

Ve —3yp1 =4 = a4t — 32471 =4t o

(a—3a471)4t =4t & a(1 - %)4t =4t o

1
a-4t =4t
4
Equating coefficients on both sides allows as to determine a:

a
—-=1l<a=4
1 a

Therefore, the solution of the non-homogeneous equation is:

,)_/t — 44t — 4t+1



Exponential guess

The general solution equals the sum of the solution of the
homogeneous and the non-homogeneous equation.

Ve=yl+7=
Yt = C3t + 4t+1 Vt

We may use the initial condition in order to determine the arbitrary
constant c in the general solution:

0=yo=c3"+4 <

c=—4

Therefore, the general solution equals:

Yt = —43t + 4t+1 =4

yr = 4(4F —3Y) vt



Trigonometric Formulas

cos(wt + w) = coswt cosw F sinwt sinw

sin(wt + w) = sinwt cosw =+ sinw coswt



Trigonometric guess

Solve yri11 + %yt = cos(%}) subject to yp = 0.

We will start by solving the homogeneous equation

Ye+1 + %)/t =0.

Let non-trivial solution y; = A" # 0 and substitute into the
homogeneous equation:

2 2 2 2
yt+1+‘§yt =0= Af+1+‘2[x =0« At()\+\2[) =0 \= _\Qf
Therefore, the solution of the homogeneous equation is:

V2
Y=\t = C(—j)t

Next, we will solve the non-homogeneous equation by trying a
solution in the form of a first order sinusoidal guess function in t:

yt = acos(wt) + [ sin(wt)

yey1 = acos(w(t + 1)) + Bsin(w(t + 1))



Trigonometric guess

ye+1 = a(cos(wt)cosw—sin(wt)sinw)—+/ (sin(wt)cosw—+sinw cos(wt))

= acos(wt)cosw — asin(wt)sinw + [3 sin(wt)cosw + [ sinw cos(wt)

and will substitute for y; and y;11 into the original equation
leaving the RHS unchanged:

\@ mt
— ¥+ = cos(—
Yer1 T =5yt ( 7 )
a cos(wt)cosw — asin(wt)sinw + f sin(wt)cosw + 3 sinw cos(wt) +

%[a cos(wt) 4 B sin(wt)] = cos(Zt) <

(a cosw+p sinw+a§)cos(wt)+(—a sinw+0 cosw—l—/o’?)sin(wt) = cos(%t)



Trigonometric guess

Equating coefficients and angles on both sides yields:

_
w=73

acosw—h@’sinw%—a?:l &
Bcosw—asinw—i—ﬁ% =0
w=7
; V2
acosy +fBsin7 +a% =1 5 &

3 cosy —asinﬁ—i-ﬁg =0

w_4 w:%
HrEtar =l fel a=2p
GGt A% =0 p=%



Trigonometric guess

Therefore, the solution of the non-homogeneous equation is:

2
Ve = \5f(2 cos( ) + sin(; 1))
So, the general solution equals:
—vh 5
i =Y: tye =

ve = c(— ‘2[) +\5[(2cos(4t)+sm(2t)) vt

We may use the initial condition in order to determine the arbitrary
constant c in the general solution:

0=yp=c(— \Zf) —i-\5[(2cos(4 )—I—sin(%O))(:)
0—c+2\5/§<:>c——2\56



Trigonometric guess

Therefore, the general solution equal:

Ye=— 2\5[( \2/) \f(2 OS(Z )—&—sin(%t)) vt



Second Order Difference Equations

Solve yrio — 4yri1 + 3yy = 5% subject to yp =1 and y; = 2.
Firstly consider the homogeneous equation:

Yer2 —4yer1 + 3y = 0.
Its characteristic equation is:

M —4\+3=0
Nt+ad+a,=0
ap = —4 ar =3
The necessary and sufficient conditions for stability, namely:
l+a+a>0

1—a >0
l1—a1+a>0

are not simultaneously satisfied.



Discriminant A>0

Moreover, since A = 4 > 0 and the coefficient of the characteristic
polynomial alternate in sign, the roots will be positive by
Descartes’ Theorem. Indeed:

4+/(-4)2-4-1-3
Az = 2-1
/\1 = 3, )\2 =1 Al ;ﬁ /\2 /\1,)\26Re

Therefore, the solution of the homogeneous equation is:
Y= AN 4+ AL = A3+ A

Next, consider the non-homogeneous equation
Ve+2 — 4yrr1 + 3y: = 5. Try an exponential guess function.

t t+1 t+2
yt:aS,yt+1:a5+,yt+2:a5+

Substituting in the non-homogeneous equation yields:

1
a5tt2 — 425t | 3a5F = 5t = 252 —20a4+3a=1<a= 3



Discriminant A>0

Therefore: 1
PS : yt=:§5f
GS: y;=A3"+ A+ éSt
Moreover:

1 7
lﬂ:m:1®m§+h+?%ﬂ®AﬁAF§

1 11
K2:mzZ@AﬁLh%+§§:2@3m+Af:§

Solving this linear system for Ajand A yields: A; = %, Ay = g

Therefore: 1 5 1
GS: =3t 4> 4 25t
e=3>"g"3

d i =
and fim_ye = +00



Discriminant A=0

Solve yt12 — 2yt+1 + yr = —6" + t assuming arbitrary initial
conditions.

Firstly consider the HE: y; 1> — 2y;11 + y: = 0. Its characteristic
equation is:

M2 +1=0(1-1)%>=0
Moreover A = 0 ,and
A = A = 1leRe with m=2

where m indicates the multiplicity of the real repeated root.
Hence, the solution of the homogeneous equation equals:

yi = AN 4 Ast)l = Ap + Aot
while the necessary and sufficient conditions for stability, namely:
1+a14+a>0
1—a,>0
l—a+a>0

are not simultaneously satisfied.



Discriminant A=0

Next consider the non-homogeneous equation:
Yer2 = 2¥er1+ye = —6° 4t
Let us try a mixed guess function for the non-homogeneous part:
yé = (a6") + (Bt +7)
Ve = (a6) + (Bt +1) +7)

Yero=(a6"2) + (B(t +2) +7)
Substituting in the non-homogeneous equation yields:

a6 2 4 (B(t+2) +y—2[a6 T + B(t+1)+7] +(ab6") + (Bt +7) = —65+t

36" + Bt + 2B 4y — 236"t — 28t — 28 — 2y 4+ ab' + Bt 4+ = —6'+t

25236 = —6t + t

Equating coefficients implies that 25a = —1 < a = —%, but 5
and ~ remain undetermined.




Try out an alternative guess function y,:g2 (multiplying the
undetermined part of of yZby t):

yE? = (a6") + (B2 + t)

yE2 = (a6'T1) + (B(t +1)2 +4(t + 1))

B2, = (a6"F2) + (B(t +2)% + y(t +2))
Substituting in the non-homogeneous equation yields:
abt+2 + B(t +2)% + y(t +2) — 2[a6t 1 + B(t + 1) + (¢t + 1)] +
a6t 4 pt> +yt = —6F +t
2526 +283 = —6' +t

Again, 8 and ~y remain undetermined.



Try out an alternative guess function yf3 (multiplying the
undetermined part of y£2 by t):

yE = (a6%) + (B2% + 7¢2)
yEL = (a6h) + (B(t +1)* +(t + 1)?)

yE, = (a6572) + (B(t +2)> +(t +2)?)

Substituting in the non-homogeneous equation yields:
(a6'72) + (B(t +2)3 +(t +2)?) — 2[(a6"1) + (B(t + 1) +~(t +
1)2)] + (a6") + (B3 +4t?) = —6' + t &

25a6" + 66t + (68 +27) = —6" + t



Equating coefficient yields a unique solution for 8 and ~ as well:

68 =1A68+2y=0

1 1
:7/\ = ——
f=6"1="3
Therefore: 1 1 1
PS: y,=——6+ =3 — —¢2
Ve =5 gt 75
1 1 1
GS: yr=A1+ At — —6"+ 52—~
Yt 1+ Aot 256 +6t 2t



Complex numbers

The imaginary number i is defined solely by the property that its
square is —1.

?=-1
A complex number z is a number that can be expressed in the
form:
z=a+ bi

where a and b are real numbers and i represents the imaginary
unit, satisfying the equation /> = —1.
Real part:

Re(a+ bi) :=a
Imaginary part:

Im(a+ bi) :=b
Complex conjugate:

a+bi:=a—bi

That is, negate the imaginary component.



Complex numbers
The complex plane is a geometric representation of the complex

numbers established by the real axis and the perpendicular
imaginary axis.

(“imaginary” axis)

a+bi
P4
b T
0 (real axis)

a

Here r is the absolute value (or modulus or magnitude) of the

complex number z
r=+/a%+ b2

and 6 the argument of z

a = rcosf B = rsinf



Discriminant A<0

Solve y;io + 2y:11 + 2y = 2 assuming arbitrary initial conditions.
Firstly consider the HE:

Yer2 +2¥e41 + 2y =0

Yer2 +a1yer1 + a2y: =0
ay = 2, dp = 2

while the necessary and sufficient conditions for stability, namely:
14+a14+a>0

1—a,>0
l—a;+a >0

are not simultaneously satisfied.



Discriminant A<0

Moreover:

A2 42042y, =0

A=(2?-42=-4<0

Since A < 0, the roots of the characteristic equation are a complex

conjugates:
2+ /4
Alo = =-1+
’ 2
Cartesian coordinates:
(a,b) = (-1,1)
The absolute value (or modulus or magnitude) of the complex

number z = —1 4 is:

r=+v124+12=12



Discriminant A<0

The argument of the complex number, denoted arg(z) and labeled

0:
-1
a=rcosh = —1 = V/2cosf = cosb = \ﬁ
1
b = rsin = 1 = /2sinf = sinf = —
V2
From the trigonometric tables we find that the angle whose sine is
% and whose cosine is \_/—% is %Tﬂ'

Therefore, the solution of the homogeneous equation is:

ye = rf(Arcosht+Azsindt) = y, = \/it(Alcos(%t)"'A?Sin(%th

)



Discriminant A<0

Next consider the non-homogeneous equation:

Veto +2yes1 + 2y = 2°

Try out an exponential guess function:

t t+1 t+2
yt:a2, yt+1:a2+, yt+2:a2+

Substituting in the non-homogeneous equation:

a2t 24222t 12308 = 2F & (22242a224-2a)2" = 2F < 10a2" = 2°

1
10a=1<a=—
a a 10

Therefore:

1
PS: y =2
Yt 10

t . 37 1,
) + A2 SIH(TI‘) + 52

3w
—t

GS: yr = A1\f2tcos( 2



Operators
v Operator: A mapping of one set into another, each of which has

a certain structure.

v'For most practical purposes, operators can be treated just as
algebraic quantities.

We introduce the lag operator L such that:

Ly: = yt1
So,
Ly = yi2, "yt = yen, Ly = yen1
Formally, the operator L” maps one sequence into another

sequence.
Lag operator applied to a constant ¢

Llc=c

Distributive
(Lj + Li))’t =Yyt jt+yti
Associative
LjLi}’t = LiLj}/t = Li+j}/t = Yt—i—j



Infinite-series expansions

Using a well-known infinite-series expansion , for |c| < 1, we have

1 [ee]
_ 2 _ i
1_C—1+c—|-c —i—...—é c

Treating al exactly like ¢ we have that,

1 _ -1 _ 2,2 N g
Notice that the above sequence is a bounded sequence if |a| < 1,

but will divergent if |a] > 1. In this latter case, consider an
alternative expansion:

1
(1—al)” Zg i

i=1



First-order Difference Equations

The general form is:

biy: + boyr—1 = g(t)

VIt may happen that we do not know the functional form of g( )
v'We know the actual succession of values g(0), g(1), ..., g(t). |
other words, g(t) is a sequence of known real values

V'In such case the method of undetermined coefficients cannot be
applied.

VIt is possible to find a particular solution by applying operational
methods.



Backward and forward solutions

Solve:
biy: + boy:—1 = x(t)

where x(t) is a sequence of known real values.

bg . X(t)
bl}/t—l = by

Ye +
Setting b = b—‘l’ and X; = %f) we have:
ye+byr1 =Xt
The solution of the homogeneous equation is:

v = c(-b)*

where ¢ is an arbitrary constant.



Backward and forward solutions
Next, find a particular solution:
Ye+byr1=X¢

Yt + blyr = X;

If | — b| < 1, then the particular solution is:

Ve=(1—(=b)L) " Xe =D (=b)'L'Xe =) (—b)'Xe—;
i=0 i=0

Note that ¥, is a bounded sequence if | — b| < 1 (same: |b| < 1)
but will be divergent if | — b| > 1. In this latter case consider an
alternative expansion.



