Market Equilibrium: CAPM and APT

CAPM

Proof of the CAPM requires that in equilibrium the market portfolio must be an efficient portfolio. It must lie on the upper half of the minimum variance opportunity set. This because, so long as investors have homogeneous expectations, they will all perceive the same minimum variance opportunity set. Given that all individuals hold positive proportions of their wealth in efficient portfolios, the market portfolio must be efficient because 

1. The market is simply the sum of all individual holdings and 

2. All individual holdings are efficient.

When there are many individuals, the introduction of the risk-free asset may be thought of as creating an exchange or market economy. Each of them may borrow or lend unlimited amounts at the risk free rate. With the introduction of the risk-free asset, we are able to describe the two fund separation principle. The two-fund separation implies that there is a single market-determined equilibrium price of risk. 

If all investors have homogeneous beliefs about the expected distributions of returns offered by all assets, then all investors will perceive the same efficient set. Therefore, they will try to hold some combination of the risk-free asset and the market portfolio M.

For the market to be in equilibrium, we require a set of market-clearing prices. All assets must be held. In other words the existence of an equilibrium requires that all prices be adjusted so that the excess demand for any asset will be zero. This market-clearing condition implies that an equilibrium is not attainable until the single-tangency portfolio, M, which all investors try to combine with the riskless asset, is a portfolio in which all assets are held according to their market value weights.  Market equilibrium is not reached until the tangency portfolio, M,  is the market portfolio. The fact that the portfolios of all risk-averse investors will consist of different combinations of only two portfolios is an extremely powerful result. It has come to be known as the two-fund separation principle. Its definition is the following:

Two-fund separation: Each investor will have a utility-maximizing portfolio that is a combination of the risk-free asset and a portfolio (or fund) of risky assets that is determined by the line drawn from the risk-free rate of return tangent to the investors efficient set of risky assets. The straight line in the following Figure will be the efficient set for all investors. This line has come to be known as the capital market line.

Capital market line (CML): If investors have homogeneous beliefs, then they all have the same linear efficient set called the capital market line. 
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The opportunity set provided by combinations of risky asset I and the market portfolio M.

The figure shows the expected return and standard deviation of the market portfolio, M, the risk free asset Rf, and a risky asset I. The straight line connecting the risk-free asset and the market portfolio is the capital market line. In equilibrium, the market portfolio will consist of all marketable assets held in proportion to their weight values. The equilibrium proportion of each asset in the market portfolio must be

wi =Market Value of individual asset/Market value of all assets

A portfolio consisting of a% invested in risky asset I and (1-a)% in the market portfolio will have the following mean and standard deviation:

E(Rp)=aE(Ri)+(1-a)E(Rm)

σ(Rp) = [a2σ2i + (1-a)2σ2m + 2a(1-a)σim]1/2,

where σ2i = the variance of risky asset I

σ2m = the variance of the market portfolio

σim = the covariance between asset I and the market portfolio

The market portfolio already contains asset I held according to its market value weight. The opportunity set provided by various combinations of the risky asset and the market portfolio is the line IMI’.  The change in the mean and standard deviation with respect to the percentage of the portfolio, a, invested in asset I is determined as follows:
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In equilibrium, the market portfolio already has the value weight, wi percent, invested in the risky asset I. Therefore, the percentage a in the above equations is the excess demand for an individual risky asset. But we know that in equilibrium the excess demand for any risky asset must be zero. Prices will adjust until all assets are held by someone. Then, in the above equations if we set a=0 we have:
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The slope of the risk-free trade-off evaluated at point M, in market equilibrium, is
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The final insight is to realize that the slope of the opportunity set IMI’ provided by the relationship between the risk asset and the market portfolio at point M must also be equal to the slope of the capital market line, Rf M. The slope of the capital market line is 


[image: image7.wmf]m

f

m

R

R

E

s

-

)

(


Equating this with the slope of the opportunity set at point M, we have
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And solving for  E(Ri) we have
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This equation is known as the Capital Asset Pricing Model (CAPM). It is given graphically in the following graph, where it is also called the security market line.

The required rate of return on any asset, E(Ri), is equal to the risk-free rate of return plus a risk premium. The risk premium is the price of risk multiplied by the quantity of risk. The price of the risk is the slope of the line, the difference between the expected rate of return on the market portfolio and the risk-free rate of return. The quantity of risk is often called beta, βi. 
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It is the covariance between returns on the risky asset I, and the market portfolio M, divided by the variance of the market portfolio. The risk-free asset has a beta of zero because its covariance with the market portfolio is zero.  The market portfolio has a beta of one because the covariance of the market with itself is the variance of the market portfolio.

 E(Rp)

                                                                                                     Security Market Line

              E(Rm)                                                                                                   

                  Rf                                                                    

                                                                                                            βi=σim/σ2m                   







                 βm=1

The Capital Asset Pricing Model.

Properties of the CAPM

There are several properties of the CAPM.

In equilibrium, every asset must be priced so that its risk-adjusted required rate of return falls exactly on the security market line. Investors can always diversify away all risk except the covariance of an asset with the market portfolio. In other words, they can diversify away all risk except the risk of the economy as a whole, which is inescapable (undiversifiable). Consequently, the only risk that investors will pay a premium to avoid is covariance risk. For example, 
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where σij is the average covariance. Thus, as we form portfolios that have large numbers of assets and that are better diversified, the covariance terms become relatively more important.

The total risk of individual asset can be partitioned into two parts-systematic risk, which is a measure of how the asset covaries with the economy, and unsystematic risk, which is independent of the economy:

Total risk=systematic risk + unsystematic risk

Empirically, the return on any asset is a linear function of the market return plus a random error term  εj which is independent of the market:

Rj = aj + bjRm +εj.

The variance of this relationship is 
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The variance is total risk: it can be partitioned into systematic risk, 
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. It turns out that bj in the simple linear relationship between individual asset return and market return is exactly the same as βj in the CAPM.

One cannot compare the variance of return on a single asset with the variance for a well diversified portfolio. The variance of the portfolio will almost always be smaller. The appropriate measure of risk for a single asset is beta, its covariance with the market divided by the variance of the market. This risk is nondiversifiable, and is linearly related to the rate of return of the asset required in equilibrium. 

The second property is that the measure of risk for individual assets is linearly additive when the assets are combined into portfolios. If we put a% of our wealth into asset X and b% of our wealth  into asset Y, then the beta of the resulting portfolio is simply the weighted average of the betas of the individual securities:

βp = aβX + bβY.

The correct definition of an individual asset’s risk is its contribution to portfolio risk. We know that the variance of returns for a portfolio of assets is
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One can interpret 

wiCOV(Ri,Rp)

as the risk of security i in portfolio j. However, at the margin, the change in the contribution of asset I to portfolio risk is simply

COV(Ri,Rp)

Therefore, covariance risk is the appropriate definition of risk since it measures the change in portfolio risk as we change the weighting of an individual asset in the portfolio. 

Example
Suppose you are the manager of an investment fund in a two-parameter economy. Given that E(Rm)=0.16,  Rf=0.08, and σm=0.20, 

a) would you recommend investment in a security with  E(RJ)=0.12 and σJm=0.01?

b) suppose that in the next period security J has earned only 5% over the preceding period. How would you explain this ex post return?


(a)
The required rate of return on a security with cov(E(Rj), E(Rm))  .01 is
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Since the expected rate of return is greater than the required rate of return, investment in the security would be advisable.

 (b)
There are two possibilities for the low ex post return. First, the expected rate of return and the estimated risk could have been overestimated. The second possibility is that after the fact, the market unexpectedly fell. The ex post market rate of return which would have resulted in a 5 percent rate of return for the security in question is
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The ex post security market line is depicted in Figure 1.
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Figure 1 The ex post security market line
Use of the CAPM for valuation

We want to value an asset that has a risky payoff at the end of the period. Call this Pe. The risky return is then
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The CAPM can be used to determine what the current value of the asset should be. The CAPM is:
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which can be rewritten as 
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Note that λ can be described as the market price per risk. Then, from the above equations we have


[image: image24.wmf]jm

f

e

R

P

P

P

E

ls

+

=

-

0

0

/

)

)

(

(


We can now interpret P0 as the equilibrium price of the risky asset. Rearranging the above expression, we get
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which is often referred to as the risk-adjusted rate of return valuation formula. For assets with positive systematic risk, a risk premium, 
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, is added to the risk-free rate so that the discount rate is adjusted.

An equivalent approach to valuation is to deduct a risk premium from the numerator, and then discount at (1+Rf), a formula that is known as certainty equivalent valuation formula:
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It is important to realize that in both cases value does not depend on the utility preferences of individuals. 

Example

The market price of a security is $40, the security’s expected rate of return is 13%, the riskless rate of interest is 7%, and the market risk premium, [E(RM)-Rf], is 8%. What will be the security’s current price if its expected future payoff remains the same but the covariance of its rate of return with the market portfolio doubles? 
We know from the CAPM

E(Rj)  Rf  [E(Rm) – Rf]
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If the rate of return covariance with the market portfolio doubles, 
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Therefore
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so the new required return for the security will be

Required Rj  .07  (.08)1.5  .19  19%

At the original rate of return, 13 percent, and given a present price of P0  $40, the expected future price, P1, was

P0(1  r)  P1
40(1.13)  $45.20

If the expected future price is still $45.20 but the covariance with the market has doubled, so that the required return is 19 percent, then the present price will be

P0  P1(1  r)–1  45.20/1.19

 $37.98

Extensions of the CAPM

No Riskless rate.

In the more general case, investors cannot borrow and lend at the risk-free rate. Instead of the riskless rate, suppose now that we can identify all portfolios that are uncorrelated with the true market portfolio. This means that their returns have zero covariance with the market portfolio, and they have the same systematic risk (i.e., they have zero beta). Since they have the same systematic risk, they must have the same expected return.  
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Portfolios A and B in the above Figure are both uncorellated with the market portfolio M and have the same expected return E(RZ). However, only one of them, portfolio B, lies on the opportunity set. It is the minimum variance zero-beta portfolio portfolio and it is unique. 

We can derive the slope of the line E(RZ)M by forming a portfolio with a% in the market portfolio and (1-a)% in the minimum variance zero-beta portfolio. The mean and standard deviation of such a portfolio is:

E(Rp)=aE(Rm)+(1-a)E(Rz)

σ(Rp) = [a2σ2m + (1-a)2σ2z]1/2,

The slope of a line tangent to the efficient set at point M, can be found by taking the partial derivatives and evaluating them where a=1.
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Taking the ratio of these partial derivatives and evaluating where a=1. we obtain the slope of the line:
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Furthermore, since the line must pass through the point [E(Rm), σ(Rm)], the intercept of the line must be E(Rz). Consequantly, the equation of the line is
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Thus, the rate of return on the zero-beta portfolio has replaced the risk-free rate. 

Given the above result, it is proved that the expected rate of return on any risky asset, whether or not lies on the efficient set, must be a linear combination of the rate of return on the zero-beta portfolio and the market portfolio. To show this, remember that in equilibrium, the slope of a line tangent to a portfolio composed of the market portfolio and any other asset at the point represented by the market portfolio is given by  
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Solving for the required rate of return on asset I, we have

E(Ri)=(1-βi)E(Rz)+ βiE(Rm)

Where

βi= σim/σ2m = COV(Ri,Rm)/ σ2m.

This equation shows that the expected rate of return on any asset can be written as a linear combination of the expected rate of return of two-assets—the market portfolio and the unique minimum variance zero beta portfolio (which is chosen to be uncorrelated with the market portfolio). The weight to be invested in the market portfolio is the beta of the ith asset. If we rearrange the above equation of the line, we have

E(Ri)=E(Rz)+ βi[E(Rm)- E(Rz)]

Thus, the major result of the CAPM do not require the existence of a pure riskless asset. Beta is still the appropriate measure of systematic risk for an asset and the linearity of the model still obtains. The version of this model is usually called the two-factor model.  

One limitation of this model is that it relies on the assumption that there are no short sales. Moreover, empirically, almost all asset returns have positive correlations. This makes impossible to construct a zero-beta portfolio composed of only long positions on securities. 

Empirical Tests of the CAPM.

The first step to empirically test the theoretical CAPM is to transform it from expectations or ex ante form (expectations cannot be measured) into a form that uses observed data. For that purpose we assume that the realized rate of return on any asset is equal to the expected rate of return. The CAPM is then usually written in the following form:

Rpt = γ0 + γ1βp +εpt.

Where γ1=Rmt-Rft
Rpt = the excess return on portfolio p, (Rpt-Rft).

The predictions should meet the following criteria:

1. The intercept term γ0 should not be significantly different from zero.

2. Beta should be the only factor that explains the rate of return on a risky asset

3. The relationship should be linear in beta

4. The coefficient of beta, γ1 should be equal to Rmt-Rft
5. When the equation is estimated over very long periods of time, the rate of return on the market portfolio should be greater than the risk-free rate.

With few exceptions, the empirical studies agree on the following conclusions:

1. The intercept term γ0 is significantly different from zero, and the slope γ1 is less than the difference between the return on the market portfolio minus the risk-free rate.

2. Beta dominates all versions of the model that include squared beta or any other alternative

3. The simple linear model of the above equation fits the data best

4. Over long periods of time, the rate of return on the market portfolio is greater than the risk-free rate.

5. Factors other than beta are successful in explaining the portions of security returns not captured by beta. Price/earnings, size, and dividend yields are such factors.

Ασκήσεις

Άσκηση 1 

Τα δεδομένα δίνονται στον παρακάτω πίνακα, και Rf=6%. Υπολογίστε:

	Sta                Probability                         Market Return         Return for firm J

	1                          0.1                                       -0.15                          -0.30

2                          0.3                                         0.05                           0.0

3                          0.4                                         0.15                           0.20

4                          0.2                                         0.20                           0.50


 Την αναμενόμενη απόδοση του Market portfolio, τη διασπορά του Market portfolio, την    αναμενόμενη απόδοση της εταιρίας J, τη συνδιακύμανση της εταιρίας J με το Market portfolio, την εξίσωση του security market line, την απόδοση που πρέπει να έχει η εταιρία J, και πως αυτή συγκρίνεται με την αναμενόμενη αποδοση.
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Αρα η απόδοση που πρεπει να έχει η εταιρια στην ισορροπια είναι λιγο μικροτερη απο την αναμενομενη απόδοση. Άρα επενδύω. 

Άσκηση 2

Εστω μια άλλη εταιρία j έχει  E(Rj)=6%, και VaR(Rj)=52%. Χρησιμοποιώντας τα δεδομένα της προηγούμενης άσκησης, ποιος είναι ο συστηματικός και ποιός ο μη συστηματικός κίνδυνος για την εταιρία j?

      Rj = aj + bjRm +εj.

      Οποτε και η διασπορά της εταιρίας θα ειναι
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     Η διασπορά είναι το συνολικό ρισκό, το οποίο χωρίζεται σε συστηματικό, 
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, και μη   συστηματικό, 
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οπότε έχουμε 6%=6%+β(RM -Rf) kai β=0.

     Οπότε όλλος ο κίνδυνος είναι μή συστηματικός.
Άσκηση 3

Επενδύσατε τα χρήματά σας ισομερώς στις μετοχές Μ1, Μ2 και Μ3 για διάρκεια ενός έτους. Έχετε στη διάθεσή σας τις ακόλουθες πληροφορίες:

	Μετοχή
	Τιμή στην αρχή του έτους
	Τιμή στο τέλος του έτους  ﷽﷽﷽﷽﷽﷽﷽﷽






















































































































	Μέρισμα ανά μετοχή
	Συντελεστής Βήτα  ﷽﷽﷽﷽﷽﷽﷽﷽























































































































	Μ1
	5
	8
	1
	1.5

	Μ2
	17
	0
	0
	2

	Μ3
	4
	2
	1
	0.5


* Η εταιρία Μ2 πτώχευσε κατά την διάρκεια του έτους.

Κατά την διάρκεια αυτού του έτους, η απόδοση ενός γενικού χρηματιστηριακού δείκτη στην αγορά που διαπραγματεύονται οι υπό εξέταση μετοχές ήταν -20%. Επίσης, κατά την ίδια περίοδο η απόδοση των κρατικών ομολόγων ανήλθε σε 4%. Να αξιολογηθεί με βάση το υπόδειγμα αποτίμησης περιουσιακών στοιχείων (CAPM) η επίδοση του χαρτοφυλακίου σας κατά τη διάρκεια του έτους.
Πρώτον, θα υπολογίσουμε την απόδοση που είχε η κάθε μετοχή ξεχωριστά: 

rM1 = (8-5+1)/5=80%

rM2 = (0-17+0)/17=-100% 

rM3 = (2-4+1)/4=-25%

Δεύτερον, θα υπολογίσουμε την πραγματοποιηθείσα απόδοση χαρτοφυλακίου (RRP):
RRP = (1/3)80% + (1/3)(-100%) + (1/3)(-25%) = -15%

Tρίτον, θα υπολογίσουμε το συντελεστή βήτα του χαρτοφυλακίου: 

βP = Σwiβi = (1/3)1,5 + (1/3)2 + (1/3)0,5 = 1,3333

Τέταρτον, θα υπολογίσουμε την «κανονική» απόδοση για ένα χαρτοφυλάκιο αναφοράς την οποία θα υπολογίσουμε σύμφωνα με το υπόδειγμα αποτίμησης περιουσιακών στοιχείων και εμπεριέχει εκ κατασκευής τον ίδιο συστηματικό κίνδυνο με το υπό εξέταση χαρτοφυλάκιο. Η απόδοση αυτή θα είναι:

Ε(RP) = Rf + [E(Rm) - Rf](βP) = 4% + (-20% - 4%)(1,3333) = -27,9992%

Η μη-κανονική απόδοση του χαρτοφυλακίου (ARP) μπορεί να υπολογιστεί τώρα ως κάτωθι: 

ARP = RRP - Ε(RP) = –15% - (-27.9992%) = 13%

Άρα, το χαρτοφυλάκιο πραγματοποίησε μεγαλύτερη απόδοση, 13% επιπλέον, από εκείνη που αναμενόταν, με βάση το συστηματικό του κίνδυνο, σύμφωνα με το υπόδειγμα αποτίμησης περιουσιακών στοιχείων (CAPM).
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