LECTURE IV:
The Basic Real Business Cycle Model

A. Literature

In this lecture we present the basic real business cycle model. A couple of classic references
here are Kydland and Prescott (1982), King, Plosser, and Rebelo (1988), and King and
Rebelo (2000). The model is essentially just the Neoclassical Growth model augmented to
have variable labor supply. We consider again the Neoclassical Growth Model, introduced

in Lecture | in a deterministic set up and extended in Lecture 11 in a stochastic set up.
B. Model

Consider the Cass-Koopmans version of the Stochastic Neoclassical Growth Model

presented in Lecture Il, where the temporal utility function, now, is given by:

(Ct;/ Itl—;/ )1—0'

u(c,l) = ;7 €(0,) & o € (0,:) (IV.1)

where |, stands for time devoted to leisure in period t. This is a constant relative risk

u.C

aversion utility function. In particular, the relative risk aversion coefficient, — ,isequal

c

to o. Parameter y characterizes the relative preference of consumption over leisure,

uc ¥

¢ — 2 Also, the time constraint, now, is:
ul 1-y
h+1 <1

We assume that the probability law of 6, a Markov Chain structure, so that:



Pr(Pr(6"*

0')=Pr(0,,

&)

Equilibrium: We are interested in characterizing the equilibrium (resource allocation) of

this economy. The competitive equilibrium is defined as a sequence of the form
{(c.(6"),1,(8),1(6°),h(6"), (k. (8)), (K (6), L, (6"),Y (8"),), (r.(6"), W, (6"),d,(6'))},, such
that:

(D Given {(r,(6"),w,(6).d.(6" )}, {(c.(6').i,(6").1(8'),h(8"), (k. (§))}, s a solution
to the representative households, problem. That IS,
{(c,(6"),i.(8"),1(8"),h(8"), (k. (8'))}", is asolution to :

max E[ S Alu(e,.1)|6,] (IV.2)
oty ooty ot 1400 t=0 o

{(c (6).i(6°).1(6°).h(6).(k; (0" N} g
subject to:
c,(6")+1(6") <1 (8')k (6") +w (6N (6") +d,(8") (1IV.3)
kt+1((9t) = (l_ 5)kt (et) + it (et) (IV-4)
h(6)+1.(8') <1 (IV.5)
c.(6'),1(6"),h(6") k., (6') >0 (1V.6)
(k,,8,) e R? given (IV.7)



(1) Given {(r.(6"),w,(8"),d, (8N} ,, {(K (8"),L(8),Y (@)}, is a solution to the

representative firm’s, problem. That is, (K,(8"),L,(6"),Y (6"))is a solution to :

(Kt(et)r:?e)t(),th)) RO - @) o
subject to:

Y,(0) < 6K, (0)[2.L, (0)° (IV.9)
K, @hH, L (et),\(t ©H>0 (IV.10)
forall teN, .

(| | |) Given {(rt (et)’ \Nt (Ht)’ dt (gt))}:io and {(Ct (et), it (01), I(et), h(et)v (kt (0t ))}'?C:O prices

{(r.(6"),w,(6"),d,(8")}, clear all markets. That is,

nh (') =mL(6")
nk (6') =mK,(8") (1V.11)
ny,(6") =n.(c (6") +i (6")) =mY,(6")

where:
nd,(6') =mz,(6") and 7,(6')=Y, (et)—rt (at)Kt (et)—wt (6’t)Lt G

The fundamental question again is to solve for the competitive equilibrium. That is, to solve

for the endogenous variables as functions of the exogenous ones. As in the deterministic



set up, first, we facilitate this task by a number of transformations. Second, we facilitate

this task by imposing the Markov chain structure on o', That IS,

Pr(0"*|6") = Pr(6,,,[,)

C. Solution

a. Transformation to an economy that does not grow: We can express the equilibrium in

terms of efficient household units by dividing all quantity variables in the model, except

those that are expressed as percentages (i.e., h and I.), by nz,. To avoid introducing

new notation, hereafter, we shall continue denote the pertinent variables after they have

been divided by n,z, by the same symbol. For example, thereafter c, denotes c, as

defined above, divided by n,z,. Then, in order to represent the equilibrium as above in

terms of the divided variables, we need the following transformations:

(i)

Thereafter, the discount rate £ stands for the discount rate /S as defined above,
multiplied by [(1+g,)1+9,)" .

Thereafter, the real wage rate w, stands for the real wage rate w, as defined above,
divided by n,z,.

d

Thereafter, dividends d, stand for dividends ~tas defined above, divided by n,z,

Thereafter, the capital stock transition equation (1V.4) is replaced by:
(1+ gn) (l+ gz) kt+1(9t) = (1_5)kt (et) + it (Ht) (|V4)

Thereafter, the profits function and the production technology constraint are
replaced by:

7(0) = ¥, (0) =1, (0")k (6"~ w, (6")h, (6")



Y, (0") <6F[k (6").h (6")] =0k (6")"h(6")", (1V.9)

respectively. It is interesting to note that the economy that corresponds to the

new variables does not grow.

Irrelevance of inequality constraints: The fact that the temporal utility function

defined in (1V.1) is strictly increasing in c, implies that the budget constraint (1V.3)

cannot be satisfied with strict inequality in the equilibrium. Likewise, the fact that the

temporal utility function is strictly increasing in |, implies that the time constraint
(IV.5) cannot be satisfied with strict inequality in the equilibrium. Further, since k,

=0, in view of the production function (IV. 9) implies that the economy is perpetually
characterized by zero output, consumption, investment and capital, this case is

uninteresting. But, with k, >0, the fact that the the temporal utility function is strictly

increasing in C

land satisfies the Inada condition, u, — 4+ as ¢ — 0, implies that
the physical constraint c,= 0 cannot be satisfied in equilibrium. Clearly then, the same
is also true for the I, = 0 constraint. Also, the production function constraint cannot

be satisfied with strict inequality, since profits are strictly increasing in output. The

latter and the fact that the production function is strictly increasing in L, and satisfies
the Inada condition F, — +wasL —0and in view of the labor market clearing
condition, (IV.11), h =0 cannot be satisfied in equilibrium. And clearly, the same
reasoning applies to the k., =0 constraint. Hence, assuming that k, >0, we may

look for a solution to the equilibrium problem ignoring all physical constraints and
taking the budget, time, and production technology constraints to be satisfied with

equality.



c.  The Firm’s Problem: The solution to the representative firm’s problem is

characterized by:

Yt(ktvht’et):etlz(kt’ht):Htktahtlia (IvV.12)
& F (k. ht)za%zn (1V.13)
OF (k. h)=(-a) ) =w, (IV.14)

t

d.  The Household’s Problem: Since WLOG consumption and leisure can be written

as:
¢ = (=) +rk +wih - @+g )a+g Ik, (IV.15)

and

L =1-h (IV.16)

the household’s problem becomes:

max E (Iv.17)

@
t=

ka0, h(0Y))

{iﬂtu {(1_ 5)kt(9t71) + rt(‘gt)kt(etil) + Wt (Ht)ht(et) _}|00}
- (1+9,)(1+9, )k, (6),1-h(6")

Given the Markov chain probability structure, the Euler conditions associated with this

problem are:



u,(c (0.1, (6))[-(+9,) A+ g,)]+

(IV.18)
+BE {U, (00,2, 1 (0, )[A— 6) + 71 (6|0} =0

u, (¢ (6.1, (6))w (6) —u, (c, (6.}, (6,)) =0 (IV.19)
VteN,

And, the Transversality condition is:

BTE U, (G (0 ),k (67) ) e 1 (61) |6y ] — 0 as T — 00 (IV.20)

Note, that given the strict concavity of the temporal utility function and the non-negativity

of consumption, these conditions are also sufficient.

e.  The Equilibrium Laws of Motion: In view of the specific form of the temporal

utility function and summarizing results, we can write the system of equations that

describe the competitive equilibrium, without prices, as follows:

C =@A-0)k +y —{+g )A+g )k 4 (1V.21)
Y, = 6k (IV.22)
ARyl TS IV.23
R, (V29

(1+g,)0+9,) = ﬂE[ﬁa—éw%) 6] (IV.24)
=0+g )0+g, )k —A-5)k (IV.25)



Equation (IV.21) is the household budget constraint. Equation (1V.22) is the production
function. Equation (1V.23) is the Euler condition with respect to labor (1V.19) that
collapses into a temporal condition, implying that the MRS of consumption for leisure is
equal to the wage rate and hence the marginal product of labor. Equation (IV.24) is the
Euler condition with respect to next period’s capital (1VV.18) that equates the current value
of capital not consumed to the discounted expected value of this capital consumed next
period. Finally, note that equation (IV.25) is the capital transition equation. The solution

of this system of equations is a system of the form:

Kan =Kk 8
h =h(k.6)
Y. =Yy(k.6)
C :C(kt’et)

i, =i(k.6)

for (k,,6,) given, that satisfies the Transversality condition:

u (6:)
¢ (6:)

This, of course, requires to be specific about the probability law of the Markov chain 6, .

BTE[ ki1 (6;)]6,]—0asT — oo

C. Approximation and Numerical Solution

Henceforth in this lecture, we change notation and the total factor productivity variable,
gt, is denoted by 'A\; the gross growth rate of the Harrod-Domar technology parameter,

@+ gz), is denoted by 77; and, there is no population growth (i.e., g, = O).



As mentioned in Lecture 1, equation systems such as (IV.21) — (IV.25) cannot be solved
analytically. We shall proceed instead with numerical analysis, that necessitates to compute
an approximate solution. The approximation takes place around a deterministic steady state
such as the one we studied in Lecture I, that we know it exists for this model.

» H state { 4t }, (TFP-total factor productivity), vrobétovpe 611 e€glicoetan oav éva
Random Walk with Drift:

A
A

A

= plnf+£m, omov &,,,~ IIDN(0,52).

INA, =1-p)INA+pInA +¢&,, =In

[Tpokeévon vor YPaUUIKOTOGOVE TO cVoTNUa Tov Teptypaeovy ot eElcmaoel (I)-(V),
axolovBovpue Ta €Ng PrpoTas

1. Bpickovue 10 onueio otodepnc katdotacnc, (steady-state):

Avvoupe TG e€lomwoelg (1)-(V) yopic va Aappdvovior veoyn ot ypovikoi deikTeg:
(") c=[0-0+a) -y T+ -y
(nN7):  y=Ak*h"

SO YRR A S\l L I

(IVY): 7o) - ﬂ(l— 5+ a%)

(V*): i:_(1_5_7N7z)k

Ot dyvwoteg petafintég sivar o {c,y,k,h,i}.

Inuelimote 0TL o Kato, oty dwadikacio tov calibration, oto 610 axpifog cvotnua (I1*)-

(V*) avtikabiotovpe Tig peTaffAnTég {C, y,k,h, i} LLE TOVG HEGOVG OPOVS TOV TPOKVTTOVV

amd ta dedopéva (data) kot Oempodue O AyVOGTOVGS TIG TAPAUETPOVGE.

I1. Kéavouue log-linearization Tov cvctiuotoc:

H om\q ypoppikonoinon yo pio cuvéptnon 2 HETARANTOV YIVETOL COUPOVO, LLE:



PPN PN
fxy)=f(x,y)+ x (X=x)+ Y (y-y)

evaluated evaluated
at{x",y"} at{x",y")

H log-linearization cvvictatal oty ypouukomoinon ®¢ mpog Tovg Aoyupibpove twv
uetapAntav. ITo cvykekpuéva, £otm 1 ovvaptnon f v omoia ypapovpe og :

f(X, y) — f(elnx’elny)

311 GUVEYELD, TN YPOUUIKOTOLOVUE MG TPOG TOVG Aoyapifuovg Inx kot Iny :

fx,y)= f(x,y)+ (Inx—Inx") + of (Iny—Iny")
olnx olny
—— ——
evaltiate*d evaluated
at{x ,y } at{x’,y’}

Ot Swgpopéc (INx—Inx D)k (Iny—Iny") Seiyvouv 11¢ mocooTIOiES OmOKAIGES TV

uetapAntav {x,y} and 1o onueio otabepng KoTdoTOONG.

INa v e&icowon ¢, =(1-0+ a%) K, —7n7. Ky + A=)y, (D) éovpe:
t

f(c, Yo koK) =€ — A=)k —ay, + kK. —A-a)y,

— eInct _(1_5)elnkt —ae'”y‘ +}/N7/Zelnk”1 _(:L_a)elnyt

— eInct _ (l— 5)elnk[ + }/Nyzelnkm _ eInyt

of (Inc,—Inc) of (Ink, —Ink) + of (Ink,,, —Ink) ++
dlinc,

ck,y tlck,y t+llck,y tlck,y

1

(Iny,—Iny)

A~

~e"E — (1-5)e"™ K, + 7, 7,e™K
= Cét — (- 0)kk, + yyr Kk, — yyt =0<

Iny &
w1 € Y

C A k ~ k ~ A
Vct_(l_é‘)vkt—'_}/N]/zkal_yt =0

T v eéicoon Y, = Ak h™ (II) éyovpse:

10



f(yokoh) =y, - Aktahtl_a
— eIn Vi _eInAteaInkle(l—uz)lnht

= o (Iny,—Iny)+ ot (INA —-InA)+ o (Ink, —Ink) + o (Inh, =Inh)
olny, by oln A by alnk, oy .
~ e|nyyt eh Aealnke(l—a)lnhA _ 3" Aealnke(l—a)lnhk (1 a)eInA alnke(l—a)lnhﬁt et —gln At gaInke g(1-a)Infy N

ey —e"A —aek —(1-a)e™'h =0 <

—A—akt—(l—a)htzo

Ta v e&iocwon 1L(1— a)(l;] n, j S (TIT) éxovpe:
t

- t

1-h ¢ 1- e g%
f(c“h“y‘)zli/y(l_a) - t__t:177/(1 a) g
t t
= o (Inh, —Inh)+ (Inc,—Inc)+ (Iny,—Iny)
dlnh, chy tleny tleny
Inh; 4Inh Inh Inh, Inc, Inc,
vy —e'e —e" " (l-e™) ~ e . e N
:1—(1_ @) 2inh, | t Ly, Cot iy, Y
Ve € c,hy e ch,y € chyy
- 7 (1-q)t NS
S AR YRR U, S i SN
1-y h "y y
_L(l_a)iﬁt_L(l_a)ﬁétJrL(l_a)ﬂyt=o©
1-y h 1-y h 1-y h
A~ A 1 -~
Ct—yt+ﬁht20

H E{y7"? S :ﬂLiJ”l (1 S+a Z”l)} (1V), Xappévovtac vmoéyn 1t CRRA
Ct t t+1

ovvaptnon ypnowotnrog (Kot ayvomvrag to E), yivetat:

11



1-o
c 7 (1- 1—7j|
yly(la)m:ﬂ[ t+1 ( ht+1)

S [we )”]“’(

Emopévag,

C

_ ay-0) G

e, Cunho s Ky Yed) =727° C+ -p
t

1-o
elncHl e}/'“ " ( eln hﬁl)
1-y(1-o)

[Ctﬂy (1 - ht+l )liy

[c{ (1-h, )1’7}

1-o

T‘“ [1—5+ahj

k

t+1

elnyHl
=7z elncl _IB o (1_5+QWJ
|:e;/lnct (1_elnht) :|
= of (Inc,—Inc)+ (Inc,, —Inc)+ of (Inh, —Inh)
dlnc
tlc,h,yk t+llc,h,y k tlc,h,yk
of of
e B GLS LR (ny,;=tny)+———  (nk,,
n t+1 c,h,y .k t+1 c,hy.k n t+1 c,hyk
AvoAvTika,

—Ink)

12



oot ool -

Inc Inh \-7 e
[ey (1-e™) }

= —7/;_7(1"") + pr(l-o) (l— o+ a%ﬂ C,

|
1

1-o

e yinc 1— Inh 17:| .
(e —Ingy=1,rreo € [e (t=¢") 1 srab a-o)te
t+1 =137z ahne B | ( | h)1_7 o aelT 4 O)Cia
chky [e“c 1-e"

of
dlnc

t+1

- {ﬁm") - pr-o) (1— S+ a%ﬂ Coa

of (Inh, —Inh) =
olnh, chiky
1-o
[eylnc(l_elnh)l—}’j' ny
€ nh\-(-o)@--1 ~
=-p e [1—5+aemk][(l_y)(l_o-)(l_e' h) Nl h:| h, =

=—,B(1—5+a%j(l—}/)(1—a)%ﬁt
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af

(Inh,, —Inh) =

t+l c,hk,y

e'““)“““”1(1—7)(1—@(—6'”“)(1—5+ae'ljA

— h
|:e7lnc (l— eInh )1_7j|

1 =

ﬁ 1 5+a (1- y)(l—o)%hH1

1-o
|:e7|nC 1_elnh 1_7:| ny
o (ny —Iny)=1-# ( ) = 1_5+ae| k S\/tz_ﬂalyt
O Yl [ey'nc(l_elnh)w} 7 e" k
of [e“nc ann ) 7}1_0 o
(] ~ y
Ink,, —Ink) = 1-5+ C = e Yk
olnk,, c,h,k,y( t ) ﬂ[emc Inh T—a ( @ elnkj w = Pa L

Kavovtag aviikatdotoaon Exove:

f (Ct’ Ct+l' h ht+1' kt+l' yt+1) =

= of (Inc,—Inc)+ (Inc,, —Inc)+ of (Inh, —=Inh)+
alnct c,hyk t+1lc,h,y k tlc,h,yk

+ o (Inh,, —Inh)+ ot (Ink,,, —Ink) + o (Iny,,—Iny) =
a In ht+1 c,hyk n kt+l c,h,yk t+llc h,y k

14



= {—}é—y(w) +pBr(l-o) (1— o+ a%ﬂc n |:}/;—y(l—a) Pr(l-o) (1— o0+ a%ﬂ Con

—ﬂ(1—5+a%j(l y)d- 0')—hh

+ﬂ(1—6+a%)(1 7)l-0)— _h My

7;7<1*J):ﬁ[1—5+a%)

_ﬂalyt+1+ﬂalk\t+lzo >

=737 +y(=0)yy 7 e+ 7 =y (A=0)ys 7 6

h ~
77 ¢ (1-y)1-0)—=h
Yz ( 7)( O-)l—h b

— -0 h
#7570 (7)1 0) =y = B G+ P Ky, =0

_h t+l

~[1-7@2-0)]¢ +[1—7/(1—0')]€t+1—(l—y)(l—a)mﬁt +
(1-7)a-o) -k, e Fu Kk =0

- 1-S+a 1-S+a

k k

Mo v e&lowon |, =y, 7, K., —L-0)k, (V) éxovpe:
f (K, k) =1 — 7y K, + (- 0)k,
— elnit _}/N}/Zelnkt+1 + (1_§)elnk‘
= (Ini. —Ini)+ (Ink,, —Ink) + of (Ink, —Ink)
“oif, e oIk,

_ e|m|’; _7N7/Zelnkl2t+l +(1_§)elnkk\t
_Ii _7N7zki2t+1+(1_5)ki2t =0<

7/N7z w— (L= 5)k

15



[YrevBopileton oto onueio avtd 0Tt 01 PETOPANTEG LETUTPETOVTOL GE LLOVADES

X .
OMOTELEGLLOTIKNG EPYOOTIOG GOUPMVOL LE TOV TOTTO: X = N omov X ={y,c,K,i}], ue
z

H
eEaipeon v gpyooia 6mov h = N 6mov N = 10 chHVOLO TOL TANOLGLOV..

Metd ) ypoppkoroinon Tov eE1I0dhee®mV KOTAANYOVLE GE VO GTOYOOTIKO GOGTNILO
e€100EMV d1POP®V, TO 0TTO10 emAVOVUE pe pia péBodo mov emhéyovpe. To choT O

aVTo gival EKPPUCHIEVO GE TOGOOTINIES 0moKAiGElS o To Steady state. Aniaon, ,
s SS Xt — i
Xt—(th—lnX )’Xt:—’ Xt—{yt,Ct,kt,lt}Km
Z;N,
- H
h,=(Inh ~Inh ) h =t
Nt

[T ovykekpyéva, £xovpe KatoAnEel ota akodAovOa:

H ocuvOnkn npadtng tdENg og mpog v epyacia meptropfdvet Tig petafintés: (ﬁt €, ¥,)

A A

H Euler iepopBaver uic: (0,6, k) ko tic: (N, Cops Ty Key)
O resource constraint tepoppaver ic: (0,6, ¥,, K, K,,)

H cuvaptmon napayoyng nepthapfavet Tic: (ﬁt €, Vi At)

H ovvaptmon enevovoemv meptroppdvel Tic: (ft : |2t : Izm)

Ta mapondve pmropodie va ta YpAWouLE LE T LOPPT TVAK®OV O¢ 0KOAOVO®G:

16



0 0 0 0 Iz Fé
y t+1
0 0 0 0 0 .,
0 0 0 0 0 9
h ay/k ay/k i
1-y(1— 1 y)(1— - 0 b
ri=a) =0T T s ey 1-s+ayk |¢
LM+l ]
0 0 0 0 ~Inz
A 0 1 0 _a-5)%
y y -
0 -(1-a) 1 0 -a A
1 L 1 0 0 !
1-h B 91
Lr-0]  —-p)A-o) 0 0 0 )
Lot
0 0 0 ! 1-8
K ]

‘Exovpue €€ petapintéc: (h, ¢, y, K, 1) ko A, o1 omoieg gival ekQPACUEVES O ATOKAIGELS 0O
1o steady-state.

Tig dakpivovpe oe States kau controls:

On states pmopet va eivon gite eEmyeveig eite evdoyeveic,

Ot controls eivar poévo gvdoyeveic.

H A0om mov Ba tpoxvyet Ba eivar cuvaptioet Tov States:

At = h(k\t'Al)
6t zc(izt"&t)
9t = y(lzt"&t)
i =ik, A)
l2t+1 = k(lzt’Al)

17
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Calibration (Avanérpnon):

Y1 Swdwkacio Tov calibration divovpe Tég oTIC TAPAUETPOVS TOL VTOSEIYHATOG, Ol

omoieg elval GLVETEIC e TN LOKPOYPOVIO GUUTEPLPOPA TNG TPOLYLOTIKNG OIKOVOULOG.

Ol TopAUETPOL TOL VTOOETYLOTOG TTOV LG EVOLOPEPEL Elval 01 akOAOVOES:

{o, .y, 0, 0,9, } xau {p, 04 }.

Yno0Bétovpe 6t N dyvomotn oepd yio ™ petafAnty At akolovbel o dtadikocio AR(1)
otovg Aoyapifuovg, (ypnoiomolovpue AoyopiBpove yoti apevog ot eEICMCELS OV
ypnoponotovue givar log-linear ko agetépov yioti 1 ovvaptmon f(X)=InX epeoaviCel
Myotepn petafAntotra omd ) cuvaptnon g(X)=X).

Anhadn, n Acaxorovbel: InA, —InA = p(InA —InA)+¢,,,, 6mov &,,,~ IDN(0,57).
Ot dwrtapayéc mov Oa gwoaybodv (shocks) Oa podlovv pe awTég TG TPOYUATIKNG
owovopiag, eved Bo emAeyel avti 1 teYVNT o€1Ppd Y o Y 1 omoia Ba €yel TLTIKY
amoKAon 1010 e VT TNG TPAYUATIKNG 6E1PpdS Yia 10 Y. Avtictotya, Ba emdeyel avt 1
TeYvNTH o€pd yoo to Y M omoia Oo epeoavilel to idto persistence, (ido p), pe v

TPAYHOTIKY] GEPE TOL Y.

O1 e€ilodoelg Tov vodeiynatog pog oto steady-state ivou:
(") e=[0-0+a))~pyJk+@-a)y
(1n7):  y=Ak*h*“

SO YRR A, S\l L I

(V) pa7® = ﬁ(l— S+ a%)

*

(V ): i:_(l_a_yNyz)k

Ot dyvooteg petofAntéc eivar ot : {c, y,k,h, i} .

18



Sovifmg, poc evolapépel va e€etalovpe too “great ratios” oe o owkovopio, mwov
ovvoyilovy ta pokpoypovia yopaktnplotikd tg. Ot Adyot avtoi givar ot C/Y, K/Y, HIY,
ot omoiot eppavifovtar otafepoi oto Ypovo Kot amotvrdvovy to “stylized facts” puog

owovopiog, (BA. xapaxktmpiotikd tov Kaldor).
210 ovoTua €€1I0MGEMV TOV KOTOAYOVLE [(I*)—(V*)J, 0élovpe va gppavicovpe ta

“great ratios”, to omoia 0o AVTIKATOGTIGOVUE LLE TOVG LEGOVS OPOVG ATTO TOL SESOUEVO TNG
TPAYLATIKNG Okovopiag. Me tov TpOTo avtd, o1 pHovol dyvwaotol Bo eival ot THES TV

TOPOUETPOV TOV VITOOETYUATOC.

Yvvoyilovtog T dwadikacio tov calibration péypt avtd to onpeio:

* ['pdpovpe 10 vddeypo oto Steady-state.

* To tpomonotovue KatdAAnio pe otdyo vo eppavicovue ta “great ratios”.

* AvtikaOiotovpe To “great ratios” pe tovg pécovg 6povg amd To SEGOUEVH LAG.
* Bpiokovpe Tipég yio T1g TopaptéTpous Tétoteg MOTE va ivat cuuPatég pe

HOKPOYPOVIOL GUUTEPLPOPE TNG OTKOVOLLAG.

[Tpoxeévou va eppavictovy To “great ratios” otic e£lomoelg [( I *) - (V : )] , OloPOVLE TIg
", 11" xar V™ pe y:

(1) S=pa-s+ady-yr1¥ra-a)
y k y

oo =G

* |

V2 L AL
y y

Ot efodoec (1117) kar (V") epgaviCovv ta “great ratios”.

Mia evdciktikny oioustpnon

A7 10 otatiotikd ototyeio fpiokovpe Tig oepég Yo Tig petafantéc { Y, I, K, C, H, N }.
H tyn g mapapétpov y, vrobétovpe 611 mpoceyyileTar kavomomtikd and Tov puoud

avdantuéng tov mpoidvrog Twv HITA, o onolog givar mepimov 2%.
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[YrevBopilovpe 6tin y; ivar o akabapiotog puOpdg adéEnong g texvoAoyIKNne Tpoddov

Kot akodovBet z,,, =y,z,, 7, >1].

H oepd yia 10 kepdiaro (K) pmopet vo vmoroyiotel and tov Kavova petdfoaong Tov

keporaiov: K, =(1-0)K, + 1, , kot dtoxpivovpe 600 nepurtdoels:

(1) Av vrépyovv dedopéva yio Tov Adyo [gj ,TOTETO O = % +ry72 — L.

. k
(if) Av dev vapyovv dedopéva Yo Tov AOYo (—] , TOTE VITOBETOLLE piol GLYKEKPIUEVYT)
TN Y10 TO J KO KATA GUVETELD 0 AOYOG | — | AapPavel T GUYKEKPIUEVT TIUN:
y
k iy

y _(1_7N7z _5)'

H napapetpoc y otmv CRRA cuvéptnon ypnowdtnrog tpoceyyileton omd tn petafAnt
h. ®¢tovpue, dnrodn, y=h.

XV TopAUETpo o divovpe TNV Tiun 2. Ocmpodue 0Tt Ta. dtoua givan risk-averters.

TV T ¢ Topopétpov B Ty vrohoyilovpe amd v e&icoon (IV):

1
B=y," (=) — 1 omoia TPoodopilet Kot TO EMTOKIO TOV VIOVOEITUL GTO
1-6+—
kly
steady-state.
[Evardaxtikd, propodpe vo mpoceyyicovue v Topauetpo S amd m oxéon: f=——1.

1+r
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AV dev VTLAPYOLV GTATIGTIKG OEGOUEVA Y10 TIG MPES EPYACIAG, UTOPOVLLE VO

40
7x14"’

KoTaokevdoovpe pia tétotn ospd g e€ng: H = (1—u)E

omov: H = 10 1060010 TOV ¥pOVOL TOL APIEPDOVETAL GTNV ATAGYOANON
U = 10 T0c0GTO avepyiog

E = 10 gpyatikd duvapkod
H
Télog, N petapinty h vworoyiletar og: h = N 6mov N = 10 chHVOLO TOL TANOLGLOV.

O1 Tipéc TV mapapéETpeV TPEMEL VO, gival GUVETEIC e Ta “great ratios” kot pe Tig GAleg

TIHEG TOV TAPUUETPMV TOL VITOOETYLLOTOG.

a l-a
Ao ™ oyxéon: 1= A(KJ (Ej Bpiokovpe 10 4.
y y

M£0060c Korhivrla (JEDC 1986)

Ewsdyovpe tov akdrovBo cupforopod ya tig petafAntég Tov vmodelypotod:
Evdoyeveic states: X = [12]

E&wmyeveig states: g‘; = [A]

Evdoyeveic controls: § = [ﬁ, & 9,11

To didvvopa X meptrapPdaver n = 1 gvdoyevn State,

70 O1vuG O 92 nmepapfPavel Z = 1 eEwyevn state,

10 Stévoopa Y mepthapPdéver m = 4 controls.

21006 pog etvan va kataAnEovpe o éva cvotnua e€lodoemv mov Ba elvar cuvaptnon

uovo tov state variables. Anhadn o€ £va oo TG LOPPNG:

y y s , , , ,
E{A{ R A At B,& ¢ =0, 6mov o1 S1ooThoElg TOV TVAKoV glval:
X X,
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At (m+n)x(m+n)
_):/”1}:(m+n)x1

Aouzl(mm)x(mm)
_gt}:(m+n)x1

t

By :(M+n)xz

Eizxl
O:(m+n)x1

A7d ™ cVVONKN TPOTNG TAENG OC TPOG TV EPYAGia, TOV resource constraint,

GULVAPTNOT TOPAYMYNG KO T GLVAPTNOT| ENEVOVGE®V Ppickove Ta akdAovda:

9t = A1kt+1 + Aokt + Eé:t

Ko Yea = Ak, + Ak, +EE
11§ omoieg avtikadiotovpe otn cvvOnkn Euler:
MK,y + Mok + N, ¥ + Ny + A& =0

H omoia ypdopeton og éva oo Ypopuk®v eEl6dcemv olapopav 2°° Baduo,

ovvapTHoEL povo Tov state variables:

EIAR, + Afis + AR = Bié + Byl | (*)

éTEOU: §t+l = th + gt+l'
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O&LlovpEe VO LETATPEYOVLE TO GOGTNLA YPOUUK®OV ££16OCEDV dlapopmv 2°° Babuov ce
éva 16000vapo 1°° Babuod. ITpoxepévon va KEVOLUE AT TN LETOTPOTY], CVEAVOVLLE TO
mAN00G TV peTafANTOV Kotd pio

YnoBétovpe 6Tt 0 avtioTpoPog Tov Tivaka A2 vdpyel Kot ToAAaTAacIAlovpE amd

ap1oTePd T o)éom (*) pe tov At

ERe, + ATARL + AAR = A'BE, + ABE |,

N teAevtaia oyéon ypapetat:
LT R IO
)’zt+2 AglAO A;lAl )2t+l A;1B1§t+l + AngOé:t .

EvoAhaktikd, opilovpe v, o véa state variable, tétown dote:
W, = X, » KOLKOTO GOVETEWL: W/, =X, -

Enopévag, o state vector ypdoetat:

Ft}_rm} SRTRPR
~ |=| ~ | xouemmAéov: v, =X, .
l//t l//t+1
0] -1
AR ACA

omoieg B€Aovie o1 N va giva evoTadeig Kot ot N va givat acTtabel, TPOKEUEVOD TO GUGTN LA

E&etdlovpe tov mivoka H =[ } O mivakag H éyet 2n wdotipés, and tig

va yapaktpiletar and ) “saddle path” property.

‘Eoto O o mivakog daywvoroinong tov wivaka H, tote:

'K O
O'HO = o A}’ omov K 1 vrountpa pe t1g euotadeig 1010TIHéG Ko A 1 vTOUN TP UE

TIc aotadeic.

. » -1
O 'HO = 911 912} H|:911 912} _ {K O} '
_‘9;1 ‘9;2 921 ‘922 O A
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Z16y06 eivan va Bpodue pio oyéon e Lopens : X, = X(X,, ft) :
®a KataAn&ovpe oe P oyEom TS LOPPNG -

Efxs =Tx + (I -VF) 'VA'[B,E,, + B, &1},

omov: F givan o “forward operator” xon F*X, =X,,,,

T, V elvar vmopntpeg g O.

Mo vo amoieiyovpe tov teAeotr TV mpocdokidv (E) ewcdyovpe v e&icmon mov

TEPLYPAPEL TT] GLUTEPLPOPA TNG GTOYACTIKNG LETAPANTNG & ! é?m = Qét + &y -

"Exovpue katainéel otnv axoiovdn eEiocwon:

E{A2)2t+2 + Ai)A(t+1 + AO)A(t = Bl§t+l +B0§t}

YnoBétovtag 0tL 0 mivakag A2 avTIoTPEPETAL, TOAAATAAGIALOVUE OO OPLGTEPH LLE TOV

avTiGTPOPO TOV TNV TOPATAVE® GYECT] KoL AAUPAVOLLE:

E{)’zt+2 + A£1A12t+l + AglAO)zt = A51B1§t+1 + Angogt }:

E{)’zwz + Ai)?ul + Ao)zt = Bl§t+1 + Boé:t }

AxorovBovtag ™ pébodo oo dpBpo tov KoArivila, Exovpe v axdAovON yeviKn Avo:
E.X.; = TE.X, + (I -VF) VA'E,[B,&,,, + B,& ],
omov: T = MKM ™!
V = (NAN ™" = MKM HNA'N *(NAN ' —=MKM )™
K :eltvar  untpa tov ev6Ta0dV 1010TIHGV
T,V : elvon vropnpeg g O.
M, N : givor vropnTpeg TOV INTP®OV pe To Wodtavicpota, (BA.3° uépoc amddeléng

a6 o 4pHpo).
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Z16y06 eivar va Bpodpe T Adon Yo to X,,, = X(X,, ft) :
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EEetalovpe tov 6po: (1-VF) VA, Et[Blgng + Boggt] =

(I _VF)_l &Az_lBlEtgwl +VA2_180 Etgt }:

(VOFO +VIFL +V2F2 + )VABEE,, +VA'BE S |=

VOO LI+ VIFHL b+ V2Rt =

{"'}+V§/A2_181Et§t+2 +VA2_180Et£t+l} VZ{/AZ_lBlEtgt+3 +VA2_lBO Et$t+2 }+ =

+
ZV : {lA{lBlEté\HjJrl +VA51BO Etgwj }: ZV i {AnglEtgtJerrl + AngO Eté\tﬂ' } (*)
j=0 j=0

* Ynobétovpe, apywkd, ott n & eivan mpokabopiopévn (deterministic), kot éotm OtL M
Srodikacio mov axolovbel sivar: &, = £,Vs.

Yy mepintoon avtn, n oxéon (*) ypaestol:

SVIABE + ABE) = SV ITA(B, + B))E = YV IIIE
j=0 j=0

j=0

omov: IT=A*(B, +B,).

* YrnoBétovpe, topa, 6Tt 1 ¢ akolovBel pior 0VTOTOAIVOPOUT GTOXOOTIKY dtodikaciol
npmdTov Pabuov: &~ AR(1) , dniadn:
§t+l = th + €t+l
I'pagpovrtoc v tekevtaio oyéon pio Tepiodo Umpootd.
(Avvovope pe ™ pnébodo g mpog To epmpog emaymyng-forward substitution)
Sz = Qi + €
Opoimg yio Vv endpevn mepiodo:

S = Qs + s

AVTIKaGTOVTOG O1000)1KA TOVG OPOVG:
Y
§t+2 - Q gt + Q5t+1 + Eii2

£ 3z 2

$a=Q°6 +Q%,;, +Qé&, + &,

£ Az A1 A-2

$, =Q&+Q e, +Q e, ..+ Qe HEL, =
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‘§t+/1 = Qlé:t + Zngt+ﬂ—i
i~0
[Maipvovtog mpocdokieg oty teEAevTain GYEOT:
1
E.. =Q7¢ "’ZQ Eiétii =
i-0

Etétm = Q;{é\t7 0oV Et5t+j =0,]>0. (**)

AvtikaOiotdvrog  oxéon (**) oty (*):

DV IANBQIG + BQIGT=) V I ANB, +BQ QS =3 US|
j=0 j=0 j=0
omov: U =V IAY[B, + B,Q']Q'"

H pntpa U éxet dwootdoeig nxm, kouin & mx1.

To mopanave dOpoicpa cuykiiverl av ta ototyeia Tov untpdv V kot Q elval Kot’ amdAivTn

T KPOTEPQ TNG LOVAIOLG.
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"Exovpe katainéet 6to akOA0v00 6TOY00TIKO GOGTNLA S10POPDOV TPMOTOV Paduov:

Xy = TXt + Ugt

‘§t+l = Qét + 8t+1

T1dyog pog eivat va mépovpe T Avon yo to X

(AxohovBovpue ™ puéBodo ¢ Tpog ta wicw emaymyng-backwards substitution)

Xin :TXt +U§t
X :TXFl +U9Zt71

Xy = TXFZ + UgZH

(***)
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Simulations

@érovpe va Bpodue T oepd 1o To X, : xpelalOHaoTE TO X, Kot Tig TapeAfovoES TIHES Yo
0 i jg-

Koataokevdlovpe ) ogpd yio to é )

Ao ) oxéon (**) eridyvovue Tic akdAovbeg oEpEC:
& é?l

&
2—>§2—>

1

x> X

2 I / ’ S z
, Omov VoBETOVE TIG APYIKES TILES Xy Kot &, .

x>

€r &r

Amd T 6TIyUn OV PPNKALE TN GEPE YL TO X, , XPTCLULOTOLOVHE TNV akdovdn Sradikacio:

T

Koxldixy 20yKpLo £
X — HPper — Kn — AroxAiceis —> 7P 77 #
Yuvvictooa odoLE VY

* Apkel pa ogpd oyaiov opBuov yio m oepd {&,}?
Oy, yiati 8éhovpe T {X} 600 10 dvvatdv o aveEdptnTo oo TNV ETAOYN TNG TLYALOG
oepdg {¢,}. H emhoyn tov {¢,} yivetar omd Ty MATLAB (random number generator) oo

TNV KOVOVIKT KaTovoun pe Héco undév kat dtakopavon ae. H tun tov o, Bo emieyBet dote
70 Volatility too GDP mov mapdyet to vodetrypo va ivar idto pe to volatility tov GDP ota
data.

AvtioTorya dovievovpe kat yio. To persistence (p).
» Il6c0 Ba givor To péyebog tov ypovikov opilovta T ?

Me dAla Aoyo, molo T0 péyebog TG CEPAS Yo VO DVTTOAOYIGOVUE TNG POTEG OEVTEPNG

ta&nc? (second moment properties).
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Av v tapdderypo Exovpe dedopéva yro 30 £tn, dev AapPdvovue o¢ T o 30, yati otig 30
QTEG TOPOTNPNOELS EYOVUE VITODEGEL TIG APYIKES TIHES X, Kot ggo . Emopévac, ptiayvoopue
oepég pe my. 100 mapartnpnoelg, and tic omoieg kpataue T 30 televtaiec. [ Tig

TOPATNPNGES AVTEG VITOAOYILOVLLE TIC poTEG deVTEPNG TAENC.

Yvvoyilovtog ) péxpt £0® dadkacio:

* YroAoyilovpe tig pntpeg T ko V.

* A6 ™ oyéon (***) Bpickovpe 10 X,.

 Anuovpyovpue N tuyoisg oepéc yia tig {¢, X, 92}

* [Taipvovpe wg X TOV HEGO OPO TMV GEPDOV YI0L TO X OO TO TPONYOOUEVO PriLaL.

* Emiléyovpe T1g oe1pég pe ta KATOAANAL o Kot p.

* Emiéyovpe tov ypovikd opiCovta T.

* Yroroyilovpe T1g pomég devtepng Taéng. Idwaitepn mtpocoyn mpénet va dobel oTIg
oelpéc. Anhadn, mov voroyilovpe Tig pomég devTepng TAENG. Ot oelpég Tpémet va
&yovv ovpPatodtnta petald Tovg, Ty GLYKPIVOLLE KATO KEQOAN HEYEON HETAED TOVG
N TPOGEYOVILE GTOV VITOAOYIGHO TNG KVKAIKNG GUVIGTAOGOS OO TOEG GEIPES APULPOVLLE

TNV TOON: GEPE TOV TPAYUATIKOV OEOOUEVMV 1) GEPA TOV TEYVNTAOV OEOOUEVOV.
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Second Moment Properties
E&etalovpe 116 1010TTeg g KYKAIKHE XYNIETQEAY 109V oe1pmv.

Korhixn Zoviorwoa: ivar ot amokAMoelg pog oelpdg amd v téon g,

SVYKPIVO TIG GTATIOTIKES 1010TNTES TG KUKAIKNG cvvictdoog ota data (X) pe avtég mov

7 4 7 *
TPOKLILTOLV amd TO VILdderypa (X).

Data:  X={Y,C, I, KL}
Model: X*={Y*,C", I', K",.L"}

(1) VOLATILITY

X

Kpumpuo: Seor

(2) PERSISTENCE
Kpupro: “First-Order Serial Correlation” — { p%, pX'}

(3) COMOVEMENT

E&etdlel T 6LGYETION AVALESO OTIG TPEYOVGES TIUES TNG X KO OTIG TYUES TNG Xt -
Yuvnbmg e€etdlovpe yio A=1.

[T cvykekprpéva:

Puxe s Puxe P S KO e s P P, |

Moc evolapépet vo SOOLLE TTOL0L TIUT TOL p €lvor 1 LEYOADTEPT).

.. eetdlovpe:  * Y Kot X

* Y* ko X* e

[ (4) VAR PROPERTIES

E&etalovton o1 cuvapthioelg aipvidiag andkpiong — Impulse Response Functions.]
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Dynamic responses, as percentage deviations from the deterministic steady state, after a total productivity shock: p = 0.01, 7 = 0.05
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ME®OAOAOTTA Real Business Cycles (RBC):

© g M w DN

AEAOMENA TTPAI'MATIKHE OIKONOMIAZ
Bpiokovue dedopéva (data) yo tig petapintéc X ko Y.
Ynoloyilovpue : InX ka1 InY .
Bpickovpe Tv taon: INXH? o InYHP, 6mov HP= @idtpo Hodrick-Prescott.
Bpiokovpe v kukhiky cvvictdca: X = INX- InXH? o y = InY- InYHP,
Ynoloyilovue to Second moment properties ywo. ta. X ko Y.
EnavaiapBdvovpue ta fpata (1)-(5) yio to vwoderypo, oniadr| fpiockovue:
« Xk Y”
o InX" xot InY”

o In X" xou InY,™

o x*=InX"- InX™ xow y*=InY"- InY,™".

7. Zvykpivovpe Tig S1001KOGIES Yo To TPOyUATIKE dedopéva Kat Yo To. dedopéval

TOV VIOOEIYUATOG.

33




STYLIZED FACTS: Real Data
e We observe that consumption is significantly “smoother"” than output; in contrast
investment is more than 2.5 times more volatile than output.

* Hours are about as volatile as output.

» Productivity, the real interest rate, and real wages are significantly smoother
than output. TFP is about two-thirds as volatile as output.

» Consumption, investment, hours, and TFP are all strongly correlated with output
(and indeed also with each other). Productivity is somewhat more weakly correlated
with output; and indeed this correlation masks a large sign shift in the correlations
from strongly positive prior to the mid-1980s to weakly negative thereafter.

» Real wages are weakly correlated with GDP; although this probably significantly
understates the true cyclicality of wages because of a selection bias.

» The real interest rate is essentially acyclical (that correlation will typically go
slightly negative if | use ex-ante expectations of inflation as opposed to ex-post
inflation).

» The price level is mildly countercyclical.

» We see that almost all series are strongly persistent in the sense of having a large
first order autocorrelation coefficient. The least persistent series is the real interest
rate, but this autocorrelation is still 0.42.

» We observe that hours are a lagging indicator in the sense that the correlation with
output lagged one year is quite positive. The real interest rate is negatively

correlated with output led four quarters.

STYLIZED FACTS: Simulated Data

« The model does a pretty good job at matching the volatilities of output,
consumption, and investment { in particular, consumption is significantly smoother
than output, and investment is significantly more volatile than output.

»  The model does a good job of matching the volatilities

of labor productivity and TFP.
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The model also does a good job at matching the own autocorrelations { the series
are all persistent with first order autocorrelation coefficients typically in the
neighborhood of 0.75.

Lastly, the model captures the fact that most quantity series (consumption,
investment, hours, productivity, and TFP) are quite procyclical (high
contemporaneous correlations with output), though these correlations are too high
in the model relative to the data.

The model does not generate enough volatility of interest rates (relative standard
deviation of 0.03 in model vs. 0.24 in the data).

Further, it generates wages and real interest rates that are far too procyclical
relative tothe data. In the data, wages are very modestly procyclical and real interest
rates are acyclical or coutnercyclical, depending on how you measure them.

There is some evidence that aggregate wage date understates the procyclicality of
wages due to a composition bias (Solon, Barsky, and Parker, 1994), so the wage
cyclicality can potentially be reconciled.

It's much harder to deal with the interest rate cyclicality.

The model does not do great at the dynamic correlations. One particular area of
failure is the fact that real interest rates positively lead output in the model, whereas
they negatively lead output in the data (King and Watson, 1988).

Finally, another failure of the model is that it does not generate sufficient volatility
of hours { in the data, hours are actually slightly more volatile than output (this
relative volatility has risen over time), but in the model hours are about half as

volatile as output.

EXTENSIONS

Some of these defficiencies are easier to deal with than others. For example, we can

employ a version of Hansen (1985) and Rogerson (1988) indivisible labor model” to

get what essentially amounts to infinitely elastic labor supply. This will work to raise

the volatility of hours and lower the cyclicality of wages.
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We could also add money to the model in a way that doesn't change any of the above
results, but which makes the model capable of matching the countercylicality of the
price level.

In addition, we can add shocks to things other than technology { things like government
spending shocks or distortionary tax shocks (McGrattan, 1994)}.

These can work to lower the contemporaneous correlations with output, which are too
high in the data.

CRITISISM

Critics of the real business cycle model are uncomfortable with the facts that:

(@) It is driven by technology \shocks™" and

(b) These shocks must be large and sometimes negative.
Hence, much of business cycle research since the 1980s has been involved in
modifying the basic model to (a) allow other shocks to “matter" in a way that they
can't in the basic model (e.g. monetary policy) and (b) generating better and more
realistic mechanisms for the model to take “small” shocks (as opposed to large) and

produce relatively large business cycles.
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