
Lecture 3

- Further Examples-Function Spaces

- Metric Subspaces

- Open and Closed Balls



We dlooe on with an important (in what follows)
"category " of examples :
Example : X is a set of functions
For K¥0 consider BCtand let
dgp : BLUR) xBG ,

1123 →R be defined

BY? f.go.BG/dR3,dsapCtzg7-.=seupylfcxs-gcxl
* deep is termed Uniform metric-

Notice that , Tuileries.ua#Itsip*supIExlzss:p.ffoxIgcxol7
ja<+00⇐ sage,
'Exits:p, YEI
t,gEBAHR)

Hence dsup is a well defined real function .
* Obviously say, tha -g 130 Ffg
hence p.d. holds r

* O = dsup Ct,g)⇐ O = qq.dz, lfcxs
-geol

-
-

⇒ If -g KO Axel
' f they



⇒⑧ hence separation holds

* deep Cg,f) = sy.gg/gcxo-fcalgyf-aee+rysuplfcxs-gcxol
- - -

of l . - ol
=D
sup
Cf
,g) , hence symmetry holds .

* if 4¥ Based

ks.%1fcxxhea-gc.nl
= qq.iq/Cfcx2-hcxDtChcx7-gcx3lzsapItfcxs-hcxslt# XEY - .

+ lls - g DE sup Hun-hcxsltsup, then -g l
-

#t - -

I
=d¥g3hence the triangle
inequality holds .

FE

* The above is quite general and important in
what follows

. Some farther sub -examples



arm
am

* (Sub) - Example : It is possible to I
perceive 4129 '

daeax) as a special case of⇐
(BCI

,
IR)
, deep ) for a suitable choice of K:

✓E
-
het function fiR
can be represented by the n- vector
Choi's test . .

,
ten'D

. Inversely if C④, . . .

,
ER"

-

-
then it defines a function f: 1¥12 by
f- cis -- Xi

,
ink
,
. . .,n .

Hence there exists a bifecti -

ve correspondence between Ef : l'→ 1123 and IR?

- Furthermore any f:X-2112 is bounded since
-

X is finite ( remember the first lecture - its image
in 112 is finite)

.
Hence Bal

,
1127 an III.
#

- It x.ye IR
"

,
duaxcx

,g) = ftp.?.,nlxi-gil- -

=



→
Max exists⇒equals

seep
= of.gg?..nlfcis-gli2l=MgqyHcis-gcislto -
r u

g :X-SIR
f.t-HR

represents
=

sieup, Hib
-gas)

represents x -
- dsup Cfg) .

Hence daeoox " is essentially , deep and thus

CRY daeocx) an CB Kher,u3 , IR) , dsap)
.

#

* (Sub - Example) - Boundedreoclseoiuenc.es
- A real sequence is an "infinite dimensional

vector, of the form Cxo
,
Ah
,

. . .

,
xn
,
. . .)
,
Xu EIR, ne IN

#r
d - e

initial 6 no final
element as many element

elements as

✓
,

the elements of IN

Eg . A . (O ,k , Lg . .
- gu , .

. .) f. ft ,1,1 . . . . , I, . . . )
--

'

✓
✓ A

G
.
( t

,
Ha
,
r. . , Yuta,-r .) r
- =



- Equivalently a real sequence Go,Xi, . . . ,Ayn . .)
is representationFIN → IR since ..
- y
- Ho

,
Xe
,
.. .

,
xn, . . .) defines f. IN-0112 with
-

r -

f-cuz :=④
- f: IN -2112 defines the vector

( fool
,
fcb

,
-
n, fab , . .
-

a
.
tons = u

,
b
.

fan = has
- trench ith the ¥lN
that represents it is

ocbreotienasFeeauresn9cPn1hmktoocsn9.PwlxnIIt@a.s
yep,µ
In1=+00 not bounded

b.
snoop,µ

I Yuthl = I ctoo bounded .

- Hence ( BC IN
,
IR)
,
dsup) is the space
-

of bounded real sequences equipped with



→
Constant

sequence
the uniform metrics

. att

e.g . C . Xu=L Hue IN ( 1,1, - n ., A, . . - )
f-cuz =L→

snuep,µkul= say.pµ1 =L,
,afD

⇐ BGN
, IR)

deep ( ( 1,1k, . . ., Krein . . ) , Ct , I , . . . , IT. . -7)
- -

= sand?.nl#H--suuePw1Fthl=sneupnnnaX

WES? his.i=E¥
i

* fab) - Example - y
f- [oh]

,
and consider BC-Lo.ES

,
1127.1

-
-

u

Notice that BCEOAI
,
1123=10 since it contains

the constant functions CREOLES , CEIR .

Consider also £30 , and the see

An Et : Tees -12 :fA¥
H.ci#yLixE3 .



III. lay - he e-
Notice,that ⑦t0 since for example

g. ÷=⇐Ce?oe An :/
nasi

TCO =LCeo-L) =O y
* between

"T

y
⇐I get -gas?

= 9¥cyxy Cx-97
if x.geEoff , Ig -gig I =L let-e't

't

- ref
E lgcxn I

u¥¥¥÷
.

"" - i±n÷÷÷÷÷÷¥L
Furthermore if f-EAL we have that

=
-

I.If
,

It 1=1%7,
't 'to'¥¥%gh 1×-01

= 2 qq.dz#hl--LLtooheucefeBCEoA-3 , IR)

Thereby lot Aa E BGLOAT, IR)
↳ is an example of a uniformly
Lipschitz set of functions
[to be defined . . .]

Hence BC-hod-3.IR) does not only contains constant



functions
.

Another family of functions inside B. GOAT, IR) is

A€E gn :[913-2112 , , ng INI
since

EYE
.⇒
' 9W ' ' 'nd -

I:c:
.
E.ie#E.i.Enaoo

- -

hence gene BC EAT ,1127⇒ AN E BELGA
,
1127

.

Exe
.
d
sup CE Ce're),nx) , the IN .

CBCeo,Ed ,1127 , deep) is the resulting Metric
space when equipped with the uniform metric .

.

B
.
Metric Subspaces

Definition
. Suppose that (X,dlepace

and 0¥ Y EX .

Lee dy denote the restriction
=

of d on Yxx ( i.e. consider d restricted only
to pairs of elements of Y) . Obviously

I



dy is a well-defined Metric (why ?) that
can equip Y

,
and the Metric space ④did

is termed a dletric subspace of CX
,
d)

.

Examples o.
"

ex air
- CR¥ , If { XEIR

"
: Xi -- 0¥ , fi n)

(obviously HEIR
")

.

if 12¥ then

da ÷÷Hk?÷ s : ' ÷.

= # fish,2, . . ., n : xityi} = daCx,y)
- =

Hence when di , is restricted on Y it reduces to
dit . Thees (Y ,dit) is a metric subspace
of CDs", did [Does this hold for d¥dmo¥?]

*of
- Ch

,
dsap)

,
CAIN , deep) are Metricsubspeciesof CBCEats , 112) ,deep) .



abuse of notation

- ( Eo ,tf
, duo) , Ceo

,
Ed

,
de) are metric subspaces

=# r x

of CR,du) and 412
, d⑥ respectively .

=

- etc . (we will see More examples as the
course progresses)

[The notion of the Metric subspace is an example
of the construction of a dietrice space from a given
one . We will later on see further examples , line
product spaces , etc .]

C
. Open and Closed Balls .

The notions of open and closed balls in a metric
space is fundamental . It generalizes the notion of
open and closed Cbounded2 intervals in 112

,
thus

systems of such balls represent a lot ofinformationabout the metric space :

Definition : hee Cx
,d) a aeetric space , ⇐ex

and Ezo. The open ball of⇐d) centered
Oct x

,
with radius e is

= a



+
Ur

od.ca#E7:=EyEX:dfxeskE3 .

Respectively the closed ball of ⇐d) centered
out x with radius E is
= qtr F

Od -4¥ : = E YEE : texts) SEI .

* ALEX, Eso ,
Xe OED and XeQd

since due to ED dcx.se?--OEE .
⇒
geOE"
B

* if ye X and dcxip.se#dcx,yjse hence
- good

=

AXE X
,
e>0 Odex,E)f- Od Ex,

go.ae#a.eMotsY.eggssoirily*eoE
'D

* if S>E then it dengue
.

⇒ dcx
,g)SS hence

or¥E

Od Cx , E OdCx,S) geode.ae]

Putting the above together , KEEX, Eesso, EIS
Ef Od Cx, E) E OdEx, E Odcx,8) E OaEx,

-notnecessarilly¥aindusionT



Examples .. g.we-19
Is

- (X , da) discrete space

we have that (why?)
Q e) ={

EM
,
est

X
,
E>I

OdThe] = { EEE , ELL
E s EEL

→ a peculiar example - balls are either

singletons at the centers or the whole space !

- Ck, du)
we have that

Oda,e) = CX-E , xte)
OdEX is] = EX-GATE]

the
"

usual, intervals .



- GR
,
de) [remember decays -- teal]

Notice that decay) Ee ⇒ lex-EIS e ⇒

- eseeds e ⇒ ef7EeAe r
⇒ ye @ , luce with f={EEG , ese
-

-Oo , EEE

ye
Een d , he@Ad] , he >-oo

Goo, En cette)] , he-00

Hence in ⑧de) intervals of the toraeG
or Cc1 are considered of finite radius
something that is obviously not the case in

K2, du) .

- CR? de) , X=Ozxa , E>O
→ E

o?
...

E
'

-E



- Cra,dm) ⇐axe
,
so

⇐¥÷¥÷¥.

-CR?d⇒ A- 0am
,
E>O

÷.

Hence different metrics can attribute different
geometric objects as balls on the Societe carrier
see

.



Exercise : Consider CBCEOAI,1127 , deep) .

Lee

↳=L AxeEoff
.

"Drawn Odsfeph, t) and

Odscep[fit] .

Cz
.
An initial property of separation via Balls .

Lemma [Separation .
Let IgeX .

Then Ety

⇒ Fea
,
ez>O = Od ex,ED n OdCy ,es = 0.

Proof
.¥) obvious from -Chae XEOdcx , , yeodcy,Ed
= - -

and disjointness .
⇒ x±y dcx.gs :-720 .

Let E-E-Ez
consider Oda ,ED , Oday ,GD and suppose that

Od
.
Hence dcxk and

✓42 aEtz

das ,⇒ask .

Then E- dcxisssdcxr-7-dc.is ,2-32%1-92
- t

-

tr. ineq. Is impossible
1-symmetry -



Exercise : Does something analogous hold for
closed balls? Coboiocesly yess

Hence balls separate points

[We could generalize in the obvious way the

construction of balls for pseudo-Metrics.Would

such a separation result hold generally then?]

CI
.

Balls and dominance

consider @ ,did
,
CX
,
dz)

,
xc. X , s>O and

Od
,
CX
,E3
,
Odzcx, . Suppose that f-GO E

desc dz Ifunctional inequality]
GO

tee ye Odzcx, ⇒ dex,y>aEID cdzcx.skCE

¥95 de
-Cx,g) God

,
ex

,CD =D Odzcx, sod,Cx,CED .

Hence fxex
,ESO

,
deeds =D Odzcx,GEOd ,Cx,CD

anti tone
transformation .

Ft


