
An Example of a metric based on Graph Structure

Suppose that ✓ =/ ∅ (set of vortices) and finite
Definition. An unordered pair of elements of ✓
is a see {✗i

, Xp with Xi
,
✗GEV .

({Xi
,

is not actually a vector of elements of V ,
since Exi

,xp = Exg,✗i3 , and this justifies
the term "unordered,]

Definition . An unordered finite graph on V
is a pairG- CV , E) where E is a

collection of unordered pairs ofeleaeehts
of V; [

E is the set of edges in the Graph]

E.g. f- Ear ,✗z ,✗33 E.= {&,XD
,

•
A {A ,✗33 }

I
×,

• vertices ≈

trivialpairs {Xi,Xi]
- elements of E

↳ can be considered as representing
symmetric relations between the vertices

Remark
.
Given the identification Exi ,✗y3={✗j ,✗i} ,

Qt Most one edge can exist between any pair of vertices.
Such graphs are called simple . Since G is simple and



V is finite
,
E must be also finite (why?) .

Such graphs
CV finite and E. finite) are called finite.
Definition

.
If ×,yer and ex,y3 EE then ×,y are called

adjunct (connected by an edge Xadyy.A path between
✗if Cpx,g) is a finite sequence in V

↳ essentially a vector-why?
(Xa

,
Xz
,
. . .

,
✗i
,
✗in

,
_ . . Xn)

,
with ✗a-=✗

,
Xu=L

and Xioidg ✗in , Fi= 1- a.- in-1- .

Remark
.
A path is called a loop iff ✗=y . A

loop is called trivial iff it is a Singleton loop
Coby do trivial loops exist , by the above?)
Definition . A graph 6 is called connected

,
itf

Axisc- V there exists a path Pay Ceoery vertex
is reachable beg any vertex via some path)
E.g.

✓= { ×,
,
✗r
,
×,

,
✗a) {= { ex ,✗D

, 8×1,143
Exz,Xi , 2×2,14>3]

×;
✗a G- Cv

,E) connected• ✗y

why?)
E*= 9#xD

,
{✗, ,✗is

,
{✗r,xD

• ×,

6*= Cv,
not -Connected lwhy?)



- Some Qbgebrou on Paths
- Transposition : if Px,] = (X,Xr , - ^^ , Xi, Xan, . . . ,✗um, g)
then play = ( y , ✗n-r , . ._ , ✗in, ✗i , . . . ,✗r, ×)
Exe: Play = Pay ift Pay is a trivial loop .
- Concatenation : if Pay -_{× , ✗r, .. . . ✗i, ✗in,. . . in -a

, y}

and By,2- = {9 , Dr , . ._ , Yg , Yg.ie , . . . , You-a , 2-3 then

,y
•Py,z : ={✗in, . ..,✗ i,✗in, . . -1×4-1 , Y ,92,. ._ ifjifig-nir.jyat.PE}
[Concatenation Novas 64dg ou conformal paths,
i.e. Pay •Pw,≥ is definable iff g=w]

Exe : is
• Py,z)

'

= Py!z • Pxiy .

- Length of a path

Definition
.

If Pay is a path then :

length(Pag) = #Day -1 . ☒

EÉÉuÑÑ¥numberof elementsof the sequence
G is fiaiee then the function length

assumes its values on IN (why?)
2. It 6 is finite and connected then the

optimization lay := Min{ length (Pay?Pay is a
path frock ✗ to g)



is well defined ( it always produces a natural number)
since

_ G connected⇔ Collection ofpaths trout ×,y =/∅ fayer
- 6 finite ⇔ s> ⇒ → finite! fayer

( it V was kingly, finite then it could be possible that
Fay c-V : lay = too -why?)
From now on 6 will be simple , finite, and
connected :

3. fayer, lay = ly ,x Cwby ? use transportation]
4. Hayter, lxig ≤ laz +lay since

lexis ≤ length (Paz • Pay)
↓

has by construction
b"

length (B)a) + length CPz,y)
an optimal property

and the ≤ inequality above continuous
to hold if Paz and Pay in the inequality
are chosen optimally .
5. lay=D itt ✗=y [why? )



we owe now ready to construct a Metric on
v (not on G) based on G.
=

Metric viaG. Let ✓=/∅ , finite , and 6 a simple
connected graph on V

do : ✓✗✓→ IN
,
behined by

✗ifEV , decays • = day is a

well defined metric
.

• do is a well-defined function with
values on IN by Death .
a- do carp =0 ⇔ ✗≈y by Real 5.
- do is symmetric by Real 3.
- do satisfies the triangle inequality
by Real 4 .

Remark
.
If ✓ represents economic actors , and G

interconnections between them w.ie . -1 . optimal decisions
,

G.g. local games) , do could reflect the Karol-

tegic interdependence ,, between the actors ✗is
in terms of their optimal decision Making .


