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Elements of Metric Fixed Point Theory: Banach FPT

We have now he adequate vocolbuaufﬂ so s to De oble
fo stafe ond wae the ﬂﬂ;ecl pont theoeu of Bonach.

Pelindion . Suppose dhat ¥ is a selP-wap on X, ie. XX,
)*EX s ﬁ,ec\?oim— of £ -—fl x‘zfcx’).

Convents.

1.1]k ifmdo! i{ne exsittence o-’ ’flfec‘ ro;nls =’or o ;‘,—'ve'l 'ﬂ

the uidmotlity of e sec of Pised poims, the detection ov the
Qpgoxsasxtion of Bixecd poris | eéc, Ras obuious signitcance

for the solition o4 (sﬂrtem of) equationc. The Fined Point
‘H-eou:; s X corgus o«f vesalts €hoy ose oca.q’ied with {he odbove
w'ven sclevosns  srucsures and propeseies Pov X ond/oy P. The
welsic 4’1”4130‘"1 H-eolg assaucs o1 feosr hal X is endowoed wirh
o ek C,

2. A fixed point ol £ ic an Desent o{ x thot is Lelb imvnsiant ﬂ,} ‘f
8.3. when £=id; then &lxex,/foo;x. H 4 is o Pised point of
P thew it is abso a £:xed poiné of £“xx M>0  since :

Aa. the tesalle obOSoanﬂ. elous Lov a=L b Saﬂzose thatl 1+
tu?zds E 49 u:k,i.e. (k(l =x* (. Then ‘,or a=-k+L e
bave enat £78 = R () = for)= <*

3. Pmtx'a”a, caloers’e(g {o the previcss ;-P ﬁc’sone u>l | x¥ is
L{he wmigue fiat gont of X b X=X, then fox® = £ ‘c‘;"))
= $ME = PNYL7)) |, hene £ is o Lred point of
_f(u). ‘Bu\— then wnqueniess inape-'tc tat *= o) qad Ehereby.
x* is ot Pixad Qv of £ b atese olso be wnique smce if x, fx*
is also a Foad goink of P fhen i+ would alio, due to the previcas be
a Pised goins of 'f“olo’u'c& s iupossible (why?). Sude resules coulld
be usefiel Fou editony the fised goints issves of f 4o the ones ool -
Ing i4S  Coasposs honol (tedtes which way be easies 1o solve.




We il pow stodc and prove Banach's Tired Poiar Theosean
(BYPY) o cortqxcton uaop'mz, T,

“Theogese. (BFPT) Sappose that fix sowse d , X, is contplete
and L is o« d-concoarion. Then £ has o uniqe Fixed pomt
soyy AXe X and we have €hoce x*—;d-f; cj’ B ¥xeX. o
Constents . BFPT ensures evistonce cond unigueness for the Fivad
pim. Heace itis @ uefg sh‘ou(.‘, fesa&, obtoauned ’wweoer bg
fthe corsideroton of Shory Propes sies of Xand P , (€. the ecsiente
of a wetsic thoe Coupl’e-lce& mefvizes X ond w.a.e. which P

is o consradion, Mosecver i+ provides 63 a acoors of approximodion
of x¥ vix the nstcaction of X-valued (poses of) sequenxes.

‘wa!e The pfco’p IS (onsisted % o Lst of qux"efara Cegarcnicx:

I.cu-wu. JBT?[ H fas o Pixed poit | then it is unicpee. p

Peof of !BFT’I guppore that x5xe€X cwe Pixed goims of P 0c hooe
thet dox))=dCED, o) < € dx%X)) fx 0zl sine £ is & comteoution,
Hence dex®xDd = (Ao x)a=p dx*%) =0 &) x¥=Xx since d is

A MeEC.

Coutront. The d-correnassoeness of £ seplics unigaeness upon existence.
Would hot ceamnia tue ifd wee a preudo-ueeric? o

x , u=0

Lestuan 9’5“’1 Consides (x")ﬂelﬂ with Xa= £O) 430 s Lo =

an asbitory deuent of X (1), IS Ka), v S cl-(owel‘ﬂml— then
the Lisit is a fixed point of .0

P‘wf of ng.p‘r. Suppose thodt )(93—:.:,‘-&'00(10. —"nm




Y= c'l‘_lj:.w,(“ = J-L‘u ‘(’ ag‘) = A-&u ‘—P ( £ “(‘;'1) )7 cl'uit fCXu—D

n-)jod A - oo M-y HD
-i—:;a miaaﬁmf(J;‘lj:o(xuj) = ‘I—’(-j\, |~|¢n¢e Y= ’&5) T 4 Y exissc.g

¢ d/g —(ont-auous

deq 33\"’?‘ The % vorluca sequence (Y delned abose is
d-Couucly. &

Pibd‘) oe 35“;1 We liawe f-’r,l that «Va;o B chuu,«u)é C“cl()(,,aaﬂ

wWhece ¢ is the coradion welliciem o £. This is duc to the followng_

nducbve ocrqaten €. IVhen u=0 s obo-ou;l?q, holds. Suppose Broe it bolis

eow M=k iec. c!c’(,‘,,_,x,ﬂ < C"A(x.,x,\, Thea Por u-st1 we have thae

doxes 24 = d g, Poxsd) cfm  dex %D 2, ec® det o) = FHda 3
ssep

Nw, suppose (hat n>a and nsides A, % £ A6, Xr-O) + ICHen- s Yoy)

€46, ) 18660 X, D+ dXa2 6D 4. .. € d(Xn X D +d064- X.57)

t... ¥ QOture K r) +ACXese %) 2 (™4 4 ) d oy
‘P‘av;w‘

oD
M T acv ) e xd) £ g;c‘du_’,‘,) -t

1—C
-“wrebg, we have ot J(xn,’fu) < ¥ éc»,xo). (a Suyprmetsic ouwfusent

wonld -‘qﬂa Lhat |°’£ un db’.‘,’(::)‘.‘ _Qdc«, JXo), bernce e precrious
AsSaupion that Uiq (an be considesed l:oc;ll«-owl loss of acncrouﬁlﬂ)

Since ce(oD) 5 M>30 as us+00 - ﬁe«e, 4 o 5 Fny: £f dox, xo) £
-

J(’(-,to\ .

t) \l‘o,n Ci—:), uuc‘ éherebs_ écx..,xu\ L€ it"u)nlf).o

Since (GOuew s d——tcwd\ﬁ‘ hen g:cL()-u(u exists g X
due 1o the faa thoat (XA is complewe. Die 6 Qprrp, y is o Finas
1’°‘."“ oef:(’, which then prust be unique duc 4 -LBTTP- o




Constien] . The proof is pocsteally basad on fhe liuit‘n} Behovics of
Kadue IN > Which s conshuuted using on al‘lu'lu((u wtol oobe in
X' The proodes the bosis fod the onstraction of appuoufmtb\g o@ga-
wihc for x* m quic cousplex fraveworks, Given Lésedodions in
Contputng esoures, the choice of xo could be of wiportance w.et.
issues of the spee¢ of comen 5 €EC.

Exnupfe. Consider €he qlweﬁon X=sin &N, Dboiwsl’g, X=D K

a soluton, Yol is it anique? A’ﬁ solietion is oo Pired poineot
£:10-5M | fi o =sin00. Consider d =34 (ie the usuol sletsic on B2)
Caml'c‘et olss 300 :=‘|3a7cx) = sml( Sincxd). We bhaove Oroct
Tgpldﬁ/c‘x = _’s‘uélizlcos(Smx) M(x)\ll.. “ence 3,3 (S 8 Az-m'
or. Trmersore (2,d1) is couplete oad eherety due 0 the
BIPT e bhave €hot 4= £ fas wrque fined Polrr' Duc €o

a previous coument Cexploun’) ? also has a wiique fixcd poin b
and ‘(heceb“. x=O is {(he umgue solution to x-cin CO (wﬁ,g did?t e
uce é-’reafa, £ irscead of £°7)

T'le etauqlc ‘ﬂaaeworx is explaa'neé n the Mamng, co‘ollatg.

Co(oﬂm.& ABF‘IP- Suppore that (X,d) is complele and S St R

a d-convoction Ffov sooe 10, Thea £ has a wWwugue fixcd
pont.o

Rm‘f Duc to he BIFPT £ fras wnsque firnecd porat cobich
doe 0 o p‘eoioos cousmeant is olso €he cuu'que zixedpoi-ﬂ— cf(-’f,c,

T’lt’ BIPT does not geaemﬂa Pina x*, ]moef uﬁ'ua, veswles such
os €he bﬂoa»’-n&, sore infotatation on iks bocation wuld be acypeved.




(omﬂqua c‘l&rﬂ,, Sappo»c £ha({ he as‘s‘aurl-'au of the BIPT fold
and U\Od’ X ¢ non-e-urfg' d-closed subsec of ’() and
LY = fcx>: xeXD CV. Thea x*e X. o

Pool. Since Y is oo d-closed sabsec of X it is olso d-ousplece
(e‘p?aia’). The cond.pom Pevycy smiplies eraE P is « self-
Map ofhon vestrictad 4o V. Siace f s o J-Conquc-tim onw X sf
Jesouns so when (cestricied +o X (wﬁﬂ{ ) Pue © ene BFPT
‘fl\' bos o aa}que ‘ﬂwé Pou'ﬂl— S ;ao‘( ae\’. Bue x*eX is e
udique (on X) soletion o£ X’.'!oo, -f x“.fg_ £hea smce ué\’,c.i(
3:!(3) would be o secnd soluecon, Consvads crion, Hence x*;q.a

Counent . H Vl‘ is onoéher non eapf} d-closed subset of X sach
thae XN =@ trcr e previous corolloxry imaplics ehxe Ixc\
’fcx)é \” (w)mf’-') c

Iq_d,eP(ax'av exouiple X old Re seded as J 5 U

App&a—téeon o‘e the BYPT: DBlactoclls Lesaa and
‘E)elluavis Emoi

lu sl t ’po%os X w;&ﬁ,,.‘w&h& !x o SQOlE of 'ﬂmcu'ons
lile the sclf atop | thal - this aHext will be usua%
denoted 53 & (mfow%acull’gdab(e a pont in X)),

Tos @ von captiy st X consider X:=B,R) | d=desp cnd
deline the wo‘oisg_pa-ubeuder o X:
of ‘f,gex then ’(}g. Y 405400 ¥xeX
Cprove ot this is a well-delined poteicl ordes)

~



Suppose hat d’ is o selfunp on X , ve. ‘VPC’RC\S“Z), q’(bé'BC\GR)

Definition. D is sxid b0 soeishy ehe BL Aypotheses it it savishies:
1. ‘f&% = $cpH 6‘-4’(3/) (aonotonia'l“'), and
2. A38coyr): V’-Pe)(_, a>0 (in what £lW¥onos £sa is
cle&'mé &J 'fct)l—a 5 #xc\’)wﬁmfc;’haégcgﬂ) Swe Sup 1-f01a)
s i(éQ‘fm\*\a\ ao) PP rSas- L), o S

The ’fael!ao-'-& vesclle colled Blacxwe@ s desss (BL) conce-
s the considesa Cion of whether P is aJ,,P/‘!,up’cm}raaion.
Such o esule s gen €he foct hac (BCY,IR) ‘J,‘q‘) is (uupeel—.e

would ﬁtméfy Snciliate Hhe aﬂ)&caéaoﬂ. of the DFPT
Leuua C Bloccxwodtss Jteaua) 5 4 d’ ;ql-is-ﬂiec the BL ﬁmaoﬂnsec

dhen it is o ot Conteaction.c

Dol det gg eX. We hove ot ‘eoo-gcﬂé 1 -qool He¥
£ fexs -acol reY
e
2
)lm(e 5’“”“"({3? 3‘-‘? ond -'nlerd-ana»'ng ‘-(! wsEh q we olso
obtoin £+ dsup(£,94) 7 q. Deline 3"::3%&”({3), 3,‘:-4’ +J,‘,(ﬁ32,
and due to o previcus coudent we haoe Gt 3",3‘€x Cexp(m")

“znce ‘;‘: ‘f and =q. ’Iow due to BI-L ¢(3’);‘- (. E')) 1))
4 & )3 J { ¢ (4)r PR
Do Bz D)1, (B9 > D)
¢ HFyq XJ:IP Clq)> d>g£”) .
Coubim'na, (’;“ and (R) we obroen €tht due 15 ‘k'd'\Sil;vi‘lg,
é’ CH'%')“' $ J.mp(:‘?, ) > dx‘f‘)



OO - P ¢ Sdrp B Vet
PCPoO- PP O Sde 5 (f,7) Vet O

| 42300 -P@PEO| ¢ 8B and since the chs.
is mdependent of x 1+ folllevos ehoet
34 1900 -g)60| £ S dgpo(£q) &

deip (G0, ) € 3dup(FBg) and the resale £ollacos
$oar the Pact e ScCOD. o

Soue ‘néeﬂw&afe rescelles CIR) [See ol He opﬂonvg exescises |

1 KW X enduoed it dy is d\«-éo(aa?& Bowended and d,—
coquzle hen (8¢ is called comtpoct Las topollogicall
space). Compaaness is equivalent to that i o),y e
VrneN y Ehea i+ has & .sub:equence thot J‘-amuerxeg nside Y

2 1P LAY Conepacé | then CC‘(,‘K)“;{‘P:\’—)\Q,/KB Jl/t\—(
coatinuous is a dgep-Dosed sabset of By, ond

“hﬂe‘g S ds«p"“‘l’k&~
3 (XA cosspewt ans £ CCY,K) ther o oo fonf b

c

Neace (ccviend> the vlevant veselt - CCLY S KD), Henve  sup:
CCGIRNY D R s dy [3aep -Gateanoos

Suppow Enaft &,J\) Is coasporct ad le¢ X= CC\’,‘“),A‘stap.




rareh((aote Pee  1o: Xx¥Y—>R fe dj_’/d - continueots and  Fe o,0),
e

(Notice <hot €his saeplies that V¥ wWw(x,-3. YR s dy [!\7‘“‘*;‘
nlous -wluj 2) .

DelLinition . In the fiasteroors obooc the Junaional equation
fe &) 0D Pon= ;cj\, L wosYy) +5«P¢ﬂ)] HreX
is alted BeWuccn Equation .

Jewsicr. There exists o cnique e C(Y,IR) that satisfies X)

Pod. (omsides £ P CORY PCPY:= m:[ woupt 8P|
ge

VacY, oo Hap € COLIR) ey, therebyy. dae to TR (or 3)

;2)( [wg« ’uj)-l ‘fay] cR, )‘ence ¢'. CC‘;'R')-’ “l(

Tusthauoe, due to TR-L yxe\’, VoacX : XaDX

sg‘;'i’Y |w(x“3)‘|é'4’u_p’ (o(x)ﬁ)-X‘ftg)\ = sgutepY |¢o(x-s.‘p-wl>,5)|

=0 Clhis is dae €o the. focce theet since (Yodv) s
Conpact | (Y 3. ") is coupocet, and since O is Contmucus
w(¥xX) is o« coupoue subsee oP(Rdo) . Nence , the R-vorlued
Sequeacev‘:ssjaR) W) ~wxml lies mside o oupoce subsee

e

of (“Z,éy) ond ﬂietebg has « (cnoeraent subseqaence Socgf_

vk:s;g:, | w(xk“,tp - wa,-p‘ wilh (ﬁh)”‘ ” 53«:3, a sebsequence

o XadneN. Dut Xa—o>x =0 Xk, 2 X Mééhefebs_ due 0 conts -




'\ul:la, \/k“ sl converye o O. Aq anaeoﬁouc veduction +o the

vessnining sabsequences ol (Whpw swtpliesfhe Cesule ). Nence

dac eo B3, sup [wix,y) +8fecy)] > sup [Cx ) +S i) estoblishng
9yeX

qeX

that d): CC\’,"Z)—’CC\',“Z) ..Q. ¢is pe geeffaqP, .‘:uéhe(uMe’
(C C\{,IQ),J,‘,?) is coaplete and €heeby Ere vesult would £50oco

fowe RIPT £ D¢ Pproven. o dgql,/J‘uP- Contracoon. Foae Bloccs—

wells dewuea it sullicos thocf satisbies the Bl-Aypolheses

We have hat-
Q4. Suﬁ)ete ‘“hot 'gg,e CC\’,IlZ) ard ‘%}3, &)

ftg»,gfﬁ) ¥ﬂe|’ é_ﬁo wWwCxy) l—&l’cﬂ) > wxy 1153(5’) ‘Vx,«jel’
= ;&"Lw"‘»‘ﬂ* ‘””C‘:i;.‘% t‘;?? [ w(x‘a)-téa(‘jﬂ Yxelt &)
P 2 ().
BL2 H aso, then (PCH+ 8a)cx>=ggfwfw’* S
1da = e[ woesp + §CH1e)| (P CP1c)) o> Haet,

ye
&) ‘b( 2+ = C\’G(?wD o
Coaweal: The issue oP £he approxisxtroz of £¥ ua the use of
the Banadh sequenxes plescribed in the BFPT (ies o'»maas% m the
Poats of vast bisecovudes in posticeloor pblevs n ecouc theosyy.

Aﬁ;&‘a{m P the BIPT: Peasds Theovear




Ouer- qnd(ﬂﬂs wlu/ lic in the ¥ afaﬂ Lomework:
- X= [a,8]) < VlsaCouq:ad—(w’q")subseLw"
®,4D.

- H:[aB]> . —IR s or. suoes od 38550 : ¥reV,
ng,e\' | Hox a0 -HOGuD) 5 S Vo -ged (e, M is cuniformbly
,).pcclu& w.sf. the second arauuenl)

— XoC\/) Ao € R.

Given the aboue consider the %quma. goandc( of vollee probhlou
BNP:

(A) 7?00: HCX,PC*))) ‘btlse\’
59610): 53

Piccvd's Theoveu . Thete exists o aaique e CCYIR) fhou solves
(.o

P‘wP Yicst notice thoct ‘-e{ao MHcx foo) ahd S
uhgexists”

L;fmc‘f )Ict ﬂeﬂc\t Ve X &)

'ng) Qc‘o) = S‘I'l (L,fce’))dx VXe\ &)

"er3 :’-erOB + 3 )‘C‘E;‘PC‘(’S)AX ¢X€Y
’usn\g L{he condson %o’!o(o) we onclude €hat (CA) is
equxoafeuf. o

Lo = Yo+ )-\ct, £fe) I \lxe Y ).

fox any $e CX,IR) (lep—')e (4)(4’))("0 = 30 El({,fw)) de




Oboiously (wohy?> ¥oe cov) ¥acV, COCPHYD R
Pence ®: CCy,R) > R Duec to fne propeseies of (he Rieuosm
inlea‘tal) VxeY, ¥x,>x (¢Cz(’))0(-ﬂ: Yot | e fuedde —

Yot Elc-é.-l’(eﬂdrt = 65({—’))60 Hence P-C GGIRY - CCyIR) ie.

¢ s o selP daop on Coo). Tucehamone ‘e‘e COI) solves
() P 4 soles (&) i £=0CLY ie ¥is « Pixed
Point of “’ Mence the theoreat will be proven if we coun oq,pﬂ"'
£he BIPT.

Consider the aeaic on CCY,IQ) 5 ‘!-‘:P 5 defined L‘J»

* — SCx-%8)
J;“P (P,ﬁ‘) c:— Su (4 (x ,"Pé‘)'ﬂ(’()\
xe
Cor omy 546 CO¥IR) (Rove thot doyp is a wel debnad ueeric),
Notie thae ‘fﬁ as obove o Since  Ocze e aﬁé&:’?
i);e V. we hace dae ¥xe X & 8 by 00\ ¢ € JCX.@\«ch)-gCO\S.ﬁ ’ l?@-g&)&
eSS sup \ch\-goo\ s S0 e e, -geo | ¢ er$ - ::;xv?!&x)—gw \
Ll@nce é*CLS"‘P (%é) < Aiqp < d dgup ( f,g? w‘;e(e C'C X >0 and o°Ge
independen¢ of -f,s. D\ew:e) onddue €0 -éhaf. CGv,R) is J,ap—
couplece | it is obso ‘f;‘ll” complece (exploun!).

)\eme i sallices Gt d’u’s‘ ;',/dz‘l" Contrxction. (Ue
have hat A;‘P (4’(42), qup)

Vo X X
- ? € ya‘fjo ’fi;)la,l’co) d€ - 4o ’Jﬂ&ﬂzoﬁe \
xXE xo

~SC>0)

4 gm\,’ e \ E:’C Mg, feo - Hee ,qcedde I
XE




4 —
£ suple*>™® LI Nt fco5) -Nc«,ara)‘df;l

xe

s sup| €507 L" 8 40| é‘“"“"e““"""’Aa

xe¥

o> . (X S
< sup[€*5™ 5 [~ sep [ gerte 5 ""j e‘“’"")&:,
xeY¥ o teV

>
_soews _8Ge- €xo
= sup| €5 sp Waa‘ﬂccjle“"")sk“ ™ )JLJ
xe¥ €€X

rm: SCf/Yo)
( du= 8d¢€
_&x-xo) $ox-xs)
= Cad:e o :qp("r)fo J e“’c,lw J
XE (0

= A (2,0 377 (80
i‘;‘\’,[ uply) € | e
% - ~Ax-Xp X ~3(6%o
=1 AguF (’-f,g) 5:43[.'.-(’,& j = ‘!>¢l|> C{,S} (I—’Q )
Dbvicasdy O L5 L snd Grerelore thre remele Follouos.

Cﬁunlemc:

1. We &d not ase Jmp Lecause m ovder Pou the velewunt
olipg-'.uz coe Picient o Be X DNIFTLéon | velokion Beuoeen
xo, B and & woald Rove 0 Be obeyed Cguma cise €o the so-oalllnd
Locol vession o the fheoreu.—-lfa i) This constiduses of o nice

cauple of the Rt that it couldd be posible fo venity the BFPT
h} mﬂau& cboosi ng d.

. A pfeo-'oud& coatented fhe aQ?rOxim{iorL o £*can be




pe«?oruec( os PresCﬂ.bed "'3 £the BFPT, via the usc of the so-
wlled Poxed flecades.

Ewuup&. (onssdes the &aow-oa_ Jesvion 0'3@) :
Z)"Cx, 'pcx‘)) = Sl.'l[s sl (X"!‘«O}] .

Since Sup 0. )"(’5!52 I = sup l Coscc;n (xupj co;Cﬂgp, <A
YyeiR D & Y R

uucl gem'e ‘ﬂa{ $-1 we howe ral the ?iccznl's heoset
is Qa&pﬂeue:ﬂodaoe whateves the dhoice of Lo &) is. Thi,
imrﬂia hat .0 O¥s cose the Theoiene holds For V=IH. , Sie

it holds  ¥mecW £ VYo=[0,6q] and QusQa, Gusbn
i woon while if £y soloes (L) for V=Yu then Haf =Fn

Mazu, by letting Om-7-c0, bu—>10 acu>io.

[The notes are in a state of perpetual correction. They do not substitute

the lectures. Please report any typos to stelios@aueb.gr or the course's
e-class.]




