Further Non Topological Notions in Metric Spaces: Completeness

A Cva-dl& SequenCes‘

Def-'»u'h'oq.. A sequence (Fu)ucpf > wih meX ‘V-ell’ s anlifed
d-Cauchy P2 ¥eso, Fnco: ¥nu>a6D , doxn,xdet.

Removx. €he previous s estmiuut‘,_ o nokion A asyaptstic
concentéection. Obovicusly, the finol pagt o the defivhion
is equivalent 4o that Xo € QCGaeD, ¥nu2ved antolso
equivalen’ so hot Xt €QYcxa,©> , ¥#au>n*ced

&mupﬂe X= IK, dCp= gl x—z;:-" YneW. Vog €0

Consides the inequoliy at—)|-:-‘-l.' L <€ Lee acx- acorx (agp)
ouinGn). Thes relV - a*=n¥ix and (e ;I;" 'éﬂ_ <t

éN :“;_;1 -4 € =) 61’:1)1 s@¥h) <t and choose nie> aus twe suallless
ndturoel qrecxtev ‘Fan ov equal ¢ -'col. Then ‘fof aﬂ” n s> (O
tne Final inequali-la s volid Rence abso x> Thus (':,;)néﬂ

kK d- Cauhg.o

&aup’e. X= Ill*, Aza,u):z |"I’.‘-|‘-‘| (show hout i1 °s & stetric).
Xa=n Voert ’ ‘llﬁ'na the derivasion ia the prev-ous exomple we
bave har Gy ©s d% Cauchy.

Ca”na-g‘q‘u‘,ﬂe _X= 'N) dcapy= l'\ohl’ Yr=" ‘Vl‘el”
Suppo;e ot (e is d-Couschy . “Then for e=lf, Fal(L)
Y n>ndfy Ixg— X <4 & 1KY Cawadicron . o

The pfcoous two exaapﬂe; i;upl’g, thot he nolion Jepmés
on {he meésic.




lesaso. H xdpeqy is d- converyenr tnen it is d-Couchy.
Proof  det x=d-linscx, Tor e300, I n%esd : dox s ¥n>
nCeLD, Then P amz0%es) | dexaxd € doxodtdes,ved

<g € =€. See N :=v*E). o

“The convesse does not Pold as e foallowing exouupee
meplies,

%mupzc. X=Co,U] , dexan>y= I"‘%‘, xnz;";, e N. ’uxiry_
the devivodion of-ene FPirst exowple we can esscblish thot
KDpeypy s d-Couschy. Bus (€ 2 FOPTVAR d'cla'oerﬁenl— Gohgf.).c.
(aa!c‘u‘, Coupa rison
J.emna, guﬂ’ose Mo+ Acs0: $Céz (as ‘funa-'ana. Then
12 xo is dr-Counchuy o is olso d, (aucaﬂ
1)"’@‘9- f&euié]

COfoaulg, ¥ 4 3’@,5,70 . Cadz s&sc,dz as Lma-'ons_, €thea
(X dmegy is &2- Couschyg AL iris JA.—Cauchg

Lemars. The previoas wndition olso suplies thok =4, o
we have olicady seon. Bewowe , it is pocsible 4o construct exon—
arples for which C4,=Ty, (gt the previous condition does not hold)
omd sequenes which owe & Couichyg bat nor de-Coeschy
somefhsng o implics €t ’Zuudng -wese, is pol o yopological
notion,

B Consplece Meecic Socvces

Delsasbion.. 6(;“ w coflled (omplete 2f eoerq d ~Couuicny scquence
d- conwesaes jaside X,




Exau.ﬂc. llis po‘s-‘)ﬂz ‘o prove thok Clﬂ,d\ whete
dfﬁﬂ\:lx'w 1 We‘( .“c sct o" sswarionol neatscrs
< coup“fd gg ey Poss'lble non-sa+1Caal Lats) of
of J'(andq, vagionad Gutchy sequences Hhat do nat
have cationof &- et'ails.ﬁ

Counter 'gxaupk. Whe,. X=(0L) and d as above is an oxe-
uple of an inwuplete petiic space as a pievurss exomeple shouds.

Reaan L ic possible o pive (hot every (x4d) qdu.is
QU cOople4io¢ ,'wk’s’ﬂ-eqc, exisis Soue Cg ,j' ) sacl‘ £hod I—Ik—
{wo Spoces 'utoe sDoue ”dgtu. {zpola‘;-'caf 1c2ou;cn,,.

gxou\q)(c. ()()AS) is consplete. This ‘s due 1o €the
focce €hoct (X))o iy xacX Yo is Coah:‘-g_ R 2 TR
euenlaaZ(»g, Consiaris 2. An*: Xn=x ‘V(n;-n". Oboviou-
sly Sach o seguence s ds Corchry Cowrbrg?), Conversely
i¥f o sequence Cﬁ.,).“,”)%e)(—vqelﬂ 5 thea for 22|
Jals) :clscxu,t,\zL,¥a; need bt this ueplics thoe
X at="Xen ‘V’ﬂ,uzn&). Hence ﬁjn’k.—,‘l s evenban, ons*ant,
Hence C%,39) is dmspllece. g

Conspleteness of decric sobspoces
ueucahec €hat ¢#A <X s a setrc sSubrpace of

(X,d) with d restiicted 6 AxA.

Leuua. K cx,D Co.hpﬂe{.c ‘hen A (o¢c o gueessc
subspacce) is covpleee P4 it is doscd.

Peool (=3 Supposc those (Xdnem | XneA YaelN s d- (uut-hy_
(A7 ic the vestiiceion o d on AxA). Then Cxdae is J’Cuuch&

since #x}jeA i J’Ex,gt‘-'dfx,g) and Eheichg - d- ronoaaes to




some xeX sine CX, D is complece. Since A i< cfo.ad
fren xeA .
G Seppose hat idaews s 8% Concly . Then simce (A,dY)

is complete i+ 4% conve yes insshe A.g

Coap&fmess awd Compassson of meerice
Leusa. Suppose that for €050, Gd. cdscrdi Cocs bieneions)
Thea (X4 is cowpleee, L (X A7) i conplexe.
P‘oo"’ Oy ocsg ‘P(oa ‘the "Ofoaca’g_ a oe .

Czupecfenw ond -P.'qire praddc&c

Jemasce. guppoge Al Y is a Binire mdex seC ond CXJ,JJ)
Qase ue€nc spaces, Thea [X, JD 'S J}—co zte A4
(¥i,d.) is cowplese 4ié‘£, 41:1\4“,‘ s Ti4 3 00, -

axoafarg, (lﬂ‘f,é;) 73 J‘,’ Consplete ;I(‘,z waxT )0,
Proof CExaxise®D
Coa-q\(’e(enesc and ’eauc(-'am' Spoces
Jewwar. Suppose €hat (E,ée) is cowpleee aad VEd. Then
(B(Y,ED R J;‘,‘n is complete.

vvoo“). G"fdf" C'fu)nélﬂ 3 'en c EC\’)E) "“«( 'V is J,‘up' (uu-
tllﬂ, Ior xny xe& \ e E volescd seojucnce CP.oo et
ic L‘E- CM# s‘ime, ‘eod' &0

I ncsy: Sus c‘ (e.t(»,fam) < € #n,u;ncz)
xé‘;l [ »
acnd deCluco, Lo ) < Su‘gé._:,q?ocx),ﬁ‘q;’) .
xe

Since (E)JE) ir compleee ‘-eoCxﬁ Jé'cmuefacc o some €x ek .
Thic holds (ol' any er, ond fherebg, we con delnc




2.NX=E by forzen. B LBOE) and dup (£, £) 50
tmen we would hawe proven whac is needed.
Q. A—‘“‘I’ (’p-l,f')—af)

We bhove Ghoe clmp(ﬂa,fl:—m.} Ae(encn,!uo)f
x€

sup de Chaco, é,;!:’ - 'ﬁ. o ) ) = de f{ch‘,—: Clocor, b o)
srqofde

£sup sSup 5;‘! \'le_ (‘fncs’),‘ew )) = Sup S“é':’ JE C&m, Pa(’é)

xe¥Y M2 Usn X

= §0|) dyaFC(n’f)u’). Since ‘a” a“‘aopadt C‘et)r-él/

s (l:ap-c.awtdg > fou cxf'o;l\‘atl‘s E»OJH::(O:(L‘;P(&,{“’)<£
/\ln,u > ac <p sup drp (Ba, fus) <£ ¥asno. “Thereby

dsap (Pr D <e V> neEd eﬂqbﬂid‘ing_ the needed conve-
ﬁéence.

b. e BK&E)
We have Ehat s:gdgf(?c‘s,ﬂg»)f supde (B> £
8 | SCIP\’AE (Pﬂ‘g), e(lj;) 4 Sap \/d;_ C‘ﬂ,(r),‘e,‘cgj) —

b (3  $1VT
a4 oCl, ¥ *Sep_ de Cuco, tacy)
\J\/ w

A B




A co-wefaef 10 Z2¢60 <o N-3400 -’9& a. ’nen(e, eof £NO
J nep: Agop(fn,!’ LT Va; N ‘nence d:= max (f,l!sup(“,h\
u<nled

<400 Tl\ael»ﬁ Ac8. Toe B obscsve tnct since Badnenf
is dsup-convorgent due to e previous arqusent iv atuss

atso bo d-sup boundes since £oc O (£,8) YneW which
. . Sdg
is equiverlens (wlys?) 10 thod B, Hewce MB<ioo

and ¢hereby xsﬂ;(cIE(&m,fcg)) Zro0. ¢y

Cofomajg, : (BCV,“Z) )(lraD is compledc.
PrasP. (ouibine ehe previows femara with shod IR with the sl
Uetric is complete.

Lemua. Suppose ot (V.dy) is sotellly bocndes and couphete.
et (T de) be complete and (owsidee C(YE)=5LYSE,
Lis defy ;- consimucuss. Then (CLE), drup) is conmpllecc.
Piool. I sallices (why?) thor CYGED is o diup - closed
subset of BY,E). Show it

The notes are in a state of perpetual correction. They do not substitute the
lectures. Please report any typos to stelios@aueb.gr or the course's e-class.]




