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Before moving to the pure time series models we shall need the notion of or-
thogonal projections. We need this to evaluate the partial correlation coefficients,

especially for Moving Average models.

1 Projections (Orthogonal)

Assume the usual linear regression setup, i.e.
y=XB+u, ulX - D/(0,0°,)

where y is the n x 1 vector of endogenous variables, X is the n x k matrix of
weakly exogenous explanatory variables, 3 is the k x 1 vector of mean parameters
and u is the n x 1 vector of errors.

When we estimate a linear regression model, we simply map the regressand
y into a vector of fitted values XB and a vector of residuals u = y — XB. Geo-
metrically, these mappings are examples of orthogonal projections. A projection
is a mapping that takes each point of E™ into a point in a subset of E", while
leaving all the points of the subset unchanged, where E™ is the usual Euclidean
vector space, i.e. the set of all vectors in R™ where the addition, the scalar
multiplication and the inner product (hence the norm) are defined. Because of
this invariance the subspace is called invariant subspace of the projection. An
orthogonal projection maps any point into the point of the subspace that is
closest to it. If a point is already in the invariant subspace, it is mapped into
itself.

Algebraically, an orthogonal projection on to a given subspace can be per-
formed by premultiplying the vector to be projected by a suitable projection
matrix. In the case of OLS, the two projection matrices that yield the vector

of fitted values and the vector of residuals, respectively, are
Py =X (X/X)" x/
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and

My =1,—Py=1,- X (X/'X)" X/,

To see this notice that the fitted values
7=XB=X(X'X)" X/y=Pyy.

Hence the Px projection matrix project on to S (X), i.e. the subspace of E"
spanned by the columns of X . Notice that for any vector v € R* the vector X«
belongs to S (X). As now Xa € S (X) then it should be the case, due to the
invariance of Py, that

PxXa=Xa.

But notice that
PyX =X (X/X)' X/X = XI, = X.

It is clear that when Py is applied to y it yields the vector of fitted values.

On the other hand the My projection matrix yields the vector of residuals as
Myy = [In—X (X/X)*X/} y=y—Pyy=y— XpB =1.

The image of My is St (X), the orthogonal complement of the image of Pkx.
To see this, consider any vector w € S* (X). It must satisfy the condition
X/w = 0, which implies that Pxyw = 0, by the definition of Px. Consequently,
(I, — Px)w = Mxw = w and S+ (X) must be contained in the image of My,
i.e. ST (X) CIm(Mx). Now consider any image of Mx. It must take the form
M z. But then

(Mxz) X =2/ MxX =0

as Mx symmetric. Hence Mxz belongs to S+ (X), for any z. Consequently,

Im (Mx) C S+ (X) and hence the image of Mx coincides with S* (X).



For any matrix to represent a projection, it must be idempotent. This is
because the vector image of a projection matrix is say S (X), and then project it
again, the second projection should have no effect, i.e. PxPxz = Pxz for any

z. It is easy to prove that this is the case with Px and M, as
PxPx =Px and MxMx = Mx.
By the definition of My it is obvious that
My =1, — X (X/X) " X/ =1, - Py = Mx + Py = I,
and consequently for any vector z € E™ we have
Mxz+ Pxz = z.

The pair of projections My and Px are called complementary projections,
since the sum Mxz and Pxz restores the original vector z.

Assume that we have the following linear regression model:
y=XpB+¢

where y and e are N x 1, fisk x 1l,and X is N x k.

For &k = 2 and if the first variable is a constant we have that :
yi = Bo+xif,+e; for i=1,2,... N.

Now
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Notice however that
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Var (B;) =

and Var (E) =
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Notice that to estimate these quantities we need an estimator of o2. We can

employ its unbiased estimator, i.e.

~ 1 —_ —
o? T35 e? where e} =y — By — Bi14.



Part |

Linear Dynamic Stationary Processes

2 Autoregressive Models

These classes of models are of the form:
Yp = Ht oy + aylo T oy, T w

i.e. the current y; depends, directly, on p lags. Examples for various values of p
are the AR(1),
Y = pt iy +w
the AR(3),
Yo = B+ a1y + ooy o+ asyg +w

etc.

2.1 Autoregressive of Order 1
This class of models is given by
Y =ptayi g+ (1)

where 37 is the observed process and u; are 7id (0, c?).

Properties

Notice that

*

yi = ptoyig tue=pt o+ oy, o+ aug =

= u (1 + o+ ..+ Cl{t_l) +alyy +up +aup g + .+ oy

ol —1 t % t—1
1 + @Yy +u + aug1 + ...+ U

= n



Hence
ot —1
a—1

It is clear that for stationarity we need |a| < 1 so ast — oo

E(yf)=n +a'E (yg) -

1
11—«

E(y;) — p

which is independent of t.

To find the variance of y; notice that

l1—«

var<yz>=E{[yz‘—E<y2‘>f}ZE{[%‘ : ]}

* H H * * H
yt_1_a:M_Ta—'—ayt—l—'—ut:a(yt—l_m)"‘f_ut-

Hence, if we substitute 3, = y; — %=, it follows that

o= ay_1 +u,  and E{{y:— a r}:E(yf). (2)

Now squaring and taking expectations we get

as E (u?) = % , by assumption, and E (y;_1u;) = 0. To see that the last

expectation is equal to zero, substitute backwards y;_; to get
E(yi1uw) = Ellayio+uq)w]=FE [(aQyt_g + ous_g + ut_l) ut] =..=
= F [(ut,l + QU + aPup_3 + ) ut}

= E (Ut_]_Ut) —‘I— OéE (U/t_zut) —'I_ a2E (Ut_3ut) +

and all expectations are zero as the u,/s are independent (as before we need

la] < 1so oy, — 0as k — o).



E (yf) = o’F (yf_l) + 0% =a? [aQE (yf_Q) + 02] + 0% =

= o'FE (yf,Q) +a?c? +o?=...=ad*E (yf,k) + (a2(k_1) 4+t + 1) o?

0.2

T 12

= 1+a?+..+a2 Dy 4 )0

as for k — oo, a®* — 0, and the sum in the parenthesis is an infinite sum of a
declining geometric series (for |a| < 1).

To find the autocorrelation function notice that

v  Cov(yiyiy)  E{lyr—EW) [y —E i)}

T N T T Varly) E (3?) -
E { [?Jf - ﬁ} ) [yzlk - ﬁ]} _ E(ytaytfk) _ E (ytayt7k>
E(y7) E(y7) <,

l—«o

To find the numerator multiply (2) by v, and take expectations to get

E (ywy—i) = aE (yt—lyt—k) + E (i) = 0B (Y1Yi—k) = Y = QOYp_1-

This is a difference equation with stable solution if |a] < 1 (which is assumed

due to stationarity). Hence

plzﬁ:a—%:a and p, =«

Yo Yo

k

in general.

Notice that for the existence of E (y;), Var (y;), and 7, the only requirement
is that || < 1. Furthermore, for this condition the three quantities are indepen-
dent of £. Hence the only condition for second order stationarity is |a| < 1.

The partial autocorrelation of order £, p}, is the autocorrelation of y; with
y;_, after we have taken in to account the autocorrelations of y; with y; ;,
Yi_ 91 Yi_pi1, 1-€. is the theoretical coefficient of y;_, in a regression of y; on

a constant, ¥i' 1, Yf ovs Yi_pa1r Yiop 1€ of the regression

yi = c+ Byl + By o+ o+ 6k71y:—k+1 + PrYi_y + &t
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Of course for k = 1 we have that p; = p} = «. In the case of the AR(1) model

is obvious that equation in (1) can be written as
Y = ptay_ + 0y, +w
so that p3 = 0, Also
Yi =kt oy + 0y + 0y 5+ u
so that p§ = 0. Hence, we can write that, for any £k > 1, p; =0 as

yi = oy + 0y o+ 0y 3+ .+ 0y g + 0ypp + .

Autocorrelation Partial Correlation AC PAC Q-Stat Prob

0.893 0.893 321.64 0.000
0.801 0.015 580.94 0.000
0.746 0.136 806.25 0.000
0.692 -0.003 1000.7 0.000
0.638 -0.001 1166.2 0.000
0.582 -0.030 1304.7 0.000
0.533 0.001 1421.0 0.000
0.493 0.014 15205 0.000
0.457 0.014 1606.4 0.000
0.421 -0.006 1679.7 0.000
0.400 0.063 17459 0.000
0.380 -0.000 1805.7 0.000
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Figure 2.1: ACF of the AR(1) model y; = 0.1 + 0.89y; ; + u;, and
uy are itd N (0,1.4).

Notice that any ARM A(p,q) model has a unique pair of autocorrelation
and partial autocorrelation functions. In other words the two functions define
uniquely the order of an ARM A(p,q) model. This procedure is what Box and
Jenkins call Identification Procedure of an ARM A(p, q¢) model. For the AR(1)
model p, decreases with a power law and p} is non-zero for £ = 1 and drops to

zero for k > 2.



The last property of ARM A models is invertibility, i.e. the property of
these models so that they can be written as pure AR(o0) or M A(cco) models.
Specifically for the AR(1) model we can investigate under what conditions is the

model invertible. Let us define he lag operator L as follows:
Lkmt = Ttk

for any time series x;, i.e. the lag operators lags any time series observation by
so many periods as its exponent. The usual properties of powers apply to the

lag operators, as well, i.e.

krm _ 17k+m E\N™ _ 1km = _7k-m
A 0 RS A= A

With this definition we can write the model in equation (1) as

v = ptayy Fu = paly g
= yi—oly, =p+wu=1-al)y; =p+u
. 1 1
= = .
(- o} * 1-— ozLut
Notice that as x is nonstochastic L is dropped. Now if |o| < 1 then ﬁ can

be considered as the sum of an infinite declining geometric series with ratio L.
Consequently,

o M 1 _ K
fo= l—oz+1—ozLut— -«

Y = % + up + aLu; + o LPuy + o Ly + ...

+(1+al+®L*+ oL+ ...) u

Y = ﬁ +uy + Qg+ QPup o+ QPup g

which is an M A(c0). Hence the invertibility condition is the same, in this case,

as the stationarity one, i.e. |o| < 1.



Prediction (with known parameters)

If we had no information on the model and we wanted to predict the value
of y/,,, or if we believed that the process y; is white noise, or if we wanted to
unconditionally predict y;, ;, then we would employ the unconditional distribution
of y;,,, which is the same as the unconditional distribution of y; To find this

recall that we can substitute backwards to get
yp = i (1 +a+a?+ ) + up 4+ aup_g + aPups...

jid . )
Let us assume that u; ~ N (0,02). Consequently, the distribution of v is
Normal, as it is a linear combination of independent Normal random variables,

with
2
* K X o
E(y) = 1—a Var (y;) = 1— o2

2
. poo o

~ N — .
% (1—04’1—042>

In this set up the best prediction for g, is its unconditional mean, i.e.

y/*\: %
e

Hence

with error variance

0.2

* < * M
Var (3/t+1 - ?/t+1> = Var (?Jt+1 1 a) = 1— o2

On the other hand, if we wanted to utilise the information that the true

model is an AR(1), then we would employ the conditional distribution of ¥,
i.e. the distribution of i/, ; given the previous observations and the model. Again
under the Normality of u;s, the conditional distribution of y;. ;, conditional on

the previous observation ¥}, is Normal with mean p + ay; and variance o2, i.e.

E(yialyy) = Ellp+ay; +wn)ly)] = p+ oy + E lupa|y;] = p+ ay)

and
Var (yialy)) = Byt — Eialv)] = E (yi — 1 —oay)’ = E ()’ = o”.
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and it follows that
Yrnlye ~ N (u+ay;, o).
Hence the conditional predictor of y;,  is
Yiv = 1t oy
with an error variance of o (the variance of u;1)
Var (Z/:H - y;+1> = Var (up41) = 0°.

Notice that the distribution is not the same for all ¢ (as the /s have different
values for different ¢/s with probability 1). Consequently, the conditional predictor

is better than the unconditional one as it has smaller error variance.

Prediction (with estimated parameters)

In practice, predictions are made with estimated parameters. Let us assume, for
easy of calculations that p = 0, and that from a sample of 7" observations we

have estimated «, say by regression. Then our prediction for y, is
Yri1 = Qyr

where 11 and & are the estimated parameters. We can decompose the prediction

error of the above prediction as
Yri1 — Yre1 = (yT+1 - ?/:*r+1> + (?/Zk+1 - ?J/le) :

The first term on the right hand side represents the prediction error when 1 and
« are known, and the second is coming from the estimation of the parameters.

Substituting in the second parenthesis the values of y/;f:l and yr,, we get:

—_

Yri1 — Yre1 = (?JT+1 - ?J:*r+1) + (a0 — @) yr.

11



One can prove that

e e
> (?Jzil)

t=2

MSE (yr1) =s* | 1+

where M SE is the Mean Square Error. Notice that M SFE is bigger to Var (y;rl — gﬁ)

by (y;)Qgﬂl*ai) .

Estimation

To estimate the AR(1) model in (1) we can employ either the simple regression
or the maximum likelihood.
Employing the formulae for the linear regression we get:
T * _ % * pyrs
o 22—y ) (Y1 — %)
= o — _
P (ytfl - Y )

Notice that the summation runs from ¢ = 2. Hence in a sample of T" observations

p=y*(l—a) and

we employ 7" — 1 for the estimation of a.. Furthermore, the unbiased estimator
of 0% is
~ 1 <
0% = T3 Zef where € =y — i — ay;_,.
=2
To find the Maximum Likelihood Estimators, let us denote by L(u, o, 0%) =

Ly, 95, ., yims b, v, 02) the likelihood function for the random variables then it

can be written as

Lp, a,0%) = L(yi‘,y;,...,y};p,a,az):

= L (yplyi_1s- 05, Ut 10, 0%) L (Y_ys s U5, U35 1 0, 07)

i.e. the joint Likelihood equals the conditional of the last observation ¥4 (on rest

of the sample y}._1,...,y5,y}) times the marginal (of the rest of the sample).

12



Repeating the above procedure we have (dropping the parameters to conserve

space):
L(p, 0,0%) = L (yrlyp1, 003, 05) L (W1 lyp o003, 07) - L (W3 17) L (1)
Now the conditional distribution of y; is (see Prediction section):
Yrlyr ~ N (M +ay; g, 02) .

Of course the same is true for the conditional, on all previous observations,

distribution of y;, i.e.

YU Yrgs e Ya Yt ~ N (04 ayp . 0?),

as y; depends only on the previous observation y; ;.

Hence the Likelihood can be written as:

T * *
,LL, a, O' H exp (_ (yt ¥ - aytl)) L (yr) )

o

V2ro?

Now the distribution of yj is different as there is no information in the sample for
the previous observation. Consequently the distribution of y; is the unconditional

distribution of the AR(1) model, i.e. (see Prediction section)

2

* H o
~ N — .
h (1—@’1—042)

Therefore, the Likelihood function is

(i — 1 — ayi ) 1 (v — &5
Lo H W o ( o? Py o 1322

and the log-Likelihood is

T x * 2
U, a,0) = —T; 1 In (27) — r-1 lno? — Z (yt M202Ozyt1)
t=2
_—ln(27'(')—11n0'2_11n (1_a2) _ (yl 12701)
: 217,




The first order condition are given by:

ot :i(y:—u—ayz“l) +{(Hoz) (yi‘—ﬁ)}

o~ mpmeni)i [ o i) [ e o)
oa — o? 1—a? o?

and

o T—1 -~ (—n—oyy) 1 0-a) (-5
80_2 T 20'2 +t22 20’4 t _T‘—Z + 20_4 - Oa

where in curly brackets are the derivatives of the log-Likelihood of the first ob-
servation yj.

Notice that the estimator that solve the above first order conditions are dif-
ferent from the estimators of the regression. These estimators are called Full
Information Maximum Likelihood Estimators. However, if we drop the contribu-
tion of the first observation to the log-likelihood function, by assuming that
is constant, then solving the first order conditions we have:
> U =) (s — )

ZtT:Q (y:—1 - ?7)2

which are identical to the regression estimators. These estimators are called

~

i=F(l-a), a-=

)

Conditional (on the first observation) Maximum Likelihood Estimators.

3 Moving Average Models

These classes of models are of the form:
yf = U+ U — 91ut_1 — egut_g — ... — Qqut_q

i.e. the current y; depends, directly, on ¢ lags of w;. Examples for various values

of ¢ are the M A(2),
Y = p+uy — 0wy — Ouy_o
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the MA(4),
Yy =+ up — 01w — Ouy—o — O3uy—g — 0404

etc.

3.1 Moving Average of Order 1
These models are given by
Y = p+uy — Oy (3)

where y7 is the observed process and u; are iid (0, 0?).

Properties

It easy to prove that, for any value of 6,
E(y) = E(n+u —Oup) = p+ B (ur) = 0F (u1) = 1,

and
Var (i) = Ely; = E () = Elu — uea)’ = 0 (1+67)
as F (uiu;—1) = E (ut) E (u4—1) = 0 due to independence of the wu;/s. Further-

more, it easy to prove that the autocorrelation is given by

1467
0 for k>1

O for k=1
Pe = :

as

e = Cov(y)yiy) = B[y — 1) (i — )] = El(w — Ousr) (up—p — Oupp1)]
= E(wuw_g) — OF (wui—k—1) — OF (wi—1w—y) + 0*E (W1 Up—f—1)

= —0F (w1u—1) + 0°F (up—1us—p1)

15



for any positive k£ and due to independence of the u}s. Hence for k = 1 we have

that
v, = —0E (u_;) + 0°E (w_1u;—3) = —00°
whereas, for k > 1
’Yk = 0

Notice that E (y;), Var (y;), and ~, are independent of ¢ for any value of
0, i.e. the MA(1) process is 2"¢ order stationary for any value of 6.

In terms of the partial correlation we know that
p1 = p1-

Now to find p$ we have to find the theoretical coefficient of y;_» of the regression

(projection) of y; on y; 1 and y;_», i.e.

Y = QY1 + P32,

where y; = y; — u for all t. Hence

«Q
Yt = ( Yi-1 Yt—2 ) .
P2
Now from the normal equations we have
Yt—1 o Yt—1
E ( Yi—1 Yi—2 ) . =F Yt
Yt—1 P2 Yt—2
and it follows
- (1)’ ytflyt;Z a ) _ | v
Ye—1Yt—2 (?Jt—2) | P3 Yt—2Yt
Yo N @ . 71
71 Yo | P3 V2
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or dividing by 7,

L p o !
pro 1 P P2
Hence
L p P P
e PP p—pt e T g (=p)
P2 = T 12 1 = 1= p2
1 p P1 P1 1 p P1
pr 1 pr 1
as p, = 0. Substituting for p; = — -2 we get
) \2
. (—m) 0 o1 — 02 0 (1+6°)
P2 = — 2 = 7 N2 2:_01_€6 a=- N2 o
1_(_1%0 (14+6%)" -0 (1+6%)" -0
With the same logic, the normal equations for p$ are
L opy py a P1
pro 1o b — | P2 |
pa pr 1 3 Ps3
and
L pr p
;10 o1
P1
. 0 p O 0 p o3
P3 = = = 3
1—-2
L p 0 L p p P1 P i
— P
po1op pp 1 0 1
0 p 1
3
__0 3 2
= 2 = — 2 = — — 8'
1-2(—t) () (1 6%)" = 267 10



In general we have that

1-6°
o k
Pr = —0 1— 92(k+1)’
consequently we have that p} declines with a power law if || < 1.

Hence for the M A(1) model p, is non zero and p,, is zero for k > 2, whereas
ph decreases with a power law (compare with the AR(1) model). Notice that

for any value of # the M A(1) process is stationary.

Autocorrelation Partial Correlation AC PAC Q-Stat Prob

= |
i
(il
o

l 1 -0.469 -0.469 88.311 0.000
l 2 -0.055 -0.353 89.553 0.000
l 3 0.066 -0.197 91.302 0.000
l 4 -0.096 -0.257 95.061 0.000
l 5 0.084 -0.148 97931 0.000
I 6 -0.030 -0.143 98.302 0.000
I 7 0.028 -0.068 98615 0.000
[
[
|
|
|

HHHHHH

8 -0.003 -0.042 98619 0.000
9 -0.027 -0.044 98929 0.000
10 0.050 0.024 99.9386 0.000
11 -0.035 0.018 100.45 0.000
12 -0.045 -0.063 101.26 0.000

P s |

ﬁ
=

Figure 3.1: ACF and Partial ACF for the M A(1) process with § = 0.8,
o =14, u=1.0.

In terms of invertibility, notice that equation (3) can be written as

:L‘l'ut

1
“— 4+ (1-0L _
vr = pt (L=0L)u = 7—5mvi = 7

and if |#] < 1 we have that

= (1+9L+02L2+93L3+...)y;=ﬁﬂtt

* ILL * * *
= W=1_4" Oyi_y — 0y o — Oyiy — o F g

which is an AR(c0).
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Prediction (with known parameters)

The unconditional distribution for an MA(1) model is Normal, as it is a linear

combination of independent Normal random variables, with
E(y))=n, Var(y)=o0"(1+6%).

Hence
y; ~ N (,u,02 (1 + 92)) .
In this set up the best prediction for g, is its unconditional mean, i.e.

—

y:—i—l =
and the error variance is given by
Var (y;l — y/z‘:l> = Var (3/:+1 — u) = Var (ugy1 — Ouy) = o2 (1 + 92) )

For the conditional distribution we need to assume a value for ug, say ug = 0.
Then
ur =y — p+ bug

which is known, provided that the parameters ;1 and 6 are known. Consequently

is known and so forth. Hence
Uy = y: — U + Hut,l

is known. Hence for t = ¢ + 1 we have that y;,,, conditional on the values
of yf', v/ 1, Y/ 9., Y5, Y7, and uy, is distributed as Normal, because the only

stochastic element is u; 1 which is Normally distributed, with mean 1 — 6u,; and

19



variance o2, i.e.

E(y;:rl‘y:?y:ﬁlv-..,y;’uo) — M_Hut
and
Var (y:+1|y:,y;_1,...,yf,u0) — E(Ut+1)2 _ 0_2‘

and it follows that

y:—kl’y:?y:—l? "'7y>1k7u0 ~ N (,U - eut,O'Q) .

Notice that the distribution is not the same for all ¢ (as the /s have different
values for different ¢/s with probability 1). Hence the conditional predictor of y;, ;
is now  — Qu; with an error variance of o2 (the variance of u;, ;). Consequently,
the conditional predictor is better than the unconditional one as it has smaller
error variance. Furthermore, notice that we need to condition not only on y;,
as in the case of the AR(1), but on the whole series of the previous y;’s, i.e.
on ¥, Y/ 1,-..,yi as well as on uy. To understand this difference recall that the
M A(1) model, if invertible, is an AR(c0), and consequently the last observation

depends on all previous ones.

Estimation

To estimate the M A(1) model in (3) we can employ either the Method of Mo-
ments or the maximum likelihood.

To apply the Method of Moments we equate the theoretical mean and first
order autocorrelation with their sample counterparts we could estimate p and 6,

i.e.

-~

'ﬂ |

i P =Y solves — 9A2: i (47 — v) Wi — )
=1 VEL -7 S (i
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Notice that the equation in Ois a quadratic with two roots such that QAl = é and
consequently if they are real one one is less than 1, in absolute value, the other
will be greater than 1. To raise this indeterminacy we adopt the convention that
6 is less than 1 in absolute value, and consequently we choose the solution which
has absolute value less than 1. This also is a condition for the invertibility of the
M A(1) process.

For the Maximum Likelihood, let L(u, o, 0%) = L (y}, 95, ..., yie; 1, v, 02)
be the likelihood function for the random variables then, as in the AR(1) case,

it can be written as
L(p, e, 0%) = L (Yplyz—1s 95, 91) L (Yr—1|yr—o- v, 07) - L (y3ly7) L (y1) -
Now the conditional distribution of y; is (see Prediction section):
Ui lYs 1 Yi_gy Y1 ug ~ N (u — Ouy_q, 02) .

Hence the Likelihood can be written as:

T
1 (yf —p+ Hut—l))

L(p, o, 0%) = ex <— L

(1, 07) H oz P =

and the log-Likelihood is

T T
U, a,0%) = —Eln (2m) — 5111 o — E
t=1

Recall that

up =y, — p+ Oup_q

fort =1,...,T. Hence, the u;/s depend on both x and 6. This is important for

the first order conditions which are given by:

M, Oy
@:Z(yt—m%ut—l) (1—9 o )20,

t=1
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where

—=—-1+46 t=1,2,....T d — =0
oy + o for V2, an o
ol L Oy
90 = (Y — e+ O y) (9 591 —|—ut1> =0
t=1
where
up Oup_1q B Oug .
%—ut_l—i-ﬁ 50 for t=1,2,....,T and 20 =0,
and . ,
o T (y; — p+0uiq)”
AP S T

Notice that the equations do not have an explicit solution. The dependence
of the u;/s on the parameters is the main reason for not being able to estimate

the parameters by a simple regression.

4 Mixed Models

Mixed models have both parts, i.e. an autoregressive and a moving average part.
The order of the ARM A models is defined from the order of the AR and M A
part, i.e. ARMA (3,2) means a process which depends on 3 lags of its own

value and 2 lagged errors, i.e.
Y =+ oayp g+ aoyr o+ asyl g+ up — O — Oaupo.
In general an ARM A (p, q) is written as
Y =+ oy ey o+ .+ ozpy;‘_p +u — 1w — Oauy—g... — Oguy_q.

Notice that the first number in the parenthesis refer to the AR part and the

second to the M A part.
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41 ARMA of Order 1,1

These models are given by

yp = p+ oy +u — 0wy

where g7 is the observed process and u; are 7id (0, c?).

Properties

Notice that equation (4) is written as:

1 +1—9L
U
l—-a 1—aL '

Yi =
and provided that |a| < 1 we have that

yt = Y
t 11—«

Multiplying the Lag polynomials and collecting terms we get:

yi=—— 4 1+ (@=0)L+(a—0)al’+(a—0)aL* +..] u

11—«

and multiplying through we get

y: = L “+ uy + (a — 0) U1 + (Oé — 9) QUp_o + (Oé — 9) Oézut_g + ...

l1—«

which is an M A (oo) process. Hence

E(y;) =

9

1l—«

as E (u;) = 0 for all t/s. Furthermore,

Var (yf) = o? [1+(a—9)2+(a—0)2a2+(a—0)2a4+...}

= o?+ot(a—0)?[1+a+a'+.]

23

+(1—0L) (1+aL+a’L*+ o®L* + ...) .

(5)



and provided that |o| < 1 we have that

0% (a — 0)° _ ,1—2a0+ 67

*\ 2
Var (y)) = o° + L o

To find the autocorrelation function, notice that in deviation, from the
mean ﬁ form the model is written:
Yy = oY1 + up — Ouy_q.

Multiply both sides by y;_; and taking expectations we get:

E (yeyr—i) = aFE (Yi—1Yi—i) + E (weyp—i) — OF (w—19y—1) -

Clearly, E (usy;—1) = 0 for any k, as y;_, depends on wu;_j and the previous u}s,

see equation (5). Now for £ =1 we have
E(yyi—1) = aVar (yi-1) — OF (u-19i-1)
where E (u;_1y;-1)

E(u—1yi-1) = aF(w_1yi—2)+ F (uf_l) — O0F (us—qup_9) =

E(u_1y-1) = 0+0*—0=0"

Hence
0% (a—0)° (—0) (1 — ab)
71:a70—902:a02+aﬁ—902:a2 o2
and
(—0)(1— ab)

M= 2001 62
For k > 2, we have that

E (ytyt7k> =ak (ytflytlel) = Ve = Y1

and consequently,
Pr = CPk_1-
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Hence

(000D for k=1

Pr =
oo, for k>2

i.e. for k > 2 the autocorrelation function of an ARM A(1, 1) is the same as the
equivalent of an AR(1) model, i.e. declines as a power law (for |a| < 1). Hence
we can conclude that the ARMA(1,1) model is stationary if and only if |a| < 1.

In terms of the partial correlation we know that
p1 = pi-

Now to find p$ we have to find the theoretical coefficient of y;_» of the regression

(projection) of y; on y;_1 and y;_o, i.e.

Y = QY1 + PSYr—2,

where y, = yf — %= for all t. Hence

«
Yt = ( Yi-1 Yt—2 )

P2
Now from the normal equations we have
Yi—1 « Yi—1
E ( Yi—1 Yt—2 > . =F Yt
Yi—1 P2 Yt—2
and it follows
. (ye-1)” ytflyt;Z o _ | v
Ye-1Yi—2  (Yi—2) | 3 Ye—2Yt
Yo N « . T
Y1 Yo |\ P2 |72
or dividing by 7, i
L p o | P
py 1 P P2 |




Hence

L p
« | P P2 a—p
P2 = L —P11_p%;
pp 1
(a=0)(1-af)

as py, = ap;. Substituting for p; = oz We get

(a—0)(1—ab)b
[1—0(a—0) -6

P2 =

It is easy but tedious to prove that p;, will decline with a power law, depending

on o — 6. Hence we can conclude that p} behaves like in the M A(1) case.

Autocorrelation Partial Correlation AC PAC Q-Stat Prob
| | 1 -0.893 -0.893 320.58 0.000
| [ e 2 0.715-0406 526.76 0.000
| | = 3 -0.574 -0.226 659.78 0.000

) o1 4 0.459 -0.143 745.02 0.000

o o 5-0.375 -0.147 802.24 0.000

| [ g ! 6 0.316 -0.068 842.93 0.000

! L 7 -0.258 0.019 870.11 0.000

Y | 1! 8 0.197 -0.041 886.00 0.000

01 L1 9 -0.137 0.028 893.74 0.000

il ! 10 0.082 -0.021 896.53 0.000

1! ! 11 -0.040 -0.013 897.21 0.000

! g ! 12 0.003 -0.072 897.21 0.000

Figure 4.1: ACF and Partial ACF for the ARM A(1, 1) process with
a=-080=0802=14, u=10.

In terms of invertibility the process is invertible if |a| < 1, so that it can be

written as an M A(oo), and |f] < 1 so that it can be written as an AR(o0).
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Prediction (with known parameters)

The unconditional distribution for an ARM A(1,1) model is Normal, as it is a
linear combination of independent Normal random variables, with

. L . 1 — 200 + #*
E(y;) = 1o Var (y;) = 1z

Hence

i} no 1—2a0+ 6
~ N .
Y (1—04’ 1—a?

In this set up the best prediction for g, is its unconditional mean, i.e.
— ILL

* _

and the error variance is given by

— M

o ) = or (1 2
ar\Ye+1 = Y1 ar (Z/t+1 1_@)
= Var (w+ (@ =) w1 + (o — 0) aug_s + (o — 0) a’uyz + ...
1— 2060+ 6°

1 — a2
For the conditional distribution we need to assume a value for uy, say u; = 0,
and the value of y; is constant in repeating sampling. Then

Uy = Yy — b — ayy + Ouy

which is known, provided that the parameters p, «,and 6 are known. Conse-

quently
uz = y3 — pb— ays + fuy
is known and so forth. Hence

up =y, —pp— ayp-1+ 0uq

is known. Hence for ¢t = ¢ + 1 we have that y;, ,, conditional on the values

of yf', ¥/ 1, Y/ 9., Y5, Y7, and uy, is distributed as Normal, because the only
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stochastic element is u;; 1 which is Normally distributed, with mean p+ ay; —Ou,

and variance 72, i.e.

E(y;rl‘y;y:fl?“wyiuul) = p+ay —Ouy
and
Var (vialvi, ¥ias o ¥iwm) = E(ug)’ =0’

and it follows that

y;‘+1|y:7y2;17 "'7y;<7u0 ~ N (,u + Yy — Hut,JQ) .

Notice that the distribution is not the same for all ¢ (as the /s have different
values for different ¢/s with probability 1). Hence the conditional predictor of
Yii 1 is now f 4+ ayy — Qu, with an error variance of o2 (the variance of u;1).
Consequently, the conditional predictor is better than the unconditional one as
it has smaller error variance. Furthermore, notice that we need to condition not
only on y;, as in the case of the AR(1), but on the whole series of the previous
yi's, i.e. on Yy, yi 4, ..., y7 as well as on uy, as in the case of the M A(1) model.
To understand this difference recall that the ARM A(1,1) model, if invertible, is

an AR(c0), and consequently the last observation depends on all previous ones.

Estimation

To estimate the ARM A(1,1) model in (2) we can employ the maximum likeli-
hood.

For the Maximum Likelihood, let L(u, o, 0%) = L (y}, 95, ..., yie; 1, @, 02)
be the likelihood function for the random variables. Now assuming that y; is
constant, and consequently it does not contribute to the likelihood, and that

u; = 0 we can write:

L(p, o, 0®|yr,ur) = L (Y3101, o ¥3s vt un) L (vp_ 1Yoy - vss vt un) L (y3 |yt wr) -
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Now the conditional distribution of y; is (see Prediction section):

i1 Yigs Yty o ~ N (p+ ays1 — Oupy,0%) .

Hence the Likelihood can be written as:

1 (Y — 1 — g1 + Ouyy)
exp | —
s V2102 o2

and the log-Likelihood is

T

L(p, a, 0%) =

T 2
T-1 T-1 (yf — p— ayi_1 + Ouy_q)
In (27) — no® - :
n (2m) no 502

E(#ﬁ a, 02) ==
t=2

Recall that

g = Y; — p— g1 + 0ug_y

for t = 2,...,T. Hence, the u;/s depend on both p, a,and 8. This is important

for the first order conditions which are given by:

ol a . Ouy—y
o = (g — p+ Ouy) <1—9 o > =0,

t=2
where
ﬂ——1+98ut71 f t=2,...T and %:O
ol o
YA Mty_y
o= Z (v — b — ayr—1 + Oue1) <yt1 -0 )
Oa — 0
where
(9Ut . 8Ut,1 o aul -
Do —Yp—1+0 90 for t=2,...T and Do =0.
ot Lo A
By = _;(yt — = oY1+ Ou_q) (Wl"‘e atel)
where
aut 8Ut_1 aul -
50 U1 + 0 20 f t=2,..,T and 0 0



Finally,
T *
o0 _ T-11, 5 (v — p — g + euH)Q'

- 204

do? 2 o2
t=2
Notice that the equations do not have an explicit solution. Again, the de-
pendence of the u;/s on the parameters is the main reason for not being able to

estimate the parameters by a simple regression.

5 Testing for Autocorrelation

We shall mainly employ the Portmantau @) test.

5.1 Autocorrelation Coefficients

Given a stationary (second order) time series y; we have already defined the k"
order autocovariance and autocorrelation coeficients, v, and p, as:

_ Tk

Yo = Cov (Y, k), Pi
Yo

For a given sample {yt}thl autocovariance and autocorrelation coefficients
can be estimated in the natural way by replacing population moments with the

sample counterparts:

T
A 1 _ _
Ve = = E (re —r7)(rer —7r) for 0<k<T and
t=k+1
4 L ZT
A k _
pr = -, where rp= T Tt
Yo t=1

Depending on the assumed process for 1, we can derive the distributions of

A N . . . . . . . . . .
v, and p,.. If y; is white noise, has variance o2, its distribution is symmetric and
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the sixth moment is proportional to ¢, then:
T — /{:
H) - - :

AA %‘FO(T_z) Zf k:l%()
Cov (%m) = , :
O(T7?) otherwise

Notice that although, under the white noise assumption, the true p, = 0
for all k/s, the sample autocorrelations are negatively biased. This negative bias
comes from the fact that by estimating the sample mean and subtracting it
from the data results in deviations that sum to zero. Hence on average positive
deviations are followed by negative ones and vice versa and consequently result

in negative sum of the product.

In large samples, under the assumption that the true p, = 0, we have that

VT, 2 N(0,1).

5.2 Portmanteau Statistics

Since the white noise assumption implies that all autocorrelations are zero we
can use the Box-Pierce () — statistic. Under the null Hy : py = py = ...p,, =0

it easy to see that:
Qu=TY (pk> ~ X
k=1

The Ljung-Box small sample correction is:

\_/
V)

m
Qr =T(T +2)
il
Notice that for unnecessarily big m the tests has low power, whereas for

too small m it does not pick up higher possible correlation. This is one of the

reasons that most econometric packages print the @), for various values of m

(see Figures 2.1, 3.1, and 4.1).
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Remark R.1 When the residuals of an ARMA(p,q) are employed for the @,

test then we have that, under the null of no extra autocorrelations,

A 9
Qm ~ Xm—p—q'
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Part Il

Conditional Heteroskedasticity

6 Conditional Heteroskedastic Models

These are models which have time varying conditional variance, i.e. the condi-

tional variance is a function of all available information at time ¢ — 1.

6.1 ARCH(1)
The Autoregressive Conditional Heteroskedasticity models of order (1) are given
by (Engle 1982)

yr = p+u, where wlli_y~N(0,07) and o} =c+au; ; (6)

where y; is the observed process and [;_; = {y:—1, yt—2,...}. Notice that given
I,_1 o? (the conditional variance) is known, i.e. non-stochastic. Of course

unconditionally, i.e. when the conditioning set is the empty set, 2 is stochastic.

Properties
To capitalise on the properties of the ARM A models, notice that the conditional
variance can be written as:

2 _ 2 2 2 2 _ 2
up =c+auy_y +up — oy = up =c+au;_, + v (7)

where v; = u? — o2 (this parameterisation was suggested by Pantula). Now v,

has the following properties:
E(v) = E(u—0%) =E[E(u?-02) ] = E [E (42I_) — 07]
= K [0? — Uﬂ =0
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where the second equality follows from the Law of Iterated Expectations, and

the forth from the definition of 0%. Furthermore,

Blowes) = B[(ul=o?) (i = 0P )] = B[E (2 = o) (ul 02 ) i
— BB (l) (i — 02 ) —o? (a2 — o )]

- B (o) — o (i )] =0

Hence v, is a martingale sequence, i.e. a zero mean and uncorrelated stochastic

sequence. Additionally,

E(ujv) = E (v —0})]=E[u EW|l)—u; 0}

_ 2 2 2 2] _
= K [that — utflat] =0.

Consequently, equation (7) describes an AR(1) model. This in turn means that
the process u? is 1st order stationary iff || < 1, consequently y; is 2nd
order stationary under the same condition.

Furthermore,
E(y)=Ep+u)=p+E(uw) =p+ EE(uwli)=p+E0] =p,

and

Var (y) = Var (ju+u) = Var (u) = E (u?) = —

1—ao
The autocorrelation function of the process u? (say p,(f) is given by the
autocorrelation function of the AR(1) model, i.e.

2 2 Wk
corr (ut,utfk) =p, =a’.

Notice that as o2 is a conditional variance then it must be positive (with

probability 1). This is achieved by imposing the so-called positivity constraints,

i.e. o7 is positive with probability 1 (P[o? > 0] = 1) if and only if
c>0 and o>0.
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Estimation

To estimate the parameters of the model in (6), we employ the maximum likeli-

hood. From (6) we get that
Yilli-1 ~ N (p,07) and o} =c+ auj_,.

Assuming that ug = 0 we have that the likelihood is given by
T

L(p, ¢, alug) = H L (ye|Ii-1, u0)

t=1
and the log-likelihood is:

T N2
O, e, alug) = ——ln (2m) — = Zlnot Z —,u)
The first order conditlons are:

v - 2
—(/1780/;04710) = Z—Oéut 1+Z yt at QU1 (yt ’u) where Uy = 0.

Jc ~ o} — 20
ag(”? C, Oé’uO) 1 - 1 2 d (yt — M)Q 2
i Uit It R ek E — E — h =0.
% 5 - tzut_l + - 201 Uy_q where U

It is obvious that the condltlons do not have explicit solutions.

6.2 GARCH(1,1)

The Generalised ARCH models of order (1, 1) are given by
yr = p+u, where wll_y ~N(0,07) and o} =c+au; +B0; ; (8)

where y; is the observed process and I, 1 = {y;_1,¥;_2,...}. Notice that given
I 0? is known, i.e. non-stochastic. Of course unconditionally, i.e. when the

conditioning set is the empty set, o7 is stochastic. Notice that we can also write

Yy = ptu,  where =z ~idid N(0,1) and o?=ctau? +por .

Uy
Vi
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Properties

Again, to capitalise on the properties of the ARM A models, we employ the

Pantula parameterisation, i.e.

u; = c+(a+ B)u;_+8 (o7, —ui 1) +ui—o; = uj = c+(a+ B) uj_+vi— P4

where v; = u? — o2, which is a martingale sequence as:

E(v)=E[E (uf —07) |l,-1] = E[E (4}|l;-1) — 07] = E [0] — 0] =0,
and
Bows) = B[( - 0}) (why—02y)] = B [E (i~ o3) (-~ 020) i)
= E[E (L) (w, = oty) = of (uiy — oty

= E[o?(u?, —o2,) —o? (ul, —0o2,)] =0.

Furthermore,
E(y) =FE(p+w)=p+E(u)=p+ E[E (w|li1)]=p+ E[0] =p,

and

Var (y,) = Var (n+w) = Var () = E (uf) = ﬁ’

given that |a + 3] < 1, for stationarity reasons.

The autocorrelation function of the process u? is given by the autocorre-
lation function of the ARM A(1,1) model, i.e.

2 2 (u? al[lf;(of;tﬁﬁ)f} for k=1
corr (uf,up ) = pp' = o .
(a+B)""p for k>2

Notice that as o7 is a conditional variance then it must be positive (with

probability 1). This is achieved by imposing the so-called positivity constraints,

i.e. 02 is positive with probability 1 if and only if

c>0, >0 and «>0.
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Estimation

To estimate the parameters of the model in (8), we employ the maximum likeli-

hood. From (8) we get that
ylli-1 ~ N (p,07) and o} =c+auj | + fo;_,.

Assuming that up = 0 and 02 = %ﬁ the unconditional variance, we have

-«

that the likelihood is given by

T
L(:uv Caavﬁ’umag) = HL (Z/t’[ttho,U%) )

and the log-likelihood is:

T RN ~ (5 — p)°
2 2 t
Up, e, a, Blug, 05) = —EIH(QW) - 5;111% - ; T
The first order conditions are:
do?
ol(p, ¢, o, Blug, o) _liiﬁ;cf_'_i2(yt—u)a?+m(yt—,u)2
ou 2 — o2 O — 20¢
do? do? do?
where 81;5 = —2aus_1+0 ‘;;1’ ug = 0, ai,uo =0.
O(p, ¢, . Bluo, o) L~ 1007 = (=)’ 007
H, 6 &, PUo, 9p) __Z_i—i_z Y — H) 00y
dc 2= o? Oc — 20¢  Oc
do? do? Oo? 1
h _t — ]_ t=1 0 =
wnere o +5 o’ de 1—a-—-p
o, c, o, Blug, o 1~ 1 002 — 1) do?
(w Blug, o) _ __Z_2_t+2(yt 4#) voy
O 2407 da = 20 O
do? do? o2 c
h —t = g2 =1 =0 0 —
where 50 i1+ 0 P U , 50 0 oz 5)2
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I, c, a, Blug, o3) 1 1 do? (3 — p)* 002
_520_? +Z—

Z == B
dof doi 4 2 _ ¢ _
where % = o0, .+ 35’ 00—m7 up =0,
gog _ ¢
da (1—a-p)"

It is obvious that the conditions do not have explicit solutions.

6.3 GQARCH(1,1)

The Generalised Quadratic ARCH models of order (1,1) (Sentana. 1995) are

given by

yr = ptuy where wll_y ~ N (0,07) and o} =cto (w1 — V)’ +Bo?

(10)

where y; is the observed process and [;_; = {y;—1, yi—2,...}. Notice that given

L4 Jf is known, i.e. non-stochastic. Of course unconditionally, i.e. when the
2

conditioning set is the empty set, o; is stochastic. Notice that the conditional

variance equation can be reparameterized as:
2 —w+aul | — Sy + po? h —c++% and §=2
o] =w+ oup_y — U o;_; where w=c+y" an = 2ay.

To explore the properties of the model the last parameterisation is very useful.
Furthermore, recall that the equation in (10) can be also written as:

Ut 2

Jo? =z did~N(0,1) and o2 =cto(u_y —7)°+B02
o

Yr = p+u; where

Properties

Again, to capitalise on the properties of the ARM A models, we employ the

Pantula parameterisation, i.e.
2 __ 2 -4 o
uy = w+ (a+ B)up_y — 0upy + vy — Bopg
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where v, = u? — 02, which is a martingale sequence as:
E(v) = B [E (8~ 0?) [la] = E[E (sf|I12) — 0] = B [0} — 03] =0,
and
B = E[( o) (uly—02)] = BB (i - 02) (w2 — o2.,) |11
= BB (uf|li1) (ui_y — oty) = 0f (uiy, — 07)]
= Elo} (w =0/ y) — o) (wy — 0/ 4)] =0.
Furthermore,
E(p) = E(p+w) =p+ E(uw) =p+ E[E(w|li)] = p+ E0] = p,
and

Var () = Var(p+uw)=Var(w)=E (u}) = E (z}07)

= K (21:2) E (af) =L (Uf) = T—a_p

given that |a + 3] < 1, for stationarity reasons.

It is not very difficult to prove that the autocorrelation function of the
process u? is given by

2w2a? 4+ 4025w (1 — a — B)
(1-3a2—p%—2ap) (1 —a—pB)°

provided that 302 + 5% + 2a8 < 1, a stronger condition than o + 3 < 1, and

Cov(uf,uj ) = Cov(o}, 07 ) = (a+)"

Y

daw
l—a-p
2

Notice that as o} is a conditional variance then it must be positive (with

Cov(u2, uy_1,) = E(utus_y) = E(c?u_p) = —2(a + )

probability 1). This is achieved by imposing the so-called positivity constraints,

i.e. o2 is positive with probability 1 if and only if

c>0, >0 and «>0.
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Estimation

To estimate the parameters of the model in (10), we employ the maximum

likelihood. From (10) we get that
Yllio1 ~ N (p,07) and o} =w+ auj_| — du_y + Boj_;.

Assuming that uy = 0 and 08 = #—B the unconditional variance, we have

1—
that the likelihood is given by

T
L(:ua W, &, ﬂ? (5|U0, Ug) = H L (yt’ltfla UQ, Ug) )
t=1
and the log-likelihood is:
T 2
T 1 (e — 1)
((p,w, a, B, 8|ug, 0p) = —§1n (2m) — 5 Ino? — ; tQT'

The first order conditions are similar to GARCH (1, 1) process they are re-

cursive and do not have explicit solutions.

6.4 EGARCH(1,1)

The Exponential GARC' H models of order (1,1) (Nelson 1991) are given by

Yy = p+u where wll_y~ N (0,07) (11)
and Ino? = c+az_ 1 +v(z 1] — Flzi]) +Bnor

t

where z = Y jid~ N (0,1)

5
Sl V)

where y; is the observed process and [, ;1 = {y;—1,yi_2,...}. Notice that given
L Jf is known, i.e. non-stochastic. Of course unconditionally, i.e. when
the conditioning set is the empty set, o2 is stochastic. Furthermore under the

assumed normality E' || = \/g for all t/s.
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Compared to GARCH(1,1) models, the FGARCH(1,1) models do not
require any positivity constraints on the parameters so that the conditional
variance is positive. Furthermore, the 2"? order stationarity of EGARCH (1,1)
is satisfied if | 3] < 1 whereas the 2"¢ order stationarity of GARCH (1, 1) requires
la + 8] < 1 (see equation (10)), i.e. the sum of two coefficients to be less than

1. This constrain is difficult to impose.

Properties

The process y; is 2nd order Stationarity if and only if |3| < 1. The uncondi-

tional mean and variance of y; is:
B (y) = B+ ) = o+ E (w) = p+ EE (wlly )] = o+ B [0] =
and
Var (y)) = Var(p+w)=Var(w)=E (u}) = E(z}07) = E (2}) E (0}) = E (07)

- 7\/7 "y") exp (—ﬁ% <27*)2> + exp (62;52> ¢ (5@] :

where v* =~y +a, § = — a and ® (k) is the value of the cumulative standard

0

Normal evaluated at k, i.e. ® (k) = ffoo \/Lz? exp <—%2> dz.

The autocovariance function of the process u? is rather complicated and

c—fy\/g
15

i T1 [enn (242) @(57) + exo (452 259

—E(07})

given by

Cov [u§7 ugfk] = Cov [0-?7 O-?fk] = exp 2
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where v* and § as before and

= (o (B4 0 (14 ) ]
i—o | +exp <[(1+ﬂ’;)ﬂ"5]2> @ [(1+ ") B'6]

The dynamic asymmetry (leverage) is given by

ﬁkl 30_7[

21—
11 [exp (—5 0 ) o() + exo (25 ) a(5)

k=1, % B2 (y)? k—1 B*257
B exp (%) - b0 ) exp (T )]

*k
wk. -

C’ov[uf,ut_k] = E[u?ut_k] :E[Jtut K =

where o
exp ([( 5+8 )5 1?2 ) [(%+Bk)ﬁzv*}
+ exp (M) ®[(5+ 5’“)5’5]

0
*
=i =11

1=0

Estimation

To estimate the parameters of the model in (11), we employ the maximum

likelihood. Assuming that zp = 0 and In 0(2) = the unconditional variance,

-8
we have that the likelihood is given by

T

L(:U’JC704767/7|Z()70-3> - HL (yt|lt—17 ZOalnag) )

t=1

and the log-likelihood is:

T 2
T _
K(Macvaaﬁa’ﬂzoagg) - ——ln 27’(‘ —_— E lno‘t g —’u)

202
t=1 t

The first order conditions are again recursive and consequently do not have

explicit solutions.
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6.5 Stochastic Volatility of Order 1

Let us consider the following SV(1) model:

v = p+u; where wuy = z\/ 03, (12)
In(o7) = ag+ (o] )+,
24 0 1 paﬁ

and iwd ~ N ,
7, 0 poy 0y

Notice that given the information set J;_1 = {y;—1,Yt—2, ... _1, My_g, ... }. the
conditional variance af is known, i.e. non-stochastic. However, our information
setis I, 1 = {ys—1,Y1_2,...} C Ji_1, as the only observed process is the y;, and
consequently o2 is stochastic (this is the origin of the name of this model). This

is the main difference between this model and various heteroskedastic models

where the conditional variance is non-stochastic, given [; ;.

Properties

Under the normality assumption and for |3| < 1 the process {y; is covari-
ance (2nd order) and strictly stationary, and we can also invert the AR(1)
representation of the conditional variance and write the MA representation as
In(hy) = 5+ i@/}mtli where ¢, = 3'. The unconditional mean and vari-

ance of y, is:
E(y)=E(p+uw)=p+E(u)=p+ EE(ull1)] =p+ E0] = p,

and

Var(y) = Var(p+uw) =Var(w)=FE (u) = E(z{0}) = E (2}) E (0}) = E (

_ @o &
- eXp(l—Nm—ﬁ?))'
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The autocorrelation function of the process u? is less complicated, as

compared to EGARCH(1,1), and given by
2k—2 k_o%
(14 8" *p*02) exp (ﬁ I,BQ) —1

3 exp <1i22> —1

p(ufa ut2—k:) =

and

2 2
Cov(o?,02 ;) = exp (21?05 + ! inﬁ2) {exp (ﬁkl i”ﬁ2> - 1} .

The dynamic asymmetry (leverage) is given by

30[0 2 Bk+g )

1—5) T )

Notice that for p = 0, as in Harvey et. al. (1994), the correlation of the squared

B (02 s) = pon s (2 (

errors is the same as in Shephard (1996) and Taylor (1984). Furthermore, in this
case we have that E (he;_x) = 0, i.e. the leverage effect is 0. Moreover, it is

easy to prove that p(uf,ui_,) < $p(07,07 ;) < 3.

Estimation

The main difficulty of employing the SV(1) model is that it is not obvious how
to evaluate the likelihood, i.e. the distribution of y; given I, 1 = {y;—1, y1—2, ... }.
One solution is to employ the Generalised Method of Moments. Another pos-
sibility is to apply the Kalman Filter and maximise the likelihood of one-step
prediction error, as if this distribution was normal (quasi-likelihood). Other pos-

sibilities include MCMC and Bayesian methods.

7 Conditional Heteroskedastic in Mean Models

These are models which have the time varying conditional variance in the mean

specification as well, i.e.
ry = 6ht + Et, &t = 2tV ht (13)
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where

hf/;\ =w+ &)\fy(zt—l)hfe\—1 + Bh?—l + 92577)\7%—1: (14)
f(2t71) = ’thl - b’ - ’7(th1 - b)7 (15)
0 1
“ ) ~iid N , P (16)
" 0) \vo, o2

A variety of conditionally heteroskedastic in mean models are nested in the
above parametrization. However, here we consider only three possible values of
the parameter \ and two possible values of v, i.e. A € {0,1/2,1}and v € {1, 2}.

Among others, the following models are nested in our parameterization:

e Standard GARCH (GARCH(1,1); Bollerslev (1986) and GARCH(1,1)-M;
Engle et. al. (1987)) (A =1,v=2, ¢, =b=7=0).

e Nonlinear Asymmetric GARCH (NLGARCH(1,1); Engle and Ng (1993))
A=1rv=2, gzﬁn:y:()).

e Glosten-Jagannathan-Runkle GARCH (GJR-GARCH(1,1) and GJR-GARCH(1,1)-
M; Glosten et al. (1993)) (A =1, v =2, ¢, =b=0).

e Threshold GARCH (TGARCH(1,1); Zakoian (1994)) A =1, v =1, ¢, =
b=0).

o Absolute Value GARCH (AVGARCH(1,1); Taylor (1986) and Schwert (1989)
A=3v=1¢,=b=v=0).

e Exponential GARCH (EGARCH(1,1) and EGARCH(1,1)-M; Nelson (1991))
(A=0,v=1,¢, =0, b=0).

e Stochastic Volatility (SV(1); Harvey and Shephard (1996)) (A =0, a = 0,
¢, =1).
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Furthermore, we consider the Quadratic GARCH (GQARCH(1,1) and GQARCH(1,1)-
M; Sentana (1995)) which does not fall within the modelling of equations 14 and
15.

In principle, we can impose restrictions of the parameters of the model de-
scribed in equations 13-16, so that the stochastic process {r;} is second order
and strictly stationary. We further assume that the process {h;} started from
some finite value in the distant past and the conditional variance is positive with
probability one. Now we have that under the appropriate conditions of second
order and strict stationarity we have that v, = Cov(r:,m:—x) is a quadratic

function in ¢ given by (Arvanitis and Demos 2004 and 2004b):

Yo = Cov(ry,rip) = E(ririi) — E(re) E(re—)
= E[(0ht + &) (6hi—i, + &1-1)] — E(0hy + ) E(6hy—y, + £4—1)
= E(6hyShi_y, + e0he_i, + Sheco_i, + er61—i) — 02 E(hy) E(hy_y)
= 6% [E (hihi—r) — E(h)E(hi—p)] + 6 E (hye—i)
= 0°Cov(hy, hy_i) + OE (hyes_i)

It is important to mention that the assumption of normality of the errors is
by no means a necessary condition for the above formula. It can be weakened
and substituted for higher moment conditions. From formula above it is imme-
diately obvious that if E (h;e;_1) is zero, as in the GARCH-M model of Engle
et al. (1987), then the k-order autocovariance of the series has the sign of the
autocovariance of the conditional variance irrespective of the value of d; this
could explain the poor empirical performance of GARCH-M models (see Fioren-
tini and Sentana (1998)). Ideally, one would like to employ a model which can be
compatible with either negative or positive mean autocorrelations, and potentially
different from of the sign of the autocorrelation of the conditional variance. As an

example consider the volatility clustering observed in financial data. This implies
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that the autocorrelation of the returns’ conditional variance is positive. However,
short horizon returns are positively autocorrelated, whereas long horizon ones are
negatively autocorrelated (see Poterba and Summers (1988)).

It is a well documented fact that in all applied work with financial data, the
estimated values of § are positive, indicating the observed volatility clustering,
and the estimated values of p are negative due to the asymmetry effect (see
Harvey and Shephard (1996)). These two facts imply that F (hie;_) is nega-
tive and C'ov(hy, hy_y) is positive, for any k. Consequently, 7, is negative for 6 €
(0, —E (hgt—x) /Cov(hy, hi—y)) and is positive for § € (—E (hiei—x) /Cov(hy, hi—i), 00),
i.e. there are positive values of 9, the price of risk, that can incorporate both
negative and positive autocorrelations of the observed series. Furthermore, no-
tice that for positive 3 the autocorrelation of the squared errors, of any order, is
positive for any p.

It turns out that not all first-order dynamic heteroskedasticity in mean mod-
els are compatible with negative autocorrelations of observed series. In fact, the
GARCH(1,1)-M, AVGARCH(1,1)-M and SV(1)-M with uncorrelated mean and
variance errors models are not compatible with data sets that exhibit negative
autocorrelations. This statement rests on the assumption of symmetric distrib-
utions of the errors, which are mostly employed in applied work. On the other
hand, all the other models considered above are compatible with either positive
or negative autocorrelations of the observed data. In fact, under the assumption
of symmetric distribution of the errors, models which incorporate the leverage

effect can also accommodate the observed series autocorrelation of either sign.
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7.1 The Log Conditional Variance Models

Let us consider the model in equations 13-16 and reparameterize equation 14 so

that now it reads

h} —1 hpy—1 w—1-
t)\ = w*—i-ozf”(zt_l)h?_l—l—ﬁ%+¢nnt,l, where w* = %

Taking the limit now as A — 0 we have a family of first-order processes where

A

*

the natural log of the conditional variance is modeled in the variance equation

(Demos 2002), i.e.
Inhy =w* +af’(2-1) + BInhy + PyMi—1

Now for & = 0 and ¢, = 1 we have the first-order Stochastic Volatility
of Harvey and Shephard (1996), whereas for v = 1 and ¢, = 0 we have the
first-order Exponential GARCH of Nelson (1991). In fact we can consider a

generalization of the above equation, i.e.

Inhy =ap+a Z 0if (20-1-1) + &, Z Vi1 (17)
i=0 i=0

where 0y = 1), = 1. Under the normality assumption, {0;}, {Inh;} and {h:}
are covariance and strictly stationary if |¢| < 1, io: 07 and iwf are finite. In
such a case, the observed process {r;} is covariazi(ée and s’?i(étly stationary as
well. Furthermore, an advantage of using A =0, over A = 1/2 or A = 1, is that
in this case we do not need to constrain further the parameter space to get the
positivity of the conditional variance.

Let us now state the following Lemmas which will be needed in the sequel

(see Demos 2002 for a proof).

Lemma 7.1 For the following Gaussian AR(1) process y; = g + Byi—1 + 1,

where |3| <1, n, ~ i.i.d.N(0,07) and T any finite number we have that

7_26160_2
Cov (exp(Ty1), exp(Tyi—1)) = exp (274, + 7°07) [exp ( - 5;7> - 1]
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where i, = 1%% and 0, = =5

A special case of the above Lemma for 7 = 1 can be found in Granger and

Newbold (1976).

z
Lemma 7.2 If ~ N , then for any k, T finite

Ui 0 po, o2
real numbers we have that

E{exp[rf(2)] exp(rn)} = (A —b) exp (I') + exp (A) ®(b — B)
E{zexp[rf(z)]exp(kn)} = ADP(A —b)exp (I') + BO(b— B)exp (A)
T K202 — (b — KOy, 2
27 o ( n— p) >

V2r 2
+(1 4+ A*)®(A —b)exp (T') + (1 + B*)®(b — B) exp (A)

E{z*exp[rf(z)]exp(kn)} =

where

+7(1+ )b+ ko, (1 = p)],

—7(1=)[b+ ko, (1= p)],

B =kpo,—7(1+7v) and A=kpo,+7(1—7).

Theorem 7.3 For the models described in 13, 15, 16 and 17 above we have

that:

k—2
3a
E(heiy) = exp (70) =] [exp (T3) @(AY) — b) + exp (A;) ®(b — Bi)]
=0
0 0 0
[A[()?l)cfl(I)(Aé)?llfl —b) exp <F(()(,)I)cfl> + B(()szlq)(b - Bé,;ifl) exp <A((),l)cfl>} )

k—1

B (hal 1) = exp(2a0) ) [T @(A) by exp (1)) +exp (1)) @0 BL)),

1=0
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-1
E(gfgf_k) = E(hihi—x)D @(A(()?ii—l —b)exp (F(()(,)li—1> +exp (A(()(,)I)c—1> Db~ Bé?i_l)] )

and
E (hy) = exp(2a0)wgo)
where
o) =TT [exp (T2)) @A) = ) + exp (A7) 26— BY))|
i=0
Az(ﬁf = ¢, (J¥; + Visr) poy + a(jO; + ;i) (1 — ),
B} = 6,0 + ia)poy — a0+ Ouar) (14 7).
AU [0, (J0; + i) oy — a(§0; + Oigr) (1 + 7))
kg 9
+a(jb; + 0irr) (1 +7) [0+ ¢, (J1b; + )0y (1 = p)],
ra _ [0, (J0; + Vip)on + (il + 0ip) (1 — 7)?
ka T 9
—a(jO; + Oisr) (1 = 7) [0, (s + iy )on(1 — p) + 0],
and
D — 200051 exp <<¢nwk—1)2‘7727 —(b— ¢n¢k—1anp)2>
V2 2
+ (14 (Af)?) oAl — byexp (1))
+(1+ (B2 @b — B ) exp (A),).
(Proof Demos 2002)

Let us now turn our attention to individual models where the log of the

conditional variance is modeled.
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Stochastic Volatility in Mean

Consider the model in equations 13, 15-17 and impose the constraints ¢, = 1,

and a = 0 to get the SV — M model, i.e.

re = 0hy + &, €t = Zt\/E (18)
where
In(h) = ao + Z Vill—1-; (19)
i=0

and (z,7,)’ are as in equations 16.
Notice that this model nests all invertible ARMA representations of the con-

p q
ditional variance process, i.e. In(h;) = oo+ > B, In(hy—;) + > &;mp_q_; with
i=1 i=0

P )

the assumption that the roots of [1 -3 Bimz} lie inside the unit circle we can
i=1

invert the ARMA representation of the conditional variance equation to get:

00
In(hy) = of + ;}wmt_l_i where af = =555, Yo = 1, and ¢, for
1 = 1,2, ..., are the usual coefficients for the MA representation of an ARMA
model (see e.g. Anderson (1994)). In terms of stationarity, and under the nor-
mality assumption, the square summability of the ¢/\s and || < 1 guarantee the
second order and strict stationarity of the {h;} process, and consequently the
covariance and strict stationarity of the {r;} process.

Now we can state the following Lemma:

Lemma 7.4 For the SV-M above and under the assumptions of stationarity we

have that:

3 2 k— 2 00
E (huei_i) = pogthy_; €xp ( 0 ?n Z 7" > (Wi + ¢ )
=0

1=0

q

Cov(hg, hi—i) = exp (2040 +o; Z 1012) [exp (02 Z%%M) — 1]
i=0 i=0

51



and

(1+ 1/)%_1/)20?7) eXp (0727 2%%%%) —1
3exp <0727 > ?) -1

=0

p(Sf, Ef—k) =

Assume for the moment that ¢ is positive, i.e. the price of risk is positive.
Then in light of the above lemma and theorem 7.3 there are positive values of
0 associated with either negative or positive values of the autocovariance, 7,
(autocorrelation) of the process {r}.

If there is no correlation between the mean and variance innovations, i.e.
p = 0 as in Harvey et al. (1994), we have that E (h:c;—;) = 0 and conse-
quently v, is positive when C'ov(hy, hy_y) is independent of the value of §. If,
on the other hand, the Cov(hy, hy_i) is negative, then there are positive val-
ues of ¢ that are compatible with negative values of v,, i.e. for § € (0, —(1 —
o) Cov(hy, hy_1,) /" o2 E (hshy—1)) v, is  negative  and  for
§ € (—(1—?)Cov(hg, hi_1) /" r02E (hshi_i) ,00) 7, is positive.

Since in most applications a first order SV-M model is considered with time
invariant coefficient for the conditional variance in the mean equation, let us now

turn our analysis to this model.

First-Order Stochastic Volatility in Mean with Constant Coefficients

Let us consider the following SV(1)-M model:

e = (Stht + & where Et = Z¢ ht, ln(ht) = g+ ﬁln(ht_l) + M1
z 0 1 o
and ! ~ 1wdN , Pon
Ur 0 POy ‘7727

Under the normality assumption and for |3| < 1 the process {r;} is covariance

and strictly stationary, and we can also invert the AR(1) representation of the con-
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ditional variance and write the MA representation as In(h;) = af + > ;7,1
i=0
where af = ag/(1 — ) and ¢, = 3*. Now we can state the following Lemma

Corollary 1 For the above SV-M we have that:

3o 6’“ 4+ 2
k—1 0 2
E (hei—k) = poy5” " exp (2(1 ~5) + Un2 4 ) 7

Cov(hy, hy_1) = exp [ 2—2 % 3k % 1
et a2 125 o )
and ,
(14 % 2p%0%) exp (/3’“1?;2) -1
p(E?,E?_k) = 2
3exp (13’32) -1

To our knowledge, in all applied work with financial data, the estimated
values of 3 are positive, indicating the observed volatility clustering, and the
estimated values of p are negative due to the asymmetry effect (see Harvey
and Shephard (1996)). These two facts imply that F (hie;_) is negative and
Cov(hy, hy_) is positive, for any k. Consequently, v, is negative for § €
(0, —E (hgt—x) /Cov(hy, hi—y)) and is positive for § € (—FE (hei—x) /Cov(hy, hi—i), 00),
i.e. there are positive values of 9, the price of risk, that can incorporate both
negative and positive autocorrelations of the observed series. Furthermore, no-
tice that for positive 3 the autocorrelation of the squared errors, of any order, is
positive for any p.

Notice that for p = 0, as in Harvey et al. (1994), the correlation of the
squared errors is same as in Shephard (1996) and Taylor (1984). Furthermore, in
this case we have that E (h:c;—x) = 0 and according to Theorem 1 v, is positive

for any value of §. Moreover, it is easy to prove that p(e7,c7 ;) < 5p(hy, hy—y) <
1
.

53



Exponential ARCH in Mean

Let us consider again the model in equations 13, 15-17. To derive the Time
Varying (Mean) Parameter EGARCH(1,1)-M model set v = 1, ¢, = 0 and
b=20, i.e.

re = Ohy + &4, € = zt\/ﬁt

- 2
In(h;) = ag + Z 0:9 (z1-1-i) , 9 (2) = ax <|Zt| - \/%) + agz,

i=0

where z; ~ 1idN(0,1), u; ~ 79dN(0,02), 2z; and u; independent, d; as in (??)
and 6y = 1. Throughout this section we assume that a; # 0. In case that a; = 0
the above model is the same as the model in section 2.1 with p = 1. Notice
that as it is the case for the SV-M model, this model nests all invertible ARMA
representations of the conditional variance. Under the assumption of normality
of z;/s the processes {¢;} and {h;} are covariance and strictly stationary if i 0?
is finite (see Nelson (1991)). Consequently, under these conditions, the przo:(?ess

{r} is covariance and strictly stationary as well. We can state the following

Lemma:

Lemma 7.5 For the above EARCH-M model we have
* 2 =
Covlhy, hi—x] = exp[2(af— oy - ZO 6;)]
k—1 2 %2 2 %2
*k eia * 9105 *
(wk Hexp ( 21 > ®(0;07) + exp ( 22 ) o(0;a5) — w2> :

1=0
o 6202 62052
where Oy = 1, af = ay+ag, o = a1—ag, w = [| (@(Qia{) exp <%> + exp (%) @(9@3))
=0
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co | exp (—[(eiwi;k)aﬂQ) O((0; + Oir)r})
and wi* =[]

=0 | +ep (142290 ) (6, + 01.1)03)

E(hery) = 04 1exp< —al\[ZQ )wk
IT oo (255 ) 000+ oo (225 o003

62 62
i e (B0 — aga0n e enp (B0

o af e <M) O((30; + Oiv)or})
where w;, = 1:[ [(30i+0;+r)a3] 1 X
70 [ e (M) 0((38: + )
Also
03 (af)? *
exp (IC_T()) ¢)(ekflal)
0%71(‘3‘;)2 *
_|_exp (T) @(9]9_10[2)
01*2
()zl\/7+‘9k 102D (6 10‘1)eXp< 1 )
o *2
H11020(6, 105 exp (4 )

C’ov[ef, 5f_k] = Covlhy, hi—g) + Op—1 E (hehi—y)

Clearly the sign of E(he;_1) depends on the sign of 0;_; and the relative
values of o and «j. Let us now turn our attention to the first-order EGARCH

in Mean model with time invariant 9;.

First-Order EGARCH in Mean with Constant Coefficients

Consider now the following EGARCH(1)-M model:
Ty = (S]'Lt + &¢
g; = z\/hy where 2, ~ iid N(0,1) and
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In(h) = of + Bln(he—1) + g (2¢-1) where g (z) = ax (|Zt| - \/%) + Q2.

Provided that |3;| < 1 we can invert the above equation as:
In(hy) = g + Z B'g(z-1-4) (20)
i=0

where o = fi—oﬁ
Assuming normality and |3| < 1 we get the second order and strict station-

arity of {r;} and we can state the following Corollary:

Corollary 2 For the EGARCH(1)-M and under the assumptions that z; « i.i.d.N (0, 1)

and |5| < 1 we have that

Covlhy, hy—| = exp[2(1 — 5 1_ 5\/7
k—1 2« 2o
(wz* Hexp (ﬁ ;12> @(/BZO;{) + exp (BTOQQ> (I)(ﬁla;) - w2> )

where o = ag+ae, o = ap—ag, w = [] (@(5 at)exp <621 *2> + exp (521 *2> (3
i=0
k\3t % .
x| exp (R0 ) 0((1+ 5 lap)

and wi* =[] iy A
i=0 | +exp (—[(1+5k2)5 a2]2> (14 8B as)

k=2 2i %2 2i %2
11 {exp (5 - ) (5'af) + exp (ﬁ - ) @(ﬁia;)]

=0

2k—2 % 2k—2  x
it apen (250 ) - ase(etap e (S5 )]

where w} = []

1 k io/{2 .
o | exp (LR ) (L + 4)8'ar)

1 gk gig*]2 i .
i=0 +exp ([(2+/32)5 3] )q)((%“‘ﬁk)ﬁ 052)
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Also

o exp (Z) @)
Covle?, e ]| = Covlhy, hy_i] + B E (hihi—i)

/sz 2

041\/7+6k 1 2(1) ﬁk lal) exp <T0¢1

k—2  x
+ 0 (8 ag) exp (2502

In Figure 1 we present the autocorrelation function of the conditional vari-
ance for an EGARCH(1)-M process when the parameter values are as in Nelson
(1991).! Furthermore, we graph two approximations. The first one is employ-
ing the formula p(hy, hy_) = Bk_lp(ht,ht_l), whereas the second is given by
plhe, he_y) = (%)“ p(he, hi_s), for k > 2. Notice that the exact ACF
is always between these two approximations, closer to the second. Furthermore,
for high positive values of 3 the first approximation is quite inaccurate, being
more so as k increases.

It is clear that the sign of E[h;e;—x] depends on the relative values of f,
oj, and aj. However, notice that under the assumptions of volatility clus-
tering, leverage and asymmetry effects, ie. 5 > 0, a3 > 0 and ay < 0,
we have that o > o and a3 > 0. Hence ajexp <w> o[ at) —
abexp <(5’€;> ®(B*'aj) < 0 as the exponential and the cumulative distri-
bution functions are non-decreasing. Consequently, E[h;;_] is negative for any
k.

Now if the random sequence {g (z;)} had a normal distribution, then we would
be able to apply Lemma 1 and conclude that the autocovariance of the conditional

variance is positive for positive 3. However, although {g (z;)} is an independent

!Since Nelson (1991) estimated an EGARCH(2,1)-M, we use the largest estimated root as

our [ parameter.
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sequence of random variables, its distribution is clearly non-normal. Nevertheless,
under the assumptions of volatility clustering, leverage and asymmetry effects it
is possible to prove that at least the first-order autocovariance is positive up
to forth-order approximation, i.e. expanding the autocovariance with respect to
f around zero. Under these facts we can say that either positive or negative
autocorrelations of the observed series are compatible with positive expected

value of the price of risk (see Theorem 1).

7.2 Comparing the Ln Models

Comparing the two models we can see that both models can incorporate positive
and negative autocorrelations of the observed series with positive expected value
of risk price. Furthermore, both models are compatible with cyclical effects in
the ACF of the squared errors, for negative 5. The SV-M models have a relative
advantage over the EGARCH-M models, in that the autocorrelation functions
of the conditional variance and the squared errors are easier to evaluate. Any
other comparison between the two models is difficult due to the complexity of the
formulae for the EGARCH model. Nevertheless, notice that the symmetric first-
order EGARCH model, i.e. when a; = 0, has the same ACFs for the conditional
variance and the squared errors as a SV model with p = 1 and o} = af (see
Demos (2002) and He et al. (1999)).

Harvey and Shephard (1996) estimated a SV(1) model for the data in Nelson
(1991). The estimates for 3, p, and o were 0.9877, —0.66, and 0.016, respec-
tively. In Figure 2 we graph the ACF of the conditional variance and the squared
errors for the two models and the above mentioned parameter values. Notice
that although the ACF of the two conditional variances are very close this is not
the case for the ACF of the squared errors. In fact, we know that the ACF of the

squared errors for first-order SV(-M) models is bound from above by 1/3 (see
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end of section 2.1). It seems that this bound is higher for the EGARCH(-M)
models. However, the complexity of the formulae for these models makes the
verification of this conjecture very difficult. Nevertheless it is possible to compare
the symmetric first-order EGARCH(-M), i.e. when i = 0, with the SV(-M) one.

For this we shall need the following Proposition.

Proposition 3 For the symmetric Gaussian first-order EGARCH(-M) model we

have that
Bka2\ 77 28((148)8'a
exp <1—ﬁ§> ‘ k(z‘+(2()71 : .1) -1
i=0 Q 29(B7 1)
phe, hy—y,) = 2 °°J_<I>(2ﬁ" )
« ‘aq
P (1—22> H o770, — 1
and
BEa2\ X [28((1+8%)8'a1)
exXp <1_(;§> H L(i+2)—1 ) ] k-1
. i=0 1‘;@ 2®(7an) 5 oy 2l 2k—2 2
Jj=ki . -
p(gt , gt—k) = N = @(261 ) 1 + ﬁ2k72(011)2 @ k—1 + /8 al
« al - 2 -
SeXp (1_162> Zl;[g 2@2(5”50[1) - ]' eXp ( 2 > (ﬁ al)

a2 ia
3 exp (1_%2) 1:[0 ;;,(22531';1)) -1
Specifically, for k = 1 and [ close to 1 we have:

_a_?>
2 2 1 (_o@) 1+exp( 2 )1

p(€t7€t—1) ~ 4 €Xp Py \/%@(O[ )
1

3 5 + a%
In light of the above Proposition, it is immediately obvious that the upper

bound for the ACF of the squared errors is higher than 1/3. For high values of
1| the first-order ACF is dominated by the 3 exp <—O‘;> term. In fact, solving
numerically the first order condition for —2 < a; < 2, we find that the maximum
is around 0.468 (a; =~ 0.84).

Recall that the ACF for the conditional variance and the squared errors of

exp( BF—L, | -1
. . p 1,@2
a symmetric SV(1)(-M) model are given by p(hs, hi—r) = <—2 and
exp

07’1 _
1752) 1
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2
exp (ﬁk 1?212)71
p(e}, e ) = ————~—, respectively. Let us assume that the estimated
Sexp(lig2>—1

parameters of such a model and an EGARCH(1)(-M) process are such, so that

they result in pPCARCH (B, b, ) ~ pV (hy, hy_i), for small k. Then, provided

EGARCH(E?’gfik) > pSV(gf,gffk)_ However,

that « is positive, we get that p
any other comparison of the two models is extremely difficult. Nevertheless,
as the applicability of symmetric conditional heteroskedasticity models is rather
limited (see e.g. Gallant et al. (1997)), and a comparison of the properties of
general order asymmetric SV-M with those of EGARCH-M is extremely difficult,

we do not pursue this topic any further.

7.3 Modelling the Standard Deviation

All proofs of this section can be found in Arvanitis and Demos (2004) and
(2004b). Let us now consider the following alternative set of constraints on
the model in equations 13-15: ¢, = 0, i.e. there is no stochastic error in the
conditional variance equation, A = %, i.e. the standard deviation is modeled. Let
us also relax the normality assumption and instead assume that z;s are iid (0, 1)

random variables. This yields the following model:

ro=01hi+e, e =zl (21)
where
W' = w ot af(ze)h !+ AL, (22)
f(z-1) = |21 = b] = v(2-1 — D), (23)
and
2 ~ id(0, 1). (24)
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When v =1 and ¢, = ¢ = b = 0 we get the TGARCH(1,1)-M of Zakoian
(1994) whereas if 7 = 0 as well we get the AVGARCH(1,1)-M of Taylor (1986)
and Schwert (1989). Under the assumption E (af*(z) + )" < 1 both the
conditional variance process, {h;}, and the observed process, {r;}, are covariance
and strictly stationary (see He and Terasvirta (1999)). Furthermore, for the
positivity of the conditional variance we need 5 >0, a > 0and —1 <y < 1. In

this setup we can state the following Lemma.

Lemma 7.6 Ifthe s arei.i.d. (0,1) random variables with E (a.f*(z) + 8)* <

1 then for k > 0 we have that:

~ - Blc _ Ak:

E (htft—k) = Bk_lBE(h3/2) + QWAE(h)ﬂ

and
Bk — AF A(BF — AF)

_ pk 3/2 22
Cov(hy, hy_i) = B*V (h) + 2wAE (h*/?) P 2w E(h)(l “ B A
which is positive for any k, where

1+ A 1+AB+2A+2B
2 3/2y _ 3
B = a—pha=s P =Y i an-ma-o

1+B)[3(A+T)+ 1+ Al'l + 4(B + AI)
1-A)1-B)1-T)1-A) ’

A=E(af'(z)+B), A=E[z(af'(z)+B)] =aE (2f"(2)),

V(h) = E(h*)—E*(h), E(h?) = w4(

B=E(af'(z)+8)*, B=E [z (af"(2) + 5)2] =’E (/% (2)) + 2084,
P=E(af'(z)+8)° and A=E(af'(z)+8)"

Unfortunately the expressions derived are too complicated to draw any con-

clusions. In fact, in order to draw any conclusions in terms of the signs of various

expectations we need, at least, to specify the distribution of the z;/s. Hence, let

us assume that they are normally distributed and moreover that b = 0.
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7.4 The First-Order TGARCH-M under Normality

The Gaussian the TGARCH(1,1)-M model (see Zakoian (1994)) is defined as

follows..

re = O0hy+e;, where &= z\/hy,

h? = waf(a)h3+ B0/, fzo1) = 5] =721, and  z ~ i@dN(0,1).

For stationarity assume that E (af”(z) + 3)* < 1 whereas for positivity of the
conditional variance assume that § > 0, a > 0 and —1 < v < 1. We can now

state the following Corollary.

Corollary 4 For the above first-order TGARCH-M model and for k > 0 we have

that:
Bk o Ak
FE (h'tgt—k) = —Bk_1a2’7(1 + 26)E(h3/2) — QWQ’YE(h)ﬂ
and
Bk — Ak A(BF — AF)
_ pk 3/2 o2
Cov(hy, hy_i) = B*V (h) + 2wAE (h*?) Ba 2w°E(h) - A5 4)
where
1+ A 1+AB+2A+ 2B
_ 2 3/2y _ 3
E(h) =w 1-A)(1-B) E(RT) =w 1-A)(1-B)1-1)

L1+ B)[B(A+T) + 1+ AT] + 4(B + AT)
1-A)1-B)1-D)1-4a)

V(R) = E(h*) — E*(h),A= a\/g+ B,

B=a?(1+ 72)+20¢B\/§+52, [ = 2\/2043 (1+ 37?)+3ap <a (142 + 5\/2)4—
B3 and A = 3a* (1 + 692 +~*)+2a%3 (1 +~?) (4\/204 + 3/3) +4\/§a63+64-
(for proof see Arvanitis Demos (2004)
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It is now apparent that the covariance, of any order, between the conditional
variance and the lagged error is negative, then there are positive values of § which
are compatible with either negative or positive values of ;.

If we impose one additional restriction that the leverage parameter, 7, is zero,
we get the Absolute Value GARCH(1,1)-M of Taylor (1986) and Schwert (1989).
Notice that for this model the covariance (correlation) of the conditional variance
with the lagged errors is zero (see above Corollary). Consequently, the autoco-
variance of the observed process can have only the sign of the autocovariance of

the conditional variance which is positive.

7.5 Modelling the Conditional Variance

For A =1, qﬁn = 0 we get the following GARCH-M model:

re=0hi +er, &=z It (25)
where
hi =w~+ af’(zi_1)hi1 + Bhi_1, (26)
f(z1) = |z = 0 = (21 — b), (27)
and
2 ~ iid(0,1). (28)

When v = 2, ¢, = ¢ = v = 0 we get the NLGARCH(1,1)-M of Engle and
Ng (1993). Furthermore, if b = 0, but v # 0, we get the GJR-GARCH(1,1)-M
of Glosten et al. (1993) and if in addition v = 0 we get the GARCH(1,1) of
Bollerslev (1986) and GARCH(1,1)-M of Engle et al. (1987).

Under the assumption that |¢| < 1 and E (f“(z_1) + ()* < 1 the process
{r:} is second order and strictly stationary (see He and Terasvirta (1999)), and if
a > 0 and 8 > 0 the positivity constraint for the conditional variance is satisfied,

as well. Consequently, we can state the following Lemma:
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Lemma 7.7 For the first-order GARCH model in equations 25-28 we have that
E(hieiy) = aE [zf"(2)] Ak’lE(hg’/?),

and
B — A2

(1-A4)°(1-B)
where A = E (f*(z_1) + B) and B = E (f*(z-1) + B)°.

Cov(hy, hy_y,) = w2 A*

It is obvious that if £ [2f"(z)] = 0 then the sign of the autocovariance of
the observed series, {r;}, is positive for any value of §.

In most models considered in applied work v = 2. In such a case E' [z f¥(z)] =
E(*)(1 + ~4?) — 20(1 + 7*) — 29E [|z — b|(2* — bz)]. Consequently, for the
GARCH(1,1)-M models we get that E [z f*(z2)] = E(z*), for the GJR-GARCH(1,1)-
M we get that E [z f*(2)] = E(23)(1++?)—2vE(2?|z|) and for the NLGARCH(1,1)-
M model we get that E [z f7(z)] = E(23)—2b. Consequently, for the GARCH(1,1)-
M model we get that for symmetric distributions of z;/s the autocovariance of

the observed series can only be positive independent of the value of 4.

7.6 First-Order GQARCH in Mean
Consider the following GQARCH(1,1) in Mean model:
re =0hy &4, & = zt\/h_t where  z; ~ iid(0, 1)
sequence of random variables and
hy = w+ a(e_1 — b)* + Bhi_1.

In terms of stationarity we need a2E(2*) 4+ 3% + 2a3 < 1, whereas we need

both v and 3 to be positive for positivity of the conditional variance (see Sentana

(1995)).
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The Sastry Pantula parameterization (see Bollerslev (1986)) of the condi-
tional variance of the GARCH model applies also to GQARCH-M, i.e.

el =w' + (a+ B)el | — 2abe; 1 + vy — By
where w* = w + b* and v; = €2 — h; is a martingale difference sequence, as
E(vi) = E(e] — h) = E (E1() — he) = 0,
and for £ >0
E(vwiy) = E ((5? — ho)(efy, — hi-))
= E(he? ) — E(he? ) — E(hihi_y,) + E(hihi_y) = 0.
We can state the following Lemma.
Lemma 7.8 For a GQARCH(1,1) in Mean model we have:
E(herr) = E(elei_r) = (o + B)" ' [aE(2*) E(h*?) — 2abE (h)]

and

Cov(hy, hii) = (a+ B)* [E(R?) — E*(h)] = (a + B)*V (h)

w*2+ (40202 +2w* at-2w* B) B(h)—4a2bE(2%) E(h3/?)
1—a2E(z4)—B2—2af

E(h) = —<— and

1-a—p"

where E(h?) =

E(h?) a finite number.

From the above lemma it is clear that if the 2;/s are symmetrically dis-
tributed, i.e. FE(z%) = 0, and the asymmetry parameter b is positive then,
E(higi_) is less than zero for any value of k. Consequently, the autocovariance
of the process is negative for § € (0, —2ab(a + 3)"'E (h) /V(h)) and positive
for § € (—2ab(a + B)"'E (h) /V(h),00). Furthermore, notice that if in the
GQARCH(1,1)-M we set b = 0 we get the GARCH(1,1)-M. Hence, if z; has a
symmetric distribution, the autocovariance of any order of the GARCH(1,1)-M
can have only non-negative values independent of the value 0 (see also Hong

(1991) and Fiorentini and Sentana (1998)).
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7.7 Conclusions

It turns out that not all first-order dynamic heteroskedasticity in mean models,
with time invariant conditional variance coefficient in the mean, ¢, are compatible
with negative autocorrelations of observed series. In fact, the GARCH(1,1)-M,
AVGARCH(1,1)-M and SV(1)-M with uncorrelated mean and variance errors
models are not compatible with data sets that exhibit negative autocorrelations.
This statement rests on the assumption of symmetric distributions of the er-
rors, which are mostly employed in applied work. On the other hand, all the
other models considered here are compatible with either positive or negative au-
tocorrelations of the observed data. In fact, under the assumption of symmetric
distribution of the errors, models which incorporate the leverage effect can also
accommodate the observed series autocorrelation of either sign.

Finally, the expressions for the autocovariances of the square residuals for the
SV-M and EGARCH-M models make it possible to see how well the theoretical
properties of the models fit the observed data, something which is important
for the identification of the order of the conditional variance process along the
lines of Bollerslev (1984) and Nelson (1991). A relative advantage of the SV-M
model over the EGARCH-M one is that for the former it is simpler to evaluate
the autocovariance function of the conditional variance and the squared errors.

In fact, in terms of formulae simplicity the SV-M and GARCH with A = 1 and
v = 2 models have an advantage over the rest. Comparing the two models, in
terms of the autocorrelation function of the squared errors we have the following

Proposition:

Proposition 5 If the decline from the first to the second order autocorrelation
in the conditional variance or squared errors is the same for a SV(1)-M and a
G(Q)ARCH(1,1)-M model then the autoregressive parameter in the log condi-

tional variance equation of the SV model, 3, is bigger or equal to the persistence
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of the G(Q)ARCH model, i.e. the sum of GARCH and ARCH coefficients.

In other words, if the 5 in the SV model is equal to the variance persistence
parameter, as defined by the sum of the ARCH and GARCH parameters, the
autocorrelation function of the conditional variance and the squared errors for the
SV model decline at a rate which is at most equal and generally lower to those of
the G(Q)ARCH model. The /3 and persistence parameters play an important part
in the stationarity of the SV(1)-M and G(Q)ARCH(1,1)-M models. Consequently,
if the objective function of a maximization procedure were the matching of the
ACFs of the conditional variance or the squared errors the G(Q)ARCH(1,1)-M
models would produce estimated values that are within the stationary region of
the parameter space with higher probability.

However, in the majority of the applications of these models, a Quasi Maxi-
mum Likelihood method is employed for parameter estimation, leaving the struc-
ture in the squared errors as a diagnostic tool. Nevertheless, intuition suggests
that considering an in Mean model would make these results relevant to esti-
mation as well. This is something that we investigate now. Another interesting
topic would be to investigate the autocorrelation function of the squared ob-
served variables and the so called Taylor effect. Again this is a complete project
on its own that is under consideration.

Of course our analysis is by no means exhaustive. Many members of the
dynamic heteroskedasticity in mean family are not analyzed, e.g. models where
A and v take any non-integer values in the range [0, 2] as in Ding et al. (1993),
or models where a fourth-order power of the errors is added in the conditional

variance equation, as in Yang and Bewley (1995).
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Part lll

Non-stationarity

8 Non-stationary processes

For this chapter stationary process means second order weakly stationary, i.e. the

mean, variance and autocovariances of the process are independent of ¢. There

are several reasons to pay attention on stationarity.

1)

3)

For a Radmon Walk (see below), a shock at time ¢ will have the same
effect on the process at time ¢, t + 1, t + 2,..... The same is not true
for a stationary process, e.g. for the stationary AR (1) the effect on the
process at t + j is o/, where « is the AR coefficient. In other words, the

Impulse-Response function of a Random Walk is 1 at all horizons.

The "spurious regression" problems, i.e. when two non-stationary variables
seem to be connected when they are not related to one another (see below

on this).

The forecast variance of a simple Random Walk grows linearly with the

forecast horizon.

Heuristically, the autocorrelation function of a Random Walk is 1 for any

lag. In effect this means that the correlogram would die out very slowly.

Dealing with non-stationary variables in a regression framework would in-
validate most of the asymptotic analysis, i.e. the usual ‘t-ratios’ could not
follow a t-distribution, and the F-statistic would not follow an F-distribution

etc.
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There are two models that are usually employed to describe non-stationarity.

First, the T'rend Stationary (T'S) process:
y; = a+ bt +u;, where w;is WN, (29)

and W N stands for White Noise. In fact the term a + bt is the deterministic
term, as it is completely predictable. It can be any polynomial function in t, e.g.
it can be of the following form: a, a + bt, a + bt + ct?, etc.

Second, the random walk (RW') with drift, i.e.

ry=b+xi_1+ 2z, where 2z is WN, (30)

where b is called the drift. Assuming that zy = 0, substituting backwards we get
that

mt:2b+ﬂft,2+2t+2t,1:...:bt—i—zt—i—zt,l—i—...—i—zl

justifying in this way the name drift.

8.1 Trend Stationary Process

Let us consider the T'S process in equation (29). Assuming normality, i.e. u; ~
N (0,0?), all classical assumptions apply and consequently, the usual t-statistic
and F-statistic have the standard Students-t and F distributions. However, as
soon as we drop the assumption of normality things change.

Let us rewrite equation (29) as:

1
w = (1,1 (Z) +uy = wyy +u,  where x, = <t> (31)
o ((Z) and wuy tid with E (u) =0, E (u?) =0% and E (uf) < o0.

Let 7 denote the OLS estimator of v based on n observations, i.e.
A~ n -1 5
- a
7= (3) - (z ) S o
t=1 t=1

69



Substituting out y;, employing equation (31), we get

n -1 n n -1 n
. (z ) S el ) =+ (z ) S
t=1 t=1 t=1 t=1

and it follows that
n -1 n
y—v = (Z a:tx;> Z Ty =
t=1 t=1
1< T
Vn(d—n) = (ﬁ Z xtl';) % Z Tel.
t=1 t=1

n
) P
Under standard assumptions we have that % E xyxy — M, where M a non-

t=1
n

. : P . . D
singular matrix and — denotes convergence in probability. Further, \/LE Z Tylly —
t=1

N (0,02M). It follows that \/ni (§ — ) 2 N (0,02M~1). However, for the T'S

case we have that:

~ — U
Y=y=| - &' Qt) (32)
S ye | =V
t=1 =1
Now notice that
- 1 u 1)(2n+1
Zt:”(”;F ):O<n2)7 t2:n(”+ )6(”+ ):O(n3)
t=1 t=1

no Yt n(n+1)
t=1 2
n " n(n+l)  n(n+1)(2n+1)
Sy s
t=1 t=1

for future reference that

j;t?’: [n(n6+1)]220(n4).

and it follows that
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Hence, scaling this matrix by % would lead to non-convergent ellements. On the
other hand scaling by % would result to a singular limiting matrix. Consequently,
a and b require different rates for asymptotic convergence. In fact we have to

scale @ by /n and b by n®2. Hence, employing equation (32), we get
-1
Vvn(a—a) N a—a " "
" - 279 =N, /
<n3/2 <b B b)) 0 n3/2 (b B b) tzl Ty tzl LUy
n -1 n
= Nn (Z QTtl';) NnNn_l Z LUt

=1 =1

n -1 n
= (anzmtl';an> Nglzxtut,
t=1 t=1
vn 0

where N,, = . Now
0 n3/2
n —1n+1 1
1 n_ A2 1 =
NPy wapN, = : - 2 | =
p-lntl o —2(n+1)(2n+1) 11
t=1 2 6 2 3

For the next term, notice that
n
" DL
N1 Z Ty = < t?
t=1 # Z tuyg
t=1

)

n
and as u; is éid with finite fourth moment we get that \/Lﬁ Zut 2N (0,0?).
t=1

Further we can prove that — Ztut 2N (0,06%/3) (see Hamilton 1994), and

t=1
the linear combination of the two elements converges to normality we conclude

(

that

n
1
Vn Z Ut
t=1
n
1
372 Z tuy
t=1

) 2 N (0,02M),
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and it follows that

( v (@ -a) > DN (0,020 (33)

n3/2 (b _ b)

establishing the superconsistency of b.
Further, it is an easy exercise to prove the asymptotic normality of the ¢t —
statistics for @ and b. Here we consider only the t — statistic for the hypothesis

Hy : b= by (see Hamilton 1994 for details).

~ -1
b—0b &
= 2—22, where m? is the (2,2) element of (wai) and
s?m t=1
R -\ 2
2 ~
- ~a-1h) .
y n—2 ; (yt “
Hence
b— by n @_ b“)
= -1 N -1
- 0 - 0
82(0 1) th% 32(0 n3/2> th% 3/
\ t=1 1 t=1 n?/

-1 -1

3
NE
=
H\
B
!

Now from above we know that
M. Further, s> 5 o2 and n®? (g—b> 2 N (0,0?m?) (by equation (33)).
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Hence we get:

n3/2 (?)\— b0>
t: 5 Z N (0,1).
0

1

02(0 1>M‘1

8.2 Over and Under Differencing
Let us now consider the cases where the true model is RWW and we treat it as
TS (under — dif ferencing) as well as the reverse case, i.e. the true model is
TS and we treat it as RW (over — dif ferencing).
Under-Differencing
Assume that we estimate the following equation

Y =a+bt+6

where @ and b denote the LS coefficients, é; denotes the LS residual, and

t =1,...n. However, the true model is

Yt = B+ Y1 + Uy,

where u; is such that S; = Z;Zl u; sutisfy an appropriate functional Central
Limit Theorem (see Durlauf and Phillips 1988 for details). In this setup it is

posible to prove that (see Theorem 3.1 in Durlauf and Phillips 1988), as n — oo:
1) n=12G 2 N (0,202/15), where 02 = lim, o n~' 3 E (52)
2) n'/2 (B— u) BN (0,602%/5)
3) The t — statistics, t,—o and t,—o, diverge
4) The DW (Durbin-Watson) statistic goes in probability to 0
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5) The R? has a nondegenerate distribution.

The results do not change if i = 0 (see Theorems 2.1 and 2.2 in Durlauf and
Phillips 1988), just set = 0 in 2). Notice that the asymtotic distribution of @
is non-standard, whereas the one of bis. However, the t,— diverges, invalidating
any standard inference. Notice that the DWW is going to 0 indicating that, for
large data sets the probability of mistaken a RW process as a T'S one is very
low. However, a low DWW statistic does not necessarily imply a RW process.
The R? converges in distribution to a nondegenerate random variable with an
expected value approximately 0.44 (see Nelson and Kang 1981).

Another effect of under-differencing is the spurious periodicity of the auto-
correlations of the fitted values, 7; = @ 4 bt (see Nelson and Kang 1981 and

Patterson 2011).

Over-Differencing

Consider the following process
Y = a+ bt + &4,
where ¢; is iid with E(g}) < co. It follows that
Ay =b+er — e,

i.e. over-differencing induces a nonivertible M A (1) process. It seems that over-
diffrencing is less of problem, as compared to under-differencing, provided that
the autocorrelation of the errors are taken into acount. In fact, estimating the
following model

Ay = b+ e — bg4y,

by ML, provided that ¢; is iid N (0,0?), it is possible to prove that is n con-

sistent (see Shephard 1993 and Sargan and Bhargava 1983). However, although
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6 converges to 1 faster than the standard /n rate, its asymptotic distribution
is not normal (for an indirect estimator with non — iid and/or nonnormal &,
see Arvanitis 2013). Finally, for implications of over-differencing for the spectral

density function see Patterson (2011).

8.3 Spurious Regressions

Assume two independent RW s, i.e.
Y = Y1+ U, and xp = 341 + vy,

where u; and v; are independent and satisfy some heterogeneity and weak de-
pendence conditions (see Phillips 1986). Now according to Durlauf and Phillips

(1988) (Theorem 5.1) the coefficients in the least squares regression
Ys za—i—gt—l—ﬁxt—l—z’[t, t=1,..,n

have the following asymptotic behaviour:

(1) € converges weakly to a nondegenerate random variable;

Notice that the only consistent estimator is b. Chasa nondegenarate asymp-
totic distribution, which explains the simulation results in Granger and Newbold
(1974), althought their results concern a regression without a time trend. Even
in this case, i.e. when a time trend is not included, ¢ has a nondegenarate as-
ymptotic distribution which differs by the presence of terms which express the

interaction between the time trend and the nonstationary series (see Phillips
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1986 and Durlauf and Phillips 1988). The t.—( test, diverges as in the non-
detrended case (Phillips 1988). Hence, regardless of the inclusion of the time
trend, the t — statistic test will diverge and consequently, the nonstationarity
of the underlying series is the critical issue, rather than inappropriate detrending
(see Durlauf and Phillips 1988). Again the DIV statistic converges in probability
to zero. To quote Durlauf and Phillips (1988) "The inappropriateness of the
conventional ¢ — statistic test should thus become apparent to the investigator
from the inspection of residual DW diagnostics. Once again the results indicate
that the employment of conventional significance tests must be suspect until the
stationarity of the dependent variable is resolved."

Consider now the regression of the two independent RW's without the drift,

yi =a-+cxy+u, t=1,..,n.

Further, assume that the two independent RWW s have a drift, i.e.
Yo =Yy T Yt—1 + Uy, and Ty =y, +T_1 + vy,

where uy is iid (0,02), vy is @d (0,02) are u; and v, are independent for all ¢'s.
Under regularity assumptions made explicit in Phillips (1986), Entorf (1992) was

able to get the following:

P
1*) ¢ — 2
Yz

2*) a diverges; and
39 DW 5 o.
It is evident that is cases that the RWW s have a drift the regression coeficient,

¢, converges to a constant, unlike in cases where the are no drifts (see (1) above)

where the coefficient converges to a random variable. In both case, the consant
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of the regression @ diverges. Finally, notice that in both cases the DIV statistic
goes to 0 in probability, hence DWW can be an important tool to detect spurious

regressions, in large samples.

9 Unit Roots

In order to derive unit root tests, against the stationary alternatives, we need first
to derive the distribution of the OLS estimator of the autoregressive parameter
under the unit root null hypothesis. This distribution turns out to be a function
of Wiener processes and hence a brief introduction to the Wiener processes is

needed.

9.1 The Wiener Process

Let AW be the change in the Wiener process, or standard Brownian motion, say

W, during a small time interval At. Then have that:
AW = 2V AL

where z ~ N (0,1). It follows that E'(AW) =0, V (AW) = At. Further, for
any disjoint small time intervals, the values of AW are independent, as the zs
are independent.

Now consider the value of W during a long period T', say W (T'). Then
break the long period T in to n non-overlapping equal small intervals At, i.e.

T = nAt. Then we have that
WA(T) =W (0) =) zVAt,
=1

and since z; ~ iidN (0, 1), assuming that W (0) = 0 we get that



Now consider S = ZtT:l 2y, where z; ~ 7idN (0,1). Then S; is a random

walk as S; = S;_1 + z;. Assuming that Sy = 0, we have that
E (ST> =0, V (ST) =T,

as in the case of W (7).
Now divide the interval [0,1] into T intervals of length 1/T', i.e. the points
of the interval are 0,1/7,2/T,...,(T' — 1) /T, 1. Further define a new index r in

[0, 1] corresponding to the time ¢, in {0, 1, ..., 7'}, by the relation

Let [rT] denote the integer part of T, i.e. for T' = 50 and r = 0.45, [rT] =
[0.45 % 50] = [22.5] = 22. Finally define the step function

1

St
\/T[T}

According to the so called Donsker’'s Functional Central Limit Theorem we get

XT (T)

that
Xr(r) 2 W(r).

Furthermore, from the Continuous Mapping Theorem we have that if g (.) is a

continuous function on [0, 1] we have that

g(Xr (1) B g(W (),

see Billingsley (1968) section 5 for proofs.

Results on Wiener Process

Some basic results, employing the Donsker's theorem, are provided in the sequel.

Suppose that y; is a random walk, i.e.

Y = Y1+ 2
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where z; ~ iidN (0,1), for t = 1,2,...,T. Assume that yo = 0 for simplicity.

Lety = %ZL Y¢, then we have the following lemma.

Lemma 9.1

t=1 0
1 T T 1
(1ii) — Ztyt = / rW(r)dr, (iv) — tht — / rdW (r),
? =1 0 2 =1 0
1 « !
and (v) T ;yt_lzt — i W (r)dW (r)

Proof of Lemma 9.1. (i) Consider the step function

1 1 for 11 1
= —— Y = ——Yi_ or — =
N Niiad

where X (r) is a step function with steps \% at % and is constant between

Xr(r)

ZT §r<% and Xr (1) =

steps. Hence it follows that

1 T K| T 1<~ 1
Xp (r)dr = / Xr(r)dr = —yi_/ dr = = — i
/0 ' ;i;l ' ;ﬁ e T;\/T 1
as

T i 7 1—1 1
d pr— T—l = —_—— pr— e
[_1 r=rla =55 =7

and it follows that



(i) With the same logic we have that

1 T i T i T
2, T 2, l 2 T 1 2
/0 (X (r)]"dr = §'1 [Tl [(Xr (r)]"dr = 5‘1 Tyzel [Tl dr = T2 §'1 Yi—1-

Now, at least asymptotically, %Zle yr o~ %Zszl y? we have that

1
/0 (X ()] dr = T2 Zyl'

Now by Donsker’'s Theorem and the Continuous Mapping Theorem we have that

Xr (r)] 2 W ()]

and it follows that

t=1
(iii) Now
1 ~ [T SN +
T’XT (?“) d’l“ = / TXT (T’) dr = —Yi1 Td?“
| > IREY
r T
1 i—1 1 1 1
- _T;yz_l( T2 2T2) = T2 ;(Z DYie1 = 7o
as
T i 2 (s 2 . -
i—1 2 T 2 T2 9 T2 T2 372

T P T . T
Further, as =5 >, 1 yic1 — 0 and =530 (i — 1) yic1 = 775 9oy e —

P
—

T
7372 YT T51/2 Zi:1 ty; we get that

T T
1 1
T5/2 Z( Yi- T5/2 Zy’ 1= T5/2 Ztyt‘
i=1 i=1
Now by Donsker's Theorem and the Continuous Mapping Theorem we have that

rXr (r) D orw (r)
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it follows that

T 1
1 D
T5/22tyt—>/o rW (r)dr
=1
(iv) Notice
A A Tk T
Tgtzltzt Tgiz:;zﬁzz ;T[Tld 7 (r) ;[Tlrd T (r)
1 1
= rdXr (r) 5 / W (r) dW (r)
0 0
(v) Last
T T T i
1 1 1 T
— 12 = — Y1 ——=2; = Xr(r)dXr (r
Tt:lytlt ;\/Ty 1@ ;%1 T() T()
1 1
_ /XT(r)dXT(r)ﬂ W () dW (r)
0 0
m

Notice the following mapping (see Maddala and Kim 1998):
Z:>/, t=r, z=dW(r) and y=W(r).

Now as z; ~ #idN (0,1) and yr = 3, 2 it follows that FH~N (0,1) =
W (1). The following lemma presents the relation between I (r) and the normal

distribution.

Lemma 9.2 (i) ['W (r)dr ~ N (0,%), (i) [lrdW (r) ~ N(0,%), (ii)

fol (r—a)W(r)ydr~N (0, %), (iv) If W (r) and W (r) are indepen-
dent Wiener processes then <f01 (W (r))* dr)i5 fol W (r)dV (r) ~ N (0,1), (v)
Now if z ~ N (0,02) but not independent and limr_.ooE (y7) = o > 0 then

Jy W @ dw ()~ 304 - 1)+ (52,
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Proof of Lemma 9.2. (i) Notice that
1 _ 1 1 — o 1
t=1

t=1 =1

1 T
= 7?/2 Z tZT_t+1 .
t=1

It follows that Var (ﬁy) = Var <ZtT:1 tzT,tH) =L 37 2= LTEHEHD
% for T' — oo. Further, the distribution of \%y is normal, as it is a sum of in-
dependent normal variates. But from the previous lemma, 9.1(i), we have that

ﬁ? 5 fol W (r) dr and it follows that

/01W(r)dr~N(0,é).

(i) Again notice that Var (Ti% S tzt) = %% E (TL% ST tzt> =
0 and as the 2s are normally distributed we get that Ti% STtz N (0,3).

From lemma 9.1(iv) we have that T% STtz 5 f01 rdW (r) and it follows that

/OlrdW(r)NN(O,%).

T
Zyt = T+ (T —1) 20+ (T —2)25+ ... + 221 + 27
t=1

(iii) Notice first that

=T

]~
i3
|
NE
T
g
|
N
(]
i3
|
]
&
|
(]
i3

H
-
l
[N}
)
15
I
[}
o~
l
[N}

t=
and

t=1

T(T +1 T(T +1 T(T +1
2 2 2
T(T +1
+[%—1—2— —(T—l):|ZT
T(T+1) « Ltt—1)  T(T+1)< 1< d



Hence

1 & 1 < 1 a 1 a
r (ﬁ Z Ly — U5 Z yt> = ﬁVar <Z tyt> + CLZﬁVaT (Z {/3))
t=1 t=1

Now for the first term of the above equation we have:

1
—Var (Ztyt> = ﬁ\/ar

TS(T+1)% 1 i1 L T(T+1) <,
- AT 4T5 Zt ATS Zt T 975 Zt
T

T(T +1) 1 \ 18
- TN R
NTE ; 2T5Z - + 6 60

as 2TTng Zt ,t — 0 and T5 Zt ,1t% — 0 for T — oo. For the second term

!

in equation (34)
—Var (Zyt) = %Var (Tzzt _tht —Zzt>
= —Var (TZ zt) + iVazr (Z tZt) + T—V@ (Z Zt)

t=2
9 T T T 9 T T
—ﬁCO’U (Z zt,2t2t> — —Var (Z Zt> + 7730012 (Z tZt,ZZt>
t=1 t=2 t=2
T T

1 2 1 1

= 1+—=Y P-—=) t—1l+-—1==

HCR U LD Pl
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as 7%Var (Zthg zt> — 0, %Cov (ZtT:Q tz, Zthz zt> — 0 and 7%Var (ZtT:1 zt> —

0 for T — oo.

T(T+1) T 1T g2 1 T T
1 —1%t 3 zt+ 5 tzy, Ty, .z
_C’ov (E tys, E yt> = 774001) 7 D1 At Zt 212+ 5 Dtz T Yy 2
Zt o Zt 2 2t

T3(T+1) T(T+1) < 1 o=, 1
= - t——S"+-—3"¢
T i 2ty
t=2 =2 =2

L 1 1.1 5

2 4 6 8 24
as %Vw (Zthz zt> — 0, 7:Cov (2322 2z, 23:2 zt> — 0, 7:Var (2322 tzt> —
0, ZCov (23:2 tz, S, zt> — 0 and 7:Cov <Zf:2 tz, S, zt> — 0 for
T — oo. Consequently, substituting in equation (34) we get:

T
1 1 5
LI N SR S Y
" (TS ; Yo = Yap Zyt) 0 T3 20y

D
But from the previous lemma, 9.1(i) and (v), below, we get that TL% Zthl tyt_aTL% Zthl Y —
[F(r —a) W (r) dr and it follows that

1 -9 2 2
/ (r—a)W(r)drwN(O,S ba -t Oa).
; 60

(iv) Let Fl = o (W (r),r <t), FF =oc(dV (r)r <t) and F;, = o (F} UF})
be the natural filtration generated by the two independent Wiener processes.

First, by the conditional Ito Isometry (see e.g. Steele 2001) we have that

(/:W(r)dV(r))2|ft :E[/StWQ(r)dﬂft],
and as

E /0 W(r)dV(r)| <o, Y W, (Vt,,LH—th)g/o W (r)dV(r)

and due to independence and normality, which is preserved in the limit we get

[womerms(o [ree),
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(v) Notice that

T T T T
ny = ny_l + 2Zyt_1zt + sz
t=1 t=1 t=1 t=1
Hence . . . . .
2Zyt—lzt = ny - ny—l - ZZ,? = Y7 — ZZtQ
t=1 t=1 t=1 t=1 t=1

and it follows that
T T
1 1{1, 1 2)
_E Yt-12t = 5 _ZJT__E e ] -
T — 2 (T T —

Further, yr = Z:il 2 and from normality of the z;/s we get \/LTyT ~ N (O, 05)
and Ly2 ~ o2x2. From the Law of Large Numbers we have that + 3/ 22 —

Var (z) = o2. Hence

T 2 2 2 2 2
1 D0y<2 Uz) Ty (2 Oy — 0%

and from lemma 9.1(v) we have that %25:1 Y17 2 fol W (r)dW (r). Now
if 2, ~ #dN (0,1), then Z=yr ~ N (0,1) and 7y7 ~ x{ and A

Var (z) =1, and it follows that

/0 W(r)dW(r)N%(X%—l).

9.2 Unit Root Tests without Deterministic Trend

To visualize the difference between a stationary and a random walk process we
depict in the following figures an AR (1) process with an autoregressive coefficient
of 0.89 and a random walk, where the errors are drawn from a normal distribution.

The same random errors are employed for the simulations of the processes.
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Fig. 9.2: Graph of the AR (1) process

T
250

T T T T
300 350 400 450

T
500

T
550 600

Y = O.89yt_1 + Uyg, Up ~ N (0, 14)

-10 4

-20

30

20

104

T
250

T
300

T T
350 400

T
450

T T
500 550

600

Fig. 9.2: Graph of the random walk

Tt = Tp—1 + Ug, Ut ™~ N (0, 14)

Furthermore, the following figures present the correlogram of the two processes:

Autocorrelation  Partial Correlation AC  PAC Q-Stat Prob Autocorrelation  Partial Correlation AC  PAC Q-Stat Prob
| [/ | 1 0.875 0.875 308.20 0.000 1 ] 1 1| 1 0990 0990 39508 0.000
| il 2 0771 0027 54838 0.000 | ] i 2 0981 0.048 78410 0.000
| 1 3 0677 -0.010 73415 0.000 | lig} 3 0971 -0.052 1166.3 0.000
| [ i 4 0594 -0.003 87762 0.000 | [ 1 4 0962 -0015 15418 0000
| [ i 5 0527 0022 99061 0.000 | [ i 5 0952 0.032 19109 0.000
| [ i 6 0464 -0.011 10785 0.000 | [EEEREREEE 1 6 0943 -0014 22737 0000
(= i 7 0364 -0193 11326 0.000 | [ [ENl 7 0931 -0.103 26287 0.000
[ | 1 8 0272 -0.049 1163.0 0.000 | [ iy 8 0920 -0.013 29761 0.000
= g 9 0218 0094 11825 0.000 | il 9 0910 0.044 33164 0.000
(| )l 10 0.140 -0.140 11905 0.000 | 01 10 0.898 -0.073 2648.7 0.000
p L 11 0.089 0.034 11938 0.000 | [ I 11 0.886 0005 39735 0.000
i 1 12 0049 0016 11948 0000 | L 12 0.876 0.038 42914 0.000
1 1 13 0.008 -0.008 11948 0.000 | 1 13 0.865 -0.018 4601.9 0.000
1 L 14 -0.015 0.038 11949 0.000 | [ il 14 0.855 0.078 49066 0.000
iy 1 15 -0.034 -0.037 11954 0.000 | R i 15 0847 0038 52059 0000
1 aill 16 -0.044 0.051 11862 0000 | [ L 16 0.839 0.044 55004 0.000
iy il 17 -0.038 0.058 11968 0.000 | i 17 0831 0021 57905 0000
1 1 18 -0.031 -0.036 1197.2 0.000 | [ L 18 0.824 -0.008 6076.3 0.000
1 il 19 -0014 0077 11973 0000 | [ [Nil 19 0818 0.067 6358.7 0.000
1 1 20 0.001 -0.015 1197.3 0.000 | [ n 20 0.812 -0.015 6637.7 0.000

Fig. 9.2: Correlogram of y; = 0.89y;_1 +u;, Fig. 9.2: Correlogram of x; = x;_1 + uy,

U/tNN(O,l

4).

u, ~ N (0,1.4)

There are distinct differences between the graphs and the correlograms of the

two processes. However, in practice things are not so obvious. Let us now return
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to the statistical inference for a unit root.

Suppose that y; is a normal random walk, i.e.

Y = QY1+ 2

where z; ~ iidN (0,1), for t = 1,2,...,T. Assume that yo = 0 for simplicity
(for more general assumptions on the distribution of z;/s and the initial y, see
Phillips 1987). Now the maximum likelihood estimator is the same as the OLS

one and is given by

T T
thl YtYt—1 ot thl Yt—12¢

o= T T
Zt:l yt2—1 Zt:l 97:2—1

For |a| < 1 we have that

VT (@ — a)
Ny

(see Mann and Wald 1943). White (1958) showed that

Z N(0,1)

ol @-a) b
————— — Cauchy,
a2 —
for |a| > 1.

Now for a = 1, we have, from Phillips (1987), that
P i1z o Jo W) AW (r) (W (1)° 1]
r b WP W) dr

by the Continuous Mapping Theorem and lemma 9.1 (ii) and (v), and the last

T@E-1)=

(35)

equality follows from lemma 9.2 (v). In this case, i.e. when oo = 1, we have that

the t-statistic is given by:

T 1/2 T
a — ]. 2 2 1 ~2 P o
ta = — ;_1 Vi1 where 5% = - tE_l Z° and % = yy — Qyea.

Notice, first, that @ is consistent, by equation (35), i.e. plima = 1. Conse-

quently, s% is a consistent estimator of the variance of z, i.e. plims? = 1.
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Hence we have that

. . Jo W(r)dw (r)
re-1) _  T@=1) b _ [WwoPs

) 1/2 1/2 1/2
T <TS—) 2 (ﬁ)
Yi—1 Y #Zle yt2_1 fo (W (r)]“dr
Jo W)W e) 1 (W) -1
1 12790
(Jy W )P ar) (Jy W )P ar)
where we employed, again, the Continuous Mapping Theorem and lemma 9.1
(ii).
Tables 8.5.1 and 8.5.2 in Fuller (1976) provide critical values for both of

ta =

1/2°

these statistics, i.e. for T' (@ — 1) and t5. These values are employed for testing
the null of unit root versus the alternative of stationarity, under the maintained

hypothesis that there is no deterministic trend.

9.3 Unit Root Tests with Drift

Suppose, as in the previous section, that y; is a normal random walk, i.e.

Yt = Yp—1 1+ 2¢

where z; ~ #idN (0,1), for t = 1,2,...,T. Assume now that one estimates the
following equation:

Yo =C+ QY1+ 2. (36)
In this case, the asymptotic distribution of T'(&v — 1) and ¢ are again functions
of demeaned Wienner processes, i.e.

D Jo W= (r)dW (1)
Jo W= () dr

b D W @AW )
(S )

where W* (r) = W (r) — [ W (r) dr. The critical values of T' (@ — 1) and ¢5 are

T@-1)

presented in Tables 8.5.1 and 8.5.2 in Fuller (1976). Naturally, one would like to
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test if ¢ = 0, as well. Consequently, the critical values of the F-statistic for the
joint hypothesis ¢ = 0 and a = 1 are provided in Dickey and Fuller (1981) and
are evaluated via Monte Carlo, as the distribution of this statistic is not standard.

Now suppose that 3, is a normal random walk with drift, i.e.

Ye=p+ Y1+ 2
where z; ~ itdN (0,1), for t = 1,2,...,T, and for simplicity yo = 0, the estimat-

ing equation remains the one in equation (36). Notice that in this case

t
yt:#t+zzi=/tt+3t.
=1

Now it is clear (see Trend Stationary Process section) that the coefficients @ and

¢ need appropriate scaling. Hence

-1
(ﬁ(e—M) _ 1 T2y ( T3 2 >
T3/ (@—1) T2 > oY1 T3 > yt{l T3 > Y12 '

Now

Zyt—lzt = Z#(t — 1)z + Zst—lzt = Mztzt — Mzzt + Zst—lzt-

Notice that from lemmata 9.1(iv) and 9.2(ii) T-3/2u Stz 2 N <0, %) 7325z, 5
0 (as under our assumptions and by the Strong Law of Large Number 771 " z; —
0 almost surely), and from lemma 9.2(v) we have that £ > S,z EA 103 -1)

and it follows that 7-3/25" 8, 12 > 0. It follows that

2
T3 Zyt—lzt = N <O7 %) .

Furthermore, T-'/25" z, ~ N (0,1) and
Cov (Tfl/2 Z Zt, T3/ Z yt—lzt) =F (Tﬁ2 Z 2t Z yt—lzt) - g,
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as B (T2 23 tz) = T2 p(T-2(Y2)") = L, and E(T 2 S, 1) =

0. Hence
~1/2
T Zzt 2)N 0 ’M :
T=32% g2 0

1 3
where M = 22

BB

2 3

On the other hand,
Ty g = T e E=1)+ Sl
= TP P -1 42T Py (=18 +T7) S7.

Notice that
T+ Zt” — L, for v=20,1,2 ..
v+1

and it follows that 7733 1% (t — 1)* — %2 Taking into account lemma 9.2(iii)
we get that T=3 3" ¢S,_; > 0 and form lemma 9.1(ii) we get that 733" 52 | &

0. Hence
T 32 2 P M2
- .
yt—l 3

Further,

T2y oy =T u(t-)+T72Y S5 55

and it follows that

-1 -1

1 T2y 4 P 1 % — Ml
T2y T30t v
Hence,
6
VI@=mY o (Y ar- Yo n (O 4 ).
T3/2 (@ —1) 0 0 _6 12
T
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proving that when there is a drift in the random walk specification the time trend
terms dominates (West 1988), leading to normal asymptotic distribution, i.e.
. 12
T2 G-1)2 N <o, —2) .
1
The asymptotic normality of @ applies, as well, in case that y; is a normal

random walk with drift and trend, i.e.

Y=+ Bttty + 2

where z; ~ itdN (0,1), for t = 1,2,...,T, and the estimating equation is as in
equation (36). In fact it is possible to prove that

T2 @-1)2 N (0, %)
see West (1988) or Maddala and Kim (1998).

Now notice that in equation (36) when the hypothesis Hy : a = 1 is not
rejected, y; is a random walk with drift ¢, i.e. it has a trend for ¢ # 0. When on
the other hand Hj is rejected then y, is stationary around a constant mean, but
has no trend. However, this rather asymmetric treatment does not do justice
to the alternative, i.e. it could be the case that g, does indeed have a trend
(see Schmidt and Phillips 1992). One of course could add a trend in equation
(36). But in this case, under the null y; has a quadratic trend. This problem
does not arise in the approach of Bhargava (1986). Following the set up in Bhar-
gava (1986), Schmidt and Phillips (1992) consider the following Data Generating
Process (DG P):

y=v+E+x, x=pPr1+¢

and &; ~ iidN (0,02) ( the 7id assumption is not crucial). Notice that in this
set up the unit root corresponds to 5 = 1, however, the trend and drift can be

present under the null and under the alternative. From the equation above it
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follows that

Yo = Y+EE+BWa—Y -t —1)) +e =
Ay = co+ ot +@y—1 +e, where

co = 1=P)¢Y+p6 ¢=F—landc =§(1—-7).

Now if S;_1 is the residual from the regression of v;_; on a constant and ¢, then

the estimator of ¢ is the same as the estimator of ¢ from the following equation
Ay, = intercept + gogt: +é&, fort=1,2,..T. (37)

Further, if  is the least squares estimator from the above equation then under
the null that ¢ = 0, T'® and the ¢t — statistic have the Dickey-Fuller distribution.

On the other hand, under the null that 5 =1
Ay =& + ey,

and £ can be estimated as the average of the Ay;s, i.e.

T

~ 1 _
=g M=ot
and
;b:yl—g.
Let
gt:yt—;/)—gt-

Now the LM test, for the null that 5 = 1, in Schmidt and Phillips (1992) is the

t — statistic, say 7, of the estimate of ¢ in the following regression
Ay, = intercept + 905/}: + error. (38)

Apart from critical values for 7, Schmidt and Phillips (1992) present also critical

values for T'p, as well. Notice that the difference between the LM and the DF
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test is that the LM one employes 5:1 whereas the DF' one employes ki_\l
Now, the LM test is expected to be more powerful, as under the null, §,:1
is evaluated from a spurious regression (see Schmidt and Phillips 1992). This
is indeed the case, expect from cases where ¢q/0. is large in absolute value.
Further, Schmidt and Phillips (1992) prove that the LM test is related to the
Bhargava (1986) one. Finally, Schmidt and Phillips (1992) deal also with the
case that the errors are not #id, by introducing a correction ala Phillips and

Perron (1988) (see below).

9.4 Similar Tests

Many inference procedures on unit roots are not invariant with respect to the
values of the nuisance parameters. In this subsection we discuss tests that do
not suffer from this problem. Hence, we discuss similar tests, i.e. tests for which
the distribution of the test statistic under the null hypothesis is independent of
nuisance parameters in the DG'P (see Kiviet and Phillips 1992). If a test is not
similar, then the appropriate critical values may depend upon unknown nuisance
parameters (e.g. a constant), which will invalidate standard inferences. Let us

consider the following DGPs (in all cases &; ~ iidN (0, 0?)):

Yy = Y1+, Yo=0 (39)
Yo = ay_1+¢&, Yo arbitrary (40)
Yyr = B+ ay_1+e, Yo arbitrary  and (41)
Yy = p+Ot+oay1+e,  yo arbitrary. (42)
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Let us consider possible regression model:

Yo = QY1+t & (43)
Yo = Bt oy te,  and (44)
Y = Bty e, Yo arbitrary. (45)

Now for the DG P in equation (39) if one employes the regression (45) the
appropriate critical values for o, and its associate ¢ — statistic are given in the 37
part of Tables 85.1 and 8.5.2 in Fuller (1976). The same Tables can be employed
to make inference in DGP in equation (41), even the is a non zero y in this
DGP. This is because regression in (45) yields a similar test (see Banerjee,
Dolado, Galbraith and Hendry 1993). Similarity implies that the distributions of
o and its associated t — statistic are not affected by the value, under the null,
of the nuisance parameter, and the critical values are the same as the ones that
would apply for ;x = 0, namely, those in the 3¢ part of Tables 8.5.1 and 8.5.2 in
Fuller (1976).

Notice that in DGP in equation (39) there are no nuisance parameters, so
that similarity is a trivial property. In general, a similar test having a Dickey-Fuller
distribution requires that the regression employed contain more parameters than
the DGP. In order to have a similar test for the DG P in equation (42), one
would then need a regression with a term such as 2, necessitating another block
of critical values, not included in Tables 8.5.1 and 85.2 in fuller (1976). On the
other hand, for the DGP in equation (40) we need at least the regression in
equation (44) (with a constant) to allow for the unknown starting value. For the
DGP in equation (41) we need the trend term in regression in equation (45) to
allow for its effect (see Kiviet and Phillips 1992 or Banerjee et al 1993). Finally,
in the case of exact parameterizations, such as DGP in equation (41) with

regression in equation (44), we do not have similar tests with the Dickey-Fuller
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distributions. However, as West (1988) showed, the ¢t — statistics in the exactly
parameterized case are asymptotically normal (see previous subsection). In finite
samples, however, the Dickey-Fuller distributions may be a better approximation

than the normal distribution (see Banerjee et al 1993).

9.5 Dropping the Independence assumption

There are two strands in the literature on how one can deal with possible corre-
lation in the errors. One is based on changing the estimating equation and the

other is based on modifying the test statistics.

Changing the Estimating Equation-The ADF test

Let us consider the following ARIM A(p, 1,0) model, i.e. the first difference is

an AR (p) process:
Ay = a1 Ay + @Ay o+ .apAye_p + 20 2 ~itdN (0,1).

Then we can test the unit root hypothesis by regressing Ay, on p lags of Ay,

and y;_1, i.e.

p
Ay = pyp—1 + Z a; Ay + €
i=1

and test the null hypothesis Hy : p = 0. Then p and the t — statistic of p follow
the Dickey-Fuller distribution and the Tables in Fuller (1976) apply. This is the
augmented Dickey-Fuller (ADF') test. Hence, the asymptotic distribution of p,
under the null, is not affected by the presence of the lagged Ay;s.

The reason behind this result is that the asymptotic correlation of an I (1)
and an [ (0) stochastic process is zero (see Maddala and Kim 1998). To see this
consider the following DG P:

Yy =ayi1+ 2z 2z ~iidN (0,1).
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Now under the null that @ = 1 we have that Ay, = z;.

Consider the regression

Y = ayp—1 + BAY—1 + 2.

We shall demonstrate that the estimators @ and B are asymptotically independent.
As y; is, under the null, I (1) and Ay, is I (0), we need different scaling for the

two estimators. Hence,

Yi—1 Ay_q Y1 Aypq Ta
gy = Ta”=2 + VT3 +z:<—, ) + 2.
: T vT T VT VTS t

It follows that as, under the null, Ay; = z; and it follows that

-1
Ta %2 293_1 ﬁf Z?Jt—lzt—l %Zyt—lyt
vTB ) T\ e lwenn A3 Y

Now we have from lemma 9.1(ii) and (v) we have that

1 ! 1 « L
EX i [ Wera. £ wnn S [ weare
t=1

and it follows that

T—lﬁ Z Yi-12t-1 o
and it follows that the distributions of @ and B are asymptotically independent.
In case that error term is a stationary invertible ARM A (p, q) process Said
and Dickey (1984) suggest to approximate the ARM A structure by a high order
AR one. This is based on the fact that any invertible M A process can by
approximated by a high order AR one. Consequently, Said and Dickey (1984)
suggest to employ an AR approximation with order that is controled by T'/3.

Further the order p in the ADF procedure can be chosen via various information

criteria such as AIC and BIC.
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Altering the test statistics-The Phillips-Perron test

Phillips (1987) provides an alternative procedure that allows to employ the critical
values in the two tables in Fuller (1976) while allowing for quite general DG Ps,
without adding extra elements in the regression model. Phillips suggests a non-
parametric correction to the standard statistics to account for the autocorrelation
that will be present.

Now under the assumption of not iid errors we have that

T@a-1)2

0
and analogously is adjusted the t5 ("t — statistic").

Phillips (1987), and Phillips and P. Perron (1988) suggest to estimate o2 and
o> by s* and s7,, respectively, where
2
t

er and

c’Jl\.')

I
N3 =
[M] =

t=1

2
St =

|
N~
||M%
’ﬂ|l\3

! T j
E wj E ee;—j  where wy =1— 1
j=1 t=j+1

and e; are the residuals from any of the regressions in equations 43, 44 or 45.
The weights w;; are such that s%, is not negative (see Newey and West 1987).
The choice of I should increase as T increases. However for | = O (T%/%), s2,
provides a consistent estimator of of/.

In comparing the ADF' procedure with the Phillips-Perron one, notice that it

may be the case that many lags of Ay, may be needed for regressors to correct

for an M A error. This could distort the size of the ADF' test (see Schwert
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1989a). On the other hand, the same problem appears to the Phillips-Perron
test if the errors have a strong negative first order autocorrelation (see e.g.
Schwert 1989a, and Phillips and Perron 1988). However, notice that Perron and
Ng (1996) suggested useful modifications of the Phillips-Perron tests that solve
this problem. Finally, the power of the ADF test could affected if many lags of
Ay, are needed, due to the fact for each additional lag of Ay; results in losing

one more initial observation (see Maddala and Kim 1998).

9.6 Testing more than one parameter and Alternative Tests

In cases such the DG Ps in equations (41) and (42) it is possible to test jointly
if the parameters satisfy the null hypotheses, i.e. ¢ =0 and o = 1 for the DG P
n (41),and =0, =0 and o = 1 for the DG P and (42). Dickey, and Fuller
(1981) provide, by Monte Carlo, critical values for Likelihood Ratio, ¢ — type and
F' — type statistics for the parameters of the two DG Ps.

The critical values of Dickey and Fuller (1981) are derived under the hypothe-
sis that the errors are white noise processes. However, they the same distributions
apply if the errors follow an AR process and the ADF' regression is correctly
specified. Of course, the non-parametric correction of Phillps-Perron type can
be applied. However, the Phillips-Perron corrections to the standard Dickey-
Fuller statistics must be employed cautiously. Schwert (1989a) demonstrate, via
Monte Carlo, that the critical values of the ADF test statistics, given by the
standard Dickey-Fuller tables, are much more robust to the presence of moving
average terms in the errors of the random-walk process than are the correspond-
ing non-parametrically adjusted Dickey- Fuller statistics (see Schwert 1989a, and
Banerjee et al. 1993 for an example).

There have been several tests for stationarity as null, although these are not as

numerous as tests using unit AR root as null, e.g. Tanaka (1990), Kwiatkowski,
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Phillips, Schmidt, and Shin (1992), Saikkonen and Luukkonen(1993), Choi (1994),
Leybourne and McCabe (1994), and Arellano and Pantula (1995). For an exten-
sive discussion see Maddala and Kim (1998).

10 Cointegration

In order to motivate the notion of cointegration, let us consider a simple example
taken from Engle and Granger (1987) and reproduced in Banerjee et al. (1993).
Two series {z;} and {y;} are each integrated of order 1 and evolve according to

the following data-generation process:

Tyt ay; = U Up = Up_1 + & (46)
T+by = e, e =ge1+u, o] <1, (47)
€t iid 0 | O'g Ocw
Vg 0 Ocw O'%

Solving for x; and y; from the above system we get that
a b

e — u

a—b' a—b"

1 1
Ye = a_b €t (49)

and (48)

Ty =

provided that a # b. Now xz; and y, are I (1) random variables, as they are
linear combinations of a random walk, u;, and a stationary random variable, e;.
However, x; + by, is stationary. In this example the vector (1,b)" is called the
cointegrating vector and x; + by, is the long-run equilibrium relationship and
the regression in (47) is called cointegrating regression. The case a = b is

excluded as if a = b then we have that

T+ ays —x —byy = wp — e = U = ¢4
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which is impossible as u; is a random walk and ¢, is stationary. Notice that x;
and y; are both driven by the same random walk process, i.e. the u;. Provided
now that x; and 7; have a long-run equilibrium, although they are random walks,
it is only natural to think that there must be a mechanism that ties them down,
which is called the Error Correction Mechanism (ECM). To see this subtract
x;_1 and y;_1 from equations (48) and (49), respectively, multiply (49) by b and
add. We get

Az = —bAy; + (p — 1) es1 + vy (50)

This describes the EC'M of the processes x; and ;. Notice that, as by assump-
tion |p| < 1, we have that the coefficient of e;_; is negative. In the following
figure the cointegrated x; and 2, are presented where the cointegrating vector is

(1,-0.8)".

-5

-10 4

-15 4

-20 4
-25
-30 4
-35 T T T T T
175 200 225 250 275 300

Fig. 10: x; = 241 + wg, uy ~ N (0,1), 2, = 0.8x; + vy,
Ve ~ N (0, ].)

The ECM is closely related to the ‘general to specific modelling’ notion
emphasized by Hendry. In this context the EC'M can be interpreted as a repara-

meterisation of the general ‘auto-regressive distributed lag' (ADL) or ‘dynamic
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linear regression’ (DL R) models (see Alogoskoufis and Smith 1991, and Maddala
and Kim 1998).

As an example, consider the first order ADL for z; and z, i.e.
2z = ag + boxy + 011y 1 + a12i-1 + &4
where ¢, is white noise. Now subtracting from both sides z;_; and z;_; we get

Az = boAxy — N (2-1 — ap — YT4—1) + &

where A =1—a; , g = 12’11 and v = % which of course is the EC'M of
z; and x;.

In this EC'M parameterisation by is interpreted as impact effect, A as a
scalar adjustment coefficient, and v as a long-run effect (see Alogoskoufis and
Smith 1991). The ECM and DLR as well as other reparameterizations are all
observationally equivalent and consequently, there are no statistical criteria that
one can use to choose between them (see Alogoskoufis and Smith 1991). To
quote Alogoskoufis and Smith (1991) "They are all observationally equivalent,
thus there are no statistical criteria that we can use to choose between them.
The questions that arise then, relate to the parameters of interest from the point
of view of economic theory. These questions can only be answered by an explicit
theory".

Let us turn our attention to testing and estimating the cointegrating regres-
sion. First, we shall consider the two variables case, the so called Engle-Granger

method.

10.1 The Engle-Granger method
Assume that x; and y, are both I (1) random variables and
Ty = ay + Uy (51)
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where w, is I (0). First of all, the cointegrating vector (1, —a)’ is unique. To see
this consider that there exist a second cointegrating vector, say (1, —a*)" such
that a # a*, i.e.

Ty =a"y + vy

where v, is I (0). Then subtracting the two equations we get
(a* —a)y: = ug — vy

But the right hand side variables are I (0) and consequently the linear combina-
tion of 7 (0) random variables is a I (0) random variable. However, as y; is by
assumption I (1) we have that a I (1) random variable equals a 7 (0) random
variable, which is a contradiction.

Second, the OLS estimator of a, say a, is superconsistent (Stock 1987),
i.e. it converges at a rate n'=%, for any § > 0, instead of the usual n'/2. This
is because the term Y | y7 is O, (n?). However, there is strong Monte Carlo
evidence that @ is substantially biased in small samples (see Banerjee et al. 1986
and Banerjee et al. 1993). In fact Banerjee et al. (1986) demonstrate that the
bias of @ is related to 1 — R?, where R? is the one from the regression in (51).
Hence, for high value of R? the bias is small.

Another consequence of the high convergence rate is fact that the OLS
estimator of the cointegrated vector does not require the assumption that the
regressors are uncorrelated withy the error term. Hence, any of the cointegrated
variables can be employed as dependent variable in the regression, i.e. if instead
(51) we estimate

Y = bxy + &4

the OLS estimator of b is still superconsistent. In fact, if the R? from the
regression in (51) is very close to 1 then b ~ < (see Maddala and Kim 1998 for

more on this normalisation issue).
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The Two-step Procedure

Engle and Granger (1987) suggested a two-step procedure to estimate the EC' M
regression, equation (50). In the first step estimate the long-run (cointegrating)

relationship, by the following regression
T = Y + Uyg.

and get the residuals, say u;. Then, in the second step, estimate the Error

Correction relationship by the following regression:
Azy = yAy, + 0ty + vy

As an example consider the two time series depicted in Figure (10). Regress-

ing z; on x; , i.e. cointegrating regression,
Zy = C+ axy + Uy

we get the following results:

Dependent Variable: z;

Method: Least Squares

Incl. observations: 300

Variable | Coefficient | Std. Error | t-Statistic | Prob
c -0.081777 | 0.128689 | -0.635465 | 0.5256
a 0.790082 | 0.006993 | 112.9888 | 0.0000

The Error Correction regression is
Az = ¢+ yAxy + Oug_q + vy,

where u;_1 is the residuals from the cointegrating regression and we get the

following results:
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Dependent Variable: Az

Method: Least Squares

Incl. observations: 299

Variable | Coefficient | Std. Error | t-Statistic | Prob
c -0.015233 | 0.058147 | -0.261977 | 0.7935
vy 0.657618 | 0.057516 | 11.43358 | 0.0000
0 -0.994096 | 0.057594 | -17.26040 | 0.0000

Although @ , the coefficient of x;, is superconsistent however, in small samples
it is biased (see Banerjee et al. 1986) and inefficient, as compared to Full

Information M LE.

The Three-Step Procedure

Engle and Yoo (1991) proposed a 3-step procedure, the 2 step from the Engle
and Granger (1987) one and a third one to correct for the small sample bias of
a , the cointegrating regression coefficient, and provides a set of standard errors
so that the t-statistics are valid.

In the third step regress the residuals for the EC'M on the right hand vari-
ables of the cointegrating regression multiplied by the minus the error correction
parameter, i.e. by —0. For our example, regress v; on a constant and —5@. In

doing this we get the following results (where HEL = —/9\{17,5):

Dependent Variable: RESECM

Method: Least Squares

Incl. observations: 299

Variable | Coefficient | Std. Error | t-Statistic | Prob
C 0.024588 | 0.128273 | 0.191682 | 0.8481
HEL 0.001512 | 0.007044 | 0.214661 | 0.8302
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Then the bias corrected estimator of «a, say a, is given by: @ =a+ HEL,
i.e. @ =0.790082 4 0.001512 = 0.791594 and its standard error is given by the
standard error of HEL, i.e. s.e. (a) = 0.007044, as compared with 0.006993 of
the cointegrating regression.

Notice that in case that x; has a drift, i.e. x; = u + x4_1 + uy, then the
estimator of a, @, is normally distributed, as in section Unit Root with Drift,
above (for details see Maddala and Kim 1998).

Let us turn our attention on the multivariate case.

10.2 The Johansen method

Let us assume that X is an 7 (1) (k x 1) vector that obeys the following VAR
equation:

Xt = AlXt—l + AQXt_Q —I— + ApXt—p + V;{

where V; ~ iidN (0,€). It follows that

AXt = BlXt—l + BQAXt_l + BgAXt_Q... + BpAXt_p+1 + V;j

p p
where B; = ZAi — I and B; = —ZAj fori=2,...,p.
i=1 j=i
As an example consider the case where p = 3. Then

Xe=A1 X 1+ X 0+ A3X 5+ V;

and subtracting from both sides X; ; and adding and subtracting A3 .X;_» in the

right hand side we get:
X = Xi1=-Xi 1+ A X+ (Ao +A43) Xy o — A3 (X0 — X 3) + V4
Adding and subtracting (A + A3) X; 1 we get
Xi— X1 = (A1 + A+ A5 — 1) X1 —(As+ A3) (X1 — Xya)—As (Xi—o — Xy—3)+V;
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or

AX, = B1X; 1+ BoAX, 1 + BsAX, 5+ V, (52)

where By = Ay + Ay + A3 — I, By = —Ay — Az and By = — A3, as required.

As now AX; ; and AX,_, are stationary, i.e. I(0), but X; ;1 is I (1) for the
above equation to be meaningful the B; matrix must be of reduced rank, say r.
Then B; = ab/, where a is an n X r matrix and b’ is an r X n one. This in fact
means that ' X;_; are the r cointegrating equations. Notice that in this set-up,
a has the interpretation of Error Correction terms.

Since our interest is in a and b’ we first eliminate By and Bs (consecrate out
Bs and Bs), by regressing AX; on AX; ; and AX; 5 and call the residuals Ry;.
Further regress X; ; on the same variables and call the residuals ;. Hence,

the regression in (52) has become
R()t = ab'th + V;

To understand the logic, consider the following regression (see Johansen
1995):
Ty = oy + Bz + uy. (53)

where x;,y; and z; are zero mean univariate random variables. Then, the first
order condition for 3, either from a normal likelihood or from a regression, is

given by

Z (xt — QY — E%) 2z =0
t
Z T2t Z Y2y
t

B:t

— .
PIE DI
t t

and it follows that
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Now substituting out 3 from the regression equation (53) we get

Z T2t Z Y2y
- 2t =0 | Yy — !
> 4 > 4

t t
t

t

5 Ttz
t
E z

t

Tt 2t + Uy.

z; is the residual, at time ¢, from the regression

§ Ytz

of x; on z;, say Ry, whereas 1y, — ’Z: 2z is the residual, at time ¢, of the 1,
2t

t
on z;, say Rq;. Hence, by concetnrating out 3, a can be estimated from the

However notice that z; —

regression of Ry on Ry, i.e.

Ry = aRyy + uy.

Hence concentrating out By and Bj the likelihood function, of a sample of

T observations, is proportional to:

L(a,b,Q) =12 7exp |—= > (Ro — ab/Ru) @' (Roy — ab/ Ryy)

1T
2
t=1

Now if b were known, a and €2 can be estimated in the usual regression of Ry,

on V' Ry;. Hence, @ and Q , as functions of b, are given by:
Zi (b) - SOlb (b/SHb)il
Q (b) = SOU — S(nb (blsllb)_l b/Sw where

T r T
1 1 R 1 3
Soo = T ;_1 Ro Ry, S0 = T ;—1 Ri Ry, and S T 2 Ry Ry,

and they are the sample counterparts of the variance of Ry, the covariance of

Ro: and Ry, and the variance of Ry, respectively (see Johansen 1991). After
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concentrating out a and €2 from the likelihood function we get that the likelihood

becomes proportional to:

2

T
2

L(b) = ]ﬁ (b)

_ ‘SOO — Sorb (V'Sub) " S|

Hence maximizing the likelihood with respect to b is equivalent to minimize
|So0 — So1b (bS11b') ™ 1/ Syo| with respect to b.

Now for appropriate order matrices we know that if R represent a nonsingular
n X n matrix, S an n X m matrix, T' a nonsingular m x m matrix, and U an

m X n matrix, then (see Theorem 18.1.1 in Harville 1997)
|R+ STU| = |R||T||T~' +UR™'S|. (54)

Consequently, setting R = Spg, T = (b’SHb)_l, S = —Suband U = V'S
we get that

) W S11b — b S105Sorb] |9
[So0 — Soub (1'S11D) ™" U'Sho _ [Sub — VSi0Syg' Sonb| Sl
|b/'S11b|

and consequently, we should minimize (recall that ¥’ is an r x n)

|6/S11b — b/ S10S09 So1] | Sool

‘b/ (Sn — 3105&)15’01) b‘
|b'S110| '

|b/S11b|

= | Soo

This expression is minimized by solving the eigenvalue problem (see Lemma A.8

in Johansen 1995, or Banerjee et al. 1993, or Anderson 2003)

{/\311—8105&)1501{ = 0 or
|51 510500 So1 — M| = 0

where \;s are the r largest eigenvalues of S;;'S10S59 So1, which are the r canon-
ical correlations of Ry; and Ry;.
Now it is known that if A is an eigenvalue of a matrix, say A, then 1 — X is

the eigenvalue of I — A. Further, the determinant of a matrix equals the product
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of its eigenvalues. Hence we get that

‘511 - 5105&)1501’

(1 - >\1> — ‘[ - Sﬂlslos&)l»SOl‘ -
S

k
=1

7

It follows that finding the r largest eigenvalues we can find the eigenvectors that
correspond to each of them and consequently to estimate the n X r matrix b,
say b. Then VX, 1 = Z,_1 ~ I (0).

Consequently, employing equation (54) we get that

:C’g(l—);)

and the Likelihood Ratio test, for the null that there are at most 7 cointegrating

_2
ngx ==

~ o~ N PN
Soo — Sorb (b’SHb> D' S1o

rations (0 < r < k), is given

k
LR=-TY 1og(1—Xi), r=01,. . k—1.

i=r+1
Johansen (1988) suggests a x> approximation to the non-standard distribu-

tion of the LR statistic, i.e.

058 7 ,
LR_ [085— m} XZ(k—r)Q’ T—O,l,...,k— 1.

Hence, having estimated the r cointegrating relations, equation (52) is bal-
anced and consequently a , the Error Correction coefficients, can be estimated

by the following regression
AXt = (th_l + BQAXt_l + BgAXt_Q + ‘/t

The main critique to the Johansen procedure is that it is extremely sensitive
to the normality assumptions of the errors. Departure of this assumption could
lead to spurious cointegration, high variance and high probability of producing
outliers. There are alternative to Johansen procedures in a multivariate setup.

Interested reads are referred to Maddala and Kim (1998).
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