Take home exam June 9, 2023

PROBLEM 1

Let R"——>R" be an injective linear map and Aa closed set in R".
1.Show that T(A) is a closed set.
2.Provide an example of a linear map T and a closed set A such thatT(A) is not closed

3.Generalize to injective affine maps

PROBLEM 2

Let A be the line in R" through the points [1,0,0], [0,1,0]. Derive an explicit formula for

the nearest point map R"—"—> A onto A

PROBLEM 3

Let C be a convex set of dimension rin R",b a vector in C .Show that there exists a simplex

o, of dimension r such that

beo, cC 1)

PROBLEM 4
Let A be asetin R".Show that

cl(A%) = (int(A))° ©)

PROBLEM 5

The perspective map R"xR_, —"—>R" is defined by
P(X.) =§ ©)

Show that

1.if A isaconvexsetin R"xR_, ,then P(A) is a convex setin R"
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2.if B is a convex setin R" ,then P™(B) is a convex set in R"™"

PROBLEM 6

Let A, B be nonempty convex subsets of R".Show that the following are equivalent:

1.A and B are strongly separated, i.e. there exist a nonzero vector p € R",a real number

@ and a positive number ¢ such that

sup(pa)<O—e<O+¢e<inf(pp)

aehA peB

2.0 ¢ closure(A—B)
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