Question q

Consider the (generalized) linear model written as:
y = XB +¢,E[e}X] = 0,E[ec’|X] = a2

In the following suppose € is known and in all cases X is taken as given.

1. What is the covariance matrix, Cov(B, - j), where £ is the GLS estimator and f is the OLS

estimator?

Let (PQP')~! = I, (transformation to attain spherical errors) and ¥ PX ¥ = DY, B = Pp.

Our new model is now

Cov(3,3— ) =EIA(B - p)| —EB-Ef =
_ E[37| - EI3B'] - B(B)|PES — BEB]
= E[33'] - E[BF')

E[38] = E[(8+ (X'X) ' X&)(B + (X'X)y'Xe)]=
= E[BB] + E[ZX (X' X) ] + E[B(X'X) ' X'é] + E[(X'X) 1 X'ee X (X' X)7Y]
= BB + BOE[EIX(X'X) ™ + B(X'X)0X'E[d + (X' %) XEE)X(X'X)
— BB + (X' X)1XL.COC'X (X' X)lo® = BB + (XX et

E[33"] = E[8B] + PE[E'1X (X'X)™L + BX'X)'E[d] + X' X)X X(X'X) =
— E[8f] + (X'X) L X'C'CE[ee/| X (X' X) ™" =
© gg + (X' X)X X (X' X))
= pp + o3 X'X)™!

(x) (C)V-IC- = I, (C) v =C

Then; A
Cov(B, i —B) = BB + (X' X)~1a® - pf + (X' X) =0

9. What is the covariance matrix of the OLS and GLS estimators of 87




Var(B) = E[(3 - B)(B - B)] = E[((X'X) "' X'e) ((X'X) ' X"y
=E[(X'X) X' X(X'X)™ ] = o?(X'X) 1 X'QX (X' X)!
Var(B) = E[(8 - B)(B - B)] = o°I,

(Since 3 was derived by the linear map C, to get spherical errors.)

Cov(3,B) = (X' X) !

3. What is the covariance matrix of the OLS residual vector £ = y — X 37

Var(é) = E[(¢ — E[¢])(¢ — E[¢])'] = E[¢¢] = E[Med’ M) = ME(ee')M' =
Var(¢) = o2 MQM’

4. What is the covariance matrix of the GLS residual vector & = y — X7

Var(¢) = E(é€') = E[(y - XB)(y - XB)] =
=E[(Y - X(X'X)1XY)(Y - X(X'X)"1XY)] =
=E[Y - X(X'Q1X)"1X'Q7lY)(Y - X(X'Q1X)"1X'Q" 1Y)
=E[(l, - X(X'Q ' X)"1X'Q"HYY'(I, - X(X'Q X)X’ 1Y)
(In = X(X'Q' X)) X'Q Y)Y = (I, - X(X'Q1X)~1X'Q-1)(XB +¢)
(X —X (X' X)X X)B + (I, — X (X'Q1X) 1 X'Q e = (I, - X(X'Q1X) " X'Q))e

=1

Therefore,
Var(€) = E[(I, - X(X'Q 1 X)71X'Q Ve (I, — X(X’Sl"lX)‘lX’Q—l)’] =
= 0'2[(In — X(X'Q"IX)‘IX'Q“I)Q(In —-X(X'Q‘lX)"lX'Q‘l)']
= 02[(In — X(X'Q_IX)"IX'Q_I)Q(I — Q‘IX(X'Q_lX)_lX')]
0 0,2[9 G X(xIQ-—IX)—lXI](In it Q_IX(X’Q_IX)—IX’)
=o2[Q - X(X'Q X)X/ — XX'Q1x)7 X'+ X(X’Q_IX)‘IX'Q'IX(X'Q"I)X’]
=0+ X(X'Q71X)7 X0 1X(X'Q°Y) X]
= Var(é) = 02{9 - X(X’Q‘lX)_lX']

4. What is the covariance matrix of the OLS and GLS residual vectors, i.e, Cov(é,£ | X)

Cov(¢,£) = E[¢¢'] — E¢Eé = E[¢8] =
=E[(Y - XB)(Y - XB)] = E[(Y - X(X'X)'XY)(Y - X(X'X)"'X'YY)
E[(I, - X (X'X) ' X"\ YY'(I, - Q"1 X (X'QX)X")]
=(...) =0[(Q - X(X'X)TX'Q)(I, - Q1 X(X'Q 7 X)X')] =
=(...)=0%Q - X(X'X)"'X'Q] = o*[I, - X(X'X)X'] = 6> MQ



