
Epiqeirhsiak† 'Ereuna

Ajanas–a Mànou

DiapanepisthmiakÏ DiatmhmatikÏ
MetaptuqiakÏ PrÏgramma Spoud∏n

Majhmatikà thc Agoràc kai thc Paragwg†c (MAP)

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 1



Epiqeirhsiak† 'Ereuna

Epiqeirhsiak† 'Ereuna=
Majhmatikà montËla melËthc - beltist. diadikasi∏n,

MajhmatikËc mËjodoi bËltisthc l†yhc apofàsewn.
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Klàdoi thc Epiqeirhsiak†c 'Ereunac

GrammikÏc ProgrammatismÏc.
Mh-GrammikÏc ProgrammatismÏc.
AkËraioc ProgrammatismÏc - Sunduastik†
Beltistopo–hsh.
DunamikÏc ProgrammatismÏc.
Jewr–a Paign–wn.
Jewr–a ElËgqou Apojemàtwn.
Jewr–a Our∏n Anamon†c.
...
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PerieqÏmena tou maj†matoc
EnÏthta 1
Kathgor–ec problhmàtwn beltistopo–hshc.
Montelopo–hsh problhmàtwn beltistopo–hshc.
Klasikà probl†mata beltistopo–hshc.

EnÏthta 2
Ep–lush problhmàtwn beltistopo–hshc ston HU.

EnÏthtec 3 kai 4
Sunoptik† jewr–a Grammiko‘ Programmatismo‘.

EnÏthta 5
Sunoptik† jewr–a Mh-Grammiko‘ Programmatismo‘.

EnÏthta 6
Eisagwg† ston DunamikÏ ProgrammatismÏ.
Ep–lush problhmàtwn Dunamiko‘ Programmatismo‘.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 1



BasikËc phgËc tou maj†matoc

Vanderbei, R.J. (2014) Linear Programming:
Foundations and Extensions, 4th Edition. Springer.

Hillier, F.S. and Lieberman, G.J. (2015) Introduction
to Operations Research, 10th Edition. McGraw Hill.

Fourer, R., Gay, D.M. and Kernighan, B.W. (2003)
AMPL: A Modeling Language for Mathematical
Programming, 2nd Edition. Duxbury Thomson.

Taha, H.A. (2017) Operations Research: An
Introduction, 10th Edition. Pearson.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 1



EnÏthta 1:
Eisagwg†
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GenikÏ prÏblhma majhmatiko‘ programmatismo‘

xj, j = 1, 2, . . . , n: metablhtËc apÏfashc.
⇣: h antikeimenik† sunàrthsh.
Antikeimenik† sunàrthsh:

⇣ = f(x1, x2, . . . , xn).

TupikÏc grammikÏc periorismÏc:

g(x1, x2, . . . , xn)  † = † � b.

TupikÏc periorismÏc metablht∏n:

xj 2 Aj.
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Paràdeigma p.m.p.
M–a etaire–a paràgei 2 proÏnta: P1 kai P2.

H etaire–a Ëqei th dunatÏthta na ftiàxei mËqri 250 kilà apÏ

to P1 kai mËqri 320 kilà apÏ to P2.

Gia thn paragwg† aut∏n twn proÏntwn apaite–tai mia pr∏th

‘lh. SugkekrimËna, gia thn paragwg† enÏc kilo‘ proÏntoc

P1 qreiàzontai 0.7 kilà pr∏thc ‘lhc, en∏ gia thn paragwg†

enÏc kilo‘ proÏntoc P2 qreiàzontai 0.4 kilà pr∏thc ‘lhc.

H diajËsimh posÏthta pr∏thc ‘lhc e–nai 200 kilà.

H etaire–a gnwr–zei Ïti an ftiàxei x1 kilà apÏ to P1, ja Ëqei

kËrdoc x1(300� x1) Eur∏ apÏ thn p∏lhsh Ïlhc aut†c thc
posÏthtac. Ep–shc, an ftiàxei x2 kilà apÏ to P2, ja Ëqei

kËrdoc x2(1000� 3x2) Eur∏ apÏ thn p∏lhsh Ïlhc aut†c
thc posÏthtac.

H etaire–a jËlei na brei tic posÏthtec (se kilà) pou prËpei

na paraqjo‘n apÏ kàje proÏn ∏ste na megistopoihje– to

kËrdoc.
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Paràdeigma p.m.p.

x1: posÏthta proÏntoc P1 pou ja paraqje–.
x2: posÏthta proÏntoc P2 pou ja paraqje–.
P.m.p.:

max x1(300� x1) + x2(1000� 3x2)
upÏ x1  250

x2  320
0.7x1 + 0.4x2  200
xj � 0, j = 1, 2.
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GenikÏ prÏblhma grammiko‘ programmatismo‘

xj, j = 1, 2, . . . , n: metablhtËc apÏfashc.
⇣: h antikeimenik† sunàrthsh.
Grammik† antikeimenik† sunàrthsh:

⇣ = c1x1 + c2x2 + · · ·+ cnxn.

TupikÏc grammikÏc periorismÏc:

a1x1 + a2x2 + · · ·+ anxn  † = † � b.

TupikÏc periorismÏc metablht∏n:

xj � 0 †  0 † 2 R.
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Paràdeigma p.g.p.

'Enac organismÏc trËfetai me 2 e–dh trof∏n, T1 kai T2.

ApÏ autËc tic trofËc pa–rnei 3 jreptikà sustatikà, ⇥1, ⇥2 kai ⇥3.

O organismÏc prËpei na katanal∏nei kajhmerinà toulàqiston 12 monàdec apÏ to ⇥1,

toulàqiston 15 monàdec apÏ to ⇥2 kai to pol‘ 12 monàdec apÏ to ⇥3.

Kàje grammàrio thc trof†c Tj periËqei aij monàdec tou jreptiko‘ sustatiko‘ ⇥i,

j = 1, 2, i = 1, 2, 3. O p–nakac d–nei tic timËc twn aij .

aij
T1 T2

⇥1 12 6

⇥2 3 5

⇥3 2 3

Kàje grammàrio trof†c T1 kost–qei 5 Eur∏ kai kàje grammàrio trof†c T2 kost–zei 4

Eur∏.

JËloume na bro‘me pÏsh posÏthta prËpei na fàei apÏ kàje trof† ∏ste na pàrei tic

posÏthtec pou prËpei apÏ kàje jreptikÏ sustatikÏ kai na perior–sei to sunolikÏ

kÏstoc.
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Paràdeigma p.g.p.

x1: posÏthta trof†c T1.
x2: posÏthta trof†c T2.
P.g.p.:

min 5x1 + 4x2

upÏ 12x1 + 6x2 � 12
3x1 + 5x2 � 15
2x1 + 3x2  12
xj � 0, j = 1, 2.
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ProÙpojËseic grammiko‘ programmatismo‘

AnalogikÏthta: H suneisforà miac metablht†c
sthn antikeimenik† kai stouc periorismo‘c e–nai anàlogh
thc tim†c thc.
ProsjetikÏthta: H suneisforà miac metablht†c
sthn antikeimenik† kai stouc periorismo‘c den exartàtai
apÏ àllec metablhtËc.
H sunolik† suneisforà twn metablht∏n apofàsewn
iso‘tai me to àjroisma twn epimËrouc suneisfor∏n touc.
DiairetÏthta: Kàje metablht† pa–rnei pragmatikËc
timËc.
BebaiÏthta - NteterminismÏc: Oi paràmetroi
e–nai apÏluta gnwstËc. Den upeisËrqetai tuqaiÏthta.
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Kentrik† jËsh tou Grammiko‘ Programmatismo‘

Plhj∏ra efarmog∏n.
Komy† kai pl†rhc majhmatik† jewr–a.
'Uparxh apotelesmatik∏n algor–jmwn.
UpÏbajro gia ton akËraio programmatismÏ.
UpÏbajro gia to mh-grammikÏ programmatismÏ.
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Klasikà probl†mata

To prÏblhma thc m–xhc twn ulik∏n.
To prÏblhma thc d–aitac.
To prÏblhma thc metaforàc.
ProgrammatismÏc paragwg†c.
To prÏblhma thc apot–mhshc twn ulik∏n.
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To prÏblhma thc m–xhc twn ulik∏n

n t‘poi proÏntwn proc paragwg†.
m t‘poi pr∏twn ul∏n.
aij: posÏthta apÏ thn pr∏th ‘lh i pou apaite–tai gia
thn paragwg† miac monàdac proÏntoc t‘pou j.
bi: diajËsimh posÏthta pr∏thc ‘lhc i.
cj: kajarÏ kËrdoc apÏ thn p∏lhsh miac monàdac
proÏntoc t‘pou j.
StÏqoc: Megistopo–hsh sunoliko‘ kajaro‘ kËrdouc
apÏ thn p∏lhsh twn proÏntwn.
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To prÏblhma thc m–xhc - Montelopo–hsh

xj: posÏthta proÏntoc j pou ja paraqje–.
P.g.p.:

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj  bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n.
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To prÏblhma thc d–aitac

n t‘poi faght∏n proc katanàlwsh.
m e–dh jreptik∏n sustatik∏n.
aij: h posÏthta jreptiko‘ sustatiko‘ i pou periËqetai
se mia mer–da faghto‘ j.
bi: h elàqisth hmer†sia posÏthta jreptiko‘ sustatiko‘
i pou epibàlletai na proslhfje–.
di: h mËgisth hmer†sia posÏthta jreptiko‘ sustatiko‘
i pou epitrËpetai na proslhfje–.
cj: kÏstoc miac mer–dac faghto‘ j.
StÏqoc: KajorismÏc thc d–aitac elàqistou kÏstouc pou
sËbetai touc diatrofiko‘c periorismo‘c.
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To prÏblhma thc d–aitac - Montelopo–hsh

xj: mer–dec faghto‘ j pou ja agorasto‘n.
P.g.p.:

min
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj � bi, i = 1, 2, . . . ,mPn
j=1 aijxj  di, i = 1, 2, . . . ,m

xj � 0, j = 1, 2, . . . , n.
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To prÏblhma thc metaforàc

m shme–a paragwg†c, n shme–a katanàlwshc.
si: h prosforà tou shme–ou i.
dj: h z†thsh tou shme–ou j.
cij: kÏstoc metaforàc miac monàdac proÏntoc apÏ to i
sto j.
StÏqoc: Elaqistopo–hsh tou sunoliko‘ kÏstouc
metaforàc apÏ ta shme–a paragwg†c sta shme–a
katanàlwshc.
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To prÏblhma thc metaforàc - Montelopo–hsh

xij: posÏthta proc metaforà apÏ to i sto j.
P.g.p.:

min
Pm

i=1

Pn
j=1 cijxij

upÏ
Pm

i=1 xij � dj, j = 1, 2, . . . , nPn
j=1 xij  si, i = 1, 2, . . . ,m

xij � 0, i = 1, 2, . . . ,m, j = 1, 2, . . . , n.
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ProgrammatismÏc paragwg†c
Etaire–a programmat–zei thn paragwg† proÏntoc.
t: ArijmÏc periÏdwn paragwg†c.
iinitial: ArqikÏ apÏjema proÏntoc.
Sthn arq† kàje periÏdou, h etaire–a paràgei nËa
proÏnta kai amËswc metà ikanopoie– thn trËqousa
z†thsh.
dn: Z†thsh proÏntoc thn per–odo n, n = 1, 2, . . . , t.
ifinal: TelikÏ apaithtÏ apÏjema proÏntoc.
cn: KÏstoc paragwg†c anà monàda proÏntoc thn
per–odo n, n = 1, 2, . . . , t.
hn: KÏstoc apoj†keushc uperbàllontoc proÏntoc anà
monàda proÏntoc thn per–odo n, n = 1, 2, . . . , t.
H z†thsh kàje periÏdou prËpei na ikanopoie–tai àmesa
(no backlogging).
StÏqoc: Elaqistopo–hsh kÏstouc parag./apoj†keushc.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 1



S
SF

·

F
F

E
T

A

-
In

·
-

·

E ·
T

eF
↑N

I
·

f

i
↓
E

E

&

f

:
&

·
o
·
i
E ·

A

↑
&

d

i
i
T

·
P

M
Te

G
gis
G
-

M
f

r
> m

y

-

r
&

d
·
G

=
X



ProgrammatismÏc paragwg†c - Montelopo–hsh

xn: posÏthta paragwg†c proÏntoc thn per–odo n,
n = 1, 2, . . . , t.
yn: apÏjema proÏntoc thn per–odo n, n = 1, 2, . . . , t
(amËswc metà thn ikanopo–hsh thc z†thshc).
P.g.p.:

min
Pt

n=1(cnxn + hnyn)
upÏ iinitial + x1 = d1 + y1

yn�1 + xn = dn + yn, n = 2, 3, . . . , t
yt = ifinal
xn, yn � 0, n = 1, 2, . . . , t.
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