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To prìblhma thc mÐxhc twn ulik¸n

n tÔpoi proðìntwn proc paragwg .

m tÔpoi pr¸twn ul¸n.

aij: posìthta apì thn pr¸th Ôlh i pou apaiteÐtai gia
thn paragwg  miac mon�dac proðìntoc tÔpou j.

bi: diajèsimh posìthta pr¸thc Ôlhc i.

cj: kajarì kèrdoc apì thn p¸lhsh miac mon�dac
proðìntoc tÔpou j.

Stìqoc eÐnai h megistopoÐhsh tou sunolikoÔ kajaroÔ
kèrdouc apì thn p¸lhsh twn proðìntwn.
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To prìblhma thc mÐxhc - MontelopoÐhsh

xj: posìthta proðìntoc j pou ja paraqjeÐ.

To prìblhma tou grammikoÔ programmatismoÔ:

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n.
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To prìblhma thc apotÐmhshc twn ulik¸n

n tÔpoi proðìntwn proc paragwg .

m tÔpoi pr¸twn ul¸n.

aij: posìthta apì thn pr¸th Ôlh i pou apaiteÐtai gia
thn paragwg  miac mon�dac proðìntoc tÔpou j.

bi: diajèsimh posìthta pr¸thc Ôlhc i.

cj: kajarì kèrdoc apì thn p¸lhsh miac mon�dac
proðìntoc tÔpou j.

Stìqoc eÐnai o kajorismìc tim¸n an� mon�da pr¸thc
Ôlhc ¸ste na elaqistopoieÐtai h sunolik  axÐa twn
pr¸twn ul¸n sthn opoÐa eÐnai prìjumh h epiqeÐrhsh na
tic poul sei antÐ na parag�gei proðìnta.
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To prìblhma thc apotÐmhshc - MontelopoÐhsh

yi: tim  an� mon�da pr¸thc Ôlhc i pou ja pwlhjeÐ.

To prìblhma tou grammikoÔ programmatismoÔ:

min
∑m

i=1 biyi
upì

∑m
i=1 aijyi ≥ cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m.
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Duðkìthta

Gia k�je p.g.p.

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n.

orÐzetai to duðkì tou p.g.p.

min
∑m

i=1 biyi
upì

∑m
i=1 aijyi ≥ cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m.
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Par�deigma

Ergost�sio katergasÐac metaleum�twn par�gei duo
kr�mata

OreÐqalko me tim  3 eur¸ an� mon�da
MproÔntzo me tim  5 eur¸ an� mon�da.

Gia mia mon�da kr�matoc apaitoÔntai
1 mon�da yeud�rgurou, 3 mon�dec qalkoÔ gia oreÐqalko
2 mon�dec kassÐterou, 2 mon�dec qalkoÔ gia mproÔntzo.

To ergost�sio èqei
4 mon�dec yeud�rgurou,
12 mon�dec kassÐterou,
18 mon�dec qalkoÔ.

Bèltisto sqèdio mÐxhc?

Bèltisth apotÐmhsh ulik¸n?
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Par�deigma - P.g.p. mÐxhc

Metablhtèc apìfashc:
x1: Mon�dec oreÐqalkou pou ja paraqjoÔn,
x2: Mon�dec mproÔntzou pou ja paraqjoÔn.

P.g.p.:
max 3x1 + 5x2
upì x1 ≤ 4

2x2 ≤ 12
3x1 + 2x2 ≤ 18

x1, x2 ≥ 0.
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Par�deigma - P.g.p. apotÐmhshc

Metablhtèc apìfashc:
y1: Tim  an� mon�da yeud�rgurou,
y2: Tim  an� mon�da kassitèrou,
y3: Tim  an� mon�da qalkoÔ.

P.g.p.:

min 4y1 + 12y2 + 18y3
upì y1 + 3y3 ≥ 3

2y2 + 2y3 ≥ 5
y1, y2, y3 ≥ 0.
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Par�deigma - P.g.p. mÐxhc kai apotÐmhshc

To duðkì tou p.g.p.

max 3x1 + 5x2
upì x1 ≤ 4

2x2 ≤ 12
3x1 + 2x2 ≤ 18

x1, x2 ≥ 0.

eÐnai to

min 4y1 + 12y2 + 18y3
upì y1 + 3y3 ≥ 3

2y2 + 2y3 ≥ 5
y1, y2, y3 ≥ 0.

To duðkì proèkuye me fusikì trìpo apì suzugèc
oikonomikì prìblhma.

A. M�nou - amanou@math.uoa.gr EE - Enìthta 4



Par�deigma - P.g.p. mÐxhc - Fr�gmata

'Estw to p.g.p. mÐxhc

max 3x1 + 5x2
upì x1 ≤ 4

2x2 ≤ 12
3x1 + 2x2 ≤ 18

x1, x2 ≥ 0.

P¸c mpor¸ na p�rw fr�gmata gia th bèltisth tim  thc
antikeimenik c?

Je¸rhsh grammik¸n sunduasm¸n twn periorism¸n.
P.q.

( x1 ≤ 4 ) × 3
+ ( 2x2 ≤ 12 ) × 5/2

3x1 + 5x2 ≤ 42.
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Par�deigma - P.g.p. mÐxhc - Fr�gmata

'Estw to p.g.p. mÐxhc

max 3x1 + 5x2
upì x1 ≤ 4

2x2 ≤ 12
3x1 + 2x2 ≤ 18

x1, x2 ≥ 0.

P¸c mpor¸ na p�rw fr�gmata gia th bèltisth tim  thc
antikeimenik c?
Je¸rhsh grammik¸n sunduasm¸n twn periorism¸n.
P.q.

( x1 ≤ 4 ) × 3
+ ( 2x2 ≤ 12 ) × 5/2

3x1 + 5x2 ≤ 42.
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Par�deigma - P.g.p. mÐxhc - Fr�gmata

P.g.p:
max 3x1 + 5x2
upì x1 ≤ 4

2x2 ≤ 12
3x1 + 2x2 ≤ 18

x1, x2 ≥ 0.

'Alloc grammikìc sunduasmìc periorism¸n - fr�gma:

( x1 ≤ 4 ) × 3/2
+ ( 2x2 ≤ 12 ) × 2
+ ( 3x1 + 2x2 ≤ 18 ) × 1/2

3x1 + 5x2 ≤ 39.

KalÔtero fr�gma apì to prohgoÔmeno.
MporoÔme kai kalÔtera?
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Par�deigma - P.g.p. mÐxhc - Fr�gmata

P.g.p:
max 3x1 + 5x2
upì x1 ≤ 4

2x2 ≤ 12
3x1 + 2x2 ≤ 18

x1, x2 ≥ 0.

Genikìc grammikìc sunduasmìc periorism¸n:

( x1 ≤ 4)× y1
+ ( 2x2 ≤ 12)× y2
+ ( 3x1 + 2x2 ≤ 18)× y3

(y1 + 3y3)x1 + (2y2 + 2y3)x2 ≤ 4y1 + 12y2 + 18y3.

DÐnei fr�gma gia thn antikeimenik  mìno an
3 ≤ y1 + 3y3, 5 ≤ 2y2 + 2y3 kai y1, y2, y3 ≥ 0.
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Par�deigma - P.g.p. mÐxhc - Fr�gmata

P.g.p:
max 3x1 + 5x2
upì x1 ≤ 4

2x2 ≤ 12
3x1 + 2x2 ≤ 18

x1, x2 ≥ 0.

Genikì fr�gma - grammikìc sunduasmìc periorism¸n:

4y1 + 12y2 + 18y3,

efìson 3 ≤ y1 + 3y3, 5 ≤ 2y2 + 2y3 kai y1, y2, y3 ≥ 0.
Bèltisto fr�gma - grammikìc sunduasm¸n periorism¸n:

min 4y1 + 12y2 + 18y3
upì y1 + 3y3 ≥ 3

2y2 + 2y3 ≥ 5
y1, y2, y3 ≥ 0.
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Oikonomik  ermhneÐa tou duðkoÔ

'Ena p.g.p. thc morf c

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n

mporeÐ na jewrhjeÐ prìblhma katanom c m pìrwn se n
drasthriìthtec.

LÔsh tou arqikoÔ (prwteÔontoc) p.g.p:
Bèltisth èntash an� drasthriìthta j.
P.q. Pl joc proðìntwn tÔpou j pou ja paraqjoÔn.

LÔsh tou duðkoÔ p.g.p.:
MonadiaÐa axÐa pìrou i.
P.q. MonadiaÐec axÐec ulik¸n i.
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Fragmatik  ermhneÐa tou duðkoÔ

'Estw to p.g.p.

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n.

AnazhtoÔme �nw fr�gmata gia th bèltisth tim  thc
antikeimenik c.
Mia idèa eÐnai na jewr soume grammikoÔc sunduasmoÔc
twn periorism¸n.
Pollaplasi�zontac ton periorismì i me yi ≥ 0 (¸ste na
mhn all�xei for�) kai prosjètontac paÐrnoume

m∑
i=1

yi

n∑
j=1

aijxj ≤
m∑
i=1

yibi.
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Fragmatik  ermhneÐa tou duðkoÔ (sunèqeia)

Gia na d¸sei h anisìthta

m∑
i=1

yi

n∑
j=1

aijxj ≤
m∑
i=1

yibi

fr�gma gia thn antikeimenik  sun�rthsh prèpei oi
suntelestèc twn xj sto aristerì mèloc na eÐnai
megalÔteroi apì touc antÐstoiqouc suntelestèc twn xj
sthn antikeimenik , dhl.

m∑
i=1

aijyi ≥ cj, j = 1, 2, . . . , n.
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Fragmatik  ermhneÐa tou duðkoÔ (sunèqeia)

LÔnontac to duðkì p.g.p.

min
∑m

i=1 biyi
upì

∑m
i=1 aijyi ≥ cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m.

brÐskoume to kalÔtero �nw-fr�gma thc antikeimenik c
tou prwteÔontoc

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n.

pou mporeÐ na prokÔyei apì grammikoÔc sunduasmoÔc
twn periorism¸n tou.
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SummetrÐa thc duðkìthtac

Je¸rhma

To duðkì tou duðkoÔ enìc p.g.p. eÐnai to arqikì p.g.p.

To duðkì tou p.g.p.

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n.

eÐnai to p.g.p.

min
∑m

i=1 biyi
upì

∑m
i=1 aijyi ≥ cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m.
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SummetrÐa thc duðkìthtac (sunèqeia)

To p.g.p.

min
∑m

i=1 biyi
upì

∑m
i=1 aijyi ≥ cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m.

gr�fetai se tupik  morf  wc

−max
∑m

i=1−biyi
upì

∑m
i=1−aijyi ≤ −cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m.

tou opoÐou to duðkì eÐnai

−min
∑n

j=1−cjxj
upì

∑n
j=1−aijxj ≥ −bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n.
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SummetrÐa thc duðkìthtac (sunèqeia)

To teleutaÐo p.g.p.

−min
∑n

j=1−cjxj
upì

∑n
j=1−aijxj ≥ −bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n

gr�fetai se tupik  morf  wc

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n

pou eÐnai akrib¸c to arqikì.
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Tupik  morf  tou duðkoÔ

Dojèntoc enìc p.g.p.

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n

h tupik  morf  tou duðkoÔ tou eÐnai

−max
∑m

i=1−biyi
upì

∑m
i=1−aijyi ≤ −cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m.

Lexikì tou duðkoÔ = Arnhtikìc an�strofoc tou
lexikoÔ tou prwteÔontoc.

A. M�nou - amanou@math.uoa.gr EE - Enìthta 4



Asjenèc Duðkì Je¸rhma

Je¸rhma

H antikeimenik  sun�rthsh tou prwteÔontoc se mia efikt 
lÔsh tou eÐnai mikrìterh   Ðsh thc antikeimenik c
sun�rthshc tou duðkoÔ se mia efikt  lÔsh tou.

'Ameso apì thn fragmatik  ermhneÐa tou duðkoÔ.
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Asjenèc Duðkì Je¸rhma - Maj. diatÔpwsh

Je¸rhma

An (x1, x2, . . . , xn) eÐnai efikt  lÔsh tou prwteÔontoc kai
(y1, y2, . . . , ym) eÐnai efikt  lÔsh tou duðkoÔ, tìte

n∑
j=1

cjxj ≤
m∑
i=1

biyi.

'Eqoume:

n∑
j=1

cjxj ≤
n∑

j=1

(
m∑
i=1

aijyi

)
xj =

m∑
i=1

(
n∑

j=1

aijxj

)
yi

≤
m∑
i=1

biyi.
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Mèjodoc Simplex kai duðkìthta - Par�deigma

'Estw to prwteÔon p.g.p. se tupik  morf 

max −3x1 + 2x2 + x3

upì − x2 + 2x3 ≤ 0
−3x1 + 4x2 + x3 ≤ 3

x1, x2 ≥ 0.

To duðkì tou se tupik  morf  eÐnai

−max − 3y2

upì 3y2 ≤ 3
y1 − 4y2 ≤ −2

−2y1 − y2 ≤ −1
y1, y2 ≥ 0.
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Mèjodoc Simplex kai duðkìthta - Par�deigma

To arqikì lexikì tou prwteÔontoc p.g.p. eÐnai

ζ = 0 − 3x1 + 2x2 + x3
w1 = 0 + x2 − 2x3
w2 = 3 + 3x1 − 4x2 − x3.

To arqikì lexikì tou duðkoÔ p.g.p. eÐnai

−ξ = 0 − 3y2
z1 = 3 − 3y2
z2 = −2 − y1 + 4y2
z3 = −1 + 2y1 + y2.

PÐnakac duðkoÔ = AntÐjetoc an�strofoc prwteÔontoc.

H basik  lÔsh tou prwteÔontoc eÐnai efikt .
H basik  lÔsh tou duðkoÔ den eÐnai efikt .
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Mèjodoc Simplex kai duðkìthta - Par�deigma

To arqikì lexikì tou prwteÔontoc p.g.p. eÐnai

ζ = 0 − 3x1 + 2x2 + x3
w1 = 0 + x2 − 2x3
w2 = 3 + 3x1 − 4x2 − x3.

To arqikì lexikì tou duðkoÔ p.g.p. eÐnai

−ξ = 0 − 3y2
z1 = 3 − 3y2
z2 = −2 − y1 + 4y2
z3 = −1 + 2y1 + y2.

Sto prwteÔon h x2 mpaÐnei sth b�sh, h w2 bgaÐnei.

Efarmìzw thn an�logh od ghsh sto duðkì:
H z2 bgaÐnei, h y2 mpaÐnei sth b�sh.
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Mèjodoc Simplex kai duðkìthta - Par�deigma

To 2o lexikì tou prwteÔontoc p.g.p. eÐnai

ζ = 3/2 − 3/2x1 − 1/2w2 + 1/2x3
w1 = 3/4 + 3/4x1 − 1/4w2 − 9/4x3
x2 = 3/4 + 3/4x1 − 1/4w2 − 1/4x3.

To 2o lexikì tou duðkoÔ p.g.p. eÐnai

−ξ = −3/2 − 3/4y1 − 3/4z2
z1 = 3/2 − 3/4y1 − 3/4z2
y2 = 1/2 + 1/4y1 + 1/4z2
z3 = −1/2 + 9/4y1 + 1/4z2.

PÐnakac duðkoÔ = AntÐjetoc an�strofoc prwteÔontoc

Sto prwteÔon: h x3 mpaÐnei sth b�sh, h w1 bgaÐnei.

An�logh od ghsh sto duðkì: H z3 bgaÐnei, h y1 mpaÐnei.
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Mèjodoc Simplex kai duðkìthta - Par�deigma

To 3o lexikì tou prwteÔontoc p.g.p. eÐnai
ζ = 5/3 − 4/3x1 − 5/9w2 − 2/9w1

x3 = 1/3 + 1/3x1 − 1/9w2 − 4/9w1

x2 = 2/3 + 2/3x1 − 2/9w2 + 1/9w1.

To 3o lexikì tou duðkoÔ p.g.p. eÐnai
−ξ = −5/3 − 1/3z3 − 2/3z2
z1 = 4/3 − 1/3z3 − 2/3z2
y2 = 5/9 + 1/9z3 + 2/9z2
y1 = 2/9 + 4/9y1 − 1/9z2.

PÐnakac duðkoÔ = AntÐjetoc an�strofoc prwteÔontoc

Sto prwteÔon h basik  lÔsh eÐnai kai efikt  kai
bèltisth.

Sto duðkì h basik  lÔsh eÐnai kai efikt  kai bèltisth.
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Mèjodoc Simplex kai duðkìthta

Perij¸riec metablhtèc tou prwteÔontoc se 1-1
antistoiqÐa me tic arqikèc metablhtèc tou duðkoÔ.

Arqikèc metablhtèc tou prwteÔontoc se 1-1 antistoiqÐa
me tic perij¸riec metablhtèc tou duðkoÔ.

O pÐnakac tou arqikoÔ lexikoÔ tou prwteÔontoc eÐnai o
antÐjetoc an�strofoc tou arqikoÔ lexikoÔ tou duðkoÔ.

Od ghsh sto prwteÔon → AntÐst. od ghsh sto duðkì.
Tìte o pÐnakac k�je lexikoÔ tou prwteÔontoc eÐnai o
antÐjetoc an�strofoc tou antÐst. lexikoÔ tou duðkoÔ.
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Mèjodoc Simplex, duðkìthta, bèltistec b.e.l.

To telikì lexikì thc Simplex tou prwteÔontoc dÐnei
bèltisth b.e.l. kai gia to prwteÔon kai gia to duðkì.

Efiktìthta basik c lÔshc tou duðkoÔ:
H basik  lÔsh tou prwteÔontoc eÐnai bèltisth ⇒
Suntelestèc antikeimenik c prwteÔontoc ≤ 0 ⇒
StajeroÐ ìroi periorism¸n duðkoÔ ≥ 0 ⇒
H basik  lÔsh tou duðkoÔ eÐnai efikt .

Beltistìthta basik c lÔshc tou duðkoÔ:
H basik  lÔsh tou prwteÔontoc eÐnai efikt  ⇒
StajeroÐ ìroi periorism¸n prwteÔontoc ≥ 0 ⇒
Suntelestèc antikeimenik c duðkoÔ ≤ 0 ⇒
H basik  lÔsh tou duðkoÔ eÐnai bèltisth.
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Mèjodoc Simplex, duðkìthtac, bèltistec b.e.l.

To telikì lexikì thc Simplex dÐnei bèltisth b.e.l. kai
gia to prwteÔon kai gia to duðkì.

H bèltisth lÔsh tou duðkoÔ brÐsketai diab�zontac tou
suntelestèc thc antikeimenik c sun�rthshc tou
bèltistou lexikoÔ tou prwteÔontoc.

Oi timèc twn basik¸n metablht¸n tou duðkoÔ sth
bèltisth lÔsh eÐnai oi antÐjetoi twn suntelest¸n thc
antikeimenik c sun�rthshc tou bèltistou lexikoÔ tou
prwteÔontoc.

H bèltisth tim  thc antikeimenik c sun�rthshc eÐnai h
Ðdia kai gia to prwteÔon kai gia to duðkì.

'Ola basÐzontai sto ìti se k�je b ma oi pÐnakec twn
lexik¸n eÐnai antÐjetoi an�strofoi.
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Isqurì Duðkì Je¸rhma

Je¸rhma

An to prwteÔon p.g.p. èqei bèltisth lÔsh

x∗ = (x∗1, x
∗
2, . . . , x

∗
n)

tìte kai to duðkì èqei �risth lÔsh

y∗ = (y∗1, y
∗
2, . . . , y

∗
n)

kai oi bèltistec timèc twn antikeimenik¸n sunart sewn
sumpÐptoun:

n∑
j=1

cjx
∗
j =

m∑
i=1

biy
∗
i .
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Sqèsh lÔsewn prwteÔontoc kai duðkoÔ

Apì tic 9 peript¸seic zeug¸n lÔsewn
prwteÔontoc-duðkoÔ mìno 4 eÐnai dunatèc:

'Uparxh bèltisthc lÔshc prwteÔontoc, Ôparxh
bèltisthc lÔshc duðkoÔ.
Mh-fragmèno prwteÔon, mh-efiktì duðkì.
Mh-efiktì prwteÔon, mh-fragmeno duðkì.
Mh-efiktì prwteÔon, mh-efiktì duðkì.

Alli¸c:
'Uparxh bèltisthc lÔshc prwteÔontoc ⇒ 'Uparxh
bèltisthc lÔshc duðkoÔ, me Ðdia tim  antik. sun�rthshc.
Mh-fragmèno prwteÔon ⇒ Mh-efiktì duðkì.
Mh-efiktì prwteÔon ⇒ Mh-fragmèno   mh-efiktì
duðkì.

Apod: Asjenèc kai Isqurì Duðk� Jewr mata.
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AntistoiqÐec metablht¸n-periorism¸n p kai d

'Estw to p.g.p.

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n.

kai to duðkì tou p.g.p.

min
∑m

i=1 biyi
upì

∑m
i=1 aijyi ≥ cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m.

Up�rqei mia antistoiqÐa periorism¸n tou arqikoÔ kai
metablht¸n tou duðkoÔ kai metablht¸n tou arqikìu kai
periorism¸n tou duðkoÔ.
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AntistoiqÐec metablht¸n-periorism¸n p kai d

'Estw to p.g.p.

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n.

kai to duðkì tou p.g.p.

min
∑m

i=1 biyi
upì

∑m
i=1 aijyi ≥ cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m.

(
n∑

j=1

aijxj ≤ bi

)
↔ yi,

(
m∑
i=1

aijyi ≥ cj

)
↔ xj.
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AntistoiqÐec arqik¸n-perijwrÐwn p kai d

Eis�gwntac perij¸riec to prwteÔon gÐnetai:

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj + wi = bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n,
wi ≥ 0, i = 1, 2, . . . ,m,

kai to duðkì tou gÐnetai

min
∑m

i=1 biyi
upì

∑m
i=1 aijyi − zj = cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m,
zj ≥ 0, j = 1, 2, . . . , n.

Up�rqei antistoiqÐa arqik¸n-perij¸riwn metablht¸n
metaxÔ twn duo problhm�twn: xj ↔ zj, wi ↔ yi.
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Je¸rhma sumplhrwmatik c qalarìthtac

Je¸rhma

An to prwteÔon p.g.p. èqei bèltisth lÔsh

(x∗, w∗) = (x∗1, x
∗
2, . . . , x

∗
n, w

∗
1, w

∗
2, . . . , w

∗
m)

kai to duðkì èqei antÐstoiqh bèltisth lÔsh

(z∗, y∗) = (z∗1 , z
∗
2 , . . . , z

∗
n, y

∗
1, y
∗
2, . . . , y

∗
m)

tìte
x∗jz

∗
j = 0, j = 1, 2, . . . , n,

w∗i y
∗
i = 0, i = 1, 2, . . . ,m.
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Je¸rhma sumplhrwmatik c qalarìthtac - Apod.

Apìdeixh asjenoÔc duðkoÔ jewr matoc me perij¸riec:

n∑
j=1

cjxj ≤
n∑

j=1

(cj + zj)xj =
n∑

j=1

(
m∑
i=1

aijyi

)
xj

=
m∑
i=1

(
n∑

j=1

aijxj

)
yi =

m∑
i=1

(bi − wi)yi

≤
m∑
i=1

biyi.

Apì isqurì duðkì je¸rhma
∑n

j=1 cjx
∗
j =

∑m
i=1 biy

∗
i ,

opìte oi anisìthtec prèpei na isqÔoun wc isìthtec:
z∗jx

∗
j = 0, j = 1, 2, . . . , n kai w∗i y

∗
i = 0, i = 1, 2, . . . ,m.
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Duðk  Simplex - Idèa

H duðk  mèjodoc Simplex prokÔptei efarmìzontac th
mèjodo Simplex sto duðkì prìblhma kai metafr�zontac
me ìrouc lexik¸n tou prwteÔontoc.

H met�frash gÐnetai me b�sh to ìti se k�je b ma o
pÐnakac tou lexikoÔ tou prwteÔontoc eÐnai o antÐjetoc
an�strofoc tou pÐnaka tou lexikoÔ tou duðkoÔ.
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Duðk  Simplex - Par�deigma

'Eqoume to lexikì tou prwteÔontoc p.g.p.

ζ = 0 − 2x1 − 4x2 − 6x4
w1 = −3 + x1 − 2x2 + x4
w2 = −5 − 2x1 + 3x2 + 2x4
w3 = 8 − 2x1 − 3x2 − 3x3 − 2x4

me duðkì p.g.p.

−ξ = 0 + 3y1 + 5y2 − 8y3
z1 = 2 − y1 + 2y2 + 2y3
z2 = 4 + 2y1 − 3y2 + 3y3
z3 = 0 + 3y3
z4 = 6 − y1 − 2y2 + 2y3.

Simplex sto duðkì: h y2 mpaÐnei, h z2 bgaÐnei.
Sto prwteÔon: h w2 bgaÐnei, h x2 mpaÐnei.
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Duðk  Simplex - Par�deigma (sunèqeia)

'Eqoume to 2o lexikì tou prwteÔontoc p.g.p.

ζ = −20/3 − 14/3x1 − 4/3w2 − 10/3x4
w1 = −19/3 − 1/3x1 − 2/3w2 + 7/3x4
x2 = 5/3 + 2/3x1 + 1/3w2 − 2/3x4
w3 = 3 − 4x1 − w2 − 3x3

me antÐstoiqo lexikì tou duðkoÔ p.g.p.

−ξ = 20/3 + 19/3y1 − 5/3z2 − 3y3
z1 = 14/3 + 1/3y1 − 2/3z2 + 4y3
y2 = 4/3 + 2/3y1 − 1/3z2 + y3
z3 = 0 + 3y3
z4 = 10/3 − 7/3y1 + 2/3z2

Sto duðkì: h y1 mpaÐnei, h z4 bgaÐnei.
Sto prwteÔon: h w1 bgaÐnei, h x4 mpaÐnei.
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Duðk  Simplex - Par�deigma (sunèqeia)

'Eqoume to 3o lexikì tou prwteÔontoc p.g.p.

ζ = −110/7 − 36/7x1 − 16/7w2 − 10/7w1

x4 = 19/7 + 1/7x1 + 2/7w2 + 3/7w1

x2 = −1/7 + 4/7x1 + 1/7w2 − 2/7w1

w3 = 3 − 4x1 − w2 − 3x3

me antÐstoiqo lexikì tou duðkoÔ p.g.p.

−ξ = 110/7 − 19/7z4 + 1/7z2 − 3y3
z1 = 36/7 − 1/7z4 − 4/7y2 + 4y3
y2 = 16/7 − 2/7z4 − 1/7y2 + y3
z3 = 0 + 3y3
y1 = 10/7 − 3/7z4 + 2/7y2

Sto duðkì: h z2 mpaÐnei, h z1 bgaÐnei.
Sto prwteÔon: h x2 bgaÐnei, h x1 mpaÐnei.
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Duðk  Simplex - Par�deigma (sunèqeia)

'Eqoume to 4o lexikì tou prwteÔontoc p.g.p.

ζ = −17 − 9x2 − w2 − 4w1

x4 = 11/4 + 1/4x2 + 1/4w2 + 1/2w1

x1 = 1/4 + 7/4x2 − 1/4w2 + 1/2w1

w3 = 2 − 7x2 − 3x3 − 2w1

me antÐstoiqo lexikì tou duðkoÔ p.g.p.

−ξ = 17 − 11/4z4 − 1/4z1 − 2y3
z2 = 9 − 1/4z4 − 7/4z1 + 7y3
y2 = 1 − 1/4z4 + 1/4z1
z3 = 0 + 3y3
y1 = 4 − 1/2z4 − 1/2z1 + 2y3

Ta lexik� antistoiqoÔn se bèltistec b.e.l.
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Kanìnec od ghshc - Epilog  exerq. metablht c

Sto duðkì lexikì dialègoume gia eiserqìmenh
metablht , k�poia pou èqei jetikì suntelest  sthn
antikeimenik  sun�rthsh.

↓

Sto prwteÔon lexikì dialègoume gia exerqìmenh
metablht  k�poia pou èqei arnhtikì stajerì ìro sto
dexiì skèloc twn periorism¸n.
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Kanìnec od ghshc - Epilog  eiserq. metablht c

Sto duðkì lexikì dialègoume gia exerqìmenh metablht ,
aut  pou antistoiqeÐ sto mikrìtero lìgo stajeroÔ ìrou
proc thn apìluth tim  arnhtikoÔ suntelest  thc
eiserqìmenhc metablht c tou antÐstoiqou periorismoÔ.

↓

Sto prwteÔon lexikì dialègoume gia eiserqìmenh
metablht , aut  pou antistoiqeÐ sto mikrìtero lìgo
antÐjetou suntelest  thc antikeimenik c sun�rthshc
proc to jetikì suntelest  thc exerqìmenhc metablht c
tou antÐstoiqou periorismoÔ.
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Simplex kai Duðk  Simplex

Algìrijmoc Simplex:
ArqÐzei apì basik  efikt  lÔsh.
DiathreÐ thn efiktìthta se k�je epan�lhyh.
Belti¸nei thn antikeimenik  se k�je epan�lhyh.
Katal gei se bèltisth b.e.l.   apofaÐnetai gia
mh-fragmèno.

Duðkìc algìrijmoc Simplex:
ArqÐzei apì basik  <<bèltisth>> lÔsh (dhl. oi
suntelestèc twn mh-basik¸n metablht¸n sthn
antikeimenik  ≤ 0).
DiathreÐ thn <<beltistìthta>> se k�je epan�lhyh.
Mei¸nei thn antikeimenik  (−ξ) se k�je epan�lhyh.
Katal gei se bèltisth b.e.l.   apofaÐnetai gia
mh-efiktì.
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Qrhsimopoi¸ntac th Duðk  Simplex gia th F�sh I

'Estw p.g.p. ìpou h arqik  basik  lÔsh den eÐnai efikt 
all� oi suntelestèc twn mh-basik¸n metablht¸n sthn
antikeimenik  sun�rthsh eÐnai ìloi ≤ 0.

H duðk  Simplex brÐskei bèltisth lÔsh   apofaÐnetai
ìti to p.g.p. eÐnai mh efiktì.

Den qrei�zetai na qrhsimopoi soume th F�sh I thc
Simplex.
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Qrhsimopoi¸ntac th Duðk  Simplex gia th F�sh I

P.g.p. se tupik  morf  me
Toul�qiston ènan jetikì suntelest  sthn
antikeimenik ,
Toul�qiston èna arnhtikì dexiì mèloc periorismoÔ.

OÔte h Simplex oÔte h duðk  Simplex mporeÐ na
efarmosteÐ �mesa.
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Qrhsimopoi¸ntac th Duðk  Simplex gia th F�sh I

LÔsh:
All�zw thn antikeimenik  jewr¸ntac k�poia me ìlouc
touc suntelestèc arnhtikoÔc (p.q. thn

∑n
j=1(−1)xj).

H efikt  perioq  den all�zei.
Efarmìzoume th duðk  Simplex.
BrÐsketai bèltisth b.e.l. pou ja eÐnai arqik  b.e.l. gia
to arqikì prìblhma   apofaÐnetai ìti den eÐnai efiktì.
Ekfr�zoume thnarqik  antikeimenik  sunart sei twn
mh-basik¸n metablht¸n thc b.e.l.
Efarmìzoume thn Simplex.
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Par�deigma

'Estw to p.g.p. se tupik  morf 

max 3x1 + x2 − 4x3
upì −x1 − 2x2 + x3 ≤ −4

−3x1 − 4x2 + 3x3 ≤ −7
3x1 + 3x2 − 2x3 ≤ 8
x1 + x2 − x3 ≤ 2,

x1, x2, x3 ≥ 0.

To arqikì lexikì eÐnai

ζ = 0 + 3x1 + x2 − 4x3
w1 = −4 + x1 + 2x2 − x3
w2 = −7 + 3x1 + 4x2 − 3x3
w3 = 8 − 3x1 − 3x2 + 2x3
w4 = 2 − x1 − x2 + x3.
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Par�deigma (sunèqeia)

Sto arqikì lexikì

ζ = 0 + 3x1 + x2 − 4x3
w1 = −4 + x1 + 2x2 − x3
w2 = −7 + 3x1 + 4x2 − 3x3
w3 = 8 − 3x1 − 3x2 + 2x3
w4 = 2 − x1 − x2 + x3.

up�rqei jetikìc suntelest c sthn antikeimenik  (opìte
den mporeÐ na arqÐsei o duðkìc algìrijmoc Simplex),
up�rqei arnhtikìc stajerìc ìroc stouc periorismoÔc
(opìte den mporeÐ na arqÐsei o algìrijmoc Simplex).

Epilègw nèa antikeimenik  me ìlouc touc suntelestèc
arnhtikoÔc. H efikt  perioq  den all�zei. 'Eqw p.q.

ζ ′ = −x1 − x2 − x3.
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Par�deigma (sunèqeia)

Efarmìzw duðk  Simplex sto lexikì

ζ ′ = 0 − x1 − x2 − x3
w1 = −4 + x1 + 2x2 − x3
w2 = −7 + 3x1 + 4x2 − 3x3
w3 = 8 − 3x1 − 3x2 + 2x3
w4 = 2 − x1 − x2 + x3.

EÐnai max{| − 4|, | − 7|} = | − 7|. BgaÐnei h w2.

EÐnai min{1/+ 3, 1/+ 4} = 1/4. MpaÐnei h x2.
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Par�deigma (sunèqeia)

K�noume od ghsh sto arqikì lexikì tou
tropopoihmènou p.g.p.

ζ ′ = 0 − x1 − x2 − x3
w1 = −4 + x1 + 2x2 − x3
w2 = −7 + 3x1 + 4x2 − 3x3
w3 = 8 − 3x1 − 3x2 + 2x3
w4 = 2 − x1 − x2 + x3

ProkÔptei to 2o lexikì tou tropopoihmènou p.g.p.

ζ ′ = 7/4 − 1/4x1 − 1/4w2 − 7/4x3
w1 = −1/2 − 1/2x1 + 1/2w2 + 1/2x3
x2 = 7/4 − 3/4x1 + 1/4w2 + 3/4x3
w3 = 11/4 − 3/4x1 − 3/4w2 − 1/4x3
w4 = 1/4 − 1/4x1 − 1/4w2 + 1/4x3
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Par�deigma (sunèqeia)

Efarmìzoume duðk  Simplex sto 2o lexikì tou
tropopoihmènou p.g.p.

ζ ′ = 7/4 − 1/4x1 − 1/4w2 − 7/4x3
w1 = −1/2 − 1/2x1 + 1/2w2 + 1/2x3
x2 = 7/4 − 3/4x1 + 1/4w2 + 3/4x3
w3 = 11/4 − 3/4x1 − 3/4w2 − 1/4x3
w4 = 1/4 − 1/4x1 − 1/4w2 + 1/4x3

EÐnai max{| − 1/2|} = | − 1/2|. BgaÐnei h w1.

EÐnai
min{(1/4)/(+1/2), (7/4)/(+1/2)} = (1/4)/(+1/2).
MpaÐnei h w2.
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Par�deigma (sunèqeia)

K�noume od ghsh sto 2o lexikì tou tropopoihmènou
p.g.p.

ζ ′ = 7/4 − 1/4x1 − 1/4w2 − 7/4x3
w1 = −1/2 − 1/2x1 + 1/2w2 + 1/2x3
x2 = 7/4 − 3/4x1 + 1/4w2 + 3/4x3
w3 = 11/4 − 3/4x1 − 3/4w2 − 1/4x3
w4 = 1/4 − 1/4x1 − 1/4w2 + 1/4x3

ProkÔptei to 3o lexikì tou tropopoihmènou p.g.p.

ζ ′ = 3/2 − 1/2x1 − 1/2w1 − 3/2x3
w2 = 1 + x1 + 2w1 − x3
x2 = 2 − 1/2x1 + 1/2w1 + 1/2x3
w3 = 2 − 3/2x1 − 3/2w1 + 1/2x3
w4 = 0 − 1/2x1 − 1/2w1 + 1/2x3
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Par�deigma (sunèqeia)

To 3o lexikì tou tropopoihmènou p.g.p.

ζ ′ = 3/2 − 1/2x1 − 1/2w1 − 3/2x3
w2 = 1 + x1 + 2w1 − x3
x2 = 2 − 1/2x1 + 1/2w1 + 1/2x3
w3 = 2 − 3/2x1 − 3/2w1 + 1/2x3
w4 = 0 − 1/2x1 − 1/2w1 + 1/2x3

dÐnei b.e.l.
SuneqÐzoume me Simplex gia eÔresh bèltisthc lÔshc.
Gr�foume thn arqik  antikeimenik  sunart sei twn
mh-basik¸n metablht¸n thc b.e.l. pou èqei prokÔyei:

ζ = 3x1 + x2 − 4x3

= 3x1 + (2− 1/2x1 + 1/2w1 + 1/2x3)− 4x3

= 2 + 5/2x1 + 1/2w1 − 7/2x3.
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Par�deigma (sunèqeia)

To 1o lexikì tou arqikoÔ p.g.p. eÐnai

ζ = 2 + 5/2x1 + 1/2w1 − 7/2x3
w2 = 1 + x1 + 2w1 − x3
x2 = 2 − 1/2x1 + 1/2w1 + 1/2x3
w3 = 2 − 3/2x1 − 3/2w1 + 1/2x3
w4 = 0 − 1/2x1 − 1/2w1 + 1/2x3

MpaÐnei h x1, bgaÐnei h w4, k�noume od ghsh:

ζ = 2 − 5w4 − 2w1 − x3
w2 = 1 − 2w4 + w1

x2 = 2 + w4 + w1

w3 = 2 + 3w4 − x3
x1 = 0 − 2w4 − w1 + x3

To lexikì dÐnei bèltisth b.e.l.
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