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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Tupik  morf  p.g.p.

EÐnai:

max c1x1 + c2x2 + · · · + cnxn

upì a11x1 + a12x2 + · · · + a1nxn ≤ b1
a21x1 + a22x2 + · · · + a2nxn ≤ b2

...
am1x1 + am2x2 + · · · + amnxn ≤ bm
x1, x2, . . . , xn ≥ 0.

MegistopoÐhsh thc antikeimenik c,

'Oloi oi periorismoÐ tÔpou ≤,
'Olec oi metablhtèc ≥ 0.
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Trop  p.g.p. se tupik  morf  I

An prìkeitai gia prìblhma elaqistopoÐhshc tìte antÐ
gia

min ζ = c1x1 + c2x2 + · · ·+ cnxn

jètoume

−max−ζ = −c1x1 − c2x2 − · · · − cnxn.

An k�poioc periorismìc eÐnai tÔpou

a1x1 + a2x2 + · · ·+ anxn ≥ b

tìte pollaplasi�zoume me −1, opìte antikajistoÔme me

−a1x1 − a2x2 − · · · − anxn ≤ −b
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Trop  p.g.p. se tupik  morf  II

An k�poioc periorismìc eÐnai tÔpou

a1x1 + a2x2 + · · ·+ anxn = b

tìte ton antikajistoÔme me duo periorismoÔc

a1x1 + a2x2 + · · ·+ anxn ≤ b

kai
−a1x1 − a2x2 − · · · − anxn ≤ −b.
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Trop  p.g.p. se tupik  morf  III

An k�poia metablht  eÐnai tÔpou

xj ≤ 0

tìte thn antikajistoÔme me thn antÐjet  thc, dhlad 
jètoume xj = −x′j kai èqoume

x′j ≥ 0.

An k�poia metablht  eÐnai tÔpou

xj ∈ R (qwrÐc periorismì)

tìte thn antikajistoÔme me th diafor� duo mh arnhtik¸n
metablht¸n, dhlad  jètoume xj = x′j − x′′j kai èqoume

x′j, x
′′
j ≥ 0.
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Par�deigma

Na tejeÐ se tupik  morf  to p.g.p.

min x1 − 2x2 + 4x3

upì x1 − 3x2 ≤ 10
x1 − x2 − 2x3 ≥ 3
x1 − x3 = 2
x1 ≥ 0, x2 ≤ 0, x3 ∈ R.

Jètoume x2 = −x′2 kai x3 = x′3 − x′′3 me x′2, x
′
3, x

′′
3 ≥ 0.

'Eqoume:

min x1 + 2x′2 + 4x′3 − 4x′′3
upì x1 + 3x′2 ≤ 10

x1 + x′2 − 2x′3 + 2x′′3 ≥ 3
x1 − x′3 + x′′3 = 2
x1x

′
2, x

′
3, x

′′
3 ≥ 0.
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Par�deigma

Na tejeÐ se tupik  morf  to p.g.p.

min x1 − 2x2 + 4x3

upì x1 − 3x2 ≤ 10
x1 − x2 − 2x3 ≥ 3
x1 − x3 = 2
x1 ≥ 0, x2 ≤ 0, x3 ∈ R.

Jètoume x2 = −x′2 kai x3 = x′3 − x′′3 me x′2, x
′
3, x

′′
3 ≥ 0.

'Eqoume:

min x1 + 2x′2 + 4x′3 − 4x′′3
upì x1 + 3x′2 ≤ 10

x1 + x′2 − 2x′3 + 2x′′3 ≥ 3
x1 − x′3 + x′′3 = 2
x1x

′
2, x

′
3, x

′′
3 ≥ 0.
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Par�deigma (sunèqeia)

'Eqoume:

min x1 + 2x′2 + 4x′3 − 4x′′3
upì x1 + 3x′2 ≤ 10

x1 + x′2 − 2x′3 + 2x′′3 ≥ 3
x1 − x′3 + x′′3 = 2
x1x

′
2, x

′
3, x

′′
3 ≥ 0.

Pollaplasi�zoume thn antikeimenik  kai ton 2o
periorismì me −1 kai antikajistoÔme ton 3o periorismì
me duo nèouc periorismoÔc:
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Par�deigma (sunèqeia)

Apì

min x1 + 2x′2 + 4x′3 − 4x′′3
upì x1 + 3x′2 ≤ 10

x1 + x′2 − 2x′3 + 2x′′3 ≥ 3
x1 − x′3 + x′′3 = 2
x1x

′
2, x

′
3, x

′′
3 ≥ 0

gÐnetai

−max − x1 − 2x′2 − 4x′3 + 4x′′3
upì x1 + 3x′2 ≤ 10

− x1 − x′2 + 2x′3 − 2x′′3 ≤ −3
x1 − x′3 + x′′3 ≤ 2

− x1 + x′3 − x′′3 ≤ −2
x1x

′
2, x

′
3, x

′′
3 ≥ 0.
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Apì thn tupik  morf  sth morf  Simplex

Gia na efarmosteÐ o algìrijmoc epÐlushc Simplex
trèpoume touc periorismoÔc se exiswtikoÔc
prosjètontac perij¸riec metablhtèc:

ai1x1 + ai2x2 + · · ·+ ainxn ≤ bi

↓
ai1x1 + ai2x2 + · · ·+ ainxn + wi = bi

wi ≥ 0.

Katìpin lÔnoume wc proc tic perij¸riec touc nèouc
periorismoÔc:

wi = bi − ai1x1 − ai2x2 − · · · − ainxn.

To prokÔpton sq ma anafèretai wc lexikì.
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Par�deigma

Na tejeÐ to p.g.p. se morf  lexikoÔ Simplex:

max 5x1 − 4x2

upì x1 − x2 ≤ 6
3x1 − 2x2 ≤ 24
−2x1 + 3x2 ≤ 9
x1, x2 ≥ 0.

'Eqoume to lexikì:

max ζ = 0 + 5x1 − 4x2

upì w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2
x1, x2, w1, w2, w3 ≥ 0.
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Par�deigma

Na tejeÐ to p.g.p. se morf  lexikoÔ Simplex:

max 5x1 − 4x2

upì x1 − x2 ≤ 6
3x1 − 2x2 ≤ 24
−2x1 + 3x2 ≤ 9
x1, x2 ≥ 0.

'Eqoume to lexikì:

max ζ = 0 + 5x1 − 4x2

upì w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2
x1, x2, w1, w2, w3 ≥ 0.
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Par�deigma (sunèqeia)

To lexikì

max ζ = 0 + 5x1 − 4x2

upì w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2
x1, x2, w1, w2, w3 ≥ 0.

to gr�foume sun jwc se aplopoihmènh morf ,
paraleÐpontac to max kai touc periorismoÔc
mh-arnhtikìthtac twn metablht¸n:

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Lexikì kai orismoÐ I

'Estw èna lexikì, p.q. to

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2

H onomasÐa <<lexikì>> parapèmpei sto ìti metafr�zei tic
metablhtèc sta arister� mèlh me ìrouc twn metablht¸n
sta dexi� mèlh.

To gr�mma ζ qrhsimopoieÐtai gia thn antikeimenik 
sun�rthsh.

Oi exarthmènec metablhtèc, sta arister�, lègontai
basikèc metablhtèc. Ed¸ eÐnai oi w1, w2, w3 (pou
tautÐzontai me tic perij¸riec).
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Lexikì kai orismoÐ II

'Estw p�li to lexikì

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2

Oi anex�rthtec metablhtèc, sta dexi�, lègontai
mh-basikèc metablhtèc. Ed¸ eÐnai oi x1, x2 (pou
tautÐzontai me tic arqikèc metablhtèc).

Jètontac tic mh-basikèc metablhtèc Ðsec me 0 paÐrnoume
mia lÔsh tou sust matoc twn periorism¸n pou lègetai
basik  lÔsh. Ed¸ (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9) me
tim  antikeimenik c sun�rthshc ζ = 0.
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Lexikì kai orismoÐ III - LÔseic I

'Estw p�li to lexikì

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2

LÔsh = Di�nusma pou ikanopoieÐ touc periorismoÔc pou
emfanÐzontai sto lexikì.
P.q. ed¸ (x1, x2, w1, w2, w3) = (1, 1, 6, 23, 8) me ζ = 1.

Efikt  lÔsh = LÔsh pou ikanopoieÐ kai touc <<krufoÔc>>
periorismoÔc thc mh-arnhtikìthtac twn metablht¸n.
P.q. (x1, x2, w1, w2, w3) = (1, 1, 6, 23, 8) efikt  lÔsh.
'Omwc (x1, x2, w1, w2, w3) = (−1, 0, 7, 27, 7) lÔsh, ìqi
efikt .
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Tupik  morf  Simplex Orismìc Trop  se tup. morf  Par Morf  Simplex

Lexikì kai orismoÐ IV - LÔseic II

'Estw p�li to lexikì

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2

Basik  lÔsh = LÔsh pou oi mh-bas. metablhtèc eÐnai 0.
P.q. ed¸ (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9) me ζ = 0.
MporeÐ mia lÔsh na eÐnai basik  all� ìqi efikt .

Basik  efikt  lÔsh (b.e.l.) = Basik  lÔsh pou eÐnai
kai efikt .

Bèltisth lÔsh = Efikt  lÔsh pou megistopoieÐ thn
antikeimenik  sun�rthsh.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

H idèa thc mejìdou Simplex

ArqÐzoume apì k�poio lexikì pou mac dÐnei b.e.l.

Exet�zoume an h nèa b.e.l. eÐnai bèltisth lÔsh. An nai
stamat�me, alli¸c ...

MetasqhmatÐzoume to lexikì all�zontac tic basikèc
metablhtèc ¸ste na p�roume nèa b.e.l. pou belti¸nei
thn antikeimenik  sun�rthsh.

A. M�nou - amanou@math.uoa.gr EE - Enìthta 3



Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

GiatÐ leitourgeÐ h Simplex?

H idèa thc Simplex leitourgeÐ giatÐ ìpwc ja doÔme
argìtera, an èna p.g.p. èqei bèltisth lÔsh tìte èqei
anagkastik� kai bèltisth b.e.l.

Oi dunatèc b.e.l. eÐnai peperasmènec to pl joc kai �ra
an phgaÐnoume apì b.e.l. se b.e.l., belti¸nontac thn
antikeimenik  sun�rthsh ja fj�soume se bèltisth lÔsh
se peperasmèno arijmì bhm�twn.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Basik� teqnik� shmeÐa thc Simplex

Krit rio allag c basik¸n metablht¸n gia thn beltÐwsh
thc antikeimenik c sun�rthshc apì lexikì se isodÔnamo
lexikì.

Metasqhmatismìc lexikoÔ se isodÔnamo lexikì, ìtan
all�zoun oi basikèc metablhtèc.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Proqwrhmèna teqnik� shmeÐa thc Simplex

Ti gÐnetai ìtan èqoume mh-fragmènh antikeimenik 
sun�rthsh (opìte den up�rqei bèltisth lÔsh) ?

TÐ gÐnetai ìtan den èqoume arqik  b.e.l. ?

TÐ gÐnetai an koll sei h Simplex kai k�nei kÔklouc
metaxÔ k�poiwn b.e.l. prin fj�sei se bèltisth b.e.l. ?
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex - 'Enarxh

Na lujeÐ to p.g.p. :

max 5x1 − 4x2

upì x1 − x2 ≤ 6
3x1 − 2x2 ≤ 24
−2x1 + 3x2 ≤ 9
x1, x2 ≥ 0.

'Eqoume to arqikì lexikì:

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2

me basik  lÔsh (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9).
EÐnai kai efikt  (b.e.l.).
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex - 'Enarxh

Na lujeÐ to p.g.p. :

max 5x1 − 4x2

upì x1 − x2 ≤ 6
3x1 − 2x2 ≤ 24
−2x1 + 3x2 ≤ 9
x1, x2 ≥ 0.

'Eqoume to arqikì lexikì:

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2

me basik  lÔsh (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9).
EÐnai kai efikt  (b.e.l.).
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex- 1h epan�lhyh

ParathroÔme to arqikì lexikì

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2

(antist. sth b.e.l. (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9)).
An h x1 auxhjeÐ h ζ aux�nei.
Kaj¸c h x1 aux�netai oi w1, w2 mei¸nontai.
Kaj¸c h x1 aux�netai h w3 aux�netai.
Pìso mporeÐ na auxhjeÐ h x1?
Mèqri k�poia apì tic w1, w2 na gÐnei 0.
H w1 gÐnetai 0 gia x1 = 6/1.
H w2 gÐnetai 0 gia x1 = 24/3 = 8.
'Ara pr¸ta ja gÐnei 0 h w1.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex - 1h epan�lhyh (sunèqeia)

Epomènwc sto arqikì lexikì

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2

h x1 gÐnetai basik  (aux�netai mèqri x1 = 6),

h w1 gÐnetai mh-basik  (mei¸netai mèqri w1 = 0).

MetasqhmatÐzoume to lexikì <<pern¸ntac>> thn x1 sto
aristerì mèloc, sth jèsh thc w1 kai ekfr�zontac tic
w2, w3 sunart sei twn nèwn mh-basik¸n metablht¸n
w1, x2 (diadikasÐa od ghshc).

O suntelest c sthn tom  thc eiserqìmenhc kai thc
exerqìmenhc metablht c (ed¸ to −1) lègetai odhgìc.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex - 1h epan�lhyh (sunèqeia)

JewroÔme to arqikì lexikì

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2

ApaleÐfoume thn metablht  x1 pou mpaÐnei sth b�sh
apì thn antikeimenik  sun�rthsh kai touc periorismoÔc,
ektìc tou periorismoÔ pou afor� th metablht  w1 pou
bgaÐnei apì th b�sh, ektel¸ntac grammopr�xeic.
Gia thn antikeimenik  sun�rthsh ζ èqoume

ζ + 5× w1 = 0 + 5× 6 + (−4 + 5× 1)x2.

OmoÐwc gia tic w2, w3.
Tèloc metakinoÔme th metablht  w1 pou bgaÐnei apì th
b�sh sto dexiì mèloc.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex - 1h epan�lhyh (sunèqeia)

To arqikì lexikì

ζ = 0 + 5x1 − 4x2
w1 = 6 − x1 + x2
w2 = 24 − 3x1 + 2x2
w3 = 9 + 2x1 − 3x2

(antist. sth b.e.l. (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9))

gÐnetai
ζ = 30 − 5w1 + x2
x1 = 6 − w1 + x2
w2 = 6 + 3w1 − x2
w3 = 21 − 2w1 − x2

(antist. sth b.e.l. (x1, x2, w1, w2, w3) = (6, 0, 0, 6, 21)).
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex - 2h epan�lhyh

To deÔtero lexikì

ζ = 30 − 5w1 + x2
x1 = 6 − w1 + x2
w2 = 6 + 3w1 − x2
w3 = 21 − 2w1 − x2

(antist. sth b.e.l. (x1, x2, w1, w2, w3) = (6, 0, 0, 6, 21))
eÐnai bèltisto?
'Oqi, giatÐ up�rqei jetikìc suntelest c mh-basik c
metablht c sthn ζ, o suntelest c thc x2.
Kaj¸c h x2 aux�netai oi w2, w3 mei¸nontai.
H x2 mporeÐ na auxhjeÐ mèqri w2 = 0   w3 = 0.
H w2 gÐnetai 0 gia x2 = 6/1.
H w3 gÐnetai 0 gia x2 = 21/1 = 21.
'Ara pr¸ta ja gÐnei 0 h w2.

A. M�nou - amanou@math.uoa.gr EE - Enìthta 3



Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex - 2h epan�lhyh (sunèqeia)

Epomènwc sto deÔtero lexikì

ζ = 30 − 5w1 + x2
x1 = 6 − w1 + x2
w2 = 6 + 3w1 − x2
w3 = 21 − 2w1 − x2

h x2 gÐnetai basik  (aux�netai mèqri x2 = 6),

h w2 gÐnetai mh-basik  (mei¸netai mèqri w2 = 0).

MetasqhmatÐzoume to lexikì <<pern¸ntac>> thn x2 sto
aristerì mèloc, sth jèsh thc w2 kai ekfr�zontac tic
x1, w3 sunart sei twn nèwn mh-basik¸n metablht¸n w1,
w2 (diadikasÐa od ghshc).

O odhgìc sthn tom  thc st lhc thc x2 kai thc gramm c
thc w2 eÐnai −1.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex - 2h epan�lhyh (sunèqeia)

Gia to deÔtero lexikì èqoume

ζ = 30 − 5w1 + x2
x1 = 6 − w1 + x2
w2 = 6 + 3w1 − x2
w3 = 21 − 2w1 − x2

ApaleÐfoume thn metablht  x2 pou mpaÐnei sth b�sh
apì thn antikeimenik  sun�rthsh kai touc periorismoÔc,
ektìc tou periorismoÔ pou afor� th metablht  w2 pou
bgaÐnei apì th b�sh, ektel¸ntac grammopr�xeic.

Tèloc metakinoÔme th metablht  w2 pou bgaÐnei apì th
b�sh sto dexiì mèloc.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex - 2h epan�lhyh (sunèqeia)

To deÔtero lexikì

ζ = 30 − 5w1 + x2
x1 = 6 − w1 + x2
w2 = 6 + 3w1 − x2
w3 = 21 − 2w1 − x2

(antist. sth b.e.l. (x1, x2, w1, w2, w3) = (6, 0, 0, 6, 21))

gÐnetai
ζ = 36 − 2w1 − w2

x1 = 12 + 2w1 − w2

x2 = 6 + 3w1 − w2

w3 = 15 − 5w1 + w2

(ant. sth b.e.l. (x1, x2, w1, w2, w3) = (12, 6, 0, 0, 15)).
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Par�deigma Simplex - 3h epal�lhyh

To trÐto lexikì

ζ = 36 − 2w1 − w2

x1 = 12 + 2w1 − w2

x2 = 6 + 3w1 − w2

w3 = 15 − 5w1 + w2

(ant. sth b.e.l. (x1, x2, w1, w2, w3) = (12, 6, 0, 0, 15))
eÐnai bèltisto?
Nai, giatÐ ìloi oi suntelestèc mh-basik¸n metablht¸n
sthn ζ eÐnai mh-jetikoÐ.
Epomènwc to 36 eÐnai èna �nw fr�gma gia thn tim  thc
antikeimenik c sun�rthshc.
All� to 36 <<pi�netai>> gia thn
(x1, x2, w1, w2, w3) = (12, 6, 0, 0, 15), pou apoteleÐ
epomènwc bèltisth lÔsh.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

DiadikasÐa od ghshc - Pr�xeic I

Pwc all�zoun oi suntelestèc, kaj¸c k�noume od ghsh
apì lexikì se lexikì?

'Estw èna lexikì kai ac upojèsoume ìti èqoume
apofasÐsei poi� mh-basik  metablht  ja mpei sth b�sh
kai poi� basik  metablht  ja bgei apì th b�sh.

SumbolÐzoume:
xe: thn eiserqìmenh sth b�sh mh-basik  metablht 
(entering),
xn: mia opoiad pote �llh mh-basikh metablht 
(non-basic),
xl: thn exerqìmenh apì th b�sh basik  metabl t 
(leaving),
xb: mia opoiad pote �llh basik  metablht 
(basic).
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

DiadikasÐa od ghshc - Pr�xeic II

H gramm  tou odhgoÔ eÐnai thc morf c:

xl = bxn + axe + · · ·

Opoiad pote �llh gramm  eÐnai thc morf c:

xb = dxn + cxe + · · ·

O odhgìc eÐnai to a.

H od ghsh lÔnei th gramm  tou odhgoÔ wc proc xe:

xe = −
b

a
xn +

1

a
xl + · · ·
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

DiadikasÐa od ghshc - Pr�xeic III

Opìte gia th gramm  tou odhgoÔ èqoume:

xl = bxn + axe + · · ·
↓

xe = − b
a
xn +

1

a
xl + · · ·

Gia tic �llec grammèc, apaleÐfetai h xe:

xb = dxn + cxe + · · · = dxn + c

(
− b
a
xn +

1

a
xl + · · ·

)
↓

xb =

(
d− bc

a

)
xn +

c

a
xl + · · ·
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

DiadikasÐa od ghshc - Pr�xeic - SÔnoyh

Se lexikì:
a: o odhgìc
b: stoiqeÐo sth gramm  tou odhgoÔ, ektìc tou odhgoÔ
c: stoiqeÐo sth st lh tou odhgoÔ, ektìc tou odhgoÔ
d: stoiqeÐo ektìc gramm c kai st lhc tou odhgoÔ

Met� thn od ghsh, sto nèo lexikì oi metatropèc eÐnai:(
b a
d c

)
→

(
− b

a
1
a

d− bc
a

c
a

)
.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

SÔnoyh thc basik c Simplex

Xekin�me me lexikì pou antistoiqeÐ se b.e.l.

An ìloi oi suntelestèc twn mh-basik¸n metablht¸n
sthn ζ eÐnai mh-jetikoÐ èqoume brei th bèltisth lÔsh.

An up�rqoun mh-basikèc metablhtèc twn opoÐwn oi
suntelestèc sthn ζ eÐnai jetikoÐ, dialègoume mÐa gia na
mpei sth b�sh.

Apì tic basikèc metablhtèc pou mei¸nontai kaj¸c h
epileqjeÐsa mh-basik  metablht  aux�netai dialègoume
thn pr¸th pou ja mhdenisteÐ gia na bgei apì th b�sh.

MetasqhmatÐzoume to lexikì ¸ste h antikeimenik 
sun�rthsh kai oi basikèc metablhtèc na ekfr�zontai
sunart sei twn nèwn mh-basik¸n metablht¸n.

H tim  thc antikeimenik c sun�rthshc gia th nèa b.e.l.
ja eÐnai megalÔterh   Ðsh apì thn prohgoÔmenh b.e.l.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Pijan� probl mata

ApousÐa arqik c b.e.l.

Pollèc epilogèc gia eiserqìmenh sth b�sh metablht .

ApousÐa epilog c gia exerqìmenh apì th b�sh
metablht .

Pollèc epilogèc gia exerqìmenh apì th b�sh metablht .

H antikeimenik  sun�rthsh den belti¸netai sto epìmeno
lexikì.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I: ApousÐa arqik c b.e.l.

Xekin�me me lexikì pou antistoiqeÐ se b.e.l.

TÐ k�noume an den èqoume tètoio arqikì lexikì?

QrhsimopoioÔme èna bohjhtikì prìblhma pou mac dÐnei
arqik  b.e.l.   mac deÐqnei ìti to p.g.p. den èqei efiktèc
lÔseic.

H diadikasÐa aut  anafèretai wc f�sh I thc Simplex:
Apì basik  lÔsh se b.e.l.

H klasik  diadikasÐa pou perigr�yame eÐnai h f�sh II:
Apì b.e.l. se bèltisth lÔsh.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

JewroÔme to p.g.p. se tupik  morf 
max −3x1 + 4x2

upì −4x1 − 2x2 ≤ −8
−2x1 ≤ −2
3x1 + 2x2 ≤ 10
−x1 + 3x2 ≤ 1

−3x2 ≤ −2
x1, x2 ≥ 0

me arqikì lexikì
ζ = 0 − 3x1 + 4x2
w1 = −8 + 4x1 + 2x2
w2 = −2 + 2x1
w3 = 10 − 3x1 − 2x2
w4 = 1 + x1 − 3x2
w5 = −2 + 3x2
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

To lexikì

ζ = 0 − 3x1 + 4x2
w1 = −8 + 4x1 + 2x2
w2 = −2 + 2x1
w3 = 10 − 3x1 − 2x2
w4 = 1 + x1 − 3x2
w5 = −2 + 3x2

antistoiqeÐ sth basik  lÔsh
(x1, x2, w1, w2, w3, w4, w5) = (0, 0,−8,−2, 10, 1,−2)
pou den eÐnai efikt .

Autì sumbaÐnei diìti to p.g.p.  tan se tupik  morf  me
merik� apì ta dexi� mèlh twn periorism¸n < 0.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

Gia na antimetwpÐsoume to prìblhma autì afairoÔme mia
nèa metablht  x0 apì k�je aristerì mèloc thc tupik c
morf c tou arqikoÔ kai

jewroÔme gia antikeimenik  sun�rthsh thn −x0 (dhlad 
prospajoÔme na elaqistopoi soume thn x0).

ProkÔptei tìte to p.g.p.

max −x0
upì −x0 −4x1 − 2x2 ≤ −8

−x0 −2x1 ≤ −2
−x0 +3x1 + 2x2 ≤ 10
−x0 −x1 + 3x2 ≤ 1
−x0 − 3x2 ≤ −2

x0, x1, x2 ≥ 0.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

To p.g.p.

max −x0
upì −x0 −4x1 − 2x2 ≤ −8

−x0 −2x1 ≤ −2
−x0 +3x1 + 2x2 ≤ 10
−x0 −x1 + 3x2 ≤ 1
−x0 − 3x2 ≤ −2

x0, x1, x2 ≥ 0.

èqei profan¸c efikt  lÔsh, arkeÐ na p�roume
x1 = x2 = 0 gia tic arqikèc metablhtèc kai arket�
meg�lh tim  gia thn teqnht  metablht  x0 (p�nw apì 8).
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Aitiolìghsh mejìdou

To arqikì p.g.p. èqei efikt  lÔsh, an kai mìno an to
tropopoihmèno p.g.p. èqei bèltisth lÔsh me
ζ = −x0 = 0.

Apod:

An to arqikì p.g.p. èqei efikt  lÔsh, tìte paÐrnoume
efikt  lÔsh tou tropopoihmènou, jètontac x0 = 0.
Aut  eÐnai kai bèltisth afoÔ ζ = −x0 ≤ 0.

An to tropopoihmèno p.g.p. èqei bèltisth lÔsh me
ζ = −x0 = 0, tìte agno¸ntac to x0 èqoume mia efikt 
lÔsh tou arqikoÔ.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - SÔnoyh JewrÐac

An to arqikì p.g.p. tejeÐ se tupik  morf  pou dÐnei
basik  all� ìqi efikt  lÔsh jewroÔme to
tropopoihmèno p.g.p. kai brÐskoume th bèltisth lÔsh
tou (F�sh I thc Simplex).

An to tropopoihmèno p.g.p. èqei bèltisth lÔsh me
x0 = 0, tìte aut  dÐnei b.e.l. gia to arqikì p.g.p. kai
efarmìzoume thn Simplex gia na broÔme th bèltisth
lÔsh tou arqikoÔ (F�sh II thc Simplex).

An to tropopoihmèno p.g.p. den èqei bèltisth lÔsh me
x0 = 0, tìte to arqikì p.g.p. den èqei efiktèc lÔseic.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

Arqikì lexikì tropopoihmènou p.g.p. ìqi efiktì:

ζ = 0 − x0
w1 = −8 + x0 + 4x1 + 2x2
w2 = −2 + x0 + 2x1
w3 = 10 + x0 − 3x1 − 2x2
w4 = 1 + x0 + x1 − 3x2
w5 = −2 + x0 + 3x2

Sth F�sh I thc Simplex, sto arqikì lexikì apaitoÔme
na mpei h teqnht  metablht  sth b�sh sto pr¸to b ma.

ApaitoÔme na bgei apì th b�sh h pio arnhtik 
metablht , ed¸ h w1.

ProkÔptei ètsi b.e.l. gia to tropopoihmèno p.g.p. sto
epìmeno lexikì.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

Apì to ìqi efiktì lexikì
ζ = 0 − x0

w1 = −8 + x0 + 4x1 + 2x2
w2 = −2 + x0 + 2x1
w3 = 10 + x0 − 3x1 − 2x2
w4 = 1 + x0 + x1 − 3x2
w5 = −2 + x0 + 3x2

p�me sto efiktì lexikì (b.e.l.)
ζ = −8 − w1 + 4x1 + 2x2
x0 = 8 + w1 − 4x1 − 2x2
w2 = 6 + w1 − 2x1 − 2x2
w3 = 18 + w1 − 7x1 − 4x2
w4 = 9 + w1 − 3x1 − 5x2
w5 = 6 + w1 − 4x1 + x2
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

T¸ra sto efiktì lexikì tou tropopoihmènou p.g.p.
efarmìzoume kanonik� thn Simplex gia na
beltistopoi soume thn antikeimenik :

ζ = −8 − w1 + 4x1 + 2x2
x0 = 8 + w1 − 4x1 − 2x2
w2 = 6 + w1 − 2x1 − 2x2
w3 = 18 + w1 − 7x1 − 4x2
w4 = 9 + w1 − 3x1 − 5x2
w5 = 6 + w1 − 4x1 + x2

Eiserqìmenh sth b�sh metablht : x1   x2.
Ac epilèxoume thn x1.

Exerqìmenh apì th b�sh metablht : w5.

Efarmìzoume th sun jh diadikasÐa od ghshc.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

Apì to lexikì :
ζ = −8 − w1 + 4x1 + 2x2
x0 = 8 + w1 − 4x1 − 2x2
w2 = 6 + w1 − 2x1 − 2x2
w3 = 18 + w1 − 7x1 − 4x2
w4 = 9 + w1 − 3x1 − 5x2
w5 = 6 + w1 − 4x1 + x2

p�me sto:
ζ = −2 − w5 + 3x2
x0 = 2 + w5 − 3x2
w2 = 3 + 0.5w1 + 0.5w5 − 2.5x2
w3 = 7.5 − 0.75w1 + 1.75w5 − 5.75x2
w4 = 4.5 + 0.25w1 + 0.75w5 − 5.75x2
x1 = 1.5 + 0.25w1 − 0.25w5 + 0.25x2
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

Apì to lexikì:
ζ = −2 − w5 + 3x2

x0 = 2 + w5 − 3x2
w2 = 3 + 0.5w1 + 0.5w5 − 2.5x2
w3 = 7.5 − 0.75w1 + 1.75w5 − 5.75x2
w4 = 4.5 + 0.25w1 + 0.75w5 − 5.75x2
x1 = 1.5 + 0.25w1 − 0.25w5 + 0.25x2

p�me sto:
ζ = 0 − x0
x2 = 2/3 + 1/3w5 − 1/3x0
w2 = 4/3 + 1/2w1 − 1/3w5 + 5/6x0
w3 = 11/3 − 3/4w1 − 1/6w5 + 23/12x0
w4 = 2/3 + 1/4w1 − 7/6w5 + 23/12x0
x1 = 5/3 + 1/4w1 − 1/6w5 − 1/12x0
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

To lexikì

ζ = 0 − x0
x2 = 2/3 + 1/3w5 − 1/3x0
w2 = 4/3 + 1/2w1 − 1/3w5 + 5/6x0
w3 = 11/3 − 3/4w1 − 1/6w5 + 23/12x0
w4 = 2/3 + 1/4w1 − 7/6w5 + 23/12x0
x1 = 5/3 + 1/4w1 − 1/6w5 − 1/12x0

eÐnai bèltisto gia to tropopoihmèno prìblhma, opìte h
f�sh I thc Simplex teleÐwse.

AfoÔ h bèltisth tim  thc ζ eÐnai 0, to arqikì prìblhma
èqei efikt  lÔsh, pou brÐsketai paraleÐpontac thn x0
apì to lexikì: (x1, x2, w1, w2, w3, w4, w5) =
(5/3, 2/3, 0, 4/3, 11/3, 2/3, 0).
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

Krat�me touc periorismoÔc tou lexikoÔ

ζ = 0 − x0
x2 = 2/3 + 1/3w5 − 1/3x0
w2 = 4/3 + 1/2w1 − 1/3w5 + 5/6x0
w3 = 11/3 − 3/4w1 − 1/6w5 + 23/12x0
w4 = 2/3 + 1/4w1 − 7/6w5 + 23/12x0
x1 = 5/3 + 1/4w1 − 1/6w5 − 1/12x0

paraleÐpontac thn x0.

UpologÐzoume thn antikeimenik  sun�rthsh tou arqikoÔ
sunart sei twn mh basik¸n metablht¸n tou lexikoÔ:

ζ = −3x1 + 4x2

= −3(5/3 + 1/4w1 − 1/6w5) + 4(2/3 + 1/3w5)

= −7/3− 3/4w1 + 11/6w5.
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

Gia th f�sh II xekin�me apì to lexikì

ζ = −7/3 − 3/4w1 + 11/6w5

x2 = 2/3 + 1/3w5

w2 = 4/3 + 1/2w1 − 1/3w5

w3 = 11/3 − 3/4w1 − 1/6w5

w4 = 2/3 + 1/4w1 − 7/6w5

x1 = 5/3 + 1/4w1 − 1/6w5

kai p�me sto

ζ = −9/7 − 5/14w1 − 11/7w4

x2 = 6/7 + 1/14w1 − 2/7w4

w2 = 8/7 + 3/7w1 + 2/7w4

w3 = 25/7 − 11/14w1 + 1/7w4

w5 = 4/7 + 3/14w1 − 6/7w4

x1 = 11/7 + 3/14w1 + 1/7w4
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Tupik  morf  Simplex KÔrioc algìr. Pijan� probl mata GewmetrÐa

Prìblhma I - Par�deigma

To teleutaÐo lexikì

ζ = −9/7 − 5/14w1 − 11/7w4

x2 = 6/7 + 1/14w1 − 2/7w4

w2 = 8/7 + 3/7w1 + 2/7w4

w3 = 25/7 − 11/14w1 + 1/7w4

w5 = 4/7 + 3/14w1 − 6/7w4

x1 = 11/7 + 3/14w1 + 1/7w4

eÐnai bèltisto kai dÐnei thn bèltisth b.e.l.
(x1, x2, w1, w2, w3, w4, w5) =
(11/7, 6/7, 0, 8/7, 25/7, 0, 4/7).

A. M�nou - amanou@math.uoa.gr EE - Enìthta 3


	 µ
	µ
	  . µ
	
	 Simplex

	Simplex
	 .
	 ßµ
	µ


