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Eisagwg  Maj Progr Klasik� Probl Epekt�seic EE Kl�doi M�jhma

Epiqeirhsiak  'Ereuna

Epiqeirhsiak  'Ereuna=
Majhmatik� montèla melèthc - beltist. diadikasi¸n,
Majhmatikèc mèjodoi bèltisthc l yhc apof�sewn.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic EE Kl�doi M�jhma

Kl�doi thc Epiqeirhsiak c 'Ereunac

Grammikìc Programmatismìc.

Mh-Grammikìc Programmatismìc.

Akèraioc Programmatismìc - Sunduastik 
BeltistopoÐhsh.

Dunamikìc Programmatismìc.

JewrÐa PaignÐwn.

JewrÐa Elègqou Apojem�twn.

JewrÐa Our¸n Anamon c.

...
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic EE Kl�doi M�jhma

Perieqìmena tou maj matoc

KathgorÐec problhm�twn beltistopoÐhshc.

MontelopoÐhsh problhm�twn beltistopoÐhshc.

Klasik� probl mata beltistopoÐhshc.

EpÐlush problhm�twn beltistopoÐhshc ston HU.

Sunoptik  jewrÐa GrammikoÔ ProgrammatismoÔ.

Sunoptik  jewrÐa Mh-GrammikoÔ ProgrammatismoÔ.

Eisagwg  ston Dunamikì Programmatismì.

EpÐlush problhm�twn DunamikoÔ ProgrammatismoÔ.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic EE Kl�doi M�jhma

Basikèc phgèc tou maj matoc

Vanderbei, R.J. (2014) Linear Programming:
Foundations and Extensions, 4th Edition. Springer.

Hillier, F.S. and Lieberman, G.J. (2015) Introduction
to Operations Research, 10th Edition. McGraw Hill.

Fourer, R., Gay, D.M. and Kernighan, B.W. (2003)
AMPL: A Modeling Language for Mathematical
Programming, 2nd Edition. Duxbury Thomson.

Taha, H.A. (2017) Operations Research: An
Introduction, 10th Edition. Pearson.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Maj Progr Gram Progr

Genikì prìblhma majhmatikoÔ programmatismoÔ

xj, j = 1, 2, . . . , n: metablhtèc apìfashc.

ζ: h antikeimenik  sun�rthsh.

Antikeimenik  sun�rthsh:

ζ = f(x1, x2, . . . , xn).

Tupikìc sunarthsiakìc periorismìc:

g(x1, x2, . . . , xn) ≤   =   ≥ b.

Tupikìc periorismìc metablht¸n:

xj ∈ Aj.

A. M�nou - amanou@math.uoa.gr EE - Enìthta 1



Eisagwg  Maj Progr Klasik� Probl Epekt�seic Maj Progr Gram Progr

Genikì prìblhma grammikoÔ programmatismoÔ

xj, j = 1, 2, . . . , n: metablhtèc apìfashc.

ζ: h antikeimenik  sun�rthsh.

Grammik  antikeimenik  sun�rthsh:

ζ = c1x1 + c2x2 + · · ·+ cnxn.

Tupikìc grammikìc periorismìc:

a1x1 + a2x2 + · · ·+ anxn ≤   =   ≥ b.

Tupikìc periorismìc metablht¸n:

xj ≥ 0   ≤ 0   ∈ R.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Maj Progr Gram Progr

Proôpojèseic grammikoÔ programmatismoÔ

Analogikìthta: H suneisfor� miac metablht c
sthn antikeimenik  kai stouc periorismoÔc eÐnai an�logh
thc tim c thc.

Prosjetikìthta: H suneisfor� miac metablht c
sthn antikeimenik  kai stouc periorismoÔc den exart�tai
apì �llec metablhtèc.
H sunolik  suneisfor� twn metablht¸n apof�sewn
isoÔtai me to �jroisma twn epimèrouc suneisfor¸n touc.

Diairetìthta: K�je metablht  paÐrnei pragmatikèc
timèc.

Bebaiìthta - Nteterminismìc: Oi par�metroi
eÐnai apìluta gnwstèc. Den upeisèrqetai tuqaiìthta.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Maj Progr Gram Progr

Kentrik  jèsh tou GrammikoÔ ProgrammatismoÔ

Plhj¸ra efarmog¸n.

Komy  kai pl rhc majhmatik  jewrÐa.

'Uparxh apotelesmatik¸n algorÐjmwn.

Upìbajro gia ton akèraio programmatismì.

Upìbajro gia to mh-grammikì programmatismì.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Maj Progr Gram Progr

Klasik  beltist. / Grammikìc Programmatismìc

Klasik  beltistopoÐhsh me apeirostikì logismì:
Mia metablht ,
Mh-grammik  antikeimenik  sun�rthsh,
Periorismìc thc metablht c se di�sthma.

Grammikìc programmatismìc:
Meg�lo pl joc metablht¸n,
Grammik  antikeimenik  sun�rthsh,
Meg�lo pl joc grammik¸n periorism¸n.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

Klasik� probl mata

To prìblhma thc mÐxhc twn ulik¸n.

To prìblhma thc apotÐmhshc twn ulik¸n.

To prìblhma thc dÐaitac.

To prìblhma thc metafor�c.

Programmatismìc paragwg c.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

To prìblhma thc mÐxhc twn ulik¸n

n tÔpoi proðìntwn proc paragwg .

m tÔpoi pr¸twn ul¸n.

aij: posìthta apì thn pr¸th Ôlh i pou apaiteÐtai gia
thn paragwg  miac mon�dac proðìntoc tÔpou j.

bi: diajèsimh posìthta pr¸thc Ôlhc i.

cj: kajarì kèrdoc apì thn p¸lhsh miac mon�dac
proðìntoc tÔpou j.

Stìqoc: MegistopoÐhsh sunolikoÔ kajaroÔ kèrdouc
apì thn p¸lhsh twn proðìntwn.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

To prìblhma thc mÐxhc - MontelopoÐhsh

xj: posìthta proðìntoc j pou ja paraqjeÐ.

P.g.p.:

max
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≤ bi, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

To prìblhma thc apotÐmhshc twn ulik¸n

n tÔpoi proðìntwn proc paragwg .

m tÔpoi pr¸twn ul¸n.

aij: posìthta apì thn pr¸th Ôlh i pou apaiteÐtai gia
thn paragwg  miac mon�dac proðìntoc tÔpou j.

bi: diajèsimh posìthta pr¸thc Ôlhc i.

cj: kajarì kèrdoc apì thn p¸lhsh miac mon�dac
proðìntoc tÔpou j.

Stìqoc: Kajorismìc tim¸n an� mon�da pr¸thc Ôlhc
¸ste na elaqistopoieÐtai h sunolik  axÐa twn pr¸twn
ul¸n sthn opoÐa eÐnai prìjumh h epiqeÐrhsh na tic
poul sei antÐ na parag�gei proðìnta.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

To prìblhma thc apotÐmhshc - MontelopoÐhsh

yi: tim  an� mon�da pr¸thc Ôlhc i pou ja pwlhjeÐ.

P.g.p.:

min
∑m

i=1 biyi
upì

∑m
i=1 aijyi ≥ cj, j = 1, 2, . . . , n

yi ≥ 0, i = 1, 2, . . . ,m.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

To prìblhma thc dÐaitac

n tÔpoi faght¸n proc katan�lwsh.

m eÐdh jreptik¸n sustatik¸n.

aij: h posìthta jreptikoÔ sustatikoÔ i pou perièqetai
se mia merÐda faghtoÔ j.

bi: h el�qisth hmer sia posìthta jreptikoÔ sustatikoÔ
i pou epib�lletai na proslhfjeÐ.

di: h mègisth hmer sia posìthta jreptikoÔ sustatikoÔ
i pou epitrèpetai na proslhfjeÐ.

cj: kìstoc miac merÐdac faghtoÔ j.

Stìqoc: Kajorismìc thc dÐaitac el�qistou kìstouc pou
sèbetai touc diatrofikoÔc periorismoÔc.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

To prìblhma thc dÐaitac - MontelopoÐhsh

xj: merÐdec faghtoÔ j pou ja agorastoÔn.

P.g.p.:

min
∑n

j=1 cjxj
upì

∑n
j=1 aijxj ≥ bi, i = 1, 2, . . . ,m∑n
j=1 aijxj ≤ di, i = 1, 2, . . . ,m

xj ≥ 0, j = 1, 2, . . . , n.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

To prìblhma thc metafor�c

m shmeÐa paragwg c, n shmeÐa katan�lwshc.

si: h prosfor� tou shmeÐou i.

dj: h z thsh tou shmeÐou j.

cij: kìstoc metafor�c miac mon�dac proðìntoc apì to i
sto j.

Stìqoc: ElaqistopoÐhsh tou sunolikoÔ kìstouc
metafor�c apì ta shmeÐa paragwg c sta shmeÐa
katan�lwshc.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

To prìblhma thc metafor�c - MontelopoÐhsh

xij: posìthta proc metafor� apì to i sto j.

P.g.p.:

min
∑m

i=1

∑n
j=1 cijxij

upì
∑m

i=1 xij ≥ dj, j = 1, 2, . . . , n∑n
j=1 xij ≤ si, i = 1, 2, . . . ,m

xij ≥ 0, i = 1, 2, . . . ,m, j = 1, 2, . . . , n.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

Programmatismìc paragwg c

EtaireÐa programmatÐzei thn paragwg  proðìntoc.
t: Arijmìc periìdwn paragwg c.
iinitial: Arqikì apìjema proðìntoc.
Sthn arq  k�je periìdou, h etaireÐa par�gei nèa
proðìnta kai amèswc met� ikanopoieÐ thn trèqousa
z thsh.
dn: Z thsh proðìntoc thn perÐodo n, n = 1, 2, . . . , t.
ifinal: Telikì apaithtì apìjema proðìntoc.
cn: Kìstoc paragwg c an� mon�da proðìntoc thn
perÐodo n, n = 1, 2, . . . , t.
hn: Kìstoc apoj keushc uperb�llontoc proðìntoc an�
mon�da proðìntoc thn perÐodo n, n = 1, 2, . . . , t.
H z thsh k�je periìdou prèpei na ikanopoieÐtai �mesa
(no backlogging).
Stìqoc: ElaqistopoÐhsh kìstouc parag./apoj keushc.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Par1 Par2 Par3 Par4 Par5

Programmatismìc paragwg c - MontelopoÐhsh

xn: posìthta paragwg c proðìntoc thn perÐodo n,
n = 1, 2, . . . , t.

yn: apìjema proðìntoc thn perÐodo n, n = 1, 2, . . . , t
(amèswc met� thn ikanopoÐhsh thc z thshc).

P.g.p.:

min
∑t

n=1(cnxn + hnyn)
upì iinitial + x1 = d1 + y1

yn−1 + xn = dn + yn, n = 2, 3, . . . , t
yt = ifinal
xn, yn ≥ 0, n = 1, 2, . . . , t.

A. M�nou - amanou@math.uoa.gr EE - Enìthta 1



Eisagwg  Maj Progr Klasik� Probl Epekt�seic Apìlutec timèc max-min/min-max

Probl mata pou an�gontai se p.g.p.

Probl mata me apìlutec timèc metablht¸n.

Probl mata max−min kai min−max:
Meg. kat� tm mata grammik¸n koÐlwn sunart sewn,
Elaq. kat� tm mata grammik¸n kurt¸n sunart sewn.

A. M�nou - amanou@math.uoa.gr EE - Enìthta 1



Eisagwg  Maj Progr Klasik� Probl Epekt�seic Apìlutec timèc max-min/min-max

Antikeimenik  sun�rthsh me apìlutec timèc

Prìblhma elaqistopoÐhshc.

Sthn antikeimenik  sun�rthsh up�rqei ìroc cj|xj| me
cj > 0 kai xj ∈ R.
Jètoume:
xj = x+j − x−j ,
|xj| = x+j + x−j ,
x+j ≥ 0, x−j ≥ 0.

Sth bèltisth lÔsh ja eÐnai sÐgoura x+j x
−
j = 0

(lìgw elaqistopoÐhshc thc antikeimenik c kai cj > 0).
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Apìlutec timèc max-min/min-max

Par�deigma

To prìblhma mh-grammikoÔ programmatismoÔ

min 2|x|+ |y|
upì 3x+ 4y ≥ 12

5x+ 2y ≥ 10

gr�fetai isodÔnama (x = x+ − x−, y = y+ − y−)

min 2x+ + 2x− + y+ + y−

upì 3x+ − 3x− + 4y+ − 4y− ≥ 12
5x+ − 5x− + 2y+ − 2y− ≥ 10
x+, x−, y+, y− ≥ 0.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Apìlutec timèc max-min/min-max

Probl mata max−min kai min−max

Kat� tm mata grammik  kurt  sun�rthsh
= Mègisto grammik¸n sunart sewn
P.q. max(c1x+ d1, c2x+ d2, c3x+ d3).

 

(a) Kat� tm mata grammik  kurt  sun�rthsh.
(b) Prosèggish kurt c sun�rthshc apì kat� tm mata
grammik .

A. M�nou - amanou@math.uoa.gr EE - Enìthta 1



Eisagwg  Maj Progr Klasik� Probl Epekt�seic Apìlutec timèc max-min/min-max

Probl mata max−min kai min−max

Prìblhma elaqistopoÐhshc.

H antikeimenik  sun�rthsh eÐnai kat� tm mata grammik 
kurt  sun�rthsh.

Thn ekfr�zoume wc maxi=1,2,...,m(c
T
i x+ di).

Thn antikajistoÔme me mia nèa metablht  z.

Prosjètoume touc periorismoÔc z ≥ cTi x+ di,
i = 1, 2, . . . ,m.

Sth bèltisth lÔsh ja eÐnai z = cTi x+ di gia k�poio
i = 1, 2, . . . ,m
(lìgw elaqistopoÐhshc thc antikeimenik c).

Opìte pr�gmati ja eÐnai z = maxi=1,2,...,m(c
T
i x+ di) sth

bèltisth lÔsh.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Apìlutec timèc max-min/min-max

Par�deigma

To prìblhma mh-grammikoÔ programmatismoÔ

min maxi=1,2,...,m(c
T
i x+ di)

upì Ax ≥ b

gr�fetai isodÔnama (z = maxi=1,2,...,m(c
T
i x+ di))

min z
upì z ≥ cTi x+ di, i = 1, 2, . . . ,m

Ax ≥ b.
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Eisagwg  Maj Progr Klasik� Probl Epekt�seic Apìlutec timèc max-min/min-max

Probl mata max−min kai min−max

An èqoume elaqistopoÐhsh kurt c sun�rthshc,
mporoÔme na thn proseggÐsoume apì kat� tm mata
grammik  kurt  sun�rthsh kai na an�goume se
proseggistikì p.g.p.

An èqoume megistopoÐhsh kat� tm mata grammik c
koÐlhc sun�rthshc, h mèjodoc prosarmìzetai kai
an�goume se p.g.p.

Periorismìc f(x) ≤ b me f(x) = maxi=1,2,...,m(c
T
i x+ di)

mporeÐ na antikatastajeÐ apì touc grammikoÔc
periorismoÔc cTi x+ di ≤ b, i = 1, 2, . . . ,m.

|x| = max(x,−x). Epomènwc h mèjodoc mporeÐ na
efarmosteÐ ìtan emfanÐzontai apìlutec timèc
metablht¸n.
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