Notes:

1. Duration: 2.5 hours

2. Explain everything carefully. You will be graded on the clarity of your arguments.
Exercises:

1. (2 points) Let a convex set C C R™ and a point zp ¢ C. Show that

conv (C U{zo}) ={(1—0)x+0xo:x € C,0 €0,1]}.

Solution: Observe that
{1—=0)z+0x:2€C,0€[0,1]} C conv(CU{xo})

by the definition of the convex hull. So the interesting part of the proof is showing the inverse. To this effect, let y €
conv (C'U {zg}). It then follows
y = bozo + Zaz‘%‘ = boxo + 291' Z <n£z) ;
i=1 i=1 i=1 Zi:l 0;
where in the above the points z; € C, fori = 1,...,n, and Z?:O 0; = 1. The result easily follows by setting § = 6,
noting that then >, §; = 1 — 6, and observing that the last summation belongs to C, as it is convex.

2. (2 points)
(a") Let f : [a,b] — R convex function defined on a closed interval. Show that f is bounded above by max{ f(a), f(b)}.
(B") Generalize this property when f : A — R and A C R" and give its proof.
Solution:

(o) By Jensen’s inequality, for any « € [a, b] we have, for some 6 € [0, 1],
f(x) <0f(a) + (1= 0)f(b) < Omax{f(a), f(b)} + (1 — ) max{f(a), f(b)} = max{f(a), f(b)}

(B’) The generalization that if f is defined in closed bounded set, then there is no interior point where the function attains
a global maximum greater than the supremum of all values in the boundary. Proof is easy, by assuming the property
does not hold and considering a properly defined line segment connecting an interior point that

3. (2 points) Let the function
f(x7 y’ Z) = xyz7
defined for x, y, z > 0. Is this function convex?

Solution: The function is not convex. Indeed, consider, e.g., the points (1,1,0) and (0,1, 1) and any point on the line
segment connecting them. Jensen’s inequality will not hold for these points.

Alternative, we can study the Hessian and find negative eigenvalues for combinations of z, y, z.

Yz 0 z y
V= lzz|, Vif=1lz 0 =z
Ty y x 0

-s z y
2z —s x| =(=s)(s*—a%) —2(—28 —xy) +y(xz + sy) = —s> + sx? + 52% + xyz + xyz + sy>.
y x =5

4. (2 points) Consider the problem

minimize: TYZ
subjectto: x4+ y? + 24 <1, r+y+z=1,

defined for z, y, 2 € R3.



(a”) Bring the problem in the standard form of an optimization problem.
(B") Is the problem convex? Explain?

(y") Write the Lagrangian.

(0") Write the KKT conditions for this problem, but do NOT solve them.

Solution: The KKT conditions are:

T+ y2 + 24 < 1,
r+y+z = =1,
A >0,
Mz +y>+2t—1) = 0,
Yz 1 1
zz| +A |2y | +p 1| = 0.
Ty 423 1
. (2 points) Consider the problem
minimize: sl — 0|12 + ¢,
subjectto: t>alxz+c¢;, i=1,...,m,

where we optimize with respect to both z € R™ and ¢ € R, whereas b, a; € R™ and ¢; € R are parameters. Define the dual
problem (but do not solve it).

Solution: The Lagrangian is
_ 1 2 - T _ 1 2 S T S %
L(z,t,A) = gle = b* + ¢+ ;)\i(ai vt —t) = gllz — 0 + ;/\iai T+ 1—;>\i t+ ;)\c

Observe that if y/" | \; # 1, then the Lagrangian can be made arbitrarily small, by taking the value of ¢ — £-co. Assuming
> A = 1, to minimize the Lagrangian we need to find 2 we need to minimize the quantity

%(m —0)TI(x—b) + AT ATz,

where we defined the matrix A = [a; as ... a,,] of size n X m. The quadratic form is minimized when
r—b=—-ANsx=b— A\
Substituting in the Lagrangian, we find that, in this case,
g(\) = %ATATAA —“ATATAN + AT ATH + Ae = —%)\TATAA + MT(ATh + ¢),
and concluding, the dual function is

) —00, Z:’il A £ 1,
) = m

—IATATAN+ MT(ATb+¢), Y7 N =1,
and the dual problem becomes

maximize: —iATATAN + AT (ATb+ ),
subject to: Ai>0, Y oA =1.



