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1. (3 mon�dec) Jewr ste to grammikì prìgramma:

max 2x1 + x2

ètsi ¸ste 2x1 + 3x2 ≤ 7

x1 + x2 ≥ 1

x1 − x2 ≤ 1

x1, x2 ≥ 0.

(aþ) H lÔsh x1 = 2, x2 = 1 eÐnai bèltisth?

Ja qrhsimopoi soume to krit rio bèltisthc b.e.l. gia th b.e.l. (x∗1, x
∗
2, z

∗
1 , z

∗
2 , z

∗
3) = (2, 1, 0, 2, 0)

kai gia ton skopì autì ja upologÐsoume th sumplhrwmatik  b.l. (λ∗1, λ
∗
2, λ

∗
3, ν

∗
1 , ν

∗
2) sto duðkì

prìblhma:

min 7λ1 − λ2 + λ3

ètsi ¸ste 2λ1 − λ2 + λ3 ≥ 2

3λ1 − λ2 − λ3 ≥ 1

λ1, λ2, λ3 ≥ 0 .

Oi exis¸seic pou prokÔptoun apì touc periorismoÔc (eis�gontac tic metablhtèc qalarìthtac
ν1, ν2) eÐnai: {

2λ∗1 − λ∗2 + λ∗3 = 2 + ν∗1
3λ∗1 − λ∗2 − λ∗3 = 1 + ν∗2

Apì tic sunj kec sumplhrwmatik c qalarìthtac: x∗1 > 0⇒ ν∗1 = 0, x∗2 > 0⇒ ν∗2 = 0, z∗2 > 0⇒
λ∗2 = 0. Eis�gontac autèc tic timèc sto sÔsthma exis¸sewn parap�nw kai lÔnontac wc proc touc
upìloipouc �gnwstouc brÐskoume: (λ∗1, λ

∗
2, λ

∗
3, ν

∗
1 , ν

∗
2) = (3/5, 0, 4/5, 0, 0) h opoÐa eÐnai b.e.l. afoÔ

ìlec oi timèc eÐnai mh arnhtikèc. Sunep¸c, h lÔsh x1 = 2, x2 = 1 eÐnai bèltisth.

(bþ) Pìso ja metablhjeÐ h bèltisth tim  e�n o 3oc periorismìc all�xei se x1−x2 ≤
1.001?

Efìson h metabol  0.001 eÐnai mikr  efarmìzoume to je¸rhma thc euaisjhsÐac. SÔmfwna me
autì, h metabol  sth bèltisth tim  eÐnai 0.001λ∗3 = 0.0008.

2. (3 mon�dec) Jewr ste to grammikì prìgramma:

max x1 + 2x2 − x3
ètsi ¸ste 2x1 + x2 ≤ 3

x2 + x3 ≥ 2

x1, x2, x3 ≥ 0.



(aþ) BreÐte th bèltisth tim  kai lÔsh.

Lìgw tou ìti h mhdenik  lÔsh (x1, x2, x3) = (0, 0, 0) antistoiqeÐ sth b.l. (x1, x2, x3, z1, z2) =
(0, 0, 0, 3,−2) h opoÐa den eÐnai b.e.l., ja qrhsimopoi soume simplex2 f�sewn.

To prìblhma sthn 1h f�sh eÐnai

min w

2x1 + x2 ≤ 3

− x2 − x3 − w ≤ −2
x1, x2, x3, w ≥ 0 ,

kai arqik  b.e.l. h (x1, x2, x3, z1, z2, w) = (0, 0, 0, 3, 0, 2).

x1 x2 x3 z1 z2 w STAJ.
0 0 0 0 0 -1 0
1 2 -1 0 0 0 0
2 1 0 1 0 0 3
0 -1 -1 0 1 -1 -2
0 1 1 0 -1 -1 2
1 2 -1 0 0 0 0

z1 2 1 0 1 0 0 3
w 0 1 1 0 -1 1 2

0 0 0 0 0 -1 0
1 3 0 0 -1 1 2

z1 2 1 0 1 0 0 3
x3 0 1 1 0 -1 1 2

1 0 -3 0 2 -4
z1 2 0 -1 1 1 1
x2 0 1 1 0 -1 2

-3 0 -1 -2 0 -6
z2 2 0 -1 1 1 1
x2 2 1 0 1 0 3

H bèltisth tim  eÐnai −(−6) = 6 kai h bèltisth lÔsh eÐnai h (x1, x2, x3, z1, z2) = (0, 3, 0, 0, 1).

(bþ) Pìso ja metablhjeÐ h bèltisth tim  e�n o 1oc periorismìc gÐnei 2x1+x2 ≤ 2.999?

Efìson h metabol  −0.001 eÐnai mikr  efarmìzoume to je¸rhma thc euaisjhsÐac. SÔmfwna me au-
tì, h metabol  sth bèltisth tim  eÐnai −0.001λ1 = −0.002, ìpou (λ1, λ2, ν1, ν2, ν3) = (2, 0, 3, 0, 1)
h sumplhrwmatik  b.l. sto duðkì prìblhma, thc bèltisthc b.e.l. (x1, x2, x3, z1, z2) = (0, 3, 0, 0, 1).
(De qrei�sthke na thn upologÐsoume miac kai emfanÐzetai sthn gramm  thc antikeimenik c exÐsw-
shc ston teleutaÐo pÐnaka tou simplex.

(gþ) BreÐte th nèa bèltisth lÔsh met� thn allag  tou prohgoÔmenou erwt matoc.

UpologÐzoume th sumplhrwmatik  b.l. (x1, x2, x3, z1, z2) thc bèltisthc b.e.l. (λ1, λ2, ν1, ν2, ν3) =
(2, 0, 3, 0, 1) tou duðkoÔ probl matoc, lÔnontac tic{

2x1 + x2 + z1 = 2.999

−x2 − x3 + z2 = −2 ,



mazÐ me tic sunj kec sumplhrwmatik c qalarìthtac (oi opoÐec dÐnoun z1 = x1 = x3 = 0), èqoume
(x1, x2, x3, z1, z2) = (0, 2.999, 0, 0, 0.999). Parathr ste ìti ìlec oi sunist¸sec eÐnai mh arnhti-
kèc, �ra eÐnai b.e.l. Apì to krit rio bèltisthc b.e.l. sumperaÐnoume ìti h (x1, x2, x3, z1, z2) =
(0, 2.999, 0, 0, 0.999) eÐnai bèltisth gia to duðkì tou duðkoÔ, �ra kai gia to arqikì prìblhma.

3. (4 mon�dec) DÔo kèntra kat�taxhc analamb�noun thn ekpaÐdeush neosÔllektwn
oi opoÐoi proorÐzontai na steleq¸soun treÐc stratiwtikèc mon�dec. Sto 1o kai
2o kèntro ekpaideÔontai 200 kai 300 neosÔllektoi antÐstoiqa, oi opoÐoi met� to
tèloc thc basik c ekpaÐdeushc metajètontai sthn 1h, 2h kai 3h mon�da, ìpou
oi antÐstoiqec apait seic se proswpikì eÐnai 100, 250 kai 150 strati¸tec. To
kìstoc gia th met�jesh k�je strati¸th exart�tai apì to kèntro ekpaÐdeus c
tou kai th mon�da sthn opoÐa metatÐjetai kai dÐdetai apì ton pÐnaka:

Mon�da 1 Mon�da 2 Mon�da 3
Kèntro 1 1 2 2
Kèntro 2 1 3 3

(aþ) BreÐte pìsoi strati¸tec prèpei na metakinhjoÔn apì k�je kèntro proc k�je
mon�da ètsi ¸ste na epifèretai to el�qisto dunatì sunolikì kìstoc metajè-
sewn.

ArqikopoÐhsh. QrhsimopoioÔme ton kanìna thc boreiodutik c gwnÐac gia to arqikì dèntro:

Mon�da 1 Mon�da 2 Mon�da 3
Kèntro 1 100 100 200
Kèntro 2 150 150 300

100 250 150

B ma 1: Gia k�je mhdenik  metablht  xij prèpei na ikanopoieÐtai µj−λi = cij, opìte lamb�noume
µ1 − λ1 = 1

µ2 − λ1 = 2

µ2 − λ2 = 3

µ3 − λ2 = 3

Jètontac λ1 = 0 brÐskoume µ1 = 1, µ2 = 2, λ2 = −1, µ3 = 2. T¸ra gia tic mhdenikèc metablhtèc
xij elègqoume e�n −νij = µj − λi − cij ≤ 0. Gia i = 2, j = 1: µ1 − λ2 > c21 = 1, �ra ja prèpei
na metab�loume th b.e.l. kat� ε > 0 wc ex c:

Mon�da 1 Mon�da 2 Mon�da 3
Kèntro 1 100− ε 100 + ε 200
Kèntro 2 +ε 150− ε 150 300

100 250 150

ìpou gia ε = 100 èqoume:

Mon�da 1 Mon�da 2 Mon�da 3
Kèntro 1 200 200
Kèntro 2 100 50 150 300

100 250 150

B ma 2. Oi exis¸seic t¸ra eÐnai: µ2 − λ1 = 2, µ1 − λ2 = 1, µ2 − λ2 = 3, µ3 − λ2 = 3 ìpou gia
λ2 = 0 lamb�noume µ1 = 1, µ2 = 3, µ3 = 3, λ1 = 1. Efìson µ1 − λ1 = 0 ≤ 1 kai µ3 − λ1 = 2 ≤ 2
sumperaÐnoume ìti briskìmaste sth bèltisth lÔsh, dhlad  aut  sthn opoÐa ìloi oi strati¸tec
tou kèntrou 1 prèpei na metatejoÔn sth 2h mon�da, en¸ to 2o kèntro prèpei na metajèsei 100,
50 kai 150 strati¸tec stic mon�dec 1, 2 kai 3 antÐstoiqa.



(bþ) E�n to kìstoc met�jeshc apì to 1o kèntro proc thn 3h mon�da all�xei apì
2 se 1, to pl�no pou br kate sto prohgoÔmeno er¸thma exakoloujeÐ na eÐnai
bèltisto? An ìqi, breÐte to bèltisto pl�no metajèsewn.

Ja elègxoume e�n h bèltisth lÔsh pou br kame sto prohgoÔmeno er¸thma exakoloujeÐ na eÐnai
bèltisth. Ta µj, λi pou br kame sto prohgoÔmeno er¸thma exakoloujoÔn na isqÔoun kai ed¸ miac
kai den exart¸ntai apì ta cij. K�je νij exart�tai apì to antÐstoiqo cij kai efìson mìno to c13
all�zei, arkeÐ na elègxoume to prìshmo tou ν13: èqoume µ3 − λ1 = 2 > 1, �ra ν13 < 0. Sunep¸c
ja prèpei na to 1o kèntro na arqÐsei na stèlnei strati¸tec sthn 3h mon�da. Pio sugkekrimèna,

Mon�da 1 Mon�da 2 Mon�da 3
Kèntro 1 200− ε +ε 200
Kèntro 2 100 50 + ε 150− ε 300

100 250 150

ìpou gia ε = 150 èqoume:

Mon�da 1 Mon�da 2 Mon�da 3
Kèntro 1 50 150 200
Kèntro 2 100 200 300

100 250 150

Oi exis¸seic ed¸ eÐnai: µ2 − λ1 = 2, µ3 − λ1 = 1, µ1 − λ2 = 1, µ2 − λ2 = 3. Jètontac λ1 = 0
brÐskoume µ2 = 2, µ3 = 1, λ2 = −1, µ1 = 0 kai µ1 − λ1 = 0 − 0 ≤ 1, µ3 − λ2 = 1 − (−1) ≤ 3.
'Ara br kame th nèa bèltisth lÔsh: To kèntro 1 prèpei na metajèsei 50 sth 2h mon�da kai 150
sthn 3h, en¸ to 2o kèntro prèpei na metajèsei 100 kai 200 sthn 1h kai 2h mon�da antÐstoiqa.
Parathr ste ìti h 3h mon�da t¸ra trofodoteÐtai apokleistik� apì to 1o kèntro.


