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IIEPIEXOMENA



KegpdAowo 1
EIXAT'QI'H

H Ocwpla Hpocéyyione elvan xhddog e emothung tne Modnuoatixric Avdhuong av
0o0uEe LTO To Tplopa TNg Yewplog Tou yeeldleTar yior TNV ENTELEY TNG EMVVUNTAC TEOCEY-
yiong. Oewpelton dunmg xou xAddog g Aprdunuixric Avdhuong av tn dolue und To meloua
Tou TeEAX0U TpotdvTog Tou etvor war Aprduntiny] uédodog xou TEAMXS €vac ahydprduog yia
Vv edpeon tne mpoaéyyilong. ‘Onwg Yo dodue oTn cuvéyetla tar pardnuotind epyoheio Tng
Ocewploc ITpocéyyione mpoépyovton amd tov Aneipootind Aoyioud, tn Iooppxr AhyeBea,
v Tomohoylo xou 0 Xuvaptnoloxr, Avduon,.

To yevixdtepo mpdPBinua e Ocwplog Ipocéyyione ouvicoTtatow otnv edpeor Adorg
G TO TOROXATL TEOBANUL:

Ie6BApa 1 Eotw V évag otaluntds ypapupnkds xwpos €podiaouévog pe tn vépua
| - || ket W évag vroydpog tov V. Aodévrog v € V', Na Bpedei w* € W tétoio dote

|lv —w*|| < v —w| Yw e W. (1.1)
Oa Aéjie tote 6T W™ €elvar ) PédtioTn mpooéyyon tov v otov W.

Me diho Aoyia Béhovue va Beolue To Thnoléatepo ctolyelo 6To v Tmou avixel atov W.
Autd To xdvouye emeldY| €youpe TEPIoOTERA LoIMUATING ERYOAEll Yiol VO UEAETHOOUUE
éva TEOBANU aTov utoyweo W and exciva mou €youpe cto yweo V.

O acyoAniolue €8 ®LEIWE UE TNV TEOCEYYLOY CUVIRTHCEWY GTOV UTOYWEO P, Twv
TOALOYVOULY 1 Pordpol. 2g ydeo avagopds V' da €youue xuplwe To YWeo TwV CUVEYHOY
OUVOPTACEWY 0TO XAeloTd ddotnua [a, b] mou VYa to cupPorilouue pe Cla, b] 1 0 YWpo
TWY CUVIPTHCEWY Tou opllovtal Ge éva GUVONO BLoxptttdv onuelwy {1, Ta, - - - Ty, } TOU
Yo o cuyPorilouye ye X,,.

270 eloaywyxd oauTd XEPAAoLO VoL SWCOVUE XATOLL TEWTA G TOLYELX Y1al TG VOPUES TTOU
Yol YPNOUWOTOLAGOUKE o GTT) CUVEYELXL Wiat YEVIXT| Vewplor UToRENS %ol LOVOCHUOVTOU TNG
BEATIO TN TRPOCEYYLOTC.
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1.1 Noppec

O yevxdg oplopds e voppag etvor o axorovdog: ‘Eotw V évag ypauuinde yopoc. Nop-
ua oto V' da elvon o cuvdptnon and to V' otoug un apvntixolc mporylatixols aptduoic
R (|| - ]| : V — IR™) mou mhnpol tic mopondte teeic dtntec:

(7) ||v]] = 0 xou ||v]] =0 av xou pévo v (avv) v = 0.
(i7)  ||IAv|| = [A|]|v]| v xdde otadepd A € IR (A A € @).
(i13) v+ ull < o] + [Jul] (teryeovind Widtnta).

Mo vopua opilel wo andotaon oto V' tov onolo xahotd otoduntd Yeouixd yoHeo.
Av v xou u elvon oroyela Tov V', tote ||[v — uf| ebvor N andoToon PeTOD AUTMV TKV
otouyeiwy.

O xuptdtepeg vopueg mou yenoyonotoLvton elvar oL vopueg 1, 2 xan 0o 1 Iy, Iy xou
loo avtiotoia. Av we ywpo V' éyoupe 10 xtpo cuveytv ouvopthoewy Cla,b] tdte o
avtiotolyec vopuec opilovtar we:

b
e el = [ le(@)lde

b o], = </ab|v(x)|2d:p>2.

oot el = mass fo(o)]

Avutéc anoterolyv ewdixéc Tepntwoelc e 1, vopuag mou oplletan we:

1
b P
i ol = ([ opar) o2

Ac onuewwdel 6T o p pmopel va elvar Yetinde mporypatxde (> 1) xow byl amapodtnTo
oaxéponoc. Amodewxvietar Oe, oyeTxd edxola, 6t limy, o ||0||, = [|V]|co-

Avtictowya, av wg yweo V éyouye to ywpo X, 1wV cUVIPTACEWY OE BLoxELtd GUVOLo,
outéc ebvan Yvwotég and ) Leopunr AlyeBea we Stovuouatixés vopues xou opllovton we
e&ne:

m
e vl = vl
i=1

n N\

s ol = (S h)
=1

oo+ [Ivlloe = (1D Uil

Avtéc amoterolv elduxée tepintioels e [, vopuog mou opileton we:

1
n D
L uvnpz(zw) R
=1
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Anodewxvietar xan €86, oyetixd gixoha, 6t lim, o [|v]|, = ||v]|oc-

Efvor edxoho vo amodetytel 1 1oy 0g TV TELOV WLOTHATWY YLt TI VORUES [ X o EVE
yiao v Iy 1 yewxdtepa yio Ty [, elvon 80oxoho var amodetyTel 1) TELY WX WBLOTNTAL
Alvouge €80, ywplc amddelln tic oviodtnteg, YVwotée we aviootntee Minkowski, mou
ATOBECVUOLY TNV WBOLOTNTA AUTH.

(sl mors) ([ ors)

Ao GANEC YPNOWES AVIGOTNTES TIOU OVAPEROVTOL GTNY [, Vopud Elval OL AVIGOTNTES
Holder:

1 1
b a 1 1

/'” |d“’<</ (= |de> (/ |u(x)|qu> , p>1, —+-=1
a P q

n

1 1
Z viug] < <Z |U1|p> (Z Uz‘q> , p>1, 217—0— 61] =1.
=1 ;

=1

noun

pdel

Ewwéc nepintwoeic aut@y v p = ¢ = 2 elvon ol yvwoTeg wg avicotntee Cauchy-

o /|v |dx<</ab| |d:v> </ fu(x |d:1:>

Enmm\s(znwﬁ)~(§]mﬁ)
=1 =1 =1

noun

Alvoupe €8¢ Pror amodeLEr yior TNV TN Twv avicothtwy Cauchy-Schwarz, n dedtepn
amodexviEToL YE TOV (B0 axplBe TpoTo.
Anddelln: Oewpolye 0 oAoxApwud

[ Qute) + Olute e = [ o@)Pda+26 [ ployutolde +6° [ Juto)

6mou 0 eivon wa mpaypatix mapdueteog.  Ilpogavde 1o ohoxhfpwua autd maipvel un
aEVNTIXES TWES apol elvan ohoxArpwpa un apvruxhc ouvdptnone. Ilopatneolue enlong
6Tl To BelTEPO PEAOG TNC TAEAMAVEL LoOTNTHG €lvol TELOVUUO ¢ Teog . Aol elvau
TELWVUMO TIOU ToPVEL U1 apVTXeg TWES, Vo €xel dlaxplvouoa un Yetr. Oa €youue

—4(/ o(z |dx> —4/ (o) |2da: - / lu(z)|?dz < 0,

4 7 4 4 4
ané v omolo tpoxinTeEL €dxoha 1 aviootntor Cauchy-Schwarz.

EMOUEVKC
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1.2 "YTropn xouw Lovooruavto g BEATIOTNG po-
CEYYLONG

O dWOOLUE €0 PeEPIXE YEVIXA Fewprjuota OToeéne xan HOVadXOTNTIC NG BEATIOTNG
TEOGEYYLONG, EEXVOVTOS amd To Vedpnuo Urapinc.

Ochpnua 1 (Yrapén Bérniotns mpooéyyiong) Av V' elvar évag otaluntés ypauu-
KOS Xpos €podiaouévog pe tn vépua || - || ke W évag vroydpog tov V' nenepaouévng
didotaong, tote do¥évtog v € V, Jw* € W térow dote

lo = w*|| < jo—wl|
yia 0ka ta w € W.

Anddeln: Emedr 0 € W, av autd Atav 1 BEAToTn Tpocéyyion, 1 eAdytoTn vopua
Yo Arav ||[v — 0] = ||v]| = M. Av w eivon tétowo dote [[v — w|| > ||v||, 8¢ Yo propovice
va elvon BEATIoTn mpocéyyior eneldy) To 0 Yo €dve xolUtepn mpooéyylon. Emouévwe
Béhtiotn mpocéyyion Va meénel var Ty avalNTOUUE GTO GUVOAO TWV W YLol To onola

[o = wl| < [lvf] = M.

Tote
ol = —wl| = |lv—w—2v|| <|lv—w|]+|v]| <2M.

‘Eotw 1L o W elvon évag k—0L1d0Tatog Ymeog xou OTL Wy, Wa, - - - Wy, €lvan puot Bdom autou.
Tote 10 otoyelo w € W ypdpeton ¢ w = Aw; + Aawy + - -+ + Agwy. OplCoupe
CLVEETNON

f()\l, )\2, LN )\k) = H’U — U)H = H’U — ()\1?1)1 + )\2“}2 + -+ )\kwk)H

xou Yo omodelZouye GtL auth makpvel eNdyotn TN 6tay To onuelo (A1, Az, - - -, Ag) xuvelton
0TOV k—0OldOTUTO YWEO, UE TOV TEPLOPLOUO

[w]| = [|Awr + Agwg + - -+ + Agwy || < 2M. (1.2)
Efvow qavepd 6t 1) ouvdptnon
g<>\17 >‘27 T )‘k) = ||wl| = ||)\1U}1 + Aowy + -+ F AkwkH

elvan ouveTic ¢ Rog (A1, Ag, - -+, Ag) xou emopéve Yo malpvel ENEYLOTN T 6T0 GUY-
Toyéc oVoho
Ml + ol + -+ Nl = 1, (1.3)

€0Te M T To EAGYLoTO. Oa éyoupe m > 0 yiotl oe avtidetn nepintwon o Yo ThnpolTon
o neptoplopde (1.3).
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Enoteégouye Eavd 611 yevixn tepintwon 6mou oy lel o teploplopds (1.2) xou unodétouye
xawopy v 6Tt S8 | \i| # 0. Téte

TR
LN SR N T I

1 loodUvaya, av AdBouue unddn Ty WOt (ii) TV VopudY,

>2m>0

k
g(>\17>\27 o 7)\]6) Z mz |)\’L’
i=1

Mopotnpolpe 6Tt auth toylel xor yioo Sor | Ni| = 0, emopévec Yo toylel yio 6ha ol
()\17 )\27 T >\k:) S Bk
H ropandve oyéon pali pe v (1.2) divouv

k
2M Z g()\lv)\Qv te ’)‘k) Z mz |)\l|
=1

an6 v onolo TEoXVTTEL OTL

Avutr ye ) oepd e divel

2M
| < —, i=1,2,--- k.
m

H teheutaio opllet €vay utepxdfBo mou eivon cuunoyéc ohvoho xou xatd GUVETEL 1) [ oL
elvon cuveyhc, Tolpvel EAGYLOTN TWY 0TO GUYOAO auTd, Tou avtictoel oty BéAToTn
TPOCEYYLOT. ®

Alvoupe 611 ouvEyEeL xdmoLoL ToEadElY T

IMopdderypa 1 Eotw V = Cla,b], o yeouuuxds xhpoc OAmY TV GUVEXDY GUVIPTH-

oE®V 070 ddoTnua [a, b] e vépua Ty opolduopen ¥ Chebyshev vépua:
[flloe = max |f(z)].

a<z<b
‘Ectw enlong W o unoydpog n + 1 didotaong P, OAwV 10V TOAWYOUWY TO TOAD n
Boduol oplopévwv oto ddotnua [a,b]. And to Oehpnuo 1 mpoxinter bt UNdEYEL M
BérTiotn mpocEyyion pt € P, téTol WoTE

If =P lleo = max | f(z) = p"(x)| < [[f = pllo = max |f(z) —p(z)| Vpe Py

a<z<b alz<b
1) AAALOG
min max |f(z) —p(x)| = max |f(z) —p*()]

peEP, a<lx<b a<z<b

And v tekevtala oyéon 1 mpocéyyior oty éAafe xou To dvouo min-max TEOGEYYLOM.
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IMapdderypa 2 Eotw 10 6OVORO TV BLaXELTGY GNUEY {T1, 29, T} Ue ) < Iy <

s < Ty vt Vo= By, 0 Ypoxde x0pog GAwv twv ouvopthoewny f = (fi, fo, -+, fm)
oplopévwy oto onueio autd. H ogoldpopen vépua ctov E,, oplleton wg

[flloe = _max |fi].

i=1,2,-m

‘Eotw enlong W o vnoyopog n + 1 didotaong P, OAwv 160V TOAGYOUWY TO TOAD n
Borduol oplopévwy ota onuelo autd. Ao to Oewpnua 1 tpoxintel 6TL undpyEL 1 BEATIOT
npocEyylon p* € P, tétola woTe

If =P llee = _max | fi = p™(xi)] < ||f = plle = max [f; —p(xi)] Vpe Py

i=1,2,,m i=1,2,,m
1) AAALOG
3 P J— * .
min max |f; —p(ei)| = max |fi—p" (i)l

Av ota Suo mapandve TapadelypaTor avTl TG OPOLOUOPYNC VOPUAS OploOUUE TNV o
VOpUA €YOUUE TNV TEOCEYYLON EAAYLOTWY TeETpayWVKY. ELocgolileton xou €8¢ 1 Unapén
e BértioTng mpooéyylong and to Oedenua 1. Ernione egaocpoiileton 1 Onopdn tne
BEATIOTNG TROGEYYIONG YOl O TG TEQLTTAOELS OOV WG VOPU ABOUUE OTOLONTOTE VOpUA,
apxel o unoywpeog W va elvan menepaouevng OLdoTAOTC.

IMopdderypa 3 'Eotw V = Ca |0, 27], 0 yeouuxde xhpog GAmY TV GUVEY KDY TEPLODL-

%GV ouvapTAcEWY, PE Tepiodo 2m oto didotnua [0, 27| pe voppo TV la (H TV euxheidela

VopuaL): )
7= ([ 17@)Par)”

‘Eotww enlong W o unoywpog OAwY TV TELYOVOUETEIXOY TOAUGYOUWY Sk, TO TOAD k

Pordiuod tne wopgric
k k

ap + > a;cos(iz) + »  F;sin(iz).

i=1 i=1
Anodewvietor gdxoha 6Tl oL Teplodixéc cuvopthoels cos(ix), sin(iz), i = 1,2,---,k
oo xou 1 otadepd cuvdptnom 1, elvon ypouuxd aveZdptnTtes PETAg) TOV X0t ATOTEAOVY
wat Bdom yioe tov Si. Autd omuodver 6tL o Sy, elvon didoTaong 2k + 1 xou emouévng and To
Oepenua 1 mpoxdnTel 6T LUTdEYEL 1) BEATIOTN TPOCEYYLON ¥ € S TéTol O TE

If = s"ll2 < |If —slla Vs € Sk

To enduevo nopddelypa delyvel 6TL 1 anaitnon o uroyweoc W va elvon menspaouévng
OLdoTaomg, elval LUTOYEEWTIXY.

Mopdderypa 4 Eotw V = C0, 5], epodoouévoc pe v opoiduopyn vépue. Eotw
eniong W o unoyweog AWV TwV TOALKVIUWY oToloLdToTe Baduol oplouévwy oTo did-

1
)2

omua [0, 5] (O W elvon dmepne didotoone yiatl Sev umdpyet dve @edypo oto Badud).



1.2. TITAP=H KAI MONOXHMANTO 11

Oo. omodelZoupe 6T N ouvdptnon f(z) = - dev éyel Béhtio mpocéyyion oo [0, 5].

I'veptlovpe 6Tt yio SoUéy € > 0, umdpyel axéponoc N TéTol0¢ WOTE
flz)— (l+z+2”+ - +2V)<e 0<z<

'Etot, av utrpye Bértiotn mpocéyyion p* € W da loyue

1
1—=x

If =P lle =0 p" =
Tou Bev avixel otov W ool dev efvor TOALWYLUO, ETOUEVKC OEV LTLdEYEL BEATIOTN TtRO-

cEYYLON.

To mapoamdve Yedenuo pag divel tic cuvinxec Umapéne BéATiotne tpocéyyiong. Ilow
TeoPolue ot SlTiNTWoTN Xt Am6dEn TV cLYINXWY HovadLxoTnTag Vo dMooLUE €val
YOEUXTNEIOUO TOU GUVOAROL TwV BEATIOTWY TpooeYYloewy, agpol mpta Yuundolue Tov
0pLOUO TOU XUETOU GUVOAOL.

Opiopdg 1 Eva odvolo S Aéyetar kupté o€ éva ypappukd xcwpo av ya si,sy € S
ouvendyetal 0t
)\181 + )\282 € S

e A >0, Ao >0 kar Ay + Ay = 1.

Ocwpnua 2 Avv € V kat W elvar évag vroyapos tov V, tote to ovvodo W* dAwr
Ty Péltiotwy mpooeyyioewy tov v otov W elvar kuptd ovvolo.

Anéden: Av to W* ebvan to xevéd olvoho toTe elvon omd pévo tou xuetéd. ‘Eotw wi
xan w; ebvon duo BéATIoTEG TpooeyYioeg Tou v otov W, tote

lv —will = [lv —wy|| = p.
Oewpolpe Ay >0, Ag >0, Ay + Ay = 1. Torte
lo—(uwr+Aws)[| = [ (v—wi)+Ae(v—wp)[| < Mffv—wi|[+Aellv—ws || = (Mi+A2)p = p.
Emoyévewe Ajw] + Aws; € W* xau €tor to W™ elvon xuptd olvoro. e

Opiopoéc 2 Evag otaluntds ypaupukds xapos V Aéue ot éxer avotnpd kuptr) vdpua,

dtav to ovvodo B = {v : ||v|| < 1} (povadiaie prda) efvar avotnpd kuptd.

Treviupilouye OTL yior Vo lvol aUoTNEE XUETO €val GUVOAO amauTe(Ton 1) Loy U TNG
npdTaonc: Av vy # v Ye ||v1]| = |lv2|| = 1, téte ||A1v1+ Aava|] < 1, 6tav Ap >0, A2 >0
nou )\1 + /\2 =1.
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Ocwpnua 3 Av V evar évag ypaupukos xwpos pe pa avotnpd kyptn vépua kar W
etvar évag vmoyapos tov V', tdte to otoyeio v € V' éyer to moAY uia Pédtiotn mpooéyyion
otov W.

Anddeln: Trodétoupe 6Tt wi xou wi elvon duo dapopeTnés BEATIOTEC TpooeYYoELC
7 ’, 3 7 w{-‘rw; /. / 2
Tou v otov W. And 1o Oewpnua 1 Yo €xoupe 6t xou —5—=2 Yo ebvan enlong BéATio
Tpocgyyior tou v otov W. Trodétoupe 6Tt

lo —will = |lv—wsll = p

xouw VETouUE YE v = v_pwf # g, |Jv1]] = [Jv2]] = 1 xou

EMEWDY| 1) VOpUA Elvon auoTNEd XLETH,

1 wi .
:Hv_ﬁ“b
p 2

v + vg

2p 2p

b 1
2

, wi +w3
o — i

O ouvduaoudg Tou Oswpehuatog 1 ye To Oewpnua 3 Blvel WG ATOTEAEOUA TO TUEUXETE

< p 7o omolo elvat dtoTo. e

TIOPIOUAL.

IIopiopa 1 AvV elvar évag ypapjixos xadpos pe pia avotned kuptn vopua ka1 W elva
évag vrmoywpos tov V' memepaouérng didotaons, tote kdle otoelo v € V' éxer akpiPas
Hia pérniotn mpooéyyon otov W.

Arnodewcvietan 6Tt o [, vopueg, yioe p > 1, elvon Oheg auotned xUpTEC VopUES OTaY
V = Cla,b] % ot draxpith) nepintwon émov V = E,,,. Enopévig yior dhec autée tic vop-
ueg e€acpaileton 1 LOvadXOTNTA TNE BEATIOTNG TOAUWVUIXTC TeooéyYlong. Ewbwdtepa
yioe Ty lo 1) euxeldeta vopua e€ocgaiiletar 1 LovadXoTNTA TNE BEATIOTNG TOAVWVULXNAG
npocéyylone “Elaylotwyv Tetpaydvwv’. Avtideta, yio Tic vopues Iy xou o, €xouue OTL
dev elvon auoTned xupTée vopuec. Enouévee dev eaopohileton amd o yevind autd Oew-
enua 1 wovadixdtnTa T BEATIo NG npocéyyione “Ilpwdtng Abvounc” olte 1 wovadixdTnTa
¢ Bértiotne “Opotdpopypnc” mpooéyyiong. Ilopdha autd, edn perétn xdie wog and
TIC TTOEATAVE TEPLTTWOELS, AMOBELXVOEL T1) HOVOOXOTNTA TNG BEATIOTNG TROCEYYLONG Xa
OTIC TEPNTWOELS aUTES. Autd Vo To BoUUE GTO EMOUEVO XEQPIAALO YidL TNV TEPIMTWOT TNS
opotouopgne tpocéyyione. Ae Yo amodelloupe 8¢ OTL elvor oo TNEE xVETES oL I, VOPUES
v p > 1 ohhd Yo ddooupe mopadelypato omd Tor omolo Yo podveton 6T oL Iy xou I, Oev
elval quoTNEA XUETEC VOPUEC.

Mapdderypa 5 Eotw V = C[0, 1], epodiacyévoc ye tnv [1 vopua. T tic ouvaptiioeis
vi(z) = 2 o va(z) = 2(1 — ), éyouue bt vy # vy pe ||Jv1]| = [ 2zde = |jvo =

f01 2(1 — z)dzr = 1. Av Yewplooupe Ay = Ay = % nodpvoupe 6t o] = ||ue| =

= ||1]] = 1. Auté onpaiver 6T 1 I3 voppo Bev elvon oo TnEd xUETH VopUL.
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IMapdderypa 6 Eotww V = C0, 1], epoduaopévoc ye Ty [ vopua. T tic ouvaptiioeic

vi(x) = x xau va(r) = 22 — 1, éyoupe O6TL v # vy pe ||v1|| = max,epa{z} = [jvof| =
maxgep,1){|22 — 1]} = 1. Av dewphicouge A = Ay =  madpvouye 6t [jo]| = |24 =
H%HH = maxe1) |25 | = 1. Autd onuaiver 6T 1 Lo vopua Bev elvon oo Tned xupTh
VOPUAL.

ITapddewypua 7 'Eotww V = E,, m > 1, epodiaocuévog Ye v le vopuo. Ta Tic

ouvapthoelc v; = (1,1,---,1) xou vy = (1,1 — %,1 — %,~--,%), gyoupe OTL U] # Vo
e [[ur]]| = Jloo|] = 1. Av Yewpfioovpe A = Ay = & malpvouye du |vf = |25 =
max(1,1— 3=, 1— 2 -+ L+ 5-) = 1. Autd onpaivel 67 1 Lo vopua dev elvan avctnpd,

2xVETH VopUL.

Oloxhnpddoape €66 T yevixr Yewpla UTopéne xon LovadixoTnTag TS BEATIOTNS TTEOo-
CEYYLOTC.

Aoxnoelc

1. Na anodetytel 61 n éxppaon [°|of(x)|dz, f € Cla,b] opiler wa vépua 670 YéHEO

Cla, 0]
2. Alvetar T0 6UVOAO TwV Dlaxpltdv onpelwy {1, Ta, -, Tm} xou Ey,, 0 Yoo
X0 Ohwv v ouvopthoewy f = (fi1, f2, -+, fim) oplopévewv oo onuelor ouTd.

No amodevytel ot n éxgppoon S il fil, f € B opiler wa vépua oo yopeo E,,,
eved M éxgpoon Yo (i — 1)|fil,  f € Ei Sev opiler vopua 6to xthpo Ey,.

3. No amodetytolv oL aviooTnTeg
FIZ < A1 (1 flloe xon [1flle < V2-(1fll2, V€ C[=1,1].

4. Abveton 10 6UVORO TV daxELtdyV onueiwy {1, Ta, -+, Ty} o Eyy, 0 yoauuixoe
X0 OhwV twv ouvapthoewy f = (f1, f2, -+, fi) oplopévewyv oo onuelor ouTd.
Not amodelytolv oL avicdTnTeS

LA < Wfll I llse won fll < V- [ fllze YV € En.

5. No Beedel o 50voho dhwvy TV BérTioTnv TpoceyYioewy tou onuelou (1 1 1)T €

IR? 670 yopo R?* = (z y 0)7, 2,y € IR, Yewpddvtoc we voppa ™V || - ||co-
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Kegdhaio 2
OMOIOMOP®H IIPOXEITIXH

‘Ectw 6t P, elvar t0 olvoro twv mToAuenviueny 1o oAl n Boduod. To Oeswenua 1 yog
diver 6ty dodeioa cuvdptnon f € Cla, b] undpyer Tohudvuyo pi € P, tétolo hote

\f=pull < |f —pll Vpe P,

émou || || ebvan 1 opolduopgn vopua (I 1 vopua drepo). Oa cupPorilovpe we E,(f; [a,b])
= || f — pi|| To o@dhua tne opolduopyne Bértiotne npocéyylone. ‘Otav Yo elvon cuy-
XEXPWEVO TO Bdotnua [a, b] xou 8 Yo undpyer Aéyog olyyvong, v cuvtouio Yo to
ouuBoiiCoupe xou ye E,(f).

[ var el évvola 1 ToAuwYLUXT TEOGEYYLoN Yo TEETEL, 600 awEdvel o Bodudg Tou
TOAUWVOUOU, TO0O0 v wixpodver 1o o@dhuo. Oo anodellouye €80 6t E,(f) — 0 v
n — 00, Tou efval To YVWoT6 Oewpenua TS ToAuwVLXS Tpocéyylong Tou Weierstrass.

Ocehpnpa 4 (Weierstrass) Aobévrwr [ € Cla,b] ka1 € > 0, vrndpyer moAvdvupo p
T€TO0 WOTE

If = pll <e

Anéden: Oo xoTUOUEVACOVYE EVOL TETOLO TOAUMVUYO, YPNOULOTOUIVTOS T TOAUVU-
wo Bernstein. Metaoynuatiloupe mpdta to didotnua [a, b] oto [0, 1]. O petaoynuotiondc
elvon ypapuxde xan 1 —1. ©étovtac x = (b—a)t+a éyovue f(z) = f((b—a)t+a) = g(1),
6mou 1 g(t) opileton oo [0, 1] xan elvon cuveyRc. Mropolue enopévee va anodeloupe to
Yedpnua Yl ouVoETHOELS optopéves oo [0, 1].

Aovelooc ouvdptnone h(t) geaypévne oto [0, 1] optlouue to mohuwvuuo Bernstein
m Boduol B, (h;t) we e&hc:

Bu(hit) = ]ih (Z) ( 7: ) th(1 — )k, (2.1)

Ebvou qovepd ot
i) B (h;t) € P,
ii) By, (ah;t) = aB,,(h;t)

15
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111) Bm(hl + h2; t) = Bm<h1; t) + Bm(hQ; t)
iv) Av hy(t) < ho(t) t6te Bp(hi;t) < By (ho;t)
Ané e (i) xou (iii) npoxinTel 6Tt

B (ahy + Bha;t) = aBy,(hy;t) + By (he; t)

Tou onuaivel 6Tt 0 Tehea TS By, elvon évag ypopuxde teheothc. H ot ta (iv) mpoxintel
g0xoha ooV, yia dedopévo t € [0, 1] exeivo mou ahhdler otov tomo (2.1) elvon or Topd-

yovtec hy(t) xou ha(t), hi(t) < ha(t), eved o otadepdc Tapdyoviog ( TZ th(1 —¢)m=F

elvon un apvntixdg. H wdotnta auth xahotd tov tehect B, €va VeTind TeAe0TY| apol
vyt h = hy — hy > 0 €youpe 6T
B, (h;t) > 0.

"Eyoupe vo anodeiloupe 6t yia € > 0 xaw vy h € C[0, 1], undpyel axépaog my TETOL0G
WoTE

[ = Bing (R)[| < €.

Ol UEAETHOOUYE TWPA T CUUTERLPOEA TOU TEAEGTN B, OTAY EQUQUOCTEL OTIC CUVOE-
Thoelg povévuua 1, ¢ xou 2.
T h(t) =1
- m k m—Fk m
Bmﬂj):§:<k;>tﬁ—¢) =(t+1—-t)" =1,
[ h(t) = t, éyouye
m m — 1
Baltt) = Tk ()t —sp (G0 ) ea-om
t?%1<m;1)ﬁﬂ—iW*ﬁzﬁﬁ+1—ﬂm4:t
Téhog, v h(t) = t2, éyouye
) 1 1 1
Bm@;ﬂ::Bm<tG——)w>+-Bm@J):Z%1@<t—>J>+—t
m m m m
TroloyiCoupe Topa T0 By, ( ( ) ,t)

ot 1)) - £ 1 (7 )0

kk—1(m\ _ k(k—1m! _ (m —1)!
m( ) T omZkl(m—k) m(k—2)/(m— k)

e () | (i

ohAG

o
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(- 1)) = (- D)o (" oo (- e

Telxd €youpe 6TL

1 1 1
B, (t%;t) = (1 — ) 2+ —t =1+ —t(1 —1t).
m m m
Avutéc ol tpelc ouvapThoelc ehEyyou elvon apxeTég Yo va anodellouue To {nToluevo yia
xde ouvdptnon h.
Trodétoupe 6t ||h|| = M %o 6w s,t € [0, 1], t6te npoxiinTel ebxola bTL

—2M < h(t) — h(s) < 2M. (2.2)

Amd v S Theupd, enedh) 1 b eivon opodpoppa cuveyric oto [0, 1] éyoupe 6T, Yo
x&e € > 0 undpyet () > 0 tétolo Hote

—e; < h(t) — h(s) < e, btav |t —s| < 6. (2.3)

An6 e (2.2) xou (2.3) mpoximter T toydeL N
2M
—e1 — “(t —5)* < h(t) — h(s) < e + - (t — ) (2.4)

vt 6ha T s, t € [0, 1]. Tparypamxd av [t — s| < 6 téte 1 (2.4) woyler ool tor pedryuatd
e ebvou exebva Tng (2.3) devpupéva xotd Tov bpo Z(E — s)%, evd av [t — s| > 0 téte
N (2.4) wyder apol o pedrypota Tne elvar exelva e (2.2) dievpuuéva xatd TopdyovTa

(t*S)2 7 ’
52— = 1 xouw xotd Tov 6po €.

TN CUVEYELD, YENOWOTOLOVTOG TN YROUULXOTNTA Xat TN VeTIXOTNTA Tou TeEhea T By, TOV
eqappoloupe oTic aviodTNTES (2.4) VewpdvTag T CUVAPTACELS WS TEOS T YETHBANTY ¢
eV TO S To Tadpvoupe otadepd. ‘Etol €youue

2M 2M
By, (—61 — (- 5)2;t> < By (h(t) — h(s);t) < B, (61 + (= 3>2?t>
1} LoodU VoL
2M 2M
—61 = —5 Bu((t = 9)%1) < Bu(h(t);t) = h(s) < er + =5 Bu((t = )%1).  (25)
AdNna

B, ((t —5)%t) = Bn(t%t) — 2sBy(t;t) + s°B(1;1)

1 1
= t*4+ —t(1—t)—2st +s5° = (t —s)? + —t
m

Et (1—1).
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Aopfdvovtog tipa To dplo NG TapATdvVe oYEong Yo t TEVOVTOS GTO § €Y OUNE

1 1
lim B,,((t — s)%t) = —s(1 —s) < —
lim B((t = s)%1) = —s(1—s) <

)

aol s € [0, 1]. Bewpdvrac enione ta dpla oe dha o uéhn tne (2.5) Yy ¢ teivoviog 610
S, TOUEVOUUE

< Bm(h;s) = h(s) < e +

e 26%2m — 202m

M
[Bu(his) = h(s)| < &1+ 35— (2.6)

’ 7 ’ 7 M ’
Topa av emhégouye €1 = §, 16T Yio xdde My > 53, €youpe To {Nroduevo

£
27

|Bi(h;s) —h(s)| <e, 0<s<1 (2.7)

Arnodeilope €86 to Oeddpnuo tou Weierstrass dempmvtac to toAucdvupe Bernstein.
Oo unopoloe va Yivel 1) amOdEIEY YENOLLOTOLWVTAS XATmota GAAY oxolou o TOAVWVIUWY
apxel vor TAnpolvtan xdmoteg npotmodécelc. O Korovkin édwoe po yevixdtepn anddelln
NG TOAVWVLULXC TeooEYYiong. Alvouue €8¢ To Ospenua Korovkin ywels anddeln agol
oty Baocileton oty (BLor Tey VI

Ocedpnua 5 (Korovkin) Eotw Cla,b] to odvolo twy ouvexdy ourvaptrioewy oto did-
otnua [a,b]. Ocwpolue to aivolo twv cwaptioewy T = {1,x, 2}, mov kaAeftar ovvolo
Korovkin. Eotw {®,} ma axolovdia ypaupnrxdy ka Jetikdv teleotdv oo xdpo Cla, b].
Av ya kdOe g € T, n ®,(g9) ovykdiver opoiduoppa otnr g, tére n {P,} anoteAel pua
dwdikaoia mpooéyyong, dnAadn

®,(f) ovykdiver opoiduoppa otny f Vf € Cla,b).

To Oedenua Korovkin yevixeletow xou yior cuvoptrioelc ToAwy petofBintayv. To
olvoupe €0 GTNV TO YEVIXT| TOU UOR®N.

Oevpnpa 6 (Korovkin) Eotw K éva ovunayés ovodo tov IRY ka1 éotw C(K) o xdpog
Banach twv ouvexdy owaptioewy (tpayuatikcy 1 pyadikdv) oto K, epodiaopiévos
pe tn vépua drepo. Oewpolpe to ovvolo twv owaptioewr T = {1, z;, ||z||3, i =
1,...,d}, mov kaAeftar ovvodo Korovkin. Fotw {®,} ma akodovdia ypappuxdy kai
Jetikdy tedeotdv oto ydpo C(K). Av ya kdle g € T, n ®,(g) ovyrkdiva opoiduopga
otny g, téte n {P,,} anotedel pa Sadikaoia tpooéyyions, dniadr

D, (f) ovykdiva opoiduoppa oty f Vf € C(K).
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[Topatnpolue €06 OTL dTtay To cupnayéc olvolo elvon ddotaong d, apxolv d + 2 ou-
vopThoelg 6to olvoho Korovkin 7', ex twv omolwy 1) po elvon dedtepou Boduot, mou etvou
QAP TNTY Yot VoL oG BMOEL ol avioOTnTor avtio oty tne (2.2) oty mepintwon twyv
telec TV Bernstein. Axour meénel vo tovicouye 6Tl o Oewpnua Korovkin unopel va
enextodel xou Yo TNV TEPIMTMON TPOCEYYLONG UE dAAOL €lB0UC CUVAPTACELS TEPAY TWV TO-
AUWVUILX®Y, apxel Vo eTAeYEl xatdhAnha To cUvVolo eléyyou T'. Eva tétolo mopdderypa
AmOTEAEL 1) TPOGEYYION TWV TEPLOBLXY CUVIRTHCEWY UE TELYWVOUETEIXA TOANUWVUUAL.

To mopoamdve Yewprpota dlvouv andvinern oto tpoBinue tng Unapdng TS TOAUWVU-
wxne meooéyylong. Ae whrioaue xoddAou yio T0 TG0 oY ebvar AT 1 TEOGEYYLON,
ONAXDT YLoL TO GQAUAUN ATOXOTNG XATE TNV TOAUWVUUXT] TEOGEYYIOT] UE CUYXEXPWEVO TO
Bordud tou mohuwviuou. Ae Yo emueivouye oo Féuo autd Yol yeetdleton opxetr Yew-
plo, amhwg Yo avapépoupe 6T 1) GOYXALOY) TNG TOAVWVUXTG TEOGEYYLONG ECXQTATOL oo
™0 ouvdpTnon f xou o cuyxexpléva and to eldoc e ouvéyelac e f. Oplleton €8¢
0 Métpo Yuvéyeag w(d), d > 0 woc ouvdptnone f o

w(0) = sup |f(z1) = fla2)]. (2.8)
z1,22€[a,b],|x1—x2| <
‘Oco Tayltepa cUYXAVEL 1) CUVEETNON W CTO UNdEV Tou § TelvovTog GTO UNBEV, TOCO
UXEOTERO €lval TO GQAAUO TNG TOAUWYUUXTG TROCEYYLOTC.
[t ouvdptnom f(x) = , yio ToEEdELYHaL, €YOUUE

w(d) = SUp |71 — 2| =6,
z1,22€[a,b],|z1—x2|<4

eve Yo T ouvdptnom f(z) = 22,

w(d) = sup |22 — 22| = sup |z1 + z2||x1 — 22| < 2b6.
@1,22€a,b], |21 —x2| <6 1,22€[a,b] w1 —22|<6

IIgémer va tovicoupe emlong 6tL tor moAuvupa Bernstein xadog xou tor mohuwvuyo
Tou TEOoXVNTOUV and oxolouvdice tehecTtwv Korovkin, anotehody amAde Wiar ToAUWYUUL-
27| TEOGEYYLOT XU Oyl TN BEATIOTN OUOLOUORYY) TOAUWYLUXT] TEOCEYYLoN. XT0 eEng Vo
acyohndolue pe 0 BEATIO TN OUOLOUOPYT TOANUWVLUXT TEOCEYYLoT. O amodeilouue xd-
TOLEG WOLOTNTES oL TN Y opox TNEIlouY, HOTE VoL UTOREGOVUE VoL XUTAANEOLUE Gt oy dptduo
e0pEOMG QUTYC.

2.1 XapaxInelopog Tng PEATICTNG OUOLOUORPNS
TEOCEYYLONG

‘Eotw pl n Bértotn opodpopen npocéyyion e f € Cla, b], oto xdpo P, twv mohuw-
VOpwy o Tohd 1 Baduol, T6TE 1) cLUVAETNOT PN BiveTol (WS

e(r) = f(z) = pp(@),
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ve |le(x)] = En(f;]a,b]). Xto Oedpnua nou axohovdel Yo ddrooupe par Tedtn WioTnTa
e BéATIOTNE TROGEYYLONG.

Oebpnpa 7 Trdpxour touddyoto dvo duagopetikd onueia x1, xo € [a, b] Tétow dote

le(1)] = le(w2)| = En(f;[a, b])

kai e(x1) = —e(xy).

Anédeiln: H xaundhn y = e(z) Ya Beloxeton yetold twyv evdedv y = £E,(f) o o
EQATTETAL TOUAGYLOTOV OF it a6 autéc. Xwelc BAABN g yevrdtntog unovétouye Ot
gpdmteTon povo oty y = E,(f) xou 61

arélgrglbe(:c) =m > —E,(f).

Oewpolye ¢ = w > 0. Téte yw T0 mohvwdvugo ¢, = p; —c € P, woylel 6Tl
f(x) — gn(x) = e(z) — ¢ xou emoyévec

—(En(f) —e)=m—c<e(@) —c< Ey(f) —c

Tou oNpaivel OTL
If = aull < Eu(f) —c.

4 4 7 z 4 4 4 * 4 4 4
Auté duwe elvon dromo agol unodéoaue 6T pr elvan 1 BEATIo TN TROGEY VIO,

ITépwopa 2 H Béltiotn mpooeyyionikr) otalepd (moAvdvupo undevikot faduod) eivar
* 1 :
P = 5(max f(z) + min f(z))
713
1 .
Eo(f) = 5(max f(z) — min f(z)).

2 *a<z<b a<z<b

Ol BOCOVYE TOPA EVAY OPLOHUO YLA VO UTOPEGOUUE O T CUVEYELX VAL BLATUTIWCOVUE TO
Baowxd Yewpenua mou yopoxtnellel n BEATIOT TPOGEYYION.

Opiwonode 3 Eva odvolo onueiwr xo, x4, ..., T, pea < xp < 21 < -+ < x5, < b Aéyetan
evaAaooduevo ouvolo onueiwy ya tn ovvdptnon opdAua e = f — pr, av

le(z)| = 1f(z;) —pu(z)l = If =pull, 5=0.1,... .k

Kai
fxy) = pp(x;) = = (f(zj41) — pr(j41)), J=0,1,... k-1
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Oevpnpa 8 Eotw f € Cla,b]. To modvdvupo p; elvar n Pétiotn mpooéyyion oo
didoTnua [a,b] Tng f, oto ovrodo toAvwriuwy P, av kai uévo av (avv) vrdpyer evaAdao-
oduevo oUvolo onueiwy ya tn ovvdptnon opdiua e = f — pr ., anoteAoUuevo amoé n + 2
onueta.

Anédeiln: (<) Eotww 61t undpyel eVAAACOOUEVO GUVONO ONUEIWY To, T1, . . ., Tpi1
vy e = f — p;. '‘BEotw eniong ot undpyet g, € P, t€t010 0OTE

If = anll < IIf = pall-

Tote
|f(z5) = an(@y)| < |[f =Pl = [f(z;) = pu(zj)l, 7=0,1,....n+1

X0l OO TOV 0PLOUO TOU EVOANACGOUEVOL GUVONOU TpoXUTTEL OTL: AV

f(x) = pp(xg) = [If = poll > 0 = f(x;) = pi(x;) > f(z;) = an(z;)

M
fx5) = pi(y) — (f(25) — qu(z5)) = qu(z;) — pr(7;) > 0,
EVD OV
f(x) = () = =If —pull < 0= f(z;) — pp(x5) < f(25) = qu(zy)
M

f(@g) = pn(zs) = (f(25) = an(25)) = gn(;) — Py, () < 0.

Autd onuaiver 6TL TO TOANUGVUUO @, — P} EVOANAGOEL GUVEYMOS TROCTO XodS TO j
wetoBdAeton oméd to 0 oo n+1. Anhadr vndpyet pila oe xdde dudotua (5, xj41), J =
0,1,...,n. 'Etol to mohvwvuyo ¢, — pi € P, éyer n + 1 pilec, to omolo elvon dtomo.

(=) Eoww 6n pf elvon 1 Béhtiotn npooéyyion e f, émou 1 f dev elvon tohuddvuuo
n Baduov. ‘Eotw eniong 61t to Y€yloto evodlraccduevo chvoho ornuelwy anotehelital and
m+1onuelaa < zg <21 < -+ <2 < b A6 10 Odpnuar 7 mpoxdntel 6t m > 1.
O arodel&ovye 6t m > n + 1.

"Eotw 61t m < n xo 6T

1f = pall = p-
Ocwpolpe ) dwopéplon to, b1, ta, ..., ts € [a,b] Tétol doTE a0 =ty <t <ty < -+ <
ts = b xou 1 ouvdptnon e = f — p; va Thnpol TNy

1 )
‘6(&) _6(77)’ < §p vé?” € [tJth+1]7 J= 0717"'75_ 1.

Kdde unodidotnua mou mepiéyet axpolo Vetixd onuelo t yioo tn ouvdptnon e (e(t) =
p), 0 xaholye (4) uToBLoTNUA EVE XSG LTOBLICTNUL TOU TEPLEYEL OXEAO JEVNTIXG
onueto ¢y T ouvdptnom e (e(t) = —p), To xoholpe (—) vnoddotnua. edpouue omd
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opLoTERd TPOg ToL Be&Ld wévo Tt () unodias thpota 11, Lo, ..., Iy xou €0t 6T glvon ()
7o unodidotnua ;. Xwellouvye otn ouvéyela o abvoho Iy, Is, ..., Iy oe unocivoha Tou
Va meptéyouy ta dodoyixd (+) % (-) vroduothuate. Eotw 6t autd etvo:

{h,L,....,I,} (4) vnodocTthuoto

{ Iy 11 Iy v2s - Iy b (=) umoBlo ThuOTAL

{Iis1: Dipt2s -+ s Lo b (=)™ umoBlao ThoTOL

Kdde unocivoho mepleyel TouAdyioTov €va utodldotnua, eved 2 < m+1 < n + 1 and
Tic utodéoelc Tou xdvape. Ebvow gavepd dti tor unodlaothpata Iy, xou Iy, 41 ebvon Eéva
HETOED TV aol LTdEYEL OAGXANEO Bido TNua Tou Ta Ywellet. Autéd oupPaivel SuoTt e(x) >
sp.x € Iy, xn e(x) < —3p,@ € L1 av Iy, xou Iy 4 ebvon (+) xou (=) unodoothpora,
avtiotowya ) avtioTpopa av autd eivan (—) xou (4) vrodao ThuaTa, avtiototyo. Oewpolue
TOEA M ONuEld 21, 22, . . ., Zy, TETOLL WOTE

zj>x Vo €I, non z; <wx VI € Ijjq1.
OplCoupe 01N cUVEYEL TO TOAUWVUUO ¢ € Pyt
q(z) = (21 — @) (22 = 2) -+~ (2 — 7).

Hopatneolye dt 10 ¢(x) éxer to Blo mpbonuo ye ) ouvdptnon e(z) oe dha Tar L-

rodloc Aot I, Io, ..., In. Tlporyyotixd, av 10 = aviixel 6T0 TE®MTO GUVOAO UTOOLA-
omudtoy {I, s, ..., Iy, }, mou elvoaw (+) vrodothuoata, o g(z) eivon Jeuxd agold
zp >x, t=1,2,...,m, evo xdde @opd mou 10 = yetofalvel oe eMOUEVO LUTOGOVOAO

TO TOAUWOVLUO ¢ ohAACeL TEdoNUo ool xdUe Qopd xou €va amd ToL 2; YIVETOL WUXEOTERO
tou z. Ovopdlouye pe R v éveon twy unodlao tnudtwy Tou dev elvor (£) unodlaoth-
uata. Tote,

N
max|e(z)] = p' < p.

Trovétoupe 6t ||q|| = M xan emhéyoupe éva A > 0 1600 wixpd HdoTe

/ P}.

)\M<min{p—p,§

Oo anodellovye thpa 6Tt To ToAUGVLRO p(z) = Ag(z) + pi(z) € P, eivou xahbtepn
TpocEy Yo and o ph(x).
‘Eotw 61tz € R, t61¢

|f (@) =p(a)] = [f(2) = Aq(z) —p;,(2)] = |e(x) = Aq(z)| < |e(z)|+Alg(z)| < p'+AM < p.

Av o x avixel oe évaand ta [, j=1,2,..., N, e(x) xa Ag(x) éyouv To (B0 npdomuo
x0u Loy VoLV oL avooTnTeS |e(x)| > § > Alg(x)|. Torte,

[f (@) =p(x)] = [f(2)=Aq(x)=pp(2)] = [e(x)=Aq(2)| = |e(z)[=Alg(z)] < p=Alg(x)] < p.
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KotoahiZope €tol oe drono ondte woylel To {NToluevo xan ohoxhneddnxe 1 anddelln tou
Ocwphuatos. ©

To Vedpnua autd de pog Agel OTL TO EVAANACGOUEVO GUVOAO OMUElLY Efvol Lovadxo,
Tou oNualvel OTL UTOEOVY VoL UTIEEYOLY TERLOCOTERA antd N + 2 evalhacoodueva ornueia.
Autd gabveton xadopd 6To ENOUEVO TORAOELYUOL.

ITopdderypa 8 Na Beedel nBéltiot npocéyyion tne cuvdptnong sin(4x) oto ddotn-

wo [—m, 7], otov F.

Hopotnpolye 6t 1 cuvdptnon sin(4x) éxel éva evahhaooduevo civolo onueiwy 6To
oo U [—, ] omoteholuevo ond 8 onuela, T {—7 + T, -7 + %’T, -7 + %”, - +
ety
87
ouvdpTnom o@dhua e(x), Tote To BEATIOTO TOAUDVLPO U€ypt Xan €xtou Baduol elvon o

—m+ %+ L+ BT 4 BT Ay dewpricouye Ty (B ouvdptnon we
UNdeEVLXS ToAUGYLUO. 'Eyouue Aotmdv w¢ cuumépacua 6Tt
Po=P1 =Dy =Pp;=p1 =15 =ps = 0.

Ané 1o Oewpnua 1 e Ewoaywyrc éxovue eCacgaiicel tny Unopdn tne BEATIOTNS O-
HOLOUORYTC TEOCEYYIONG, TO Oewpnua 3 Oung 0t pag e€aoaillel TN HOVAOXOTNTO AUTHC,
ool 1) vopua dmelpo deVv efvan auo TNEd xUETY Vopua. Oo arodeilouue €8¢ Tr LOVOOLXOTN-
ot TNE BEATIOTNG OUOLOUORYTIC TEOGEYYIOTG, YENOHLOTIOLWVTAS T1) Y AL TNELC TLXT OLOTNTA
nou anodellope oTo Openua 8.

Ocehpnpa 9 (Movabixétnra) H Bédniotn ouoduopen npooéyyon p;, tns f € Cla,b]
otov P, efvar povadikn.

If —oll > [If —pull Yo € P, p#0p,

Andden: Trnodétouye dTL undpyEel TohuwVLUO p € P, TéT0l0 HOTE

If = pll = [If = pull = En ()

7 ’, 7, 7 7 _ p—ﬁ-p:‘ 7. Z
Tote, olugpuva pe 10 Oewpnua 2, xoL 0 XUPTOE CLVBLACPOE ¢ = —5 Ya elvon BEATIOTN
npocéyyion. ‘Eotw 6t {xg, 1, ..., Tpi1} OUVOTA EVa EVOANACOOUEVO GUVORO GNUE(LV

vy Vv f — g TETOlo WOTE

f;) = p(;) | flz) —pi(z))
2 - 2

flw;) = alz;) = = (=D™MEL(f), §=0,1,...,n+1
omou 1o | mofpvel Tic Twwéc 0 1) 1 av To ol 6To onuelo zp elvon Vetind N apvnTxd,
avtiotouya. Eneldr| ouwe

'fm) ~ plx)) AT
2

-2

2

E%(f)’ |f(£j)—-p2($j)
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cuunepatvoupe 6Tt

) = pla;) = flz;) = pi(e;) = (=D E(f), 5=0,1,...,n+1

p(x;) =pi(z;), j=0,1,....,n+1
TIOU OmOdEXVVEL OTL p = D). ®
O dOCOLYE £BE) AATOLOL ATAL TOEADELYHATH EVPEDTS TNG PBEATIOTNG TROGEYYLOTG.
IMopdderypa 9 Na Peedel n Béhtiotn Tpocéyyion e cuvdptnore 22 oTo ddotrua
[—1,1], otov P;.
Avalnrobye éva moAucvuuo to ToAl mewtou Baduol. Trodétoupe 6tL awtd Vo elvon

e Lopphc ax + (3, ondTe N cuvdptnom cwdhua Yo ebvar e(x) = x? — ax — 3. Avalntolue
Aoundy T 3 axpdtata aUTHS TS ouvdpTNoNne o6to dotnua [—1,1]. Enedr auth elvou
ouveyhc xou mapaywylown oto (—1,1), Beloxoupe ta ecwtepind oxpdTata pndevilovtag

5. Ipogavoe ta dhho duo axpdtotar Yo etvor

5.
AVOY XU TLXEL T Gxpat ToL Blao ThHaTog —1 xan 1. Oa €youpe Mooy, GUUPWVIL UE TO VOUO

NV moedywyo. Auth pag dlvel To onuelo

TWV EVOANAOGOUEVLY OTElwY, OTL

2 2
e(-1) = —e(5)=e) e l+a—f=—~(F-F-H=1-a-4
Avvovtag o cboThua autd Peloxovpe 6Tt oo = 0 xou 3 = L. "Eyoupe enopéveg ot

Pilr) = 5 =py(a).

IMoapdderypo 10 Na Beedel 1 Péhtio tpocéyyion e ouvdptone =2, = € [—1,1],

octov P.

Epyaléuacte pe tov (dlo Tpémo dnws xaL 6To TeonYoUUevo Topdderyua. YT rovétouue

3 — ax — 3. Hopoyw-

6t pi(z) = aw + (3, ondte 1 ouvdptnon opdiua Yo elvon e(x) =
yilovtag xou pundeviloviag v mapdywyo, Peloxouye duo ecwTEPXS oxpdTAUTI TOL j:\/% .
ITpogavide to Tpito axpdtarto Vo elvon avoryxoo Td €vor amd To SUO dxpeol ToU Bl TAUATOG,
0 —1 4 T0 1. Ou €yovue MooV, GUUPWVOL UE TO VOUO TWV EVUANICCOUEVLV ONUEIWY,

ot

U

(f5) o (5) 0o 5= () -

Advovtag T duo mapamdve cusThuaTa, Peloxoupe THY xowh Aon a = 3 xa § = 0.

‘Eyouye enopévewe 6T
3
*
x) = —x.
pi(w) 4
Enedn Beédnxov telhxd téooepa tar onuelot 6T0 EVUAAACCTOUEVO GUVOAO, TO TOALWVUUO

rtoL Berixape Yo etvon BENTIOTN TROoEYYIoN Y01 o T0V Py, Yo éyoupe dnhadh ot pi(z) = 2.
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IMapdderypa 11 No Beedel n Bétiot mpocéyyion tne ouvdptnone |z|, = € [—1, 1],

otov B;.

Trodétoupe 6t pi(x) = ax? + B + 7, ondte N cuvdptnon opdhua o ebvan e(x) =
2| — az? — Ba — 7. Ed36 éyouye to mpdBinua 6t dev opileton 1 mopdywyoc oto 0. Stnv
nepinTwon auth napoywyiloupe oto unodotiuata (—1,0) xa (0, 1), étor éyouye

e(w) = —r — az® = fr —y = —az® = (B+ D)z — 7,

6+1
2a

ex)=—"2ar—(f+1)=0z=— , x€(-1,0)

o

e(z) =2 —ar? - Br—vy=—az® — (B— 1)z — 7,
e'(x)z—Zozx—(ﬁ—l)zO@x:—%;l, z € (0,1).

"Eyoupe Bpel Aowmdy duo axpdtata, €va yio xdde unodidotnue. Ta undloita duo mou
woc yeewdlovton Yo Angdoly amd tor dxpor —1 xou 1 % and to 0 mou dev opileton 7
nopdywyoc. ‘Eyouue emopévie vo emAEEoupe Y€oa amo TEEIC EMLAOYEC TETPAOWYV, TLC
—+1 —1 +1 —1 / +1 —1 Z
{—1,-2t 0, &L ¢ {—ZE 0, — 8L 1} 4 {1, —-ZEL =L 1} Aoxpdlovrac Ty

TEMTY ETAOYY| Tolpvoupe

B+1 g—1
—1) = —e(— = — —e(—
o(-1) = —e(- LN = e(0) = (-7
+1)? — 1)
4o 4o
Advovtoc 1o cbotnua Beloxovpe o =1, B = 0 xou v = é. To evadracooduevo cOvoho
Vo efvan {—1,—1,0,1}. Eyouue enopévec 6t
1
py(r) =" + 2.
8
Troloyi{oupe 6N GUVEYELL To GYEAUATA GTO EVAARACOOPEVO GUVORO: e(—1) = —2, e(—3)
= %, e(0) = —%, e(%) = %. Av vroloyloouye 10 opdiye e Aong mou Behxoue xou
oo onuelo 1, Yo Bpolue e(1) = — mou onuaiver 6T UTdEYEL EVol EVIAAIGGOHEVO GUVONO

amotehoUUEVO amd TEVTE omuela, dnAad n Abor mou Berixoue VYo elvon BEATIOTN TPOCEY-
Yiom xou ooy P, Yo éyoupe dnhady) ot pi(x) = 2% + ;. Adyw tng povadxdTnog, ool
Berxowe TN Abom, elvan avedgero vo e€etdooude T dAAeg duo emhoyéc. Ilpogavae n
oeltepn emhoy Yo Yo dwoel TNy Bl Ador eved 1 teitn 0 Yo pog dooel Ao, apol
av e€oupéoouue 1o evdidueco onueio 0 de urmopel tar undroina onuelor va cuveylouv va
AmOTEAOUY EVOANACCOUEVO GUVOAO.

[Mopatneotue ota Tplo Tapamdve rapadelypota TL exel OTou 1) cUVAETNOY Elvon dETLaL,
€0woe BEATIOTO TOAUGVUUO €Vl dPTIO TOAUGDYUUO, €V eXel OTOL elvan TEELTTY|, £0WOE
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neprttd. Autd oupPaiver ened) to didotnua [—1, 1] twv Tpwdv napaderypdtey, eivor cu-
HETEWO we Tpog To 0. Mnogel vor amodetytel yevixd OTL oL dpTIEC CUVORTHOELS OPLOUEVES
0€ CUPPETEIXO w¢ Teog To 0 Bidotnua dlvouy dpTio BEATIOTO TOAUWYLUO, EVG OL TEQLTTEC,
TEPLTTO.

H daduxacio mou axohoudinxe oto nopadelypata, dev elvon elxoho va axohouinuel
YeEVXE, yiot To AoYo OTL 1) ouvdpTtnoT f unopel va efvon TOAUTAOXN 1} TO N Elvol OYETS
HEYEAO xou elvon dloxolo (1 adlvato) va tpocdloptotolv ot pile tne mapay@yov. Ilopa-
%At Yo 600PE OTL UTdEYEL ahYORLWIUOS TEOGBLOELOUOU TOU BEATIGTOU TOAUWYLUOU, TOU
Baolletar 0TNV TEOCEYYIOT CUVAPTACEWY OPLOPEVMV GE TEMERAOUEVO GOVOAO ONUElWY.
ITowtor duwe Yo UEAETHOOUPE TO TROBANUN TNG TEOCEY YOS TOAUWYUUMY UE TOAUGVUUAL
uxeoteEOL Boarduon.

2.2 BéATioTn opoLOpOPYN TEOGEYYLOT TOALVWVL-
wwv — IToAvwvuua Chebyshev

Opiopoéc 4 To modvivuuo Chebyshev Baluod n opiletar wg

T, (x) = cos(nf), x = cos(h). (2.9)

To noiucyvugo Chebyshev urnopel va ypapel xan ©¢
T, (z) = cos(n arccos x).
And Ty 1BLOTNTA TV GUYNULITOVLV:
cos((n + 1)8) + cos((n — 1)8) = 2 cos(8) cos(nh),

TEOXUTTEL 1) avadpopx) Oy€oT Twv ToAuwvOuwyY Chebyshev:

Toi1(x) = 22T, (x) — Th1(z). (2.10)

Ané ) oyéon auth unopolue vo unoroyioovue to T),(x) yio onowodArote n, EEXvEvTog
we To(z) = 1 xau Ty(z) = x mou elvon mpogavh and ) (2.9). Alvoupe €8¢ Toug TEELC
EMOUEVOUS OPOUC:

Ty(z) = 22T () — To(x) = 22 — 1

Ts(z) = 22Ty (x) — Th(z) = 22(22% — 1) — 2 = 42® — 32
Ty(z) = 20T3(z) — Ty(z) = 22(4a® — 32) — (22% — 1) = 8z — 8% + 1.

AnodevieTtan TOAD €UX0A UE ETOYWYY| OTL O GUVTEAECTHC Tou UeYLo ToPBaduiou 6pou Tou
T(z) ebvon 21, xadde xou 6t to T, (x) mepiéyer udvo Tic dpTiec SUVEPELS TOU & av 0 N
elvon dpTiog 1 UOVO TG TMEQLTTES oV O 1 Elvol TTEQLTTOC.
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Tao moAuwvuge Chebyshev €youv mohd xokég WoTnTec. Mot amd autég ebvon 1 opdo-
YOVLOTNTE TOUC 1C TEOG TN CLVEETNOY Bdpouc \/1%7, oto ddotnua [—1,1]. H didtna
oty dlvel OTL

1
/(1—%Y?Q@ﬂh@ﬂxz& m#£n (2.11)
-1
xou

/1 (1 — 22)7 3 [Ty (2)2da = { 772; " é (2.12)

-1

Trv Lot 0L TH Yo TN BOUUE VoL EQUEUOLETAL GTNV TEOGEYYLOT| EASYICTOV TETEOY VOV
oo enouevo Kegpdhono. Eow Yo yenoiuomoijoouye war AR TOAD ooy Tixy LoLoTnToL T1
Aeyouevn minmax WotnTo. AuTr SLUTUTVETOL WS EENG

= (2.13)

min max} Ip(x)] = max

c
—T
pePS z€[—1,1 ze[—1,1] | 271 n(7)

6mou P¢ etvon 10 6UVolo TV TOALGYVOUKY 1 Boduod pe cuvtedeo T peyio tofaduiov 6pou
c. Autd amodewvietar ebxoha aol, and Tov oploud Tou (2.9), to mohudvupo T),(x) €xet
n + 1 axpérata oto ddotnua [—1, 1], exel 6mou to cos(nf) molpver Twéc £1. Autd givon
o onuela

szcos(ﬁr>, 7=01,2,... n.
n

Eoxoha gobveton 6t T, (x;) = (—1)7, emopévec 1o ; amoteholv éva EVOANIGGOUEVO
obvoho and n + 1 onueio oto [—1,1]. Av tdpa Yewpooupe Tt BéATIoTn TPOGEYYLION
Py, € P, toup € PS5 | otov P, Ya éyouye 6Tl T0 oAl

e(x) = p(x) = pp(2) € Pop

EYEL £V EVOANACTOUEVO GUVOAO ATOTEAOUUEVO b N+ 2 onuelo xou ToV {0lo CUVTEAECTH
ueylotoPodulou dpou pe exelvov Tou p, dnAadn Tov c. Emedy] n BéATIoT mpocEyyion
3 Iny1(z), agol 2"
elvan 0 ouvteheo g peytotoBaduiou 6pou tou T),41(z). Autd To TOAUGVUYO, ETEWDT Elvar

4 4 4 7 4 7 e
glvon povadiny, o o@dhua e(x) dev umopel va elvor dhho Topd TO

o@dhpa BéNTiIoTNe Tpocéyylong, Yo mAnpol xou T minmax WiétnTo (2.13), olupuve ye
Tov 0plopo NG BEATIOTNG TROCEYYIoTNC.

And v mopamdvey avahuom TEOXOTTEL CUYYEOVKS XL O AAYOELIUOC NG €0PEOTC TNG
BéATIoTNg MROoEYYIoNS £VOC TOAUWVOHOL 1 + 1 Borduol, otov P, apxel vo agalpécouye
10 57 Tny1(7). Oa BhoOUYE €06 xdmoLa TapadelyuoTaL.

Moapdderypa 12 Nofeedel n Bértiot npocéyyion tne cuvdptnone 2" otov P, 6o

dudotnua [—1, 1.
LOUQYA PUE TNV TOEATEVE avdAuo, auty Yo elvou

* n 1
pp(r) = o 27Tn+1($)-
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o n = 2 auth yiveto

. 1 1 3
py(r) = 2° — ?Tg(x) =2 — 1(4:53 —3z) = ia
Iopatneotpe €8¢y O0tL auty| elvon BEATIoTn Tpooéyylon xou otov Pp. I'evixd 1 Bértio
Tpocéyylon Tou ™! Yo etvon 7 Bl xon otov P,y awol 1o T,y () éxer ubvo dptiec A
TEQLTTES OUVAUELS TOU .
Ipogavee €0 Perxaue v Bl axpBoe Aoon ue exelvn tou IHoapadetypoartog 10, agol
ANooope To (Blo TEOBANUAL UE BLUPOPETING OUWS TEOTO.
INon = 3 €yovpe
pi(r) = 2t — iT (z) = 2" — 1(8x4 — 8% + 1) =2% - E
! 23~ 8 8
Eneidn n mopondve avdhuon woyler wévo yio to Sildotnua [—1, 1], yio vor avtipetoni-
oouyE TpofAAuaTa ToL 0pilovTon 6TO YEVIXGTERO DidoTnua [a, b], yenoomololue xou 8¢

TO YEOUUXO PETAOY NUATIOUO

b—at+b+a
Tr =
2 2

Tou amewovilel To ddotnua [—1, 1] oto [a, b]. Bploxouye étol tn ouvdptnon

b—a b+a

g(t):f< S+ ) tel-1,1].

Y1 ouvéyela, tpocdlopilouye TN BEATIO TN TROGEYYLON TNS ¢ UE TOV TOEATEVE oy dptduo
X0l ETLOTPEPOLUE GTO BTN [a, b], UE TOV avTioTEOPO PETACYNUATIONS

2 b+ a

t:b—ax_b—a'

Mopdderypo 13 Na Peedel 1 Péhtio npoocéyyion Tne ouvdptnore =2 otov Py, 670

dudotnua [—2, 2.
O ypauuxde YETAOYNUATIONOS oL og TdeL oto [—1, 1] elvon = = 2t, ondte

g(t) = £(21) = (20)° = 8"

YOUPWVL UE TNV TORATAVL avaAUGCT), 1) BEATIOTN TpocEyyiom Yo lvon

8
g3(t) = 8t° — 5 Ts(x) = 8t° — 2(4t* — 3t) = 6t.

Enavepyduacte 6o dldotnua [—2,2] ue tov avtiotpogo uetaoynuatiopd ¢ = 5, ondte

sy oxe Py a T
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2.3 OpolopopPr TEPOCEYYLOT OE TENEQACUEVO CU-
VOAO omueiwy

‘Eotw 6t X, elvon éva ohvoho dlaxpttedv onueiwy
T < Top <+ - < Ty

oto dudoTnua [a, b] xou f(x;), ¢ =1,2,...,melvou ol Tiéc TN ouvdptnong f mou opiletan
oto X,,.

To npbBinuo ye to onolo Yo acyohndolue €8¢ ebvan 1 ebpeom Tng BEATIOTNE ouoLOUOEPNC
TpocEyylong e f 0To 6Ovoho TohuwVOUWY P, mou opileton 010 X,),.

Avm <n+1, tote undpyel p € P, tétol0 1OTE

p(xl) :f<33'1), Z:1727am

Tou efvor To Tohuwvuuo TapeUBoric Tne f, yio onolwdrrote f oplouévn oo X,,. Tote
TO TOAUGYLPO P elvon xan 1 BEATIOTN Tpocéyyion g f otov B,.
[t var UEAETACOUUE TO YEVIXOTERO TEOBANUA TNG BEATIOTNG OUOLOUORYNS TROCEYYLONG
unoUétouye 6TL M > n + 2.

H Bértiotn opoldpopyn npocéyyion tng f, oplouevng oto X,,, otov P, yapaxtnei-
Ceton oxpBids OMwe xou TN ouveyl tepintwon. O yopoxtnelopds autodc diveton and To
oaxdroudo Yedpnua.

Ocwpnua 10 Fotw f a owdptnon opiouévn oto X,,. To modvdvuuo p;, efvar n
Bértiotn mpocéyyion tns f oto ovvolo moAvwriuwy P, avy vrndpyer evaAlaooouevo
ovrodo onueiwy ya tn ovvdptnon opdAua e = f—pr, mov opiletar oto X,,, anoreAoUpevo
aré n + 2 onueia tov X,,.

Anédeln: H anddeln etvon Briuo mpog Bripa avdhoyn ye exelvn tou Oewpruatog 8 Tou
AVUPEPETAL OE GUVEYEIC CUVORTHOELS. O TN BOCOLUE OUMS YLOL VAL PAVOUY XATOLEG AETTES
OLLPOPES.

(<) Eotww 6u undpyet evodaocduevo oivolo onueiwy {y1, Yo, . . ., Ynto} C Xy Yi0t
v e = f — p;. 'BEotww eniong 6T 1o p} dev elvar BEATIoTn Tpooéyylon, dpa UTdEYEL
¢n € P, tétowo vote

1f = aull < 1f = B3I
Tote
1£(yi) = ayp)| < If — ool = 1 () —pryi)l, 5=1,2,...,n+2

%0 omd TOV OpLoPUO TOU EVOANIGCOUEVOU GUVOAOU TROXUTITEL OTL: Av

(i) = onyy) = IIf = onll > 0= f(y;) — pn(ys) > f(y5) — aulys)

i) = pn(ys) = (F(y5) — an(y5) = an(y;) — prlys) >0,
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i) —ony) = =Ilf —=onll <0 = f(y;) — vn(ys) < fy5) — an(y;)

SN

fi) = on(s) — (F(5) — an(y5)) = anyy) — i (y;) <O,

Autéd onpaivel 6TL TO TOALWYUUO @, — D) EVUAAICOEL CUVEYWS TEOONUO XodS TO j
uetoBdAAeton omd to 1 0to o+ 2. Anhadr], av ENEXTEVOUYE TAL TONUWVUUL Gy, XOL D) OF
oAOxANEo To ddoTnua [a, b, undpyel pila oe xde didotua (y;, yj+1), J =1,2,...,n+1.
'Etol 1o mohudvupo ¢, — p;, € P, éyel n + 1 pileg, to onolo elvon dromo.

(=) Eoww 6u pf elvon 1 Béhtiotn npocéyyion e f, émou 1 f dev elvon tohuddvuuo
n Boduod. ‘Eotw enlong 6Tt 10 Y€YloTo evahhaoGOUevO GUVOLO OTUElnY amoTehelton amod
m+1 onuelo y1 < Yo < -+ < Y1 BElvow govepd 6TL xan 611 donpity| tepintwon oy el
T0 Oetdpnua 7, ondte m > 1. Oo anodellovye 6L m > n + 1.

"Eotw 61t m < n xo 6T

\.f = ol = p

Ocwpolye o6ttt N onueloe u; < ug < --- < uy UL X, ue N > m + 1, dlvouv
T0 Yéyloto opdhua |le(u;)|| = p,j =1,2,..., N. Ovopdlouyue (+) onueio exelva yio to
omolo 1 cuvdpTNnon e afpver Veter T p xou (—) onuela exelva yio To omolar 1) GuvdpTnom
e modpvel apvnuxh) T —p. Xopllovye otn cuvéyew to oOvoho {ug, ug, ..., Uy} O€
uTocUvoha oy Yo teplEyouy To dtadoyd (+) 1 (—) onuelo. "Eotw dti autd eivou:

{ur,ug,...,up b (4+) vnocivoho
{Uky 41, Upy 22, - -, Uk} (=)  uTOoUVOLO
{Uhp 15 Wbtz - s Uky b (=)™ UTOGUVORO

Kéde unoolivoro mepléyel Touldyiotov éva onuelo, eved 2 < m+1 < n+ 1 and 1i¢
UTOVECELS IOV XAVoE. OEWEOVUE TORA M ONUEL 21, 22, . . . , 2y TETOLL OO TE

Zj > Ug; XA Zj < Ukj+1-
OplCoupe 01N cUVEYEL TO TOAUWVUHO q € Pyt
q9(z) = (21 =) (2 =) -+ (2 — ).
Hopotnpolue 6Tt 0 g(x) éxel to (Blo mpdanuo pe 1 cuvdptnon e(z) oe dho To onueia
Uy, Uz, ..., uy. Hporypotixd, av To & avixel 610 TpMT0 UTOGUVORO {U1, U, . . . , Uk, }, TTOL

glvor (4) unoolvolo, to q(z) elvon Vetind ool z; > x, = 1,2,...,m, evdd xde @opd
TOL TO T UETABALVEL OE ETOUEVO UTOGUVOAO TO TONUWVUUO ¢ GAAGLEL TEOOTUO apol xdrde
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popd xou €vor amd o z; yiveton wxpotepo tou x. Ovoudlouye pe Uy t0o olvolo twv (+)
onuelwy xou ye R 10 6Ovoho twv onuelnwv tou dev eivan (£) onuela (R = X, \Un). Tére,

o
max [e(z)| = p’ < p.

Trovétoupe 6t ||q|| = M xan emhéyoupe éva A > 0 1600 wixpd doTe
AM < p—p.

Oa amodelouye thpa 6Tt T0 ToALOVLKO p(z) = Ag(z) + pi(z) € P, elvon xahbtepn
TpooEyylon and o ph(x).
‘Eotw 61z € R, t61¢€

|f (@) =p(a)] = [f(x) = Aq(z) =, (2)] = |e(x) = Aq(2)| < |e(z)|+Alg(z)| < p'+AM < p.

Av 10 & avixel 610 Uy, t61€ e(x) xou Ag(x) €xouv o Blo Ttpdonuo pe |e(x)] > Ag(x)|.
Tote,

|f (@) =p(z)| = [f(z)=Aq(x)=py,(2)] = [e(x)=Aq(z)| = |e(z)|=Alg(z)| < p=Alg(x)] < p.

KotoahiZope €tol oe drono ondte woylel to {ntouevo xan ohoxhnedddnxe 1 anddelln tou
Oewphuatos. ©

Ko o1tnyv mepintwon auth woylel 1 topathienoy 6Tl 1o evahhaoGOUEVO GUVORO OTEl-
wv Oev elvol povodixd, Tou onualvel OTL UTopoUY Vo UTEPYOLY TEQLOCOTERN amo 1 + 2
EVAANAOTOUEVA OTUELaL.

Arnopével va dmooude To Yempnua Tng Lovaduxotntag agol 1 Unapln e€acpoiileton
om6 to Oewpnua 1 e Eloaywnyrc. Oa 1o dwooupe amhos ywelc amddellr), enedr) n
am6deln ebvon (Bro Briua mpog Briua ye exeivn Tou Oswprjuotog 9.

Ocehpnupa 11 (Movabixdtnra) H Pértiotn opoiduopyn npooéyyon pi s f, opioué-
vns oto X,,, otov P, elvar povadikn.

If =2l > If =pall ¥p € P, p 7 pj.

Oa anodel€ovpe tHpa OTL N BEATIOTN opolduopen meocéyylon e f mou opileton
oto duotnua [a,b] f 610 olvoro onueiwv X, otov P, unopel va avoydel tehxd oe
avtioTolyo TeoBANua Téve ot xdmolo oOvoho onuelwy X o.

Ocehpnua 12 Ay pl evar n Bélniotn ouoduopen mpoaéyyion s f € Cla,b], otov

z ’ * ’ ’ .
P,, téte vndpyer X, C [a,b] této0 dore:

En(f;la,0]) = En(f; Xp10) = X [f(2) = pr(@)] < max |f(z) —p(z)]  (2.14)

n+2



32 KEPAAAIO 2. OMOIOMOP®H IIPOYEITIYH

yia kde p € P,, p # pl. EmnAéov, yia kde X, o € [a,b], wyve du

En(f7 Xn—I—Q) = mlanPn maXgex, o |f( ) ( >|
= MaXzeX, s |f( ) pn( n+2; L >| ( [a7 b]) (2'15)
= En(fa X;:—&—Q)?

émov n 1wdtnra eivar duvacr) uévo av pi(X,i2) = pi.

Anodedn: H mpotn oyéon (2.14) eivon mpogovic av Vewproouvue 10 X, ©¢ t0
evolaooopevo clvolo onuelov. Ta tnv anddelln tne devtepne (2.15), Yewpolye 6t
P (Xote) # pl. Tote and ) povaduwdtna Exoupe 6Tt

En(f; Xns2) = [If = pn(Xng2) | < IIf = pLll = En(f;[a,0]) = En(f; X5ips),

ool To pf elvan SlaopeTnd omd To BEATLIETO TOAUWVUPO P (X, 12) 0T0 cOvoho X yo.
Av p! (Xi2) = P, TOTE TROQAVAS €YOLUE LOGTNTAL, TTOL OTNUaivVEL OTL X TO X 42 ATOTEREL
eVUAAACGOUEVO GUVONO OTNuEiwy. @

Av avtixotac thoouue pe X, To [a, b] éxouue to avtioTtoryo empnua, 1 anddelln Tou
omolou etvan o3 (Blat.

Ocvpnua 13 Av p}, elvar n fékniotn ouoiduopyn mpooéyyion tns f, opopérns oo
X, otov P, téte vrdpya X, , € X,, téroo dote:

Ea(f; Xn) = Ealf Xi42) = o [£(2) = p(Xi )| < max | f(2) —ple)] (2.16)

*
n+2 xeXn«l»?

yia kdUe p € P,,, p # pl. EmmAéor, yia kdOe X, 12 C X, 10xVel 61
En(fa Xn+2) < En(f7Xm) = En(f7 X;:—f—Q)v (217)
émov n wdtnra eivar duvvatr) uévo av pl(X,42) = pi.

To mapamdvey Yewehuota Yag divouv Tn duvatotnTa Vo oavalntolue yior T BEATIOTN
OUOLOUOPYPY) TIEOGEYYLOT), G GUVOA oNUElwY amoTtelolueva and 1+ 2 onueio. Av €youue
70 TPORANUA 6T SldoTNUa [a, b], TdTE UTdpEYOLY drelpa TETol oUVORA. AV OUKC EPYO-

Copaocte 670 Xy, 0 GUVOAXOC OELIUOC TWY GUVORWY OUTOV ElvVol ( nTZ 5 | Téte 0
TEOBANUAL AVEYETAUL GTNV EVEECT) TOU
max En(f7 Xm,i) = En(f7 Xm,i*)a (218)

onou ye X, ; €youue ouUBoMoeL To © GTY OEEd GUVOAO amOTEAOUUEVO amd 1 + 2 onpeia.
Torte,

Pr(Xm) = pr(Xm,ie)-
Auté buone anantel To vor umopole va Bpolue o opdhua B, (f; Xpi2) %ou T0 TOAUGVUUO
Ph(Xpt2), 8oVévtog Tou cuvélou X, 1o amoTteNOUUEVO amtd 1 + 2 onuelo.
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2.3.1 Evdpeomn opoldpopyng tpoceEyyLong o to cLVolo X,

Oewpolue 10 TOALWOYLUO TopeUBoric p € Py g f otaonuelo ;, 1 =1,2,...,n+2
TOU GUVOAOL X, 1o

p(z;) = f(zy), i=1,2,...,n+2.
To p elvon povadixd xon divetan and tov TOo Tou Lagrange

n+2 n+2

=3 I ).

i=1 j=1,j7#1¢ Li — Tj

Efvor e0xoho va dolue otL av Y€couue

TO TOALGOVUUO TOREUBOATS YedpeToL

o —x W)

And ) oyéon ocum qatveton xadapd 6TL 0 CUVTEAEGTAC Tou UeytoTolotulou 6pou Tou p

etvow 0 12 j,(z . Av outdg elvon undév, téte Yo €youye 0Tl p € P, mou Yo anoteAel xou

™ BéATIoTN ouoLtoUopyn TeocEY Yo, dnAadh p* (X 42) = p e opdiua E,(f; Xpt2) = 0.
Trodétoupe €8 6Tt p ¢ P,. Oewpolue GTN GUVEYELL TO TOANIOVUO Iy € Py
TETOLO OTE
lnpi(x) = (=1, i=1,2,...,n+2.

¢ moAuvupo mapeyBornc oto clvoho onuelwy X, 1o, autd Yo ebvan povadnd xou Vo
divetow amd Tov TOmo mapeuBolric Tou Lagrange wg e€rg:
n+2 w(m) (_1)i

ln—i-l (x) - Z

i=1

r—x; W(r;)

Ané tn oyéon

n+2 — n+2 ]
W)= T] ( H —a;) [ (& — ) (1),
j=1,j7éz j=1 j=i+1

TEOXUTTEL OTL
(=1’
w'(;)

_1 4 4
Auté omuobver 6TL oL Gpot Tou opoiouotog 2 d o (x)) TOU ANOTEAEL TO GUVTEAEGTH TOU

sign(w/(z,)) = sign((~1)") # sign( ) — sign((~1)").

ueytotofBarduiou 6pou TOU TOAMWVOUOL [, 11, Bev ahhdlouv TEOCNUO XU ETOUEVKS

)

i—1 W' ()

£0
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OewpOVYE TP TO TOAUGVLUO
q =P = A1,

OTOU P, lp41 T TROXVUPEPVEVTO TOAUDYVLUA napsp@o)\v’]g xol

Toéte duwe q € P, emedn p xou Al,4q €xouv Tov (Blo yeyiotoBaduo opo. Eniong €youue
ot

e(z;) = f(z:) = (p(25) = Mpgr (7)) = My (23) = A(—l)i, 1=1,2,...,n+ 2,

oL oNuaiveL OTL ToL oNEld T, Ta, . . ., Tpy2 ATOTEAODY EVOL EVAAANAGGOUEVO GUVORO CTEwY
yoo TNV e(z), eEmoPéve To TOAUDYLPO ¢ elvan 1) BEATIOTN opotbuopyn teocéyyon e f
0710 Xyt2, ¢ = p*(Xpi2). Enlone npoxinter 61

En(f; Xnta2) = Al

OewpnvTag Tpea OTL €youue T0 oOvoho X, m > n+2, nalpvouue Oha Tot UTOGOVORAL
amotelovueva and 1+ 2 onuela xou urtoloyilouvue 6ha ta A. Téte o p* (X)) = p* (X1 ,,)
avtioTotyel 610 olvoho onuelwy X, mou avtioTolyel 610 PéyloTto |A|, chugpmve pe To
Oeenua 13.

Oa dovue xahhTepa T1) SLadixacior UTOAOYIGUOV Tou BEATIG TOU TOAUWVVUUOL, Blal UEGOU
TOU EMOPEVOL TUPADE(YUITOC:

IMopddetypa 14 Abvetan to olvoho onuelov X5 = {—1,—3,0, 3,1} xou ¥érovye vo
Beolue TN Bértiotn npocéyyion deutépou Baduol yia T cuvdptnon f(z) = |z|.
O mivaxoc Toy tTng ouvdptnong eivan

1
T

fil 1
[Tpémer v Bpolue dha Tor Buvatd UTOGUVOA OMuEiwY amoTeNoUUeEVa and n + 2 = 4
omnuelor xan vor axoloudricoupe T dradxacio Tou meptypddae.

D[N0 [ =

0
0

D[N0 | =

]') X571 - {_17_%707%
wWiz) = wi(=1) = V}+9@}—®P}—? —(zﬁthbg)— 33
o) = wl=3) = (=3 + D=5 =03 =3) = ()00 = g
do =l - engh oyt - Tuby - 2
4 f@) A L3 0 3
e s T T T S
Shagny 3TIiTTaY: s 8
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2) X50={-1,-3,0,1}:

SN = (CIEREDEI-D) o1 (SO e =
D= HHDEDE-) =2 W)= a+ta+ho) =3
T; 1 3 0 1
o _Teisey _ Tititorts ot
—1)i 1,1, -1 _ 1 ¢ o
ity atItatr 609
3) X5,3:{ 17 27271}
S = (1= D=1 == W) = (DG -
W(=3)= (=3+D(=3—3)(=35—1) 1 W)= 1+ +3)(1-3)
11
’L :7:0
4) X540 ={-1,0,1,1}
S = (DD ==3 (W)= GHDYE-1) = -
W'(0) = 1(—3)(-1) =3 J(1)= 1+D1(1-3) =1
1
4 f@) L L0, 3 41 )
A@ i1 W’(fﬂ j’+§+:§+i _ -3 _ 1
z;l:“g,—(x{) SR 6 9
5) Xs5 = {_%7()’ %7 1}

Sd = A DEE ) =t W)= (et =
w'(0) = 3(=3)(=1) =1 |JO)= Q+)1-3) =3
1 1

LG R T ok ST B
R e e e
ey StItaty 50 8
opotneotue 6Tt [Amax] = [AD] = [AO)| = 1 enouévac 1 Péhtiotn mpocéyyion

diveton amd duo cUvoha onueiny o X5; = {—1, —%,0, %} xo 10 X55 = {—3 10, ;,

Ipogavee, Aoyw NG HovadLxdTnToC, Xou To 6LO aUTd cUvVola Yo BOGOLY TO i&o BéhtioTo
nohuwvupo. T va to emPBefouwoouvye Yo to urtohoyicouye, clupwva pe T Yewpla ToU

VUTTOYUNXE, YENOWOTOLOVTIG XAl ToL BUO GUVORAL.

p*(X5;l‘) _ p*(X51, ) p3() A(l)lg(l‘): 4 w(x) flzs) e w(x) (=1)*

lem W' (z;

=1 z—z; W'(x;)

= (x+1)x(x—%)i%+(:v+1) (x—%)g+(:p+1)(as+§) %

|=

=+ (z+ z(z - 1)

Ikl
N

+ (x4 1)(z+ 5)(z — %):—%

N

0o
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p*(Xs; ) P*(Xss7) = ps(x) = AOly(x) = iy ;{Z) u{/(&)) -2 ;J,(? LE/_(?)
= x(x—%)(x—1)%+(m+%)x(m—1)%+(x+%)x(x—%)%
+ 1 (x(x ~ D@ =D+ @+ D - D - DE+ @+ Dale - 1))
+ (:1:+;)w(x—;)%) =12+

e(0) = 0] — (07 + ) =
(2= (@) -2
=12+ dy= -t

Iopatnpotue €86 6Tt 10 oOvoho X5 anotelel eVOAACCOUEVO GUVOAO AMOTEAOUUEVO amtd
névte onuelo, emouévwg to BéRTiIoTo ToAuYUUo Tou Perxoue eivar xou BEATIOTO TOALG-
vuuo teltou Boduol, dnhadi p*(X5) € Ps. Enlone mopatnpoldue 6t n cuvdptnon |z| eivou
GpTior xou €0woE WS BEATIOTO TOALWYLUO €va dETIo TOALOVUUO. Autd cupfaivel emeldr
T0 cUvoho onueiwy X5, elvon cuppetend wg mpog o 0. Ioylel xou, €d® o1 dlaxpelth
nepinTtwon, 1 Topathenoy mou xdvaue ot ouveyr. Mropel dnAadY| var amodely Tel yevixd
OTL Ol PTIEC CUVORTHOELS OPLOUEVES OE GUUUETELXO w¢ Teog To 0 olvolro ornuelwy dlvouv
dpTIo BEATIOTO TOAUGVUUO, EVE) OL TEQLTTES, TEQLTTO.

H ropamdives dodixacio etvan apxetd domavner) o€ Ypovo, apol TEENEL VO UTOAOYLO TOLY
/ / 7 /. / 7’ 7 m
Ohot ot A ylor 6Aal Tor GOvVoAaL amotehoVUEVa antd 1 + 2 onueia, Tou elvan Lo | OE®
n

ewuo. O apuiudg autdg ot mEdén slvon Thpa TOAD Yeydlog, BLOTL cuvidwe o m elvan
TON) PEYAAUTEQOG TOU N, UE UMOTEAEGUA 1) TOQATAVE dLodxasiar vor xordloTaton ovomoTe-
heopotin). T v avtwetonion autod Tou mpofiruatoc emvorinxe évag ohyoprduoc,
omou uedodixd petoPalvoupe and GUVOAO oe GUVOAO oTUeiwY xon Tou Vo tepLypapel 0N
CUVEYELAL.

2.3.2 AANyoprdpog evarlayng onueiwy yia TNy €VEECT TNG
BEATIOTNG OROLORORPNE TPOCEYYIONE 0TO GUVOoAlo X,

‘Onwe €Y0oUVUE avVapEREL GTNV TEOTYOUUEVY TaEdYEopo, 1) eDPECT) TN OUoLOpoRYNG BéA-
TIOTNG TEOCEYYIONG Ot €va 6UVOho X, avdyeton oTny UPECT) EXEIVOU TOU UTOGUVOAOU
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X, amoteholyevo and n + 2 onuelo, mou divel To YeYUAUTERO GPIAUL. Axdun, yio TNV
g0peoT NS BEATLOTNG TROGEYYLONG CUVIPTHOEWY OE €va BLdo TN [a, b], oty Tedén Vew-
EOUUE Wia opotouopn dlauépion X, m onuelwy 6to SldoTnua autd, xou TeoceyYllouue
™ BéhTo TN Tpocéyyion aTo [a, b] e tn Béhtiotn tpocéyyion 610 X,y,. ‘Oco yeyahitepo
glvor T0 m, t6o0 xahitepa tpooeyyilovye ) BéNTIo T TpooEyYlon oo [a,b]. O Remez
avéntuge évay olyoprduo yia TNy €dpeot TS BEATIOTNG OUOLOUOPYNS TPOGEYYIONS GTO
dudotnua [a, b], pe dom oxpifeto Yéhovye. To ndoo peydro Yo elvor to m eaptdron omd
T0 YEtpo ouvéyelag ¢ f. Eyouv amodeiytel didpopeg TEOTACEL Yial BLAPOPES HAUCELS
GUVORTHOEWY.

Ao aoyoAniolue uwe €8 PE TO TS Vol UTOREGOLUE Vo Bpolue To unocuvolo X, ;,
mou olvel TN BEATIoTN MPocEy Yo, and To alvoho X, Ywelc var yeeldleton vor UTOAOY(-
m
n+ 2
am6 €vo UTOGUVORO GNUEiwY OE dARO, PE YVOUOVIL TNV odENCT| TOU GYIAUATOC.

oouge 6ha o AW i =1,2,.. ., . Ou ddooupe évav ahyopriuo UeTdPBoog

‘Eotw 6t Eexwvdye pe éva obvoho n + 2 onueiwv tou X, mou Yo 10 cuuBoriloupe
we {z,} xaw Yo 10 xaholue ohvoho avapopdc. To chvoha avapopds to cuyBoriloupe pe
eMnvixole Beixtee, omwe {2, }, eved e x, Vo ouyPorilovpe xdde o and T TWES T
mou avixel 6to {x,}. o amhdtno dmhady| de o ahhdloupe to detntn. o Topddery o
we 0 Y, f(zy) Yo evvoolpe to dbpoopa Ghwyv twv f(x) érov x € {z,}. Eotww p, =

pi(fi{zs}) n Bértion npocéyyion e f oo {x,}, 6t
|f($a) - pa(xa” = En(fa {xa}) = Po-

‘Ectw eniong 6t
M = max |f(v) — po(x)| = |f(2;) — po(z;)|.

rEXm

Av M = p, t61e T0 0hvolo avaopdc {z, } anotehel evodhaoobuevo cvolo onueiny Yo
T0 X, ToU onuaivel 0Tt P, ebvan 1 BEATIO TN TEOGEY YO o Yiot TO X, DTNV TERIMTWOT)
ot Beédnxe n Bértion mpocéyyion xau TeEhELdVEL 0 ahydprduos. Av M > p, tote x; ¢
{x5} xou Yo mpéner vo Bpolue évar dhho olvoro avagopds {z,}. To {x,} Yo anoteleiton
ond To x; Tou Vo AVTIXUTAC THOEL €val oNuelo Tou {z,} xou amd Ao tar udhoimor onueio
tov {2, }. H avuxatdotaon Yo yivetar pe tpdmo wote n ouvdptnon e(z) = f(x) — po(2)
vor e€axohoudel va evodldooel tpdonuo 6tay to & xwelton 610 alvoro {z,}. Av 10 x;
elvon evdldueco onueio Tote Vo avTIXATAOTHOEL €var amd Tor BLmAavd onuela Tou €xel To
(B0 mpdonuo pe to f(z) — pe(z). ‘Av 10 x; elvon oxpofo onueio toéte Yo avtixataoToEL
TO BIMAAVO TOU AV €Yl TO (Bl0 TEOCNUO 1) TO GAAO dXEO AV TO TEOCNUO YE TO OLTAUVO
Tou elvon SlapopeTind. TroloyiCouue oTn cLVEYEL TN BEATIOTY TEOGEYYLON P, XL TO
avTloToly 0 GPIAUA p,. Oo amodel&ouue 6Tt

Pu = Po;

ToU omuaiveL OTL elpacTE GE XUAG BEOUO 0ol UETUBUVOUUE OO UXEOTEQO OE UEYOAVTERN
QAT



38 KEPAAAIO 2. OMOIOMOP®H IIPOYEITIYH

Ané 1 oyéon mou pog divel To A, €youpe 6Tt

Z’VL+2 f/(zl) ) /1 9 %/
i=1 o/ (x;) + (z4) + (=D "w(=;)]
A Zn+2 (_1)12 Zn Zn+2 (l 17 f(xl) Z?:l n+2£f(xl)
i=1 w/(x;) ) j=1 W’(T Jj=1 (*1)77'_]‘“’/(1]')‘
_ +2 [’ ()]
- Z?:l anzx 1 (_1) f(zz)
i=1 1G]
Ovoudlouye ye
1
|’ (24)]
A = TR R S 0,
Z] 1w/ (z;)]
t6te To A OlveTon amd
n+2 n+2

Tou onuodvel OTL TO oGP A TN BEATIOTNG TEOCEYYIoNG TNg ouvdptnong f, elvon évag
%x0pTOC CUVdLACUOS TV TWoY (—1) f(x;) pe ouvteheotéc (H Bden) Ao Ac onuewwdel
£0¢) OTL oL CUVTEAEDTES \; e€apTivTon UOVO amd TIg THES TwY GUVAPTHCEWY w' aTol onueia
x; o OYL ambd TS TWES NG ouvdptnone f, mou onualvel 6Tt efvan otodepol QoGO TO
olvoho onuelev mopauével To (Blo. Av otny nopandve oyéorn avtl e f Yéoouue éva
TOAVOVLUO p € P, T6Te 1 tocoTnta auth Yo elvon undév, dnhadn

n+2

> Ai(=1)'p(zi) =0, (2.20)
i=1
apol Yo avTixatonTe(lel To ol TG BEATIOTNEG TROcEYYLoNE EVOC ToALWVOUOL p € B,
otov P,. H Béhtiotn npocéyyion Yo elvan 1o (610 TO TOAUDVULUO X0l ETOUEVS TO CPIAUAL
Yo elvon undév.
Y ouvéyela Yewpole we ovvolo avapopds to {x,} mou mpoéxude and to {z,}
ooy €ytve 1 oahharyy) Tou onueiou. Av egapudooupe ™ (2.19) vy Ty f 1o A Yot gbvon To
AmONUTO GPIAUA P, 1) TO avTiUETO TOU —p,,, ETOUEVKS

Tu) = Po ()] (2.21)

OTOL APAUEECOPE TNV TOCOTNTA ‘Zu /\,L(—l)“pa(xu)’ mou elvon undév Aéyw tne (2.20).
Treviuuilouye otL 1 odhhoryry onueiou éyve xotd tedémo dhate to opdhua f(x,) — po(z,)
va ouveyioet var ahhdler ouvey e Tpdonuo oto olvoro avopopds {x,}. Autd onuaiver
6t nogomta (—1)*(f(z,) — pe(x,)) Slatneel otodepd TpdoNUO XoDS TO T, SlaTEEYEL
70 6UVOhO avapopds {z, }. Enoyévme to napandve dipoioua eVTos Temv amdAUTLY TGV,
elvon dpoloua opdoNuUeY dpwv agol ta A, elvon Jetind. Metd and autr tnv napathienon,
N (2.21) ypdypeton v

Pu = Z Aal f (@) = po ()] (2.22)

w
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Ened) o onpeia tou {x,} eivor xou onueia tou {z,} extéc and éva, éotw t0 4, WY lEL
6Tl

[f(@n) =po(@)l = por, 7 J xou |f(z;) = pola;)] = Mo
Youpwva ye owtd 1 (2.22) xatahiyer oTtny

Pu = Z Aupo + XMoo = Z)‘upﬂ + X (My = po) = po + Xi(My = ps) > po,
W#EF H
ool 35, Ay =1 xou My > p,. H tedeutaio oyéon anédeile to {nroldyevo.

YOUPWVL UE TNV TARATEVE ovaALGT), 0 ohydpLduog Yo cuyxAivel olyovpa otn BEATIoT
TEOGEYYIOT ool peTofolvoupe oe OAo xou UEYAAUTERA opdiuaTa, O YVwellouue Ouwg
EX TWYV TEOTEPWY TV apldud twv enavolflewy. Xiyoupo eivon tayltepog amd exclivov
e dtadasiag EAEYYOU OAWY TWV GPIAUATLY Yo OAa ToL UTocUvola Tou efval oe TATYog

( n:rz 9 ) . 'Eyouye va tapatnericouye OtL oy TOYEL VoL EEXLVAGOUUE od GUVOAO ovVapOpdS

TIOL AVTIGTOLYEl OE OYETXS UEYTAO GQIAUa, TOTE clvToua Yo @tdcoupe otn Aoon. Av
oUW AUTO avTIoTOLYEl 0 OYETIXd Wxpo, TOTE (0w YpelaoTolv TOMES emavalAeLs.
Cevviéton Aotmdy To pTNUoL av UTERYEL TEOTIOG VoL ETUAEEOUIE TO XUAUTEQO BUVATO 0Py IO
oUvoho avagopds. H andvinon etvon Getinr xan oyetileton pe tnv npocéyyiom ehaylotwv
TETPAYWVWY Tou Yo avamtuydel oto enduevo xepdharo. ‘Eyel anodeytel ot av ¢* € P,
elvan 1 mpooEyyion ehayioTwy TeTpaYOVWY NS f, oplopévng oto X, otov P, T6Te 10
olvoho avapopds {z,} Yy To omolo N ouvdptnon owdhuo f(x,) — ¢*(z,) evalhdooel
OO, €lvor €val TOAD Xahd apyixd GUVOAO avapopds yia TNV €lpect) TN BEATIOTNG
TEOGEYYLONG ME TOV ohyoprdpo evodhayhc onuelwy. Amoutelton BéBouar 1 edpeon mpwta
NS TEOGEYYIONG EAAY(OTWY TETEUYOVWY, TOU 0TS Yot SOUUE AmOTEAEL Yot EUXONOTERN
xan toryOtepn Sodixacio. Alvouue otn cuvéyeia duo TapAdElYHATIL:

Mapdderypa 15 Aiveton 10 olvoro onueiwv X5 = {—2,—1,0,1,2}. Na Beedel 1

Bértiotn mpocéyyion deutépou Boduod yio T ouvdptnon f(x) = x? pe tov ahydprduo
evohhary g onuelov.
O mivaxog Toy g ouvdptnong eivan

fil-s -

Emhéyoupe we apyixd obvolo avagopdc {z,} = {—2,—1,0, 1}, anoteholpevo and

01 2
01 8"

o téooepa mpwta onueia. IIpoywpeolue ot cuvEyeld e T YVWOOTY| dlodasta yior Tny
£0peom Tou BEATIGTOU TOALWVOUOU.

LA 2rgto+
+

= Y e |
Z?:l% Sttt

wWik| =
|
e~ w
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p0<x> - pg(l‘) - )‘013(:{:) = Z?:l ;{?Z % — Ao Z?:l ;df;)z cf)’_(i);)
= (@+Dz@z-1)2+ @+2z@r—-1)F + (z+2)(z + 1)zg
2w+ Dafe— D)2+ (@ +2Qa@ — DI+ (@ +2)(@ + (@ — 1)

+ (z+2)(z+ 1)%%) =32+ +3.

Trohoyiloupe TR To GPIAUAT €4 () Yio OGN To T; TOU avAxouv 6To X, xou
eEAEYYOLUE Ta TEOOTUY TWV OO TE va YIVEL 1) aAAoyY| TwV onueiwy.

o(-2) = (-2~ (-2 ()Y = 2 ()
o(—1) = (-1 = (=3(=1’+(-D+3) = ;5 (+)
e (0) = 0° — (=320°+0+2) = -3 (=)
e.(1) = 1B —(=35124+1+32) = 2 (+) éEodoc
e (2) = 28— (3224243 = L (+) eloodoc

ITpénel va mopatnericouue €8¢ OTL Oe ypEelallOToY Vo UTONOYIGTOUY ToL GQAAIATO YL T
onueta touv {x,}. Ebvow yvwotéd and ) Yewpio 1 autd do eivon loa ye p, = % ue

EVOANUGGOUEVYL TTPOOTU, EExtvavToc e —A, = —3. To unoloyloope amhdC yior vo

4

’ ’ z ’ ’ ’ 7 ’ . 4j
emBefoucdel n Yewplo. To péyioto opdhpa diveton 610 emimheéoy onpelo 2 xou ebvon M = 7
ue Yetnd mpdonuo. Ou ewcoyel autd TO ONUEID GE AVTIXATACTACY] TOU BLAovol Tou 1
oV, TO avTioTOLYO CPdAUa el To (Blo Tpdonuo. 'Etol o véo clvolo avagpopds Yo elvan

w0 {z,} = {-2,—1,0,2}. ¥t ouvéyelo oxohoudolye tnv (Bar Sraduxaota:

(=2) = (—241)(=2)(=2-2) =-8 |J(0)= 2-1(-2) =4
=)= (—142)(—1)(=1-2) =3 |()= @+2)2+1)2 —2
L_TLiSE R FA04S 1 4
w= 0 =1 1, =1, 1 3 3

L5 mtstoita o103

pu(z) = p3(x) — Auls(z) = ?:1 :Ea;)z u{/((z)) -\ Z?:l ;u_(ig;)z a(;(i):)
(x4 1x(x — 2):—2 + (z+ 2)x(x — 2)%1 + (z+2)(z+ 1)952&4
@+ Do -2k + (@ + 22— 25+ @+ 2)(x + 1)(z - 2)=

+ (@+2)(@+ Dagp) = -3+ Yo+ 4.

Alvouge TP TOV TUVAXA TWV OQOANIETOV €,(T;) Yiot Gl ToL T; TOL avhxXouv 610 Xy,
unohroyilovtag uévo 1o opdiua yio to emmiéov onueio 1, agol yio to onueia Tou {z,,}
Vot efvon § e EVOAAIGGOUEVDL TROOTUL, EEXIVMVTAS UE APVNTIXO.

cul-2) = ()
cul-1) - 1
e, (0) = —3 (=) éodoc
en(1) = 1P—(—3124+P1+3) = -8 (=) eloodog
eu(2) = 5 (+)
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Patveton xodopd 6T1 T0 PEYLoTo opdhua divetan 6o onueio 1 xou etvon M = 42 e opvntind
npoomnuo. Ou elooydel Eavd auTd TO oNuEio oE aVTIXATACTAOY Tou BimAavol Tou 0 Tou,
10 avtioTolyo opdhua éxel To (Blo tpdonuo. To véo ohvolo avapopds Yo etvan to {z, } =
{—2,—1,1,2} xou cuveyileton 1 (B Srodixasio

V(=2 = (“241)(—2-1)(=2-2) =—12 |w(1)= (1+2)(1+1)(1-2) =—6
(=)= (~142)(-1-1)(-1-2) = J(2)= 2+2)2+1)2-1) =12
4 f(zq) — —
oSl adates 0
v = i = T, -1 =71 =4
sLEs mtetStu s

= e+ D) -DE-2)=L+@+2)(z—1)(z—-2)7
+ @+2)(z+1)(z-2)L+(@+2)(z+1)(z—-1)3
= 2((@+ D@ -D(@-2)H+ @+ 2@ —1)(-2)}

+ @+ 2@+ )@ -2)TF+ @+ 2@+ D@ —1)%) =3z

O rnivaxa Twv o@opdtwy e, (z;) etvon:

e(—2) = -2 (-)
e, (—1) = 2 (4)
e, (0) = 0°—3x0 = 0

ev(1) = -2 (-)
ey (2) = 2 (4)

To uéyioto ogdhya etvon M = p, = 2, mou onuolvel 6Tt 0 ahydprduog ohoxAnewInxe.
To clvolo avagopds {z, } Ya eivor 10 GUVOAO EVOANACGOUEVLY GNUElLY Yiat TO X, TOU
uog Blvel T BEATIO TN OUOLOPOPYPY| TROCEYYLON

ps(x) = 3u.

Iopatneolpe €86 OTL TO TOAUKVUUO AUTO Elval TOAUMYULUO TEKOTOL Borduol, Tou onualvel
ot elvon xou BéATIoTN Tpocéyylon otov Pp. Ioylel xou €8¢ 1 mopatienon Tou xAvoe xa
O TNV TPOCEYYLOT GUVEY WY CUVAPTACEWY OE BLAC TN XIS Xol OTY| BLoXELTY| TERITTWOT),
OTWE %o 6TO TpoNYoUuevo Topdderypa.  Enedh n ouvdptnon ¥ etvon mepitth xou o
obvoho onuelwv X5 = {—2,—1,0,1,2} elvor ocuppetpind we mpoc to undév, n Bértot
Tpocéyylon Yo elvar mepltT) ouvdpETNo).

O BWOOLUE EBW EVal TUEADELY A OTIOV 1) CUVERTNOT Xl TO oUVOAO oruelwv elvan Ta
(Bl omwe mponyolueva, oAAdlel Ouws 0 Yweog TohLwYOUWY Tou Va elvor o P;. Puoixd
avopéveton To (8o anotéleopa 3z, ohrd Yo dolyue To Twg Asttoupyel o alydprduog 6tay
ToEopEVOLY Buo onueia €€w amd To GOVORO AVIPORAC.
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IMapddetypa 16 Aiveton 10 oOvoho onueiwv X5 = {—2,—1,0,1,2}. No Beedei
Bértiotn Tpocéyyion medhtou Boduod Yo ) ouwvdptnon f(x) = z® pe tov ahydprduo

evohhary g onuelov.

O mivaxoc Tuoy g ouvdptnong eivon

fil

-2 -1 01 2
-8 -1 0 1 8°

Emhéyoupe we apyixd obvoro avagopds {z,} = {—2,—1,0}, anoteloluevo and o
Telo mpwTar onuelar xan axoloudolue TN YVwoTr dladixacto.

W(=2) = (=24 1)(-2) =2,

W(=1)=(-1+2)(-1) = -1, ' (0)=2-1=2

o R N S ) -3 3

—1) =1 1 1 9

L w22
3 w@ flmi) _ 3wk (=1
=1 z—z; W'(x;) A Zzil z—x; W ()

Po(r) = pa(x) = Asla(2) =

4x+%.

(z+ 1Dzt + (z+2)z=7 — 2 ((x + a5 + (2 +2)z5

O mnivaxag twv oaludtony e, (z;) Yo elvou:

e, (—2) =
e (—1) =
e (0) =
e (1) = 13—
e (2) = 23—

R B

Ao = % ("‘)

—As = —% (—) ¢£0doc
(4-143) = =5 (=) eloodoc
(4-243) = =5 ()

/ ’ ’ ’ ’ 9 / ’
To péyoto o@dua divetan oo onueio 1 xou elvon M = 3 e apvnuixd mpdonuo. Oa
ewoay¥el autd TO oNueio oe avTxaTdo TaIoT TOL BLtAavo) Tou ) Tou, To AVTIoTOLYO CPIAUL

€xeL 10 B0 mpbonuo. ‘Etol 1o véo clvoho avagopds Ya etvan to {z,} = {2, —1,1}.

W(=2) = (=2+41)(=2—1) = 3, W'(—1) = (—142)(—1-1)

-2, w'(1) = (142)(141) =6

3 f@) -8, = 1
R ST B skt bk A
T 1 =1, 1, -1 =z
LS o srats

pu(x)

= pofz) — /\MZQ(fE) = ?:1 z—z; w(z;)
2((@+ D)@ —1)F + (@ +2)(x— 1)

f(zi)

w(x)

DD s @12t 1)

+(@+2)(@+1)7) =3z,

6

O nivoxog twv ogaludtov e, (x;) Yo etvou:
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e(=2) = =N = =2 (-)
ew(=1) = AN = 2 ()
e 0) = 0°-3.0 = 0 (-)
eu(l) = =X = =2 ()
en(2) = 2°-3.2 = 2 (4)

To péyioto opdhua ebvon M = p,, = 2 xou QTACAUE GTO AVAUEVOUEVO ATOTEAEGUAL:
pilz) = 3.

Ipogavee o mivaxag Twv ogaiudtony elvan axplBog o Blog ye tov teheutaio mtivaxo tou
TEONYOLUEVOL TARAOELYUATOC Xl TO GUVONO TWV EVAAAICCOUEVWY OMUElWY amoTteheltan
am6 téooepa onuela agol etvor xou BEATIOTN TpocéyYlon ooV Ps.

O dooLYE €06 Evary GAAO TEOTO LTOAOYLOUOU TG BEATIOTNG TROGEYYIONG, Ywelc TNV
£0pEDT TWV AVTIOTOLY WV TOAWVOUGY TOREUPOATC po Xl Iy, GToV TEOXELTAL VIOl TROCEY Y1
on otov P;. Ebvon évog yewpetpinde tponoc nou Pactleton 6To yeyovog 6t 1 eudela mou
EVAVEL TA €GO TV 800 TAEUPWY EVOC TELYWVOU, AMEYEL ONO TIC TEELS XOPUPES Tou e&loou
xalL APrVEL BUO XOPUPES GTO Eva NUETUTEDO xou Yiot 6TOo dhho. Amouével Aowndy vo uto-
hoyloouue TNy e&lowaon g eudelog TOL EVHOVEL ToL HECA BUO TAEURWY TOU TELYWOVOU, OO TE
Ol AMOCTACELS AT TIG XOPUYPES VoL €YUV EVUAAACGOUEVO TedoTuo. Eotw 6Tl €youue t0
obvoho onuelowv Xs = {x1, Ta, X3}, e 11 < T2 < x3 xou f(1), f(22), f(x3) lvon oL Tipée
e ouvdptnone. Opileton éva tplywvo ue xopugéc to onpela (z1, f(z1)), (za, f(z2)) xou
(3, f(x3)). Eivaw mpogavée 6tL 1 eudeior mou evddvel tor p€ool TwV TAEUPWY TOL TELYVOU

nou op{leton amd Tor BuO TEWTA X Tor duo devTEPa oNueia, améyel e€loou and TIC XOPUPES

zl‘gil& ’ f(rl);-f(mz)) Kol

Ue evohhaooouevo Tpoomuo. To yéoo autd €youy CUVTETAYUEVES (
($2+$3 f(z2)+f(23) )
2 2

, avtiotowya. Kataoxeudloupe otn cuvéyeia tny e&iowon tne eudelag
TIOL EVOVEL T BUO oUTd oruelo:

f(z1) + f(xg) _ f(m);f(m) - f(zl)erf(IQ) (x Tt x2>
= > )

2 To+T3 _ T1+T2
2 2

Advovtac e npog y xou Hé€tovtac pi(x) otn Véon tou, naipvouye

“(z) = flzs) = f(a1) (x 1 +$2> N f(z1) + f(x2)

Tr3 — X1 2 2 ’

(2.23)

Tou anoteel Evay TUTO ancudelog edpeong Tou BEATIOTOU TOAUWVIUOU.
Av mdpouye 10 oOvoro avagpopds {z,} = {—2,—1,1} tou tehevtaiou mopadelyporog
Yoo T ouvdpTnom z®, o Timoc awtéc divel:

1—(=8) —24(—1) -84 (—1)
:1—(—2)<$_ 2 >+ 2

pi(z)

= 3z,

TOU EfVOl KO TO AVUUEVOUEVO OTOTEAECUIL.
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Aoxnoelg

. Na Beedel n Bértiotn opolduopgn tpocéyyion e ouvdptnone f(z) = x + |z, opt-

ouévne oto ddotnua [—1, 1], otov P. (Mnogeite vo yenoWomolfoeTe ) ypopixy
TOPAO TAOT TG CUVAETNONS X0l WLOTNTES TNG BEATIOTNG OHOLOUOPYPNC TIEOGEYYLONG. )

. Na Beedel 1 Béhtiotn opoiduopyn mpocéyyion g ouvdetnone f(x) = 1, opopévne

oto ddotnua [1,2], otov P ye 1 wédodo mpoodlopto TEWY CUVTEAECTAY. (Otew-
eote pi(x) = ax + B xou npocdoplote ta v xon 5. Nat dlatnpeite xAdopator xou
etlixd oTouc uTohoytopolc. )

. Nou Beedel n Bértiotn opoldpopyn npocéyyion tne f € X4, otov Py, 6mou

1

Xy ={-1,0,1,2} xou 7 ‘

(el Naw)

1 2
1 4

. No Beedel n Bértiotn opoldpopyn npocéyyion tne f € X4, otov Py, 6mou

2

1
X4 =1{-2,0,1,2} o TR

fil o

N O

. No Beedel n Bértiotn opoldpopyn npocéyyion tne f € X5, otov Py, 6mou

X5 =1{-2,1,0,1,2} xou

zi| -2 -1 0
fil 1 —-11
YENOWOTOLOVTOS TOV ahyoplduo tne evolhoyhc onueiwy xan Eexvovtag and X, =
{-2,-1,0}.

1 2
2 07

. No Beedel 1 Béhtiotn ogoldpopyn npocéyyion e f € Xy, otov P yenoulomolcv-

Tag ToV aAyopriuo TN evahhayic onuelwy, ooy

X4 =1{0,1,2,3} xou

|1

1 2 3
fill 12 4°

. No Beedel n Bértiotn opoldpopyn npocéyylon tng f € X5, otov Py, 6mou

X5=1{-2,1,0,1,2} xou

YENOWOTOLOVTOG TOV ohyopudUo Tng evolhayrc onuelwy xou Eextvovtog oand X, =
{-1,0,1}.

. Na Beedet n Béhtiot opoibpopyn mpocéyyion e ouvdptnone f(x) = 2, oployé-

vne oto dotnua [0, 1], otov P yenotponowdvtog nohuwvupe Chebyshev.
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. No Beedel n BérTiotn opotdpopyn npocéyyion g f € X4, otov P xou otov P,

oTov
fil-1 1 -1 0"

X, =40,1,2,3} xou

No Beedel 1 Bértiotn npocéyyion e ouvdptnone 2, oplopévne oto ddoTnua
la,b], otov Ps.

3_ 1
8

Tpocéyylon Tne ouvdptnone x?, oplopévne oo ddotnua [—1, 1], otov P3 xou yiorti;

ITow6 and Ta dBuo ToAUGVUPA T x xon 2? — ¢ dev unopel va ebvan 1 PélTio T

No omodetytel 6T 1 Bédtiotn opolduopyn meocéyylon tne ouvdptnone f(x) =
sin(z) + 3z% — bx + 1, oplopévne oto ddotnua [—2m, 27|, otov Py, elvon ph(x) =
3z% — br + 1.

Atbveton 6t pj ebvan 1 BéRTIoTN opoLdpopyn Teocéyyion tng ouvdptnone f € Cla, bl
otov P,. No Beedel n BEATIOT™ opolduoppn Teocey Yo tne ouvdetnons f + qn
otov P,, 6nou ¢, € P,.
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Kegpdaiowo 3

ITPOXEI'TIXH EAAXIXTQN
TETPAT'QNQN

To mpdBinua Tng TEOcEYYLoNg EAXYIC TV TETEPAYWVKY YLoL GUVEYEIC CUVOPTNOELC OpLouE-
veg 610 ddotnua [—1, 1] dratundvetan we e€hc:

IpbBAnua 2 Aoleioag owvexois ovvdptnons f oto idotnua I = [—1, 1] ka1 puag odo-
KkAnpoouns katd Riemann ovvdptnong Bdpovs w, Jetikng oto I €xto§ and menepaciévo
oUvodo onpeiwy émov w(x) = 0, va Bpebel noAvdvupo g € P, térowo dote

17 =il = [ [ @) - Ga@Pua] < 1f = plls V0 Po e (3

To avtioTotyo TedBAnUa YLot GUVIETHOELS OplopEVES 6TO 6UVONO anuelwy X, = {1, 22, . ..

OLTUTOVETAL WS eENG:

IMpb6BAqua 3 Aoleioas ovvdptnons f opiouévng oto odvoro onuetwr X, = {x1, 2, . . .

ka1 yag ovvdptnong Pdpovs w, Jetikng oto X,,, va Ppelel moAvavvuo q; € P, tétow
WoTe

1
m 2

1f = anlla = | X1 (@) — qu(@)*w(zs) | <|If —pll2 V€ Pay p#ar.  (3:2)

i=1
And Ta yevird Yewprjporta Onapéng tng BEATIOTNG Tpooéyyione Osdpnuo 1 xou povo-
owotnTag Oewpnua 3 g Ewoaywyrc, mpoxintel 6Tl undpyel 1 Teocéyylon ehayloTwy
TETPAYWVWY Xl Elvol povadxr, agod o ywpeog P, elvan mencpacuévng dldotaong xou 1
euxheldetor vopua || - |2 elvan ovoned xupth vépua. And tn oyxéon (3.1) unopolue vo
TOEATNENCOVUE OTL 1) TEOGEYYLOT] ENYICTWY TETEAYDVWY UTdEYEL xou efvan Lovodixr Oyt
HOVO YLl CUVEYEIC CUVOPTNAOELS, AAAG oL YLl CUVAPTHOELS TTOU EfVall OAOXANEWOLUES XUTA
Riemann oe oyéon pe tn ouvdptnom Bdpouc w.

H npocéyyion ehayiotwv tetpaydvwy umopel va opiodel xdhhiota xan o€ onolodrnote
el T Sldonua [a, b], apxel vo avtixotao thoouue we a xou b T —1 xou 1, avtiotouya

47
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otov tomo (3.1). Tnv opilloupe duwe 610 ddotnue I = [—1, 1] agpold xédde cuvdptnon
OploUEVN 0T0 [a, b] Umopel Vol UETUOYMUATIOTEL UE TO YPOUMXE UETACY NUXTLOUO
_b—a, b+ta

t
2 * 2

T

oto 0o tnua [—1, 1]. Beloxoupe ) cuvdptnon

g(t)=f<b;at+b;a>, tel-1,1],

Te0ocdL0pIloVUE TNV TEOGEYYLOT EAXY(OTWY TETEAYMVWY TNG § XU EMAVERYOUACTE GTO
dudotnuat [a, b], ye Tov avtioTpoPo peTaoyNUATIONS

; 2 b+a
= T — :
b—a b—a
Ipotolye va epyacolye oto ddotnua I = [—1, 1] enedh autd dieuxohdveL Toug uTo-

hoylopoig, omwe Yo So0UE TOEUXATE.

Arnopével howndy va dolpe Twg yopoxTnelleTtar 1 TROCEYYLON EAXYIO TV TETEAYWVGY
xan var dwooupe alyoplduoug yia Tov utoloyloud tng. Ilpwv mpoywerioouye oe autd Va
0plooUUE TO EUXAEIDELD ECWTEELXO YLVOUEVO TIoL oyeTileTon Hor TNV euxheidela vopua || - |2
xon Yot BOCOUPE XATOLES LOLOTNTEC AUTOL TOU Vot YOG YEELG TOUY TOQOXATE.

Optopoeg 5 Aodévtwr duvo ouvaptiioewy f kar g, ouvexdy oto didotnua I = [—1,1]
ka1 pag owvdptnong Pdpovs w, opilovpe w§ €0WTEPIKG YIVOUEVO aUTWY, TNV TOTOTNTA

(F.9) = [ f@gtayula)ds (33

O avtioTolyog 0plouoC YLl TO ECWTEPIXO YIVOUEVO GUVORTHCEWY OPLOUEVWY GE GOVOAO
onueiwy, elva.

Optopdg 6 Aodértwr duvo owvaptrioewy [ ka g, opiopuévomr oto obvodo X, = {x1, s,
oy T} K1 puag ovvdptnong Pdpovs w, Jetiknig oto X, opilovue ws €owtepikd ywvi-
JLEVO auTWY, TNy TOoOTNTA

m

(f,9) = Z f(z)g(@:)w(z;). (3.4)
i=1

ITpénel vor mopatneicouUE €0 OTL TO ELXAEIDELD ECMTERPXG YIVOUEVO OplleTan YEVIXOTERY
YL ULy adLXEC CUVORTAHOELS, EPEC OUWS DOCUUE TOV 0pLoUS TIoL TepLoptlETol OTIC TEAYUATL-
%€C CUVAPTNOELC ETEWDY) YE aUTEC HOVo Vo aoyorndolue. Oo BoUUE €O OTL TO ECMTERIXY
YVOUEVQL, YL TN CUVEYT oL OlaxELTr) Tep(mTwaoT, Tou oplooue €youv Tig (Bleg oxpBae
WoTNTEG. Axdur, Yo Solue mopoxdtey OTL UTdpyel évag Yauudoloc BUlouog PeToD Tev
TEOCEYYIOEWY GE CUVEYEC Do TN Xat o€ oOVOho onuelwy, ot Podud mou ol amodel-
gelg v TN wa tepintwor etvon oaxplBag o (Bleg xou yiar Ty dhAn. Alvouyue €66 xdmoleg
WOLOTNTES YL TO ECWTEPIXO YLVOUEVO:
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(2) (f 9) = ( f)

(i27) (f +h 9) = (f, ) (h ,g), (f,9+h) = (f.9) + (f, h) (veopuxdnma).

(i) (£, 1) = Iz

Oa Mye 6T ov ouvapthoec f xou g ebvon opoydwiee petod twv av (f,g) = 0.
Iopatneolue 6Tt 0 oplouds auTodS TS 0P YOYWVOTNTAS CUUTITTEL Ue TNV 0pUoYWVLOTNTA
dtavuoudtwy otov IR™, dtav oL cuvapThoelg opllovtal 6to olvoro onuelwv X,,. Tlpoyw-
EOUUE, AOLTOY, GTOV YORUXTNELOUO TNG TEOCEYYLONG EAAY(CTWY TETEAYOVOV.

3.1 XapaxTneloWog TNG TEPOCEYYLONG EAXYICTWY
TETEAY WVWY
Ocedpnua 14 Eow f € C(I) ka1 w pua ovvdptnon Bdpovs opiouévn owo 1. To

TOAVOYUHO @ €lvar n) tpoaéyyion elaxiotwy tetpaydvwy s f, oto ovvolo ToAvwyiuwy
P, avv

(F=a.p) = | (@) = g@)p(e)w@)ds =0 Vpe P, (35)
Anédeiln: (<) Eotww 6t woyber n oxéon (3.5) xaw 6t p € B, tdte
If=pl3 = [L(f(2) —p(@)’w(z)de = (f —p, [~ D)
= ((f—a)+ (g —p),(f—a)+ (g —p)
= (f—a.f—a)+ (@ —pay—p)+2(f —az. a4, — p).

Enedr n oyéon (3.5) woyler v 6ha ta p € P, xou ened| ¢ — p € P, éyoupe 6t
(f —q:.q; —p) = 0. Enopévee n nopandve oyéon yiveto

If =l = (F=anf =)+ (@ =gy —p) = If = al5+ g, —pl3 = 1 — 4l
6TOU 1 AVLOOTNTA YIVETAL LEOTNTAL HoVO OTay g = p. Autd onuaiver 6t g elvan 1 Tpo-
oEYYLoN A OTWY TETEAYWVWLV.

(=) Eoww 6t ¢ elvon 1 tpocéyyion ehayiotwy Tetparydvmy TN f xou 6T dev 1oy el
n oyéon (3.5), dnhady) undpyet p € P, vl to onolo oy be

(f—a,,p) = /11(f(a:) — ¢ (2))p(x)w(z)dz = a # 0.

Opilouye ye

xou VETouUE
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Y11 ouvéyelar Yewpolye To TOAUGVILO ¢ = ¢ + Ap € IR™ xou utohoy{loupe ) || f — ql|3:

If=qllz = IIf—a, = ll5=(f—q = o, f — @, — \D)
= (f—anf—a)—=2(f —a,\p) + (AD, A\p)
= |If = aq;ll3 = 2Mf — 45, 0) + N5, D) = |If — @;lI5 — 2Aa + \?b
= f =gl =Nb<|f—al5

Auté onuabvel 6TL To TOAUGVLPO ¢ amoTeAel xahlTepn Teocéyylon Tne f and 6,TL To ¢.
KotoahiZope emopévng oe drono agol unodéoaue 4Tt To ¢ elvon 1 Tpocéyyiorn ehayloTwy
TETPAYOVWY NG f %ou 1) am6delln ohoxhnpcxinxe. o

To avtiotoiyo Yedpnua mou yopoxtneilel TNV Tpocéyyion eEAdyCTWY TETEAYWMVWY TNS
f, mou opileton 60 GUvoro onuelwyv X, elvan To axdrovdo.

Ocwpnua 15 Fotw énn f opiletar oto ovvodo onueiwv X, karw elvar pna ovvdptnon
Bdpous opropévn oto X,,,. To moAvavuuo g €lvar n mpooéyyion eaxiotwy Tetpayivwy
s f, oto ovvodo moAvwviuwy P, avy

m

(f —aip) =D (fl:) — g (z:))p(zi)w(z;)dz =0 Vp € P,. (3.6)

i=1

Ae Ya dwoouye €66 TNV amodelEn yiatl elvon o3 1 (Bl pe exetvn Tou Oswehuatog
14. H amédeln tou Oewprjuotog 14 869nxe und oppr ECOTERXDY YIVOUEVKY Xal O)L UTO
HOE®PY| OAOXANEWUSTWY, oxEY3KC Yiar var anotehel amddelln xow Tou Oewpnuatog 15. Mdvo
oe oplopéva onueio 8OUNXaY X XAmoL OAOXANEOUTO ATTAGL Yot EUXOAL TOU avary VOO TN,
mou Yo umopolGaY ot AT VoL TROANPUOUY. AV OVTIXATAC THCOUUE TO OAOXANEEUNTY
ue o avtioToyo adpoloyata, TOTE 1) ToEATAVE AmddELE anoTeEAEl XAAMO To AmdOELET TOU
Ocwpehuatog 15.

‘Eyoupe va nopatneriooupe €0w Ot Tor Oewpruota 14 xou 15, ovclaotixd pog Aéve
OTL TO OQPIAUAL f — @) TNG TEOCEYYLONG EAXYIOTWY TETEAYWVGY TEENEL VoL elvor opUoy®-
VIO Tpo¢ 0AOXANEO To YWeo P, otov omolo mpooceyyiloupe. To Bio cuyPaivel xou cTov
enheldelo ywpo IR? otov omolo Lolyue xou éyouue Yewuetpxd drodn. ‘Otav Yéhouye va
TEOCEYYIoOUUE €va OMuUElo TOu YWEou e €va onuelo oe €va eTnedo, PEPVOLUE xAETO
an6 1o onuelo oto eminedo. O Blog vouog emopévmg mou Loy Vel GTOV EUXAEIDELD YPEO O
(Blog Loy leL xou GTOUC YWEOUE CUVIRTACEWY OTaY TEooeYYIlouue Ue TNV euxAeldela Vop-
uo.  Amodewvietan 6Tl 1 opBoywvidTnTa yoeoxtnellel xou TNV TEOGEYYIoN O)l UOVO OE
YWEOUE TOAVWVOUWY dhAG Xa GAAOUG UTIOYMEOUS OTIG Yol TADELYUa EfVal O UTIOY PO
TWYV TELYWVOUETEIXWY TOAUWVOUWY. AxOur anodeixvietol OTL 1) TEOCEYYLOT XUl OE THO
apnenuévous ywpeoug yopoxtneiletoa and opdoywwdtnta oy 1 avticTolyn vopuo mopd-
YETOL OO ECWTERXO YLVOUEVO.

X1 ouvéyelo Yo doBolv oL pédodol xou ahyodprduot yior TNV EVEECT) TN TEOGEYYLONG
ehayloTwY TETPAYWVOY.
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3.2 IIoAudvupo eAayicTwWY TETPAYWVWY YL CL-
VOPTHOELS OE CUVEYEG SLACTNUA

Ocewpolpe 6Tl N ouvdptnon f elvan cuveyhc oto ddotnua [—1, 1] xow otdyog pog elvor vo
BeoUue To TOALWYLUO EAA(CTWY TETPAYOVWY GToV P,, ¢ Tpog TN ouvdptnor Bdeouc w.
Ané ) yopoxtneio il WbTnta opdoywvidtntog (3.5) mou divel to Oedpnua 14, éyoupe:

(f —a,p)=0% (q,,p) = (f,p) VPE P, (3.7)

1) OE LOPPY| ONOXANEWUATLY

/ " @)p(@)w()d = / 11 F@)p(a)w(z)dz Vp € Py (3.8)

-1

Anopéver homév vor TpoodloploOUUE TO TOANUGYLUO ¢ ¢hoTe vo toyler 1 oyéon (3.8)
yioo Oha o0 p € P,. Amé mpwtn dmodm gofveton var elvon moAD dUoxoho medBAnu SLOTL
TEENEL Vo To avalNTAooLpe péoa amd €va amelpocUvolo mou ebvar to P,. Adyw tng
Y OOUUUXOTITOC TTOU LOYVEL YLOL TOL OAOXATIPOUATOL 1) YEVIXOTEQO YLOL TOL EOWTEPLXA YIVOUEVA,
opxel va amowticoupe va oy Vel 1) (3.8) uévo yia n+1 oe mAdog Tohudvuua Tou anoteholy
Bdon tou P,. EmAéyouue wa Bdon tou yweou P, ex@edlouye TO TOAUOVUUO ¢ ©C
YEOUUXO GUVBUOOUS TeV TOAWVOULY TNS Bdomne xou amoutolue vo toylel 1 (3.8) yio ko
Tor ToAuvupa g Bdone. Kataoxeudloupe 1ol éva ypouuxd cbotnua n + 1 e€lodoewy
ue m + 1 oyvedoToug, TOUC GUVTEAECTEG GTO Yoo cuvdvaouo. H Adon autol tou
oLC TAUATOG Olvel xou TN MUY ToU TEOBAAUATOC oG,

H Sagpopetindtnta Ty pedodwy mou avamtdydnxoy xou Yo Bo0UE o CUVEYELD CUVI-
otaton TNy emAoyY| e Pdone. Ou e€etdoouye, Yia amAOTNTA, GE OGAO TO TUEOV HEPIANUO
uovo v mepintwon 6mouv w(z) = 1. H nepintwon yio tnv omolo 1 ouvdptnon Bépouc
elvon SlapopeTiny| amd 1 povdda e€etdletan oxpl3mg Ue Tov (Blo TeoTo, apxel vo Yewpolue
X0l TT) CUVRTNOT W WG TORAYOVTO GTO OAOXATPOUITAL.

3.2.1 To Ybotnua twv Kavovixwv EEicwocewy

Hofpvouue we Péorn to oOvoro Twv poveviuwy {1,z,z? ... 2"} xu Yewpolpe 6Tt 7
TEOGEYYIOT) EAAY(OTWY TETRAYDOVWY ¢ EXPEACETOL UE TO YROUUXO CUVOUAOUO

G (2) = & + Erw + &’ 4 - + Eua (3.9)

Av Yéooupe p(z) = 2%, i=0,1,2,...,n, n oyéon (3.8) yiveton

1

1 . .
/ 951(§0+§130+§25€2+“'+€n$")d:c:/ o' f(x)de, i=0,1,2,...,n

N

i(/l x”jdx) Ej:/llxif(x)da:, i=0,1,2,...,n. (3.10)
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Y€ HOPYY| ECWTEQXMY YIVOUEVWY auUTY| YiveTou:

Zx e = (2", f), i=0,1,2,...,n. (3.11)

Ou oyéoeic autég dlvouv to Aeyoduevo Xiotnua twv Kavovuxdv E&oboswy:

Qoo Ap1 Qo2 - Qon fo bo
Q10 a1z Q12 - Qin &1 by
a0 Qg1 Qg2 - d2p L | =] b |, (3.12)
L Ano Ap1 Qp2 - Qpp 1L fn ] L bn ]
OToU )
ai; = (z',27) :/ e dr, i,j=0,1,...,n (3.13)
1
P! )
b = («, f) :/ 2 f(z)dz, i=0,1,...,n. (3.14)
1

To clotnuo autd pnopel va Ypapel cuvortxd utd pop@Y| dlavuouatixic elowong:
A =b.

Me tn Abon Tou CUCTAUATOS TV XAVOVIXWOY EELOOCENY PElOXOUUE TOUG CUVTEAECTEC
&, 1=20,1,...,n, ToU Yeouuxol cuvduacuol (3.9), Ttou onuaiver dTL uTohoyiooue TO
TOAUMVUUO EAAY(OTWV TETRAYWVWY ).

O ahyoprduoc eTOPEVLC CUVICTATOL GTOV UTOAOYIOUO TWV OTolYElwY Tou Tivaxa A,
G TOV UTOAOYLOUO TwV GTolyelwv Tou dlaviouatog b xou ot Adon evdg yeauuxod cuoTY-
uatog n + 1 e€iowoewy ye n + 1 ayvootoue. Ilapatneodue 6tL ta otouyeia a;; €youv
v (Blor Ty Gty oL BelxTeg @ xou j €youv To (Blo dlpotoua, Tou omuaivel 6TL Tol OTOL-
yelor Tou mhvoxar A €youv TNy (Blot T XoTd UAXOS TWV BorywVIY and xdTw dploTepd
TPOC To Ave Oelld. €YOUUE EMOUEVS VO UTONOYIOOUUE 21 + 1 0AOXATPOUATA Yidl TOV
mivoxar A xan n 4 1 ohoxhnpoduota yior To didvuopa b. Ou mivaxeg mou €youv tétola Bid-
Taén Twv otolyelwy Toug Aéyovton mivoxec Hankel xou €youv xdmoleg yopoxtnolotixée
wiotnTeg. Ae Va aoyohniolyue €5¢) Ue TIC WOIOTNTES TV TUVAXWY AUTEOV OLOTL anoTeEAE
avtixelyevo g Toopuinric ‘AhyeBpac, Yo avopépouue OUMS XATOLOL YURUXTNELO TIXS TTOU
ennpedlouy TN AVom Tou TEoPAuaToS pog. Anodewcvietan 6Tl oL Tivoxeg Hankel mou mo-
edryovTon amd TEoBAAUATH EAXYIC TV TETEAYOVWY €YOLY TOAD PUEYHAO BelXTN XAUTAOTAOTC
k(A) = [|Allz - [|[A7 2. Téte Aue 6t to clvotnua (3.12) éyer xoxr| xatdoTaon, Tou
onuolvel OTL UXEd GHAMNIATO TOU UTELGERYOVTOL XATA TNV AmOVXEUCT) TWV GTOLYEIWY TOU
CUC TAUATOS OTOV UTOAOYLO T | XOTA TNV EXTEAECT] TWV EVOIGUECWY TEAEEWY, ETLPELOUV
ueydha opdhuota otn Abor tou cucThdatos. Elvaw tdéco peydio tor opdipata, otay 1o
n elvow oyetxd peydho, mou 1 Aoor mou nodpvoupe dev elvor afldmoTy. AnodeixvieTto
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OTL Yoo > 7 dev €youue afldmoTtn ADor. BAémouye howndv 4Tl eved elvon amhog o mopo-
TV oAyoprdpog, otny Tedén dev umopel va egapuootel xou Yo meénet vo avalnTioouue
dhhov dtav o 1 elvan oyeTd Yeydho. ot ToAD uixpd n unopel va egopuoctel xdAMo T
2oL VO oG OWOoEL TOAD xaAd amoteAéopata. Axolouldel €var Tapdderyyo eQapUoYhc Tou
ahyopliuou.

ITapdderypa 17 No Beedel n mpooéyylon ehayloTwy TETPAYOVOY NG CLVIETNONG

|z| otov Py, oT0 Sdotnua [—1, 1] pe To 0l TNUO TWY XAVOVIXDY EELGOOEWY.
‘Eyouye Vo xoTtaoXEVEGOUPE TO 3 X 3 GUCTNUOL TWV XAVOVXDY EELCOCEWY. LUUQWVYL
e toug tomoug (3.13) xou (3.14) unoloyiloupe o ototyela a;j, 1,7 = 0,1,2 xou by, i =
0,1,2, avtiotouya:

1
aooz(l,l)z/_lmxzz.

1
agr = ap = (1,2) = / xdx =0,
1

ool 1) GUVEETNOY T VAL TIEPLTTH Xall TO BLAC TNUA OAOXAEWOTNS EVOL CUUUETEIXO (C TR0

7o 0. .
1 3 2
ridr = [xl = —.
-1

Qo2 = Q11 = Q20 = (17$2) = / 3

-1

1
ayp = ag = (x,2%) = / 22dr = 0.

-1

1 571 9
rtdr = [x] = —.
-1

Q99 = (x2,x2) = / 5

-1

1
1 1 iL'% 4

b:<1,\/ ):/\/ d:2/ Sap =2 |2 =2
0 || B |z|dx | wids 0 3

E36 Oéoape [1) 1/|z|de = 2 [} x2dx, eneidh n ouvdptnon 4/ |z elven dpior xan o ddo U
ohoxhpwong elvan ocuuuetend wg tpog o 0.

by = (IB, \/M) = /11:16\/de =0,

eneldr) n ouvdptnon x4 /|x| elvon TeptTTh.

1
1 1 3 4
by = ($27\/|l") = /_1 */|z|dr = 2/0 vidr =2 [E] =5

Enopévmg, 10 cUoTNUo TV XoVoVXWY eELOMCEWY £lvol

N[O

2 0 2 & 3
020 & 1=10
2 2 4
3 0 5110¢& 7
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Hapatneolue 6t 1 deltepn eéioworn Aoveton aveldpTnta amd Tic dAAeS duo xou divel &; = 0.

Ila]-11]

3 _ 5 . , ;
2 xa &g = 2. Tehrd, 10 mohuwvupo ehoylotwy

Ou dAheg duo Bivouy 1o 2 X 2 clhoTnua

|

ané To omolo matpvouue TN Ador §y =

Wi DN
SN
R FNGMIN

TETPAYOVRY Vo glvan

5, 3

?x + -
Iopatnpolue xou €60, OTWS ElYoUE TUPATNENOEL XU GTNV OUOLOUOPYPY] TEOCEYYLOT), OTL
EMEWDY| 1 CUVAETNO \/m elvon dpTiol Xt TO Do TN OAOXA|PWONG EVOL CUUUETEIXO (C

Teoc to 0, To TOAUOVLUO elaY{oTWY TETEAYOVKY Tou Tteoéxulbe clval xot autd deTLo.
)

3.2.2 Medodol Opdoywvonoinong

Mot var untepPolye To TEOBANUL TOU €Y0UHE AOYW TNS XAXAC XATACTACTC TOU CUGC THUATOC
TWY XOVOVXWY EELOMOEWY, TEOCTAIOUUE VO XUTACXEUICOLUE ot Bdom oploy®dviwy To-
ALVOPLY. Ag BolUE TE®TO TWE ADVETOL TO TEOBANU EAXYIC TRV TETEAYWVWY OV €YOUUE
wor TéTolal BAom), To T Yo TNV XATACHEVACOUKE Yo TO BOVUE G T CUVEYELDL.

Ocwpolpe v opVoydwa Bdon { Py, Pr, Ps, ..., P,}, 6mou P; elvon mohuchvupo i Pod-

HoL xou
1
(Pl-,Pj):/ P(x)Py(z)dz =0 Yi#j, i,j=12....n
-1
%o UOVO

1
(B,E)zf (P(2)2dz >0, i=1,2,....n.

-1
Oewpolye enione 0Tl 1 TEOGEYYIOT EAAY(OTWY TETEAYWVWY ¢ EXPEALETOL UE TO YEOUUIXO
cUVOLAOUO

ar(x) = XFPo(z) + MPi(z) + M Py(x) + - + A\ Po(2). (3.15)

©étoupe p(z) = Py(z), i=0,1,2,...,n xou n oyéon (3.8) yivetou

/1 Pi(2) (MoPo(x) + MPL(x) 4+ -+ + APy (2)) dar — /1 P(a)f(x)dz, i=0.1,2,....n

-1 -1

1) OE LOPYPY| ECWTEPLXWY YIVOUEVKY
(P, (MPo+ MNP+ +MP)= (P, f), i=0,1,2,...,n.

Eqpopuolovtoc WLOTNTES ECWTERXMY YIVOUEVLY, TOlEVOUUE

n

ZA](-P'MP]):(-PMJC)) Z.:O)1727'”an

j=0
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xa Aoy NG opUoymwotnTag auty| yiveton

MN(P,P) = (P, f) =\ = i=0,1,2,...,n. (3.16)

Prdoope AOTOV GTNY EVEECT] TWY CUVTEAECTOV \; XL XATA CUVETELD GTNV EVPECT] TOU
TOAUWVOUOL EAXY(OTWY TETRAYOVWY, Ywelg Vo YeeldleTal VoL AUGOUPE XATOL0 GUCTNUL.
Ouotaotixd oL oyéoelc (3.16) amoterody éva ypauuixd 6o TN, LOVO Tou 0 avTioToLy oG
nivanco ebvan Slory dyviog xou 1 AOam Tou diveTon e 1 SLUEECELS xou UE TTOAD PEYAAT) axplfeta.
To tehixd ouunépaoua eivar OTL, Ue TN YeYion xdmolag opYoymViag BAoNG, XATAPERVOUUE
Vo BpoUUE TO TOALWVLUO EAXYIOTOV TETPAYWVKY UE UEYSAN oxplBelor anogedyoviag To
OXOTEANO TOU GUCTAUATOS TWV XAVOVIXADY EELCOCEMV.

ITpémel va mapatnerioouye €8¢ 6Tl av xdde mohuwvuuo P, ¢ =0,1,...,n, e Pdorng
TO TOMNATAAGIACOVUE PE Eva oTadepd ToEdyovTd ¢;, TOTE 1 0pVOYWWLOTNTA BEV OANOLC-
vetat. To véo ohvoho mohuwviuwy anotelel xu autd wor optoymwia Bdor. BOo Aéue ot
wor opBoyvia Bdon elvon aveldptntn wg TEog oTaeRd TOPAYOVTH. € OPLOPEVO TEO-
BAuoTar pag evolapépel 1 BAom vor elvol XOVOVIXOTIONUEVY, UE TNV €VvoLd OTL 1] VOpUX
xde otolyelou g twodTon pe ) povdda. H xavovixonoinon yiveton edxoha av xdie
otowyelo wog opdoydviag Bdong to dlapécoupe Ye N Vopupa tou. ‘Eotw 1 oploy-
viae Baon { Py, Pr, P, ..., P,}. And authv madpvoupe v avtiotolyn xavovixomonuén
{Py, P\, Py, ..., P}, 6Tou

P,

152' = )
1P:]2

1=0,1,...,n.

M tétowr Bdon Aéyeton oploxavovixr. Av dewpricouue Wi opdoxavovixr Bdor yia
™ Aoor tou mpofliiuatog ehayiotwy teTpaydvwy thTE 1 oyéon (3.16), mou diver ta A;,
amhOTIOLELTOL AXOUY) TEQLOCOTEQO Ol YIVETOL

Xi=(P,f), i=0,1,2,...,n, (3.17)

agot (B, P;) = 1.
Arnopével va Solue xdmoleg uedddouc xataoxeurc optoymviag Bdong.

Gram-Schmidt OpYoywvomnoinon

Kotd 1 Gram-Schmidt opdoywvoroinon Eexwvolye pe yio onotadnnote Bdon yeouuxd
aveEdoTNTWY TOAUWVOUWY XL EYovTag auTh we Bdom avagopds tpoonadoUue Vo xorto-
OoxeVAooLUE TN Bdon opPoy®dviwy TohuwVOUKY. XuvAdwe Eexwvolue pe 1N Bdomn twv
wovevopwy {1,z 2% ... 2"}

Av uroVécouye 6L Bernope Ty opdoymvia Bdomn xou auth etvou n { Py, P1, Ps, ..., Py},
TOTE TO POVOVUUO T YRAMETOL (OC YRAUUUXOS CUVDUAOUOS TWV LOVOVOUGY TN Baong we
e&nc:

7' = coPo(z) + 1Py (1) + coPo(x) + - - - + ¢ Py(). (3.18)
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OeWPOVTIC TO ECWTEPIXO YIWVOUEVO TNG OYECTS AUTHG UE TO TOALWYLUO TNg Bdong P, ue
J <, madpvouyue

(xi> PJ) = CO(P0> PJ) + Cl(Ph PJ) + 62(P27 PJ) +--t Ci(Pi> PJ)

%o AOYW NS 0pUOYWVLOTNTAS XUTAUAYYOUME

c;(Pj, Pj) = (2, P}) & ¢; = (Pj,ij)’ j=0,1,2,...,4. (3.19)

Trodétouye Twpa 6TL €youue Peel ta mpwta ¢ otowyelo tng Bdong, Fo, P, P, ..., Py

xan Véhouue vo Peolue to P Emedy) ol optoywvieg Bdoeic eivon aveldptnteg wg mpog
otadepd napdyovia, Yewpolpe we Py otn oyéon (3.18) to ¢; ;. Abvovtog we tpog autd
10 P, 0(pol) TpeTOL AV TIXATAG THOOUPE TOUC GUVTEAEGTEC amd Ty (3.19), nadpvouye

(xi>Po) (xi7P1> (901‘,]31'71)

(Po. Po) O(l‘)_(Pl’Pl)Pl(IL“)—.--_mpi_l(x). (3.20)

H oyéon (3.20) anotehel xou tov ahydprduo Gram-Schmidt opdoywvornoinone, o omol-

Pi(z) = 2" —

o¢ elvar TOA) amhdg oV Teptypapr) Tou. Zexwolue oaudaipeta e Fy(z) = 1, and v
(3.20) ywx @ = 1 Bploxouye t0 Py, and v Bl oyéon v i@ = 2 Bploxoupe 10 Py xou
7 (Bl dradastor ouveyileton péyer va Beodue xau to P,. Ouclactixd pe tov ohydprd-
wo Gram-Schmidt opdoywvonolnong, ool exppdcoouue To T¥ ¢ Ypouxd cuVBUUCUS
v P, j = 0,1,2,...,i, anodelpovye dhec Tic oUMOTOOES TOU 2" oTic dleudivoElC
Py, Py, Py, ..., Py xou amopével avoryxaoTixd 1 dievduvon P O Blog axeBog ahyoprd-
noc Gram-Schmidt opdoywvonoinong, ye v Bl priocogio, cuvavtdton xow ot [eoy-
wer) ‘AlyePea yior Tnv edpean oploy®dViwy BACEWY BLUVUOUATOY XAl YLOL TNV XATUOXEUN
0p 3Oy MLV TVEXWY.

Oa BOUUE O TN CUVEYELXL TNV EQUPUOYT| TOU oAyYopiluou auTo) Yol TNV XUTUCKELY| IS
Bdone {Fo, P1, P, P3} otov yopo Ps.

Py(z) = 1, 1

P(z) = x— ((Ifo’?g)Po(a:) = — Eﬁgl =1 — ?ijﬁgl =z,

P) = = (ERRE) - ARG = - 31 - 2
- et

Bia) = 2 =~ (i () — (R P) - (R Ple)
= G- G ey -y
- PR PR e @ b= ke

Me tn Gram-Schmidt opdoywvonolnon dnurovpyoivton xdmolo UTOAOYLE TiXE TEOBARUTA
OTAY TO M ElVOL OYETXE UEYAAO xou auTO YiveTow ETELDT Yiot TNV eVpeoT) Tou F; yenoluo-
TOLOUVTAL O TOL TEOTYOUUEV TOAUOVUUA. AUTO €YEL (O CUVETELN OO T1) ULAL VOL AT TOOV-
Tt ToAD UTOAOYLOUOL o amtd TNV GANT Tot GYAAIATO TTOU BNLOLEYHUNXAY GE TEOTYOUUEVA
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TOAUGYUUOL Vor UETOBB3AC0VTAL X0l VoL GUGCWEEDOVTAL O EMOUEVA UE ATOTEAECUL VOL €Y OUUE
ueYdhat o@dhorta 0To TeAxd anotéleopa. lpogovng elvon mohd o axpPric uédodog and
exelVn) TOU CUCTAUATOS TWV XAVOVXWY EELOWOEWY. Oua TpooTadicoupe OUws vo Bpolue
xdmolov o axelBr) ahyopriuo optoywvorolnorng.

Opdoywvonoinomn we TNy avadpowixr oYEon TELOV OpwV

Yt wédodo auTh YENOWOTOUUE Uiot ovadpouxy oyéor Omwe xan xotd tnv Gram-
Schmidt opdoywvomoinoy, uévo mou €66 eumAExovToL HOVO TEELS BLadoy ol 6pol GTNV
avadpopxt; oyéon. Xuyxexpyéva, modpvoupe FPy(x) = 1, Pi(x) = x mou yvwpllouye 6Tt
elvon optoymvia Yetagd Twv xou Yewpolue TNV avadpouixy| oyéon:

Pii(z) = (x — o) Pe(x) — B Pr—a(z), k=1,2,...,n—1. (3.21)

Y 1oy0¢ Yo vl 0 TROGBLORIOUOS TWYV (i Xl B, WOTE 1) BACT TOAVWVOUWY TOU TUEAYETOL
va ebvan opBoydvia. T var to methyoupe da yenowonoticoupe téhelo enaywyr. Ymo-
Vétoupe 6Tl oL k + 1 mpddtol bpol Fy, P, P, ..., Py elvoan opdoydvior mohuwvupo petold
TV xou Yo amodelEOVUE OTL UE XATAAANAO TPOGOLOPIOUS TWV g, xou By xan To Pjyq elvan
optoy®vio pe dha T Tponyolpeva. Bswpolue to Toludvudo Pj, j = 0,1,2,...,k xou
unoloy{louye 10 eowtepxd YVOUEVO (DPyt1, Pj) Sloxplvoviag TeeEls TEpITTOoELS:

1) j<k—1:

(Pev1, P) = (& — )P — B Pe—1, Py) = ((x — o) Py, Pj) — (Bk P, Pj)
= (P, (x — ag)P}) — B (Pe-1, Fy) -

Ané v unddeon éyouue o6t (Pr_1, P;) = 0. Ilopatnpodue enione 6t 0 mOALGVUUO
(x — ay)P; Yo elvon mohuddvupo 1o moAd k — 1 Baduol. To Py uvnodéoope 6 elvou
TOALGVUPO TNG optoywviag Bdong, enopévwe Va etvor opdoydvio Ye OTOLOBHTOTE TOALE-
Vupo t0 TOAU k — 1 Borduo0, agold exelvo Yo umopel vor ypopel we YRUUUXOS CUVOLAOUOS
wv Py, P, P, ..., Prq. Autd onuaivel 6t (P, (z — o) Pj) = 0, mou omodeixviel 6-
T (Pyt1, Pj) = 0. Anodellope Aowtov 6t 10 Py elvon opdoyodvio ye dha to P yia
J <k —1, yia onowdrirote oy xon Gy

2)j=k:

(Pk+1,Pk) = ((JS—Oék)Pk—ﬁkPk—bPk):(JUPk,Pk:)—Oék(Pk,Pk)—ﬁk(Pk—bPk)
= (.fCPk,Pk>—Oék(Pk,Pk)

Av emiéloupe
(l‘Pk, Pk)
a = k) 3.22
téte nabpvoupe (Pyy, Pr) = 0. Ipoodopicaye 10 o do1e T0 TONGVLPO Py va eivon

optoywvio ye to Fy.
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3)j=k—1

(Pit1, Peo1) = ((x — ag) Py — BiPre-1, Pe1) = (x Py, Po—1) — a (Py, Py—1)
— Bk (Pi1, Peo1) = (2P, Poo1) — Bi (Pi—1, Prq) -

Eniéyovtac
(xpim qu)
(Pr—1, Pi—1)’

nodpvouue (Pyi1, Pr—1) = 0. Ilpoodioplooye howndv 1o [ doTte 10 TOAGVLPO Pryq va

B = (3.23)

elvow opBoywvio pe 1o P_;.

‘Eyoupe anodeilel dtu 1 avadpopxt|; oxéon (3.21) anotekel éva ToA) xohd epyaleio
yioo TNV xatooxevy| Bdong opdoydviny ToALViULY. BOa amodeilouue €8¢ 6TL 0 TUTOG
(3.23) mou yoac divel to F elvor loodUVUOC PE TOV

(P, Pr)

b = (Pe—1, Pe—1)

(3.24)
Hporypotind, o apdunthc tou (3.23) unopel vo yiver (25, Pr—1) = (P, xPp—1). To
TohuwvLUo 2 Fj,_1 elvon oxpBidc k Borduod xou umopel vor 5oUel we YRouuixog GUVOLIGUOS
TV TOAVWVOPWY TN Bdong wg e€hc:

P, 1 =coPy+c1 P+ P+ -+ ¢, P

Hopatneolye, and v avadpouxh oyéon xou ond to yeyovds ot Eexwvolpe pe Py(z) =1
xou Pi(x) = z, 61 6hat T toAumvuue Tng Bdong €xouy ouvteheo Ty ueylotofaduiou 6pou
N povdda. Emlong xow to moAudvupo P exel ouvieheotn ueyiotoPaduiov dpou T
novéda. Emouévee, oto yeauwxd cuvduacud da €youue ¢ = 1. Aviixahotdvtog oTo
E0WTEPIXO YWVOUEVO, TolEVOLUE

(Py,2Pi—1) = co(Pr, Po) + c1( Py, P1) + c2( Py, Po) + - - - + (Px, Pr) = (P, Pr),

7oL amodeEViEL ToV TUTO (3.24).
Mrnopolpe va anodel€ouye 6Tt o tinog (3.22) divel o, = 0 emeldr) mipope we ddo U
0 [—1,1] mou elvon ouppeTEXS ©C TEog To UNdév. Ilpaypoatind, o apriuntic Tou (3.22)

Obvel
1

(P, P) = / [ Py(2))2dz = 0,

-1
eMEWY| 1) UG OAOXNPWON GLVAETNOT elvor TEPLTTH oL TO BLACTNUX OhOXAPwoTNg elvan
CUUHETEIXO WC TROC TO UNOEV. L€ U1 CUUHMETEXE OUWS DO TAATO AUTO BEV Lo VEL.

Oa mpoonadiooue THpa Vo utoloyicouue v B Baon {Fy, Pr, P, Ps}, yenowo-
TOLOVTAG TNV avaldpouxy| oyéon (3.21).
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P(z) = 1,
P(z) = =z,
_ (PLP) @) 31
5 - (P(l),P(l)) - aOn - 5= ER
Py(x) = xPi(x)— BiPy(x) =a® — 3,
6 (PP (:pz—%,mg—%> B x2,x2)—2%(902,1)+é(1,1) - %_%4-% _ 4
2 — (PP) (z,z) - 2 - z — 15
Py(z) = aP(z) — foPi(z) = 2(2? — %) — o = 2% — 2z

IToAvwvvpa Legendre

To tohudvupe Legendre efvan éva 6Uvoho opdoymviwy Tohuwviuwy oto didotnue [—1, 1]
ME TOAD xohég wuotnTeg. Elvow pior ediny) mepintworn g YewrOTepng XaTrnyoplog Twy
0pYoyOVIWY ToAuwVOUWY Jacobi. Extog and tn Oewpla Ilpocéyyiong, cupelo eqoapuoym
€youv xou oty Aptuntixry Ohoxhpwon. Ae Yo aoyokniolye ouwe 6w oe Bddoc,
amhGC Yot ol Topard€COLUE WG EPYUAE(D Yol TNV TROGEYYIOT| EAAY (O TWY TETEAY VLY. AuTd
olvovtow amd TNV avadpouxr) oy€on TELY GpwV

2::11:6&@) Tk f— 1

we Po(x) = 1 xou Py(z) = x. Alvoupe 011 cuvéyela Toug TE00ERIS TRAOTOUS OPOUC TWV

Ppa(z) =

Pia(z), k=1,2,..., (3.25)

noAuwvOuwy Legendre.

PO(I) = ]_

P(z) = =z,

Py(z) = 21+1 TP (x) — 1-1+1P (z) = 32 — 3,

Py(x) = 222++11xp( ) — 2+1P1( T) = g % ? %) % xs_%%

Py(z) = 25i+11$P( ) — 3+1P2( T) = %x % 3 %x) 4(3332—5) 35%4 15 2-0—3.

Iopatneotue 6tL Tar ToAudvuue Legendre Slopépouy amd tar opdoymvia TOAUGVUHA TOU
xataoxeudoope Ye T wévodo Gram-Schmidt ¥ ye tnv avadpouwxt oyéon (3.21), uévo
¢ mpog oTtadepd mapdyovta. Ilpaypatind, av dupéooupe Ye to peylotofdiuo 6po To
noluovuye Legendre, malpvoupe oxpBadc tor moAuvupa mou elyope xotooxeudoet. [
nopddevypa, To Py pog diver 22 — & evdd to Py dlver 2% — 3.

Oo Aooouye o B0 mEOBAnua Tou Iapadelypatog 17 yenowonowviog opdoyvia
TIOAUVUUAL.

IMTapdderypa 18 Na Peedel n mpocéyyion ehoylotwy TeTpayOVLY NG CLVAETNONG

|z| otov Py, oo Sdotnua [—1, 1] pe wédodo optoywvonoinone.
Moc yperdletor o oOvoro Tewdv opdoywviny Toruwviuey { Py, P, P} = {1, 2,2 —
3}, mou éyoupe AdN xomaoxevdoet. Lougova ye ) oxéon (3.15) To TohUGYLUO ENoyio TV

TETPUYOVWY Yo BlveTal amd TO YEOUUXO GUVOLICUO

@ (x) = MPo(z) + M Pi(x) + Mo Pa(x)
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6mou ta A, i =0, 1,2, Yo dlvovtan and ) oyéon (3.16). Enopévwe, naipvouue

L  (ylel) e 2o lr 2
°T (R, P (1,1) 2 2 3

o @) (o) el
(P, P1) (x,z) 0,
Ao (P2, f) (2_%7\/E) B <x27\/|?)_(§’

(FF) = (@tar]) ~ @m0
. 2f x2dx7—2fl x2dx _ 2%7%2% _5
fj rddr— 21f7 22dz+ 1 f—l ldx %—2%%+%2 T

Telxd, To0 moAuGVLPO ehayloTwY TETEAYWVKY Yo efvor

2 5 1 5 3
() = DoPo(x) + M Pi(z) + XaPo() = < + - (ﬁ _ )) 2242

3.3 IIoAuvwvupo shaylcTwy TETEPAYWVWY YlA CUL-
VO TNOELS OPLOUEVESC OE CUVOANO CTNUEIWY

Ocwpolpe 6T N ouvdptnon f opileton 610 clvoro onuelwy X, = {x1, 2, T3, ..., Tm}
xou oL TWES TNg ot onuelor autd etvan f1, fa, fa, ..., fmn. ‘Onwe xou 6N ouveyy| tepintwon
€T0L X €0, 0TOYOG pag efvor var BeolUe TO TOAUWVUUO EAXYICTOV TETPAYWVWY GTOV
P,, o¢ mpog 1N cuvdptnon Bdpoug w. EdG Yo progoboaue vo unv nolye tinote emmiéov
ombd autd mou avoamthSae TN cuveyn Tmeplttwon. Ioybdouv axpPBde Ta (Bl UTdEyEL
évag Yauudotlog duioude omwe avapépaue xou otny oy r Tou Kegahaiou. H pévn dwagpopd
TOU LTGEYEL, elvar OTL Tot OAOXANPOUATY TNG CLVEYOUC TEpinTwong avTixadicTovTon Ue
adpolopata.  Axdun, €86 Vo cpyalduyacte xde @opd 0T0 cuYXEXPWEVO clvoro X,
Y0Pl Vo UTOPOUUE VO TO UETACY NUATICOUUE, OIS XAVAUE GTY CUVEYY| TEQITTWOT UE TO
[—1,1].

And ) yopaxtnplotiny) Wiotnta opdoywvidmtag (3.6) mou diver to BOeddpnuor 15,
€youpe xon e8¢ TNV Bra oyéon (3.7), dnhadh

(an,p) = (f,p) VYp € P,

Ye popyy| adpoloudtwy auty yiveTton

> @ (ze)p(zn)wi = Z fip(zr)wy Vp € B, (3.26)
k=1

k=1

EmAéyouye xou €86 wa Bdon tou ydeou P, ex@pdlouUe TO TOAUOVUUO ¢ 0OC YROUUUIXO
cLVBLOUS TV TOAUWVOUWY TN Bdone xou amoutodue va toyler 1 (3.26) yio 6hor To
mohuwvuua e Bdone. Oo e€etdooupe xaL €0 TNG AVTICTOLYEC MEQITTWOELS, OTWE Yo
o oLVEYTN, OTOL 1) BLUPOPETIXOTNTA OYElAeToL oTNY eAoYN Tng Bdong. BOewpolue xou
e0® 6Tt w(x) = 1.
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3.3.1 To Ybotnpa twyv Kavovixwv E€icwocewy
‘Onec xon 6t ouvey A teplittwon, nadpvoupe ke Bdor 1o olvolo TV poveviwy {1, x, 2,

2"} won Yewpolue 6Tl 1) TROoEY YoM EAXYIOTWY TETPOYWVWY ¢ expedleton YE TO
YOO CUVOLAOUO

G (2) = & + Erw + &’ + - + Eua (3.27)

O¢étoupe otn ouvéyew p(x) =z, 1 =0,1,2,...,n, xo n oyéon (3.26) yivetou

S xi(Co+ Gk + Sap + -+ xl) =D fr, 1=0,1,2,...,n
k=1 =1

zn: (i xlﬂ> &= ix%f(x)dx, 1=0,1,2,...,n. (3.28)
j=0 k=1

Ye pop®h E0KTERXMV Yvouévwy Ttalpvoupe oxpBne Ty (3.11). O nopandve oyéoelc
dlvouv 10 Yoo tnua twv Kavovixav E€ichoewy:

Qoo Ao1r Qo2 - Qon fo bo
aiyp aixz Qa2 -+ Qip fl by
A =b<& | G0 Q21 G2 -+ QA2p | =| b2 |, (3.29)
_anO anp1 Ap2 - ann_ _fn_ _bn_
OToU
aij = (z',27) szﬂ, i,j=0,1,....n (3.30)
WOl .
b= (2, f)=>_ajfr, i1=0,1,...,n. (3.31)
k=1

Arnopével vat A\OGOUUE TO GUC TN TWY XUVOVLXWY EELOMOEWY Yol Vo BRoUUE TOUG CUVTEAE-
O TEC TOU Yoo’ cLVBUAGHOU (3.27) xoL XUTd GUVETELX VoL UTOAOYIOOUPE TO TONUMVUHO
ehayloTwy TETRAYWVWY ).

Ledgpouye tov mivaxa A xa to Sdvuoua b ot popdh twv adpolopdtwy (3.30) xou
(3.31):

_ ) ; _
I S Wy x; Dkt 3715 D Y xﬁ-l ke Jr
n
2kt xl; 2k xlg 2k QCIZ T ket xk+2 2k xl;fk
m m m m n m
A= | Xk T Zk:l g Zk:l T k=1 Tk b= | Xie TS
1 2
DR DY) xn+ 21 $n+ SR B/ i | ks 2 e ]

Ed¢) mapatnpolye 6tL 0 A xou to b umopoiv var yeopoly ot Loppt

A=X"X, b=X"],
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6nou X elva o m X (n + 1) Vandermonde mivoxog

2 n
1z 27 - 2
2 n
1 x% SR
n
X=1|1 z3 x5 -~ af
2 n
|1 oz oz, Ty, |

xou f ebvon To m-Bidotaro ddvuopa pe Tic Tée tne owvdptnone (f = (fi fa fs -+ fum)7).
Enopévmg, 10 cUoTNUO TV XoVOVIXGY EELOWoEWY YiveTol

XT"Xe=X"f o XT(X¢-f)=0.

To didvuopa X & €yel ¢ CUNOTOOES TIC TYWES Tou {INTOV™EVOL TOAUWVOUOL @) 0T ONUEld
20U X, CUVETOC TO ddvuopa XE — f amotedel o Sidvuoya CQPINIAL XAUTA TNV TEOCEY-
yion ehaylotwy tetpay®dvey. Ebvar yvwotd and ) ooy Alyefea 6T1 T0 mopomdves
cUCTNUO XAVOVXAY EELCOCENY, ETMAVEL TO TEOBANUA ehayio Tonolnong:

min || X¢ — flfs. (3.32)

EelR™

Auté o mpdPAnua duwe elvar To TEOBATUL EAayloTWY TETPAYOVWY oL Vécoue e€opyNg.
AL TOWPOCOUE UE AUTOV TOV TpOTO xou amd Theupds tne Ipouuxnc Alyefpag dTL To ob-
O TN XAVOVXDY EELOOCENY, AOVEL TO TEOBANUE pag. BéBowa 1 Fooppixry AhyeBpa Advet
10 YeEVGTEPO TpoBAnua ehaytotonoinong (3.32) yio onotodhrote mivaxar X xou Sidvuopo
f xan oYL LOVO QUTE TTOU TEOEPYOVTL ATO TEOCEYYLOT] CUVORTHCEWY UE TOAUGVUUAL.

Ioybouv xou €6¢) OAEC OL TAUPATNENOELC TOU BWOOAUUE GTN CUVEYT TEPIMTWOT), WG TEOG
™V xotdo taon Tou cuoThuatoc. To cbotnua (3.29) €yel xoxh xatdotoon xou Yo npénel
vo. Pd€oupe yia mo evotadn ahyderduo Slopécou uetddwy opdoywvonoinong. Alvoupe
0TI CUVEYELL BUO TAPAOELYUOTAL.

ITapddetypa 19 No Beedel n mpooéyyion ehaylotwy TeTpayOVOY 6TOV P, TN oL-
1
DY

véponc |z| oto clvoro onuelwy X5 = {—1,—1,0,1, 1} pe 10 oUOTNHA TWV XAVOVIXGDV
e&LlooEWY.

O nivaxog Ty g ouvdptnong eivan

1 —

DO

[L’k‘

ful 1

0
0

N |
N[O | =

Yuvidwg, xotapTtilouye éva Tvoxo UE TI TUWES TWV BUVAUEWY TWV L) Xl UE TIC TYES TRV
duvdewy TV T enl fi mou pag yeewdlovta, Kote va Peloxouye ta adpolopato. Xto
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TEAOELY UG LOC O Tevaxag auTog ebvor:

63

To 3 x 3 cloTnua TV XAVOVIXGY EELOWoEWY Yo elvon

L w | oy | 2 | | fo | onfi | 20
1] -1 1] -1 1] 1 —1 1
1 _1 1) _ 1] 1 1 _1 1
2| 1|78 |16 2 1| 8
1 0] 0 0] 0] O 0 0
1 1 1 1] 1 1 1 1
2 4 8 16 2 4 8
1 1 1 1] 1 1 1 1
5 7 9
5] 0] 2] 0T 3] 0| ¢

50 3 & 3
05 0 & 1=10
po¥llel L

H Seltepn ellowon hovetow aveldptnta xou diver & = 0. Ou dhkeg duo divouv to 2 X 2

1]l

a6 to onolo malpvouue T Aoon & = = xau &

cLoTNUA

TETPAY WYY Yo elvor

Hopotnpolue xou €8¢y, 6Tt eNER 1 cuvdptnom || etvon dptia xou To olvoro onueiwy X,
elvol CUPPETEXO WS TEOC To 0, TO TOALOVLUO EAaYIC TV TETEAYMOVLY ToL TEoéxue elvor
%Ol oUTO dETLO.

To dedtepo mapdderypo Yo AOvel to (Blo TedBinua ywelc va etvon 1o X, CUPPETELXO ©C
npog To 0.
IMapdderypa 20 No Beedel n npocéyyion ehoylotwy teTpay®dVeY oTov P, Tng ou-

1
)20

véptnone |x| oto olvolo onuelwy Xy = {—1,0,5,1} ye 10 clOTNUAL TV XAVOVIXEOY
eELOWOEWV.

Omlvoxag TV TNg cuVaETNoNG Elvor

|10 3 1
fill 05 1°
O avtiotouyoc mivaxac Ty Yo efvon etvou:
1| z xi xz xi fi | xifr xsz
(-1 1|—-1] 1| 1| —-1| 1
11 0] 0O O] O O 0 O
1 1 1 10 1] 1 1 1
2| 1 8| 16| 2 1| 8
1 1] 1 17 1] 1 1 1
4 1 9 1137] 5 1 17
21 1 g1 161 2 11 8
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To 3 x 3 cloTNUA TV XAVOVIXGY EELOWoEWY Vo elvon

1 9 5
4 2 4 €o 2
19 1 3 — 1
2 4 3 | = 1
9 1 33 13 17
1 8 1 2 8

Advovtog to clo T auTd Pe oY) aprdunTixy, BlTNEOVTIC XAJCUATO GTOUG UTOAOYL-
opoUe, TolEVOLUE TN AUoT &) = 5%, &1 = % xou &g = %. Tehxd, To ToAuwvLUO ehayicTwy

TETPAY WYY Yo elvor
(z) = 10 N 2 L6 6
1) = —2’+ —x
BT T T s

3.3.2 Medodol Opdoywvonoinong

Oewpole xou €5 Ty opdoywwia Bdon {Fy, Pr, Ps, ..., P}, émou P; eivar moAUGVUYO i
Borduol xou
(P, P;) Z i(xy) =0 Vi#jg, i,7=1,2,....n
k=1
%o UOVO
(P P) =Y [Pi(zx)]?>0, i=12,....n
k=1

Oewpolye eniong OTL 1) TEOGEYYLON EAUY(OTWY TETEUYWVWY () EXPEACETAL UE TO YEOUUXO
cuvduaoud

qr(z) = MFPo(z) + M Pi(z) + NoPy(z) + - + A\ Po(z). (3.33)

Axohovdvtog tny (BLo Btaduxacior 6Tee 6T CUVEYT TERITTWOT], XATUATYOUUE GTN OYEOT
(3.16) mou divel ta \;, dnhadN

(P, f)

AA:
(PR

i=0,1,2,...,n,

HOVO TIOU TOL ECWTERIXY YLVOUEVA £0( avTioTolyolv oe adpoloyata. Ioybouv xan €0 ol
TOEATNPACELS TTOU EYLVAY GTN CUVEYY| TERITTWOT, YLot TO OTL dnhady| pLor opdoydwia Bdon
elvon ave&dptnTn amd otoepd ToEdYOVTA.

Arnopével va 5olue xdmoleg uedddouc xataoxeurc optoymviag Bdong.

Gram-Schmidt OpYoywvonoinon

Koté tn Gram-Schmidt opdoywvorolnon Zexwvolpe pe ) Bdon twv goveovipey {1, z, 2%,
2"} Toyter oxpBde m o Yewplar tne ouveyole nepintwone. Epyalduevol pe eow-
TEES YvOuEeva xatahyoupe atov (8o ahyderduo (3.20):

(ZEi,Po) (Ii7P1)

(@) - ) Calis
(Po, Po)" " (P, P1)

Pi(r) =+ = gt Pealo)

Pi(z) = 2" —
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ue Po(z) = 1. Oa xataoxeudoouye 66 Tic opYoyiwes Bdoewc { Py, Pr, P} 610 xtpo Ps,
TIOU AVTIOTOLYOUV G TA GUVOAX ONUEIY TwV Topadelypdtomv 19 xou 20.

]-) X5 = {_1a _%7 07 %7 1}
PO(:L‘ - 17
_ (z,P) _ (z,1) —1-1+(—=3)- 1401421411
Pi(z) = T = 1R O)PO(x) 33_(11)1 - 11+11+11+11+11 l=u,
— (w Fo) (z%,P1) - (z%.1) (22,)
Pyz) = 2~ 7 PE)PO( ) = (7 Pi)Pl(x) =2 =gyl =G
_ 2 L1435 140147 I+l 1-(—1)+i-(—%)+ 0+3-1411 _ 2 1
- 1-1+1.1+1-1+1.1+1-1 (=1)(=1)+(=3)-(—=3)+0-0+3- 2 +1- v =7 2°
2) Xy ={— 10,2,1}
P()({L‘) = 1,
o (z,Po) . (x,1)q —11+0-14+1-1411, 1
P(z) = x— (PO,PSO)PO(x) =T q, 1)1 ~ TirritiagrT L= ST
z2,P, z<, P x2,1 (CL“ T *)
PQ(x) = 2% - §p07pg§P0($> - Ephpi;Pl(x) x? ((171))1 - (x_%yx_sé)(x - %)
9 1.1+0-1+§-1+1-11 1(—=9)40-(—2)+5-2+1.1 1
R 5 TS T R S T 3 e )‘(%H%%%%(;p —3)

_ 2_ 9 11y 2 1.
= ¥ 6T 12 8)_x+14x

Hopatneolye €8¢ 6Tt T0 TEGTO Tapddetyua €dwoe anotéheoya Pi(x) = x xou évo dpTio
TOAVWVLUO WG Py, eneldy| To oUvoho onueiwy efvol CUUUETEXO KC TEOE TO UNOEY, EVE TO
0e0TEPO, TIOU OEV LOYUEL 1) CUUUETELXOTNTA, OlveL DLapopeTind amoteheoya. loylel €8¢ to
YEVIXO ouUTEPOCUA OTL oy To 6UVOAO X, €lva CUUHETELXO WC TIEOC TO UNOEY, TOTE To F;
elval TEPLTTO TOAVMYLUO AV TO 7 elval TEPLTTO ol dETLO AV TO % glval JETLO.

Opdoywvonoinon we TNy avadpopixy oYEon TELOYV OpwV

Ioyber axpBide 1 Yewpla mou avantdioue otn cuveyn nepintwon. H opdoywvia Bdon
xataoxevdleton and TV avadpouxy| oo Ty Tl Gpwy e (3.21):

Ppii(z) = (x — o) Pe(z) — BpPra(x), k=1,2,....,n—1,

6mouv Py(x) = 1 eved o Py(x) diveton and ) Gram-Schmidt ogdoywvornoinon ¥ Yewpolye
wc Py (z) = x — ap xou unoloyiloupe 1o o dote tar Py xon P va ebvar opYoydvia petald
twv. H araltnon auty| dlvel:

z,1
(P, Py) =04 (2,1) —ag(L,1) & ap = <(1’1)>7
mou elvon To anotéAeopa mou hpaue and TN Gram-Schmidt opYoywvonoinon. Ilopotn-
eoUUE €01 OTL 0 LTOAOYIOUOS Tou P, efvon xou 1 u6VN BLopopd amd T CUVEYY| TEPITTWON).
Auté ogeiheton 00 YEYOVOC 6TL Exel Vewphoaue To didotnua [—1, 1] mou elvar cuUUETEXS
0¢ TPOS To UNdév xan diver mdvto we amotéhecua Pi(z) = x. Av xou exel Yewpolooye
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ornolodinote ddotnua [a, b], Yo €mpenE Vo XAVOUUE QUTO TTOU XAVOUPE XOL EOE YL TOV
unoloyloud tou P.

To a, xou Gy divovtar amd g oyéoelc (3.22) xou (3.23) 1 (3.24), avtiotowyo. "Eyoupe
Onhodm
(x Py, Py)
(Pe, Pr)

(2 Py, Pr-1) _ (P, Pr)
(Pe—1, Pe—1)  (Pi—1,Peq)

Oa xotooxeLdooLPE oTN oLVEYEL Tic Bdoewc { Py, P, P2}, mou avtiotolyodv oo duo

B =

ap =

nponyo()peva TOEOOElYUOTAL.

) { 1_77 7%71}

P(](Z‘) = 1,
P(x) = =z,
a = @huP) (2) _  1(-D+d(- )+oo+i B
(P1,Pr) (z,7) (=D)-(=D)+(=3)(-1)+00+3-1+11 )
8, = (uPy_ (@e) DD+ DE00+L F4i1 _
1 - (P, (1) — T4+ 1411411411 -
Py(z) = (z—a)Pi(z) = BiPo(w) = a? — 5.
2) X, ={-1,0,1,1}
PO(x> - 17
P1<I') = T - év
_ @hPy _ (Cemg)amg) | 3D dtiE . n
M T ER) T eted) | CHCDACREDAERET T T
ﬁ _ (P,P1) (m_%7 _% _ (*%)'(*%)+(*%)'(*é)+%%+%% _ 35
L= Pk~ Ly T T I+ 114 11+1-1 — 647
Py(z) = (x—oa)Pi(x) — 51 Py(z) = (x + %) xr — %) -8 = +ia-2

Télog, Yo AMoooupe T tpoPAruata Tewv Iopaderypdtwy 19 xou 20.

IMapdderypa 21 No Beedel n npocéyyion ehayloTwv TeTpayOVOY 6TOV Ps, TnG cLUVAE-
1} e ) pédodo opdoywvomnoinong.

mone |z| oTo obvoho onpelwy X5 = {—1,—-1,0, 1,
To clhvoho Tpudv opdoydviwy no)\ucovuucov eivow {Py, P, P} = {1,2,2% — 5}. Ta

Ai, ©=0,1,2, elvan

N = Poh)l () _ L141541:0415411 3
(Po,Po) (1,1) L1141 1411411 57
A = (PLf) _ (o) _ _ (Z1)14(=3)-540-0+5-5+11 —0
PP = @a) - DD é)+00+% pHid =
Ny = (Pap) o (@f=glel) DO 6
2 (P2.P2) — («2-La2-1) DD DT — 7

Telxd, t0 ToAu@vupo ehayioTwy TETEAYWVKY Yo efvor

3 6 6 6
q;(.ﬁ(]) = )\Op(](ZL’) + )\1P1(ZL') + )\QPQ(ZL') = 5 + ? ( 2 _ ) = *.TQ + —.
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IMapdderypa 22 No Beedel n npocéyyion ehayloTwv TeTEaYOVOY 61OV Ps, Tng cuvdp-
none |z| oTo odvoro onpelwy Xy = {—1,0, 1,1} pe ™ pédodo opdoywvonoinone.

’ ’, ’ ’ ’ o 1 2 1 4
To clvolo Tpidhv opdoywviwy Tohuwviuey eiva { Py, Py, P} = {1, 2—5, 2°+;0—2},

xou Tt Ay, 1 =0,1,2, Yo elvon

Ao = Pof) _ (e _ LIALOFLGHLL 5
0 (Po,Po) (1,1) LI+1 1411411 8
1
N, = (Pup _ (emglel) o CRHCDOREIREL 1
! (PLP) — —fe—3)  COCEDHEDCEDHELT T
2, 1 4 5
N = Ph o (Prdeedel) S CHOHCHI o
(P2,P2) (x2+1—14x—%,:c2+ﬁx—%) a3t (=)+H(=2)(-2)+53 11

Telxd, T0 ToAuGVLPO ehayloTwY TETEAYWVKY Yo efvor

_10,.2 2 6

Berxope @uouxd o (Blor amoTeAEoUOTA UE AUTE TOU CUGTHUITOS TWV XOVOVIXQY EEI-
COCEWV.

Aoxnoelg

1. Alvetar 611 oL cuvopthoeic fi, fa € Cla,b] elvon opdoydwieg petall twyv. No amo-
oelytel n oyéon:
1fr + follz = A 1E + [ f213-

2. Alveton 6Tt oL ouvopThoElS g1, g2 € Cla, b] elvon xavovixomomnuéves GoTe ||gi]ls =
llg2]l2 = 1. No amodetytel 6T oL cuvapTACELS g1 + ga %L g1 — ga Elvon oploydvieg
LeTOED TWV.

3. No Bpedel pe onowdhnote tpém0 N TpooEYYIoN EAaylo TV TETPAYOVLY e f(T) =
3, opopévne oo ddotnua [0, 1], otov Ps.

4. No Beedel pye omoldrnote TeoTO 1 TEOGEYYLON EAUYICTOY TETRAYDVWY TNC CUVAE-
l+z , ze€[-1,0]

mone f(z) = { 12 zeo ’1] , oplopévne oo ddotnua [—1, 1], otov Ps.

x

5. No Beedel 1 npocéyyion ehayiotwy tetpaywdvey e f(z) = e
dudotnua [—1,1], otov P. (Na Swtnpeite xAdopoto xou eXPEACELS TOU € 0TOUG

, OPLOUEVNS OTO

UTONOYIOOUC).

6. No Beedel 1 mpooéyyion ehayiotwy tetpaydvoy e f(z) = 3, OPLOUEVNC GTO
dudotnue [—1, 1], oT0v P YeNoUoToudvTog T 606 THO TWY XOUVOVIXGY EELGMOEWY.

7. No Beedel ) npocéyyion ehayiotwy tetpaydvey e f(z) = /|z]3, oplopévne oo
dudotnua [—1, 1], otov Ps yenottonoudvtog optoyhvia TONUGVUHO TOU TapdyovTol

UE TNV avadpoutxy| oYéon.
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11.

12.

13.

14.

15.
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No Beedel n npocéyyion ehayiotwy tetpaydvwy e f(x) = x + |x|, oplouévne cto
ddotnua [—1, 1], otov Py yenowonouwdvtag opdoydvia tolucdvupa Legendre.

No Beedel 1 mpocéyyion ehayloTwy TeTpaydVLV e cuvdptnone z?, oplopévng
oto oUvoho onuelwv Xy = {—2,—1,1,2}, otov B, yenowonodvtog optoyohvia
TOALWYLUA TTIOU TopdyovTon pe T wédodo Gram Schmidt opdoywvonolnone.

No Beedel 1 npocéyyion ehayloTtwy tetpaydvwy g f € Xy, otov P, énou

Xy ={-1,0,1,2} xa

fil 1

YENOWOTOLOVTG 0pd0YMVI TOALOYUUL Tou Tapdyovtal Ye T wédodo Gram Sch-

jen) Raw)

1 2
1 27

midt opYoywvonolnong.

No Beevel n mpooéyyion ehaylotwy TeTpayWVWY Tng ouvdptnone f € Xs, otov Ps,
6TOU
|01 23 4

X5=1{-0,1,2,3,4} xou fZ‘O T 1 1"

YEY|OWOTOLOVTOG 0p0YMVIA TOAUWVUUAL.

No Beedel 1 npoceyyion ehayloTtwy tetpaydvwy g f € X5, otov P, énou

fil 0

YENOWOTOLOVTOG 0pU0YMVLO TOAUOVUUS 6TO 0UVORO X5 TOU TOEEYOVTOL OTO TNV

X;=1{-2,-1,0,1,2} x _; 8 ; (2),
avadpomxy oyéon.

No Bpelel ye onowdrnote TpoT0 N TEOGEYYION eAayioTwY TeTPpUYOVWY TNg f € X,
otov Py, 6mou

B zi|-2 -1 01 2 3
Xe={-2,-1,0,1,2,3} xou fz‘ 5 200 2 6
Yt ouvéyela va Beedel 0 || - |2 Tou opdiuaroc.

Alveton 6t g elvan 1 mpocéyyion ehayloTwv TETPAYOVLY Tng cuvdptnone f €
Cla,b] otov P,. Na Beedel n tpocéyyion ehayliotwy TETpayOVOY NS ouVEETNoNG
f + pn otov P, 6mou p, € P,.

Alveton 6Tl ¢ xou g5 elvan oL TpooeYyioels eAaylOTOV TETRAYWOVWY TWY CUVAPTH-
cewv fi € Cla,b] xou fo € Cla,b] avtiotoiya, otov P,. Na Beedel n npocéyyion
ehaylotwy TeETPAYOVOY TN ouvdptnong afi + Bfs otov P, émou a xou [ elvon
TEAYUOTIXEC O TaEREC.



Kegpdiowo 4

ITAPEMBOAH ME
XYNAPTHXEIY SPLINE

Yy Holvwvuuiny| TogepBorr| xatd Lagrange 1| ue nencpaouévee dlapopée, Topatneolye
0Tl 600 meplocoTepa onueia malpvouue, TOco peyaAUtepog Va ebvon o Badudg Tou To-
Auwvopou. Moagc evdlopépel vo tdpouue ToANG onueia yior xahOTepr) oxplBelo, ohhd ToTE
N UEAETN Tou meoPAuatog Yivetan o TOAOTAOXTY apod €YOUUE VAL EQYACTOVUE WUE TO-
Auovupa yeydiou Baduol. Axdun, xan outy) 1 Bl n axpeifBeia dev eaopahileton TEALXAL.
‘Exet anodeuytel 6TL undpy oLV CUVIRTACELS OTIOL TO GQAUAUN TNG TOAUWVUXNAS TOREUB0-
M telvel oto dmelpo 6tav o Padudc Tou ToALwYOUoL Telvel 6To dmelpo. Autd uropel va
e&nyndel yewpetend amd o yeyovdg 6Tl ot Tohuwvupa UeYdhou Poduod €youy Ty Tdom
va Tohavt@vovtal. ‘Oco mo xovtd elvan tor onueior TapeuBornc 1600 mo €vtoveg elvon ot
TUAQVTWOELS UE OUVETELXL TOL GQPAAaTOL VoL heYaAdvouy. T var mopoxapgpdel autd o Tpd-
Brnua €xel emvondel 1 napeUBoAt| Ye TunuoTixd cuveyelc ocuvoptoe. Xwpllouye dnAadY
TO OLACTUOL OE UTODLOG THUOTA X0l OE OUTE XAVOUUE TAUREUBOAY| UE TOALWYLUL TtEOX I OpL-
ouévou Poduon, apxel va e€acpaiileton 1 ouvéyelo. ‘Omwe Yo SoUUe TopoxdTe, UTOpOLUE
VO XOTOOXEVACOUUE TUNUATIXG CUVEYEIC CUVOPTNAOELC OMOUTOVTAC Xl XATOLA OUOAOTNTA
og aUTES, dNAadT va elvon cuveyelc xau oL ToEdywYoL Y€yl Aol TAENS.

4.1 IlapeuBoOAY YE TUNUATIXE YEUAUXES CLVIO-
THOELG

H mo amhy) and autég ebvon 1 mopeuBorn pe tunuatixd yeouuxée cuvopthoes. To yetlo-
VEXTNA QUTOV elvon OTL Bev eEacaileTon 1) OPOAOTATA, VLol TORADELYUO O TIC TUNUOTIX
YOOUUAES CUVORTHOELS DEV UTIAPYEL CUVEYEL TNG TREOTNG THURAYWYOU GTNY AXEY| TWV U-
rodlo Tnudtwy. H mopgepBory) Hermite eaopolilel Tnv opohdTnTa €yl ot TG TEWTES
TEALY (Y OUC.

‘Eotww f € Cla,b], mv onola emtduyolye vor Tpoceyyioouue pe Tunuatixd cuveyelic

69
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ouvopThoel. Oewpolue T dlopépton Tou dlao Tiuatoc [a, b] :
a=20<T1 <Ty<---<xp, =0

H tunuotixd cuveyfic ouvdptnor mou mopeuBdieton oty f cuvicTotan and o TOAUGVUHA

TopepBorfc TewTou Baduol ot xdie éva unodldoTnua [z, 1], @ =0,1,...,n—1. Eivou
Onhod

T X T —x; i — i Tiv1fi — Tifiy1 T € [T, Ti11]
p(m)_Ii—$i+1f1+9€z‘+1—%ﬁ+l_ h; v h; Ti=0,1,...,n—1"

6mov h; = i1 — T4, TO PAXOC TOU BLUG TAUITOC [T, Tiq1].

ZupPohiloupe e L, T0 ¥p0 OADY TV GUVEYOY TUNUATIXG YEUUUXOY CUVIRTHOEWY
mou optlovton 670 [a, b] pe dopéplon ™ X, = {a = x¢, 1, X2, ..., x, = b}. H didotoon
auTtoV Tou Ypeou etvar n + 1 xou urtohoyileton edxola we e€hc. H Sidotaon twv nohuvw-
VOpwV Te@Tou Boduol o xdie unodidotnua eivar 2. Auty toAamhactdleton enl n Tou
elvor T0 TAYY0C TV UTOBLAC TNUATWY XA TOlPVOUUE OLAGTACT] 212 TOU YWEOU OAWY TWV
TUNUATXS Yeouuixev cuvapthoewy. H araitnon tne cuvéyetag divel n — 1 meploptopoie,
évay Yoo xde evdidueco onuelo tng dlowéplone. AQopvTog TOUC TEELOPLOROUS, Tolp-
voupe 2n — (n — 1) = n+ 1 m didotoon tou L,,. "Evog dhhog tpdénog unohoyiopol tne
OLdoTaong evog yweou Bacileton 6To YeEYOVOC OTL OOEC TANPEOYORIEC AmAUTOUVTOL YLoL TOV
UTOAOYLOUO EVOG GToLyElou Tou, TOoT elvon xou 1) BLdoTaer) Tou. Xty TERinTwor Tou Ly,
amantouvToL oL 1+ 1 TWég TNg cuvdpTnong os Gha To onpeia TNg dloéptong. Elvow ebxolo
VoL BOOOUPE xou o BdoT Tou ydpou autol ahhd de Vo acyolniolue TeploobTERO.

4.2 KuBuwn nopepforry Hermite

Eotw 6t f € Cla, b], 6mou Ca, b] elvon 0 yMpog AWV TV CUVEXMY GUVIPTACEWY GTO
la,b] pe ouveyeic Tic TpdTES Mapay@Yous oto (a,b). Vewpolue TN ddueplon a = Ty <

!/
79

T <29 < --- < xp, =b. 'Botww enlong 6t f;, 1=0,1,...,n, elvou oL TWéc e f xou
NG ToEaYWYou avtioTolya oTo mopandve onuela. To yevixd mpdBinua tng mopeuforng
xatd Hermite, cuviotaton 670 va Beodye €va tohuwvuuo h to onolo Yo €xel Tic (Bleg Tuég
ue v f xou Tic (Bleg Tég e mapay@you g f oe oha ta n + 1 onuelo mopeuBorrc.
Arnodewcvietan 6L 0 Tohuwvupo TapeuBoric Hermite, efvar to mohd 2n + 1 Barduou.
H Sioduaoior UToAoYLoUo) TV TOAUWVOUWY oaUTOV elvol TEPLOCOTERO TOAUTAOXT] amtd
exelvn Twv ToAuvVOULY TapeuBolic xatd Lagrange. IlpoxOmtel amd tnv mopeuBohy| xotd
Lagrange yenowonouwdvtag 1 Yewplo twv dinpnuévmy diagopwy. Ae Yo acyorndolue
€00 UE TO YEVIXO TEOPBANUA, HaC EVOLUQEREL XUPlKC 1 TOEEUPOAY U TUNUOTIXE XUPXES
ocuvoptroelg Hermite mou Yo anotehéoel epyaheio yio Tic xuPixéc cuvapthoelc spline.

H mapeyfory| pe tunuatixd xuBixéc cuvoptrioelg Hermite, ouviotatow otnv elpe-
on e ouvdptnone h mou amoteleiton and xUPXE ToAumvuua hi(z) oTo SwoThuoTo

[z, i), ©=0,1,...,n— 1, tétolx HGoTE

h(x;) = f; xou h'(x;) = f].
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Adbyw tou oplopol e ouvdpetnorng h, e€acpahileTon Xou 1) GUVEYELN TNG TEWOTNG TR0 -
you authc oTo (a,b), enopévwc h € C'a, b].

A¢ Solye duwe Thpa Twg Yo utoloylcouye To xuPd Toludvuyo Hermite oe éva amhod
dudotnua [a,b]. Emdugolye va mpocdopiocoupe évo mohumvupo mopeuBoric oto [a, b
gyovtac o yvwotd t f(a), f(b), f'(a) xau f'(b). H yvdon twv napaydhywy onuoivel
ot yvopilovue tic xhioec ota onuela a, b % 1odivapa yvwetllovpe tny f oe yettovixd
onuelo Tou a, To a+ €, xaL o€ YEIToWXO onelo Tou b, To b—1, ye €, > 0 va tefvouy ot0
0. Ou Yewprioouye enopévwe OTL €youpe To onuela a, a+€, b—n, b. Ilpocdopilouue To
Tohuwvuuo ToapedBoric xatd Lagrange xon malpvoupe dpta yior €, > 0 var tefvouv 1o
0. Ta onuela nopeyPolrrc etvon 4 emouévng To ToAudvuuo TapeyBorrc Lagrange Yo elvou
70 oA Tpltou Barduol. Autd Vo elvou:

po(e) = CEGa ) + e S (a+ )

(z—a)(x—a—e)(z—D) . (z—a)(z—a—e)(xz—b+n)
+ Tratraeacn! Mt T gmmaay 4 0)

(4.1)

O TEOCOLOPICOVYE, VLol ATAGTNTA, TOUC BLO TEMTOUS GPOUS TOU TUEUTAVE opolouaTog.

Me v (Bl Teyviny| Yo tpocdlopto oy xan oL dUo Teheutaiol oL omolol Yo BHCOUV CuY-

uetewy| éxgpaot. ‘Eotw s; to dfpolopa tewv 600 Tty dpwv. Autd, HeTd and xAmolES

TedEelc, Aowfdver TN pop@y:

gy e ~ e | (b =b)
€ (a—0b+mn)(a—0)

s1=(z—a)(z—b+n)(z

[opatnpotue 6Tt dha o € eupaviCovtal 6To XAJCUL TOU TEMTOL GEOoL. ALXTNEOUUE
0 1 oTodepd xan Takpvouue dplo Tou XAdouaToc auToD Yo € Telvovtoc oto 0. Autd dlvel
Ui e e e Y

(ate) . f(a) /
lim (a+e—b+n)(ate—b) (a—b+n)(a—d) _ f(a)
e—0 € (a_b—l_n)(a_b) 7
POV TO TOPATAVE OPLO LIS BIVEL TOV 0PLOUO TNG TORAYEYOU TN CLVARTNOTG %

YewpOUUEVNS WS cuvdpTNnong Tou a. 'Etaol, To 6plo tou s; Yo € Teivovtog 6o 0 Aoyfdvet
™ popPH

: a x—b x—b
lime gs1 = (x—a)(x—0b+n)(z—0) [(abﬁn)(abj} Ea bizgga b;f(a)
+

(z—a)(z=b+n)(z—b) fla) fla) (z—b+n)(z b)
s [f (a) — L — L9 4 Bt £ (a).

Y ouvéyelo Yewpolue to g0 yior > 0 va telvel 6to 0, ondte petd and mpdlelc

hoBdvoupe
: _ @=L @—a@ =0 @—a@ =),
S = =y T o ap ]f(” b—az @

ITpénel vo onueldoouUe €8¢ 6TL To (Blo amotéheoua Vo tpoxPeL av Vewp|OOUUE TEMOT TO
0plO WG P0G 7) XL GTY) CUVEYELX WS TRO¢ €. Emeidn ta € xan 1) anoteholv uxpeég YetoBoléc



72 KEDPAAAIO 4. ITAPEMBOAH ME YYNAPTHYEIY SPLINE

oe dlapopeTnd onuelo, ota a xou b, avtiotoiya, 6ev enneedleton T0 TEAXS ATOTENECUN
ue omoladnmote oeled xo av Angdolyv ta dpta. To ddpoioua s Tou Teitou xou TéTapTOU
6pou e (4.1) Siver cuppeTe Exppac we Tpog a xou b, Tou av axohoudcoupe TNV (Bio
otaduxaoton haBdvouue

(= Da—a) ,
| sy + P

(r—a)? _(z-0)(x—a)?
Jm, 52 = l(b B D (€

‘Otoy Aépe CUUPETEXY EXPEICT| WS TTEOS @& XoL b, EVVOOUUE OTL oV GTOV €vary TOTO EVUAAG-
Eoupe Toug pOhOUC TV a xou b, Tote TpoxUnTel o dhhoc. Iopatnpolue ot autd cuyPoivel
oToug duo Tapandve TuToug. Tehixd, n ocuvdptnon Hermite h, mou elvar To dplo Tou
TOAUGYOUOU D3, TEOXVTTEL Ant6 TO AJPOLOUN TV BUO THRATEVE EXPEACEWY.

x—b x—a)(x—b)? z—a)(z—
M) =[G + 20T f ) + S f () 43
(z—a) (z=b)(z—a) (z b)( a) :
+ |G - 2] 1) + SRR ),
Emotpégovtac otn Owoéplon a = 79 < 71 < X9 < -+ < x, = b, unopolye va u-
mohoylooupe v TUNpaTXr cuvdetnon Hermite and v mopamdve €xgppaon apxel va
OVTIXATAO THOOUPE PE T; XU Tjt1 Tot @ xou b, avtiotowya, yio Oha tae e = 0,1,...,n — 1.
o (x—1411)> (xa:lle xxlle
h(x) - |: (Aazj); +2 (Az;)3 <) ] fl |: (Az;)? <) ] f/ (4 3)
+ [((aniz)) - Q(z xl(le) ze)” ]fH— {(ﬂﬂ sz(zlx)l()a; =i)" } z/—‘,-la x € [xzal‘z-l—l]

omov Ax; = x4 — ;.

‘Eotw 6t H), efvar 0 tpog Ohwv Twv TUnuaTixdy cuvapthoeny Hermite nou opiCovton
070 [a,b] pe Swwépion ™ X,, = {a = zg, 21, 2a, . .., , = b}. Onwg xou oy mepinTtwon
TWV TUNUATIXG YROUULXWY CUVORTHOEWY, uTohoyiletan 1 didoTaon autod tou yweou. H
0L1do TooT TWY TOAUWYOUKY Teitou Boduol ot xdde urodidotnua elvon 4. AuTh ToAAoTAc-
owdleton et n mou elvor To TAUOC TV UTOBLAC TNUATWY Xt TolEVOLUE BldoTaoy 4n Tou
YWOEOLU OAWV TV TUNUUTIXE xUBxev cuvapthoewy. H anaitnon g ouvéyelag xon tng
CLVEYELIC TNS TTEOTNG TopaydYou divouv 2(n — 1) meptoptopoie, duo yia xdde eviLdueso
onueto e dropéplone. AparpdvTac Toug TEpLopLolols, Todpvoupe 4n —2(n—1) = 2n+2
™ dido oo tou H,. AMhe, 1 didotaor tou H, diveton and tov aptdud Twv ThnpopopLey
TIOU OMALTOUVTOL Yo TOV LTOAOYLOUO NG h. Autég elvon oL n + 1 TWég Tng ouvdpetnong xou
oL n+1 TES TS TapaY@you o OAa To ouelol TG BlopépLomng, cLVOAO 2n+2 TAnpoopleS.

IMopdderypa 23 No Beedel n xufixh cuvdptnorn Hermite tng cuvdptnone f(z) = |2°],

oto ddotnuo [—1, 1], pe onuelo dpépone zp = —1, 27 =0, 25 = 1.
O wéc e ouvdptnong oto onueio autd etvon

fo=f=D)=(=1°=1, fi=f(0)=]0’|=0, fo=f(1)=1"=1
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H nopdywyoc tne f etvon

b [—2°] = =52*, <0
/ ({L‘) - { [1'5]/ _ 51.4, x>0

Tou Blvel T TWEG oTa omuelor dloxpltonoinong
fo=F(=1)==5 fi=[(0)=0, fo=/f(1)=5
‘Eyoupe howndv yio T cuvdpetnon f tov mivoxa Ty

10 1.
F1=5 0 5

Trohoyiloupe on cuvéyeta Ty h and tov tno (4.2) avuxadhoTdviac TedhTa UeE a =
—1, b =0 v 10 ddotnue [—1,0] xaw oty ouvéyel pe a = 0, b = 1 vy To dido TN
0,1]. Tehuxd hayfBdvouye

W) = 2?24+ 2(x + 1)a* — 5(x + 1)2? = =323 — 222, x € [-1,0]
VT 222w — D2 +5(x—1Da? =323 — 222, z€[0,1] -

Iopatneolue 6To TOEddELY o AUTO OTL TO GLUVOMXO BLAC TN EIVAL CUUHETEXO WS TIEOC TO
UNndév xou tar onueta daépLone elvar CUPPETEXS we poc To uNndév. H ouvdptnon f(z) =
|2°| etvon dpTior cuvdpTnom, Yo e€etdooupe av xou 1) h ou PBerxaye elvon dptio. Oewpolye
x> 0, t6te agol —z < 0 VYo éyouue h(—x) = —3(—x)® — 2(—x)? = 32 — 222 = h(x).
Y10 (B0 cupmépaoua xataryoupe av Yewprooupe = < 0. Ioydel emopévwg xou otnv
nopeyBorry Hermite o {dlog vouog mou woylel o oty mpocéyylon, Onwe eldoye oTa
TEOYOUUEVA XEPANALAL, OYETXE UE T CUPMETELXOTNTOL.

4.3 IlopeuBoAn pe xuPBixég ocuvaptnoelg Spline

Ocewpolye ) dowéplon X, = {Tg,21,Z2,...,Tp} OOV @ = g < T1 < Tg < -+ <
T, = b xou Vv [ oplopévn xar ouvey oo [a,b]. Eotww 6t S(X,) elvar to ohvoro
OhwY TV ouvapthoewy S(X,;x) = s(x) € C?a,b], ue v WoTNTA T0 S var elvar éva
TOAUGOVLPO To TOAD Teitou Poduol oe xdde unoddotnua [z, ziy1), @ = 0,1,...,n — 1.
Avutéc tig ouvapThoelg Tic xoholue xuPxég splines. Xtdyoc yog efvar vo mpocdlopicoupe
¢ npolnodécelc Ue Tic omoleg unopolpe va topepuBdiouue yio ouvdptnon f € Cla,b] ye
wot xuBuer spline. Autd emituyydveton pe o axdrovdo Yedpnuo.

Ocehpnua 16 Aodévtwr twy apibudy s kai s, vrdpyer pa povadikr kubikn ouvdp-
tnonspline tétoa oTe

s(f, Xn; i) = fi
Kai

S'(f, Xnsa) = sy, S'(f, Xn;0) =5,
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Anddeln: O anodelouye To Vedpnua TEOCTOMVTAS VoL XUTUCHEVGGOUYE ULl TETOL
spline. Oo unodécoupe TEHTA 6TL S Elvar oL TWES NS TapAYdYoL Tne xUBxic spline
0T0Ug E0WTERIXOUE xOUPoug @, @ = 1,2,...,n — 1. Y1n cuvéyeia Yo utohoyloouvue to
Tolucvupo TopepBorfic Hermite s(z) e napapérpous ta si. Téhog, Yo npocdiopicoupe to
s apo ATAUTACOUE OL TAEVPIXES BEVTEPES TIPSy WYOL GTOUC XoUBous x;, @ = 1,2,... . n—
1 vo tawtilovtan. To moluchvupo mopepBorric Hermite ota diacthpota [, Tip1],1 =
0,1,...,n — 1 obuypwva pe v (4.3) Yo etvon

S(%) _ [(x(_AZ;j)l)Z +2(a: a:l()ac Tit1) ]fz [(x II)AZ )x1+1) }8;

x—x)% T— r—x T o2 (44)
+ [((Al”;)) - 2( 2(-le)( i } fl+1 + [%} 5;+1, T € [a:i,xiJrl].

Hapaywyilovtog duo Qopéc auThY we TEog = Aoufdvouye

6x—2(x;+2x; 6x—2(z;+2x;
'(a) = |@ap + 2 e | S [ (4.5)
26$ 2(2I1+CE1+1 |: ) :| .

2 62—2(2z;+xit1) | s
tolwer T2 Gay s [ TG

(Bzyz | S

O£TovTog OTOV T TaL X; XOUb Tit1 AoWPdvouue avtioTolya

4 2
s"(x;) = (Az )zfz M 7 fir1 — ATZ,S; - MS;—H (4.6)
2 .
- sz Afi— 3 - ESQH

nou

s"(wip1) = (Ai)@? fi— (Ai)éfi“ T %5; + g, Sit1

= Tt mn st A
émou Yéoope Af; = fiv1 — fi. Me Bdon v (4.7) unoroyiloupe TNy aploTepr TAEUEIXY
Topdywyo s”(x;) Jewpdvtag we SEoTNUA TO [T;_1, Z;], HELOVOVTOSC AAGS TOUS BelxTES

(4.7)

xotd éva. IlpoxOntel étol ot

6 2 4

B Axiil)QAfiflJr Asti_le Ap S (4.8)

§"(x;) = —

H (4.6) diver t 8e&id mheupinn Seltepn mopdywyo 610 x; evd 1 (4.8) Ty oploTept| 610
B0 onuelo. Enedr) emduyolye s € C?%[a,b] mpéner vo eflomooupe Tic duo TAELPLXES
0e0TEPES ToPAYYOLS, ondTe hafBdvoupe Ty e&iowon

6 4 2 6 2 4
Afy— s — sl = = Afi Loo(4.9
(Al’z)Q f AIZ Si Al’z Sit1 (A%‘—ﬂ f 1+ Ar T zfl + sz’—l Si ( )

Azi_1 Az
HoAamAaGLECOUUE GTN) GUVEYELX AUTHY XUTE PEAT) UE TNV TOCHTNTAL = 5=, UETUPEPOVE
TOUC OYVOGTOUS S;_1, S; XA S5, OTO TRMTO UEROG %ol OAOUS TOUS YVKGTOUE 6poug GTo
0e0tepo. Metd and aniég mpdéelg hapBdvouue

Az, Az
Afig+——AFf]. 4.10
e Jic1 + f (4.10)

Az;s,_y + 2(Azioy + Awy)s; + Aw;_y8; 4 =3 Aa
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Auth n e€lowon oy el yior Ohat T EcwTEPXE omuela, Snhadn i Ohat T s = 1,2, ..., n— 1.
Emoyévwe, xotahyoupe oe éva ypouuxo cbotnua n — 1 e€lomoeny ye n— 1 ayvootoug,
s, i =1,2,...,n—1. Toi=1, o npdroc dpoc tou npdtou péhouc tne (4.10), Axysj,
elvo Yvwotoc agol sy = fi = f'(a) and tic unodéoeic Tov Vewphuatog, xou peTapépeTon
o710 deltepo péhoc. To (Blo ouyfoatvel Yot = n — 1 xou yia Tov TEAELTALO PO TOU TEWTOU
wéhouc e (4.10), agot s), = f) = f'(b). Kotohn&ae hoimdv 610 yeouuxd o TN

Av = q, (4.11)
6oL
Q(A.Z'O =+ A[El) Al‘[} ]
Az 2(Axy + Azs) Az
A — 9

_ Az, 2(Ax, o+ Az, ) |
g [Aa:l Afy+ Axo Afd Az f'(a)
; sea v 2o

v = . X g =
St 3[ALAf, 5+ gx" zAfn 1| = Az, f(0)

O mivoxog A elvon TeLdtay@viog, dnhady| €xel un undevixd otolyeio LOVo o Ty dlay Lo
%l OTIG BLO YELTOVIXES DEUTEPEDOUGES Dlarywvioug. Elvow un apvntinde, agpol Ao to 6ToL-
Yelor Tou efvon YeTxd 1 UNBEV, %ot AT TNEA BLoY VLA UTERTEROC, Aol Xdde Loty VIO GTOL-
Xeto Tou elvor TOUAGYLOTOV BITAACLO omtd TO AUPOLOUA TKV UTOAOLTLY CTOLYEIWY TNG YEo-
unc. Ané ) yeopuxn dhyeBpa yvwpllovue 6Tl auTtdg ebvan avtioTeédiuog, ondte UTdEYEL
novadixy Avon. Troloyilovtog howndv and 1o cbotnua avtd to s, @ = 1,2,...,n — 1,
€y oupe unoloyioel xar TNV xuUBxr cuvdptnon spline s( f, X,,; x) = s(z) mou elvor povadixd
%o To Yepnuo omodelyTnxe. o

H anédeign tou Jewpruatog dlvel 0uoLao TXd xou ToV ahyOplduo XUTAGXEVAC TNS XUPL-
xAc spline. Ané to ypopuxd chotnua (4.10) unoroyilouye To S; xou 6T CUVEYELXL od TN
oyéon (4.4) vrohoyiloupe v xUBxr cuvdetnon spline. Atvouye €8¢ dUo mopadelyporTo
unohoylopol e xuPic ocuvdptnong spline.

IMapdderypa 24 No Beedel n xufwr ouvdptnon spline tne ouvdptnone f(z) = |z,

oto ddotnua [—1, 1], pe Swowépton v Xy = {—1,0, 1}.
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O nivaxog Ty g cuvdptnong otn dlauépion Xo elvou

zi| -1 0 1
fil 10 1°

H nopdywyog e f etvon

Emoyévwe, ol Tiéc Tne moparydyou oTa dxpa Tou dloc ThHUATog efvon

fo=f(=1)=-1, fi=f(1)=1

"Eyoupe 6ho Tor BEGOUEVAL XOU TEOYWEOVUE GTOV LTOAOYLOUS TNE xUPBxNC spline s. Eneidn
n =2 1o ypouux6 obotnua (4.11) expuiileton oe wo e&lowon e dyvwoTo 1o s), Ty
AZL’l AIO

2<A$0 + AIl)Sll =3 TxOAf(] + EAfl - Aa;lf/<_1) + A'rOf/(l)

AvtxahotdvToc ta
ACEO = Al’l = 17 Afo = —1, Afl = 1,

haBdvouye
481 =0 s =0.

Yt ouvéyewa xdvouye yeron e éxgpoons (4.4) yio Tov UTOAOYIOUS TOU § OToL Blao TH-
wote [—1, 0] xou [0, 1]. Telxd AowBdvoupe

5(z) { (2 +2(x 4+ 1)2*) 1+ (2 + 1)2?(—1) = 23 + 222, x € [-1,0]
Tl @ =2 —-1)2*) 1+ (r—1)2?l = -2+ 222, z€[0,1] -

ITopatnpolue xaL 0TO TUPABELYUO AUTO OTL ETELDY] TO GUVOAXO OLAC TN E(VAL CUUUETELXO
¢ TEOG TO UNOEV ot Tow onuelor Sloéplone lval CUUUETEXE WS TEOG TO UNBEY, 1 xUPBIXT
spline s BpéUnxe dptia, ool N ouvdetnon f(z) = |z| elvou dotia.

Ebvon ebxolo va emfBefouwoovye amd T0 amoTtéAecpa OTL 1) CUVAETNON S AVAXEL OTO
xopo C?*[—1,1]. Edw éyoupe va nopatneficovde 4Tt eved 1 ouvdptnon f(z) = |x| avixel
amhd otov C[—1,1], dev elvon xav mapoywylown, ™y npoceyyiooue Ue W ouVdpTNON
mou Peloxetar otov C?[—1,1], dnhodh pe wo apxetd ool ocuvdptnon. Suvndileton
yevwd ot Oewplo Ilpocéyyiong, vo mpooeyylloupe YN OUUAEC CUVUPTAOELS UE OPUAEC,
OOTE Vo UEAETATOL TLO €0XOAA TO TEOPBANUAL. TN oUVAETNOT AUTY| O Yol UTOPOUCUUE VoL
£QapUOGOLUE ToREUSOAT Ye TUnuaTés ouvoptioelc Hermite, 6mwe €yive oto Hopdderypa
23 v Ty |2°|, eneldn dev undpyeL N Tapdywyoc oto onpelo 0.

Oa BoVUE TP, OTO EMOUEVO TUPAOELYU, TwS AEtToupYEel 0 olydprduog yia Ty (Bia
CLVEETNOY) AAAG UE TiEpLOCOTERN OTEla GTN) BlogEpLoT).
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IMopdderypa 25 Na Beedel n xuBuxh cuvdptnon spline tng ocuvdptnone f(x) = |z,
oo ddotnua [—1, 1], pe Sopépion v Xo = {—1,—-3,0, 3,1}
Ta dedoyéva Tou TeoBAAUATOC lval

fil 1

DO =N | =

0 / /

DO =N | =

To n oty mepintwi pag etvon 4 ondte T0 ypouuxd cbotnua (4.11) diver o 3 X 3 choTnua

2(Axo + Axy) Axg 0 s}
Axy 2(Axy + Axs) Axy S
0 A.I?g 2<AI2 + Axg) L 8,3

[A“Af-+§“AfJ Az f(~1) |
- 3[RAL +3EAL)
3|RLAS + R2AS] - Anaf/(1)

AvtxadotdvToc o

Amy=An = Ary=Ar =5, Afy=Afi=—3, Ah=Af=

HENN

EmAbouye t0 cbotnue autd ue tn pédodo amahoipnc Tou Gauss 1| Ue OTOLONTOTE dAAT

haBdvoupe

DO NI O

OV DN
I N

uédodo xou haufdvouue tn Avor

5 5
3’1:—1, sy =0, sgzi.
Y ouvéyewa and v (4.4) unohoyilouye To s 6E GAOL ToL UTODAO THUATOL LTO JAO THUL
[—1, —1] awtA Blveu:

z+% ? (z+1) JZ+% 2 (z+1) ;EJF% 2
s(x) = ((1>2) +2 <$)3 ) ] 14+ <$)2 ) (-1)

A A PR

+ 1)2 - 2 1 9 + N2 — =
@) G R )

= —r' = glﬁ 3T — %’

oo ddopa [—3, 0):
s(z) = |E54 2(”15?“11 1 (“1%);2 5
(@) [(2) A L
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oo ddoua [0, 5:

R T =

ot Téhog, 070 didoTnua [3, 1]:

s(z) = (z-1)°

+ |l

= x3—gx2—|—3a¢

Telxd, n x| cuvdptnon spline s elvou

—z¥—522 -3z -1, zel-1,—14]
32° + 12, z € [—3,0]
s(@) = —32% 4 a2, z €0, 3]
=2 +3c -1, wel;1]

H »ufixr ouvdptnon spline xou 6o mopddelypa autd elvon dpTia, OTWS TO TEPUIEVIE.

4.3.1 Bdon tou yweov cuvapTHoewy TV xLVBIx®Y Splines

Ac dolye ouwe twpa TNV TopeuBorr) e xUPég splines and TNV TAEVEA TV YEOUULXWY
ywewv. H Sdotaon tou yweou S(X,) twv xupixoy splines eivor n + 3. H 8dotaon
TWV TOAOYOULY Teltou Boduol oe xdde unodidotnua etvar 4. Auty mtohhamhaocidleTtan
enl n mou elvon To TAYOC TV LTOBC TNUATWY xa AauBdvoupe BLdoTaoT 4n Tou YWEOoL
OAWV TWV TUNUOTIXA XUBXwY ouvapthoewy. H analtnon tng cuvéyelag, e ouvéyetag
NG TEWTNG TOPAYDYOU X0l TN CUVEYELNS TNG OEVTERNS Taparyyou divouy 3(n — 1) nepto-
plopolg, TEElS Yo xdie eviidueco onuelo tng dlopéplong. AQalpivtag Toug TEPLOPLOUOUC,
AoBdvoupe 4n — 3(n — 1) = n + 3 ™ Sdotaon tou S(X,). AMde, 1 Sdotaon Tou
S(X,,) ebvan téom, bdoec Thnpogoples amautodvian yior Tov LTOhoYLOUS NS . Autéc elvou
oL n + 1 Téc TS cUVEETNONS Xl OL 2 TWES TNG TRy WYOoL oTa oxpalor onuelor a xou b,
GUVOAO M+ 3 TANPOPOPLOY.

O mpoomadiooupe Twpa vor Bpolue W Bdor Tou Yweou auTol. BOewpolUE TS CU-
vopThoelg spline ¢; tétoleg WoTe

R I VN
¢i(z;) = { | oy g=i ™ ci(xg) =c(z,) =0, i=0,1,...,n, (4.12)

Tic omoleg ovoudlouye Veuehwdelc splines. Autég elvan n + 1 tov oprdud, doo xa ta
onpeto. Oo amodetZouye 67t to oivoho {x, 2%, co(z), c1(z), . .., cn(x)} amotehel Pdomn yia
tov S(X,,). Hporypoatind, av Yewpooupe to ypouuxd cuvduacud

t(z) = azx + Bz* + zn: a;ci(T),
i=1
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ebvon mpogavée 6t t € S(X,). To Y7, ayci(x) opiler wa spline mou mpoxinter and yio
oLVEETNON UE TWES o; oTa onuela z;, @ =0,1,...,n, xou 0 TI¢ TWES TNG ToPAYDYOU GTA
dxpa. Ta o xou 5 mpoodiopilovtan hote vo e€oogoiilovtar 1 ouvidixes t'(a) = f'(a) o
t'(b) = f'(b). Autd onpoiver 6T
o+ 2661 = f/(a) = = bf/(alz:gf/(b) (4 13)
— _ ['O)=f"(a) - '
a+26b = f'(b) ﬁ—w
H ocuvdptnon t howndv nou xotaoxevdooye eivan por xuBixy spline. Ot Twég tne spline
authc ota onuelo z;, ©=0,1,...,n, Yo elvon

t(z;) = az; + B} + i, i=0,1,...,n.

[ vou elvon owty), 1 spline mou mpoxintel and ) cuvdpetnon f, ta o xan 3 Yo divovtan
and TOUC THEATAVE TOTOUS EVG T oy Yor divovTan omo

ar;+ fri toa; = fi < o= fi —ax; — pri, i=0,1,...,n. (4.14)

Anodeiytnxe ye autdv tov tpoéTo 6Tt Yo xdde ouvdptnon f € Cla, b] undpyer povadixde
YEOUUXOS CUVBLAOUOS TWYV TaPATdvVe oToLElwY Tou divel T ouvdptnon spline s(f, X,),
EMOMEVWE TOL OTOLYEl T amoTeEAOUY Bdom).

Oa BOUUE GTN CUVEYELX TO WS XATACHEVALETOL (Lot TETOW BACT] YENOWOTOUWVTAS T1)
olapéptomn Xo tou Iapadelyyotog 24.

IMopdderypa 26 Na Bpedel wo Bdon tou yopou twv xuBxdv splines S(X»), otav

Xy = {-1,0,1}. 3t ouvéyewa va Beedel n xuPxd spline yia ) ouvdptnon f(z) = |z
(Iapdderypo 24), yenotponowwvTos tn Bdom.

Yougwve pe to Topandve, N Bdon auth da etvon n {z, 2%, co(z), c1(x), ca(x)} bmoU
¢, 1 =0,1,2 elvou ou Yepehddec splines dnwe opiotnray oty (4.12).
H ¢y, elvon 7 spline mou mapdyeton and tn cuvdptnon f Ue TWéS

P P =0, Fy=0.

To yeouuxd cVotnua (4.11) expuiletor oty e&lowon

3
4s) = -3 & 5 =—-.
51 51 4

Youpwva ye v (4.4) hopfdvouye
(2?2 +2(x + 1)2H) 1 + z(x + 1)? (—%) =203+ 327 — 3z, z€[-1,0]
co(w) = 2(_3 3,3, 3,2 3 :

H ¢, mapdyeton and tn cuvdptnomn [ ue Teg

P P =0, Fy=0.
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To ypouuxd cVotnua (4.11) Siver
481 =05, =0
xou omd Ty (4.4) howBdvouue

[ (@2 =20(+ 1) 1= —2% =32+ 1, x €[-1,0)
AT @1y -2l - D)1 =20 -3 41, ve o]

Télog, N ¢ mopdyeton amd TN CUVAETNOY f UE THIES

fi
To yeopuxd cvotnua (4.11) diver

-1 0 1 p _ Fan
o fED=0, 1) =0,

3
4s) =3 & s = -
51 51 1

xou amd v (4.4) hopfdvouye

1+ z(z— 1) (;) =223+ 322 + 32, £ €(0,1]

z(z+1)%(2) = 323 + 322 4 21, z € [-1,0
CQ(x):{ ( ) (4) ;1 2 1 [ ].
4

Kotaoxevdoaye pe tov Tp6m0 autéd 1 BAom Tou yhpou Twv xuBixwy splines oto X,. X1
ouvéyeta Yol UTOAOYICOUUE TOUG CUVTEAEGTEG TTou Bivouy TNy xuPucr) cuvdpTnor spline Tou
Hopodetypatog 24 yio tn ouvdptnon f(x) = |z|, wg Ypouuxd cuVBLACUS TV GToLElWY
e Bdone. And v (4.13) mpoxiinter 6T

_ =D = (=D ()
2

o g fW=SED 1

«

H (4.14) otn ouvéyewa divel

1

1
Loy = fi—am = Aat = 0, ax= fo— azy - B = .

Oéozfo—aiﬂo—ﬁflfgz
Emouévwe, n »uPucr spline Yo dlveton amd to ypouuxd cuvduacuo
s(lz], Xo;2) = 222 + Leo(2) + 5ea(w)
ot (304 307 = ) 4 4 (300 4 307+ 30)
ot 4} (300 + 300 = 30) + (<3004 302 4 30)
[_ 70]

[
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ITpogavee, To anotéheopa eivon to (Blo pe exelivo tou Iapadelyuortog 24.



4.3.

. Na Beedel n xuBu ouvdptnon spline tou npooeyyiler ) ouvdptnon f(z) =
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Aoxnoelg

. Na Bpedel n tunuoatixd yeauuxy cuvdptnon nov npoceyyilel tn ouvdptnon f(z) =

z+ 1, 670 ohvoho onpelwv Xy = {1,2,3,4}.

. Na Beedel n xuph ouvdetnon Hermite oto [0, 3] mou npoceyyilel tn ouvdptnon

f(x) = 2° — 42, 670 chvolo onueiwv X, = {0,1,2,3}.

1
z?

oto obvoho onueiwy Xy = {1,2,3,4}.

. No Bpedel n xuBuxry cuvdptnon spline mou mpooeyy(lel T cuvdptnorn f 1 onola

olvetan oto oUvoho onueiwy

2 -1 1
fil -8 -1 1 8"

X4 - {_27 _17 17 2}7

xu f'(=2) =12, f'(2) = 12.

. No Beedel n xuixr) cuvdptnon spline nou mpooeyyilel T cuvdptnon f, 7 onola

4 7 4
olvetar oto olvoho onueiwy

l‘i‘—

10
X4—{_1707172}7 fz‘ 0 1

1 2
3 17

xou f'(—1) =3, f'(2) = 24.

. No Beevel n xupun ouvdptnon spline nou npooceyyiler ™ ouvdptnon f, 1 omola

olvetar oto olvoho onueiwy

X ={-2,-1,0,1,2},

o f'(—2) = 8, f/(2) = 8.

Na Beedel 1 xuBuxr cuvdpetnon spline mou mpooceyyilel T cuvdptnon f, 1 onola
olvetar oto oUvoho onueiwy

X4 - {_1707 17 2}7

xu f'(—=1) =3, f'(2) = 3.

Av s elvon 1 xUPur| cuvdpTtnon spline mou npoceyyilel T cuvdptnon f oo alvoro
onueiwv X, va Beedel n xuBnr) cuvdptnom spline mou npoceyyilel T cuvdpTtnon
[+ 2% o710 B0 ohvoho onuelov.
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