5o   Assignment

1. What is the value of a European call option with an exercise price of $40 and a maturity date six months from now if the stock price is $28, the instantaneous variance of the stock price is 0.5 and the risk-free rate is 6%? Use both a) a two-steps binomial tree, b) the Black-Scholes pricing formula
We have: So=$28, K=$40, r=0.06, σ2=0.5, Τ=0.5, and Τ/2=0.25 (for each step of the binomial tree) 
a)

The risk-neutral probability is 
[image: image1.wmf]d

u

d

e

p

t

r

-

-

=

D

=0.433, while 
[image: image2.wmf]t

e

u

D

=

s

=1.424 and 
[image: image3.wmf]t

e

d

D

-

=

s

=0.702

The binomial tree, for a call option is the following
                                                                                   D

                                                    B


                                                                                     E

          A                                                    


                                                  C

                                                                                   F

We know that: 

fu = e-rT (p fuu + (1-p) fud)

fd = e-rT (p fud + (1-p) fdd)

f = e-rT (p fu + (1-p) fd)

Substituting, we have for the price of the call option, c=3.06. 

From put-call parity, the price of the put option is p=13.87

b) We know that 
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Substituting, we have d1=-0.403, d2=-0.903, N(d1)=0.343, N(d2)=0.183, and finally for the prices of the options, c=2.50, and p=13.32.

2. 

A fund manager has a well-diversified portfolio that mirrors the performance of the S&P 500 and is worth $360 million. The value of the S&P500 index is 1.200, and the portfolio manager would like to buy insurance against a reduction of more than 5% in the value of the portfolio over the next six months. The risk-free rate is 6% per annum (cc). The dividend yield on both the portfolio and the S&P500 is 3%, and the volatility of the index is 30% per annum. 

a. If the fund manager buys traded European put options, how much would the insurance cost? 

b. B) What will be the value of the portfolio if in six months the value of the S&P 500 is 1050? 

c. C) What will be the value of the portfolio if in six months the value of the S&P 500 is 1300?

A)

N=b*(V/100*S)=3000. The fund is worth 300.000 times the index. When the value of the portfolio falls by 5% (to 342 million), the value of the index falls by 5% to 1140. The fund manager therefore requires European put options with exercise price 1140.

We know from Black-Scholes that 
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where


[image: image9.wmf]T

T

q

r

X

S

d

s

s

)

2

/

(

)

/

ln(

2

0

1

+

-

+

=



[image: image10.wmf]T

d

d

s

-

=

1

2


we have that S0=1200, X=1140, r=0,06, σ=0,30, T=0.5, q=0.03 

Substituting, we have d1=0,4186, d2=0.2064, 

N(d1)=0.6622, N(d2)=0.5818, 

N(-d1)=0.3378, N(-d2)=0.4182

and finally for the price of the  put option, p=63,40.

The total cost of the insurance is therefore

300.000*63,40=19.020.000

B)

The index drops to 1050 in six months (-12.5%). The portfolio will be worth about $315.000.000. The payoff from the options will be 300.000 x (1140 - 1050) = $27.000.000, bringing the total value of the portfolio up to the insured value of $342.000.000.

C)

The index goes 1300 in six months (+8.333%). The portfolio will be worth about $390.000.000. The options are not exercised.

3.   

Repeat problem 2 on the assumption that the portfolio has a beta of 1,5. Assume that the dividend yield on the portfolio is 4% per annum.

A)

Rp + qp = Rf + [RM + qM – Rf]b where we find that for Rp =-5% the Rm is -2.5%.

Then, 

K= S0(1+ RM)=1170.

The number of options is N=b*(V/100*S)=4500

We know from Black-Scholes that 
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we have that S0=1200, X=1170, r=0,06, σ=0,30, T=0.5, q=0.03 

Substituting, we have d1=0,3079, d2=0.0722, 

N(d1)=0.6209, N(d2)=0.3790, 

N(-d1)=0.3790, N(-d2)=0.4712

The total cost of the insurance is therefore

450.000*86,91=39.109.500

B)

The index drops to 1050 in six months (-12.5%). The portfolio will be drop by -20% and it will be worth about $288.000.000. The payoff from the options will be 450.000 x (1170 - 1050) = $54.000.000, bringing the total value of the portfolio up to the insured value of $342.000.000.

C)

The index goes 1300 in six months (+8.333%). The portfolio will go up by 11.245% and will be worth about $400.482.000. The options are not exercised.

4.

A stock price is currently 100. Assume that the expected return from the stock is 15% and that its variance is 20%. The risk-free interest rate is 10% per annum. What is the probability distribution for the stock price over a one-year period? Determine 95% confidence intervals.
We have: So=$100,  μ=0.15, σ2=0.20, r=0.1, Τ=1

The probability distribution of the stock price, ST, in one year time is given by

lnST ~ N[lnS0 + (μ-σ2/2)T, σ(T)1/2], 

lnST ~ N[ln100 + (0.15-0.2/2)1, (0.2*1)1/2]

lnST ~ N[4.655,0.447]

There is a 95% probability that a normally distributed variable has a value within 1.96 standard deviations of its mean. Hence, with 95% confidence interval,

4.655- 1.96*0.447< lnST <4.655 + 1.96*0.447

This can be written 

e(4.655-1.96*0.447)  < ST < e(4.655+1.96*0.447)  

or

43.766 < ST < 252.426

Thus, there is a 95% probability that the stock price in six months will lie between 43.766 and 252.426.

5.

A foreign currency is currently worth $1.50. The domestic and foreign risk-free interest rates are 5% and 9% respectively. Calculate a lower bound for the value of a six-month call option on the currency with a strike price of 1.40. 
The lower bound is 
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6.

Show that a European call option on a currency has the same price as the corresponding European put option on the currency when the forward price equals the strike price.

From the put-call parity and the relationship between the forward price Fo and the spot price So, we have
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and
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if K=Fo this reduces to c=p. This is true for any kind of options, not only currency options.

7.

Suppose that a portfolio is worth $60 million and the S&P 500 is at 1200. If the value of the portfolio mirrors the value of the index, what option should be purchased to provide protection against the value of the portfolio falling below $54 million in one year’s time?

If the value of the portfolio mirrors the value of the index, the index can be expected to have dropped by 10% when the value of the portfolio drops by 10%. Hence when the value of the portfolio drops to 54 million the value of the index can be expected to be 1080. This indicates that the put options with an exercise price of 1080 should be purchased. The options should be on

N=60.000.000/1200=50.000

Times the index. Each option contract is for 100 times the index. Hence, 500 contracts should be purchased.

8.

Calculate the delta of an at-the-money six-month European call option on a non-dividend paying stock 

when the risk-free rate is 10% and the stock price volatility is 25%.

We have: So=K, r=0.1, σ=0.25 and Τ=0.5
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The delta of the option is N(d1)=0.64
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