Question 1.

If the forward price Fo is $46.54 > S0 × e(r)×T = $45 × e(0.0485)×0.25 = $45.54, 

an arbitrageur: 

1. can borrow $45, at the risk free rate of 4.85% per annum, 

2. buy one share, 

3. short a forward contract to sell one share in 3 months. 

At the end of the 3 months, the arbitrageur delivers the share and receives $46.54. 

The sum of money required to pay off the loan is    

$45 × e(0.0485)×0.25 = $45.54.

By following this strategy, the arbitrageur locks in a profit of $46.54-$45.54=$1 at the end of the 3-month period.
Question 2.

A).

If the forward price is $1,100, then the buyer of the one-year forward contract receives at expiration after one year a profit of: 

$ ST − $1,100, 

where ST is the (unknown) value of the S&P index at expiration of the forward contract in one year. 

Remember that it costs nothing to enter the forward contract.

Let us again follow our strategy of borrowing money to finance the purchase of the index today, so that we do not need any initial cash. 

If we borrow $1,000 today to buy the S&P index (that costs $1,000), 

we have to repay in one year: 

$1,000 × (1 + 0.10) = $1,100. 

Our total profit in one year from borrowing to buy the S&P index is therefore: 

$ ST − $1,100. 

The profits from the two strategies are identical.

B). The forward price of $1,200 is worse for us if we want to buy a forward contract. To understand this, 

suppose the index after one year is $1,150. While we have already made money in part a) with a forward price of $1,100, we are still losing $50 with the new price of $1,200. 

As there was no advantage in buying either stock or forward at a price of $1,100, we now need to be “bribed” to enter into the forward contract. We somehow need to find an equation that makes the two strategies comparable again. 

Suppose that we lend some money initially together with entering into the forward contract so that we will receive $100 after one year. 

Then, the payoff from our modified forward strategy is: 

$ ST − $1,200 + $100 = $ ST − $1,100, 

which equals the payoff of the “borrow to buy index” strategy. We have found the future value of the premium somebody needs us to pay. We still need to find out what the premium we will receive in one year is worth today. 

We need to discount it: $100/ (1 + 0.10) = $90.91.

C) Similarly, the forward price of $1,000 is advantageous for us. 

As there was no advantage in buying either stock or forward at a price of $1,100, we now need to “bribe” someone to sell this advantageous forward contract to us. We somehow need to find an equation that makes the two strategies comparable again. 

Suppose that we borrow some money initially together with entering into the forward contract so that we will have to pay back $100 after one year. 

Then, the payoff from our modified forward strategy is: 

$ ST − $1,000 − $100 = $ ST − $1,100, 

which equals the payoff of the “borrow to buy index” strategy. 

We have found the future value of the premium we need to pay. We still need to find out what this premium we have to pay in one year is worth today. 

We simply need to discount it: 

$100/(1 + 0.10) = $90.91. 

We should be willing to pay $90.91 to enter into the one year forward contract with a forward price of $1,000.
Question 3.
We need to find the fair value of the forward price first. We have:

F0,T = S0 × e(r)×T = $1,100 × e(0.05)×0.5 = $1,100 × 1.02532 = $1,127.85

a) If we observe a forward price of 1135, we know that the forward is too expensive, relative to the fair value we determined. Therefore, we will sell the forward at 1135, and create a synthetic forward for 1,127.85, make a sure profit of $7.15. We can create a synthetic forward contract by buying the stock and borrowing to fund the position. 

As we sell the real forward, we engage in cash and carry arbitrage. A transaction in which we buy the underlying asset and short the offsetting forward is called cash and carry 

Description 


Today 


In 6 months

Short forward 


0 


$1,135.00 − ST
Buy position in index 
−$1,100 

ST
Borrow 




$1,100 

−$1,127.85

TOTAL 




0 


$7.15

b) If we observe a forward price of 1,115, we know that the forward is too cheap, relative to the fair value we have determined. Therefore, we will buy the forward at 1,115, and create a synthetic short forward for 1,127.85, make a sure profit of $12.85. As we buy the real forward, we engage in a reverse cash and carry arbitrage:

Description 


Today 


In 6 months

Long forward 


0 


ST − $1,115.00

Short position in index 
$1,100 

− ST
Lend 




−$1,100 
$1,127.85

TOTAL 




0 


$12.85

This position requires no initial investment, has no index price risk, and has a strictly positive payoff. We have exploited the mispricing with a pure arbitrage strategy.

Question 4.

First, we need to find the fair value of the forward price. We have:

F0,T = S0 × e(r−δ)×T = $1,100 × e(0.05−0.02)×0.5 = $1,100 × 1.01511 = $1,116.62

a) If we observe a forward price of 1,120, we know that the forward is too expensive, relative to the fair value we have determined. Therefore, we will sell the forward at 1,120, and create a synthetic forward for 1,116.82, making a sure profit of $3.38. As we sell the real forward, we engage in cash and carry arbitrage:

Description     

Today 



In 6 months 




Short forward 


0 



$1,120.00 − ST
Buy tailed position in

 −$1,100 × .99 
ST
Index



 
= −$1,089.055

Borrow $1,089.055 

$1,089.055 

−$1,116.62

TOTAL




 0 



$3.38

The tailed position is the one that offsets the effect of the dividends.

b) If we observe a forward price of 1,110, we know that the forward is too cheap, relative to the fair value we have determined. Therefore, we will buy the forward at 1,110, and create a synthetic short forward for 1116.62, thus making a sure profit of $6.62. As we buy the real forward, we engage in a reverse cash and carry arbitrage:

Description 




Today


 
In 6 months

Long forward 



0 




ST − $1,110.00

Sell short tailed position in 
$1,100 × .99 

−ST
index 





= $1,089.055

Lend $1,089.055 



−$1,089.055 

$1,116.62

TOTAL 





0 




$6.62
This position requires no initial investment, has no index price risk, and has a strictly positive payoff. We have exploited the mispricing with a pure arbitrage strategy.

Question 5.
a)

Description 


Today 


At expiration of the contract

Long forward 

0 



ST − F0,T = ST − S0erT
Lend S0


 
−S0
 


S0erT
Total 



−S0 



ST
In the first row, we made use of the forward price equation if the stock does not pay dividends. We see that the total aggregate position is equivalent to the payoff of one stock.

b) In the case of discrete dividends, we have:

Description 


Today 


At expiration of the contract

Long forward 


0 


ST − F0,T = ST−S0erT+
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ST
c) In the case of a continuous dividend, we have to tail the position initially. We therefore

create a synthetic share at the time of expiration T of the forward contract.

Description 


Today 



At expiration of the contract

Long forward 


0 



ST − F0,T = ST − S0e(r−δ)T
Lend S0e−δT


 −S0e−δT 



S0e(r−δ)T
Total 



−S0e−δT 



ST
In the first row, we made use of the forward price equation if the stock pays a continuous dividend.

We see that the total aggregate position is equivalent to the payoff of one stock at time T.
Question 6.

The terminal value of the long forward contract is 

ST - F0

Where ST is the price of the asset at maturity and F0 is the forward price of the asset at the time the portfolio is set up. The terminal value of the put option is 

Max(F0 - ST, 0)

The terminal value of the portfolio is therefore

ST - F0 + Max(F0 - ST, 0) = Max(0, ST - F0)

This is the same as the terminal value of a European call option with the same maturity as the forward contract and an exercise price equal to F0 . The profit, equals the terminal value less the amount paid for the option.

Question 7.
a) The one-year futures price is determined as:

F0,1 = 875e0.0475 = 875 × 1.048646 = 917.57

b) One futures contract has the value of $250 × 875 = $218,750. 

Therefore, the number of contracts needed to cover the exposure of $800,000 is: 

$800,000 ÷ $218,750 = 3.65714. 

Furthermore, we need to adjust for the difference in beta. Since the beta of our portfolio exceeds 1, it moves more than the index in either direction. Therefore, we must increase the number of contracts. 

The final hedge quantity is: 

3.65714 × 1.1 = 4.02286. 

Therefore, we should short-sell 4.02286 S&P 500 index future contracts.

As the correlation between the index and our portfolio is assumed to be one, we have no basis risk and have perfectly hedged our position and transformed it into a riskless investment. Therefore, we expect to earn the risk-free interest rate as a return over one year.
Question 8.
The current exchange rate is 0.02E/Y, which implies 50Y/E. The euro continuously compounded interest rate is 0.04, the yen continuously compounded interest rate 0.01. Time to expiration is 0.5 years. Plug the input variables into the formula to see that:

Euro/Yen forward = 0.02e(0.04−0.01)×0.5 = 0.02 × 1.015113 = 0.020302

Yen/Euro forward = 50e(0.01−0.04)×0.5 = 50 × 0.98511 = 49.2556
Question 9.

The fair price of a one-year $/Yen forward is:

Dollar/Yen forward = 0.008e(0.05−0.01) = 0.008 × 1.0408108 = 0.0083265

We can see that the observed forward exchange rate of 0.0084 $/Y is too expensive, relative to the fair forward price. We therefore sell the forward and synthetically create a forward position:

Description 



Today
 


At expiration of the contract

in $ 

  in Yen 

in $ 

in Yen

Sell $/Y forward 


0 


  — 
0.0084$ 
 
−1

Buy Yen for 

0.0079204 dollar 

−0.0079204   +0.99005 
—



 —

Lend 0.99005 Yen 

— 


  −0.99005 
— 



1

Borrow 0.0079204 dollar +0.0079204 
  — 

−0.0083265 

—

Total 




0 


  0 


0.0000735 

0

Therefore, this transaction earned us 0.0000735 dollars, without any exchange risk or initial investment involved. We have exploited an inherent arbitrage opportunity.

With a forward exchange rate of 0.0083, the observed price is too cheap. We will buy the forward and synthetically create a short forward position.

Description 



Today 



At expiration of the contract

in $ 

  in Yen 

in $ 

in Yen

Buy $/Y forward 


0 


  — 

−0.0083$ 
+1

Sell Yen for 

0.0079204 dollar 


+0.0079204 
  −0.99005 
— 


—

Borrow 0.99005 Yen 

— 

 
+0.99005 
— 


−1

Lend 0.0079204 dollar 
−0.0079204    — 

+0.0083265 
—

Total 




0 


  0 


0.0000265 
0

Therefore, we again made an arbitrage profit of 0.0000265 dollars.
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