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MULTIPLE EQUILIBRIA 

An example where the number of equilibria scales with the number of firms 

Η οικονομια  

Θεωρουμε οικονομια με  

 δυο αγαθα,τα ,A L  

 Δυο καταναλωτεσ,τουσ 1 και 2 
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 Ο καταναλωτησ 2 εχει ςυναρτηςη οφελουσ  2 2u A ,και μοναδικη περιουςια  τα ςυνολικα 

κερδη   
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Οι παραμετροι ειναι ολεσ θετικεσ και ικανοποιουν τισ ςχεςεισ 

              1 2 1 2... , , ...m mL k m k ,mακεραιοσ. 

 

 

 

 

 

 

 

 

 

 

Θα αναζητηςουμε ςυνθηκεσ επι των παραμετρων τετοιεσ ωςτε το πληθοσ των 

ιςορροπιων να ειναι 2 1m  
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Θα αναζητηςουμε ςυνθηκεσ επι των παραμετρων τετοιεσ ωςτε οι ςυναρτηςεισ 

προφορασ και ζητηςησ εργαςιασ να ειναι οπωσ ςτο ακολουθο διαγραμμα  
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Λυνοντασ τισ εξιςωςεισ 
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Θεωρουµε οικονοµια αποτελουµενη από δυο παικτες, α και b,και δυο 
αγαθα,1 και 2. 
Οι προτιµησεις περιγραφονται απο τις συναρτησεις  
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(και οι δυο συναρτησεις οφελους είναι αυξουσες και κοιλες όταν οι 
µεταβλητες είναι θετικες) 
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Equilibrium conditions  

1 1 2 24, 3a b a b+ = + =  
Solutions 
There are exactly three equilibria 
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                             Negative externalities and multiple equilibria 

Consider the following economy 

• One Consumer  
• Two goods: X, Y. 
• Two firms: 1 and 2. 
• Firm 1 produces good Y out of good X with production function  

 = ≥1 1 1, 0Y X X   (1.1) 

• Variable 1Y  represents the quantity of good Y produced by firm 1.Variable 1X  

represents the quantity of good X employed by firm 1 as input. 
• Firm 2 produces good Y out of good X with production function  

 = ≥
+ 1

2
2 2

2
, 0

1 X
XY X   (1.2) 

• Variable 2Y  represents the quantity of good Y produced by firm 2.Variable 2X  

represents the quantity of good X employed by firm 2 as input. Note that (1.2) implies 

that the input 1X of firm 1 imposes a negative externality on firm 2.  

• Consumer Preferences 

 ( ) =,u x y xy   (1.3) 

Variable x  represents the quantity of good X consumed by this consumer 

Variable y  represents the quantity of good Y consumed by this consumer 

• Consumer Endowment 


=
,

[6,0]
X Y

e .The firms are owned by the consumer. 

Part 1: Compute all Pareto efficient points of this economy 

Part 2: Compute all competitive equilibria of this economy. 

Part 3: Compute the effect of imposing a minimum-wage type of restriction of the form 
price of X 1
price of Y

>  . 
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1. THE ECONOMY 

 Three consumers:A,B,C 

 Two goods:1,2 

 Preferences 

    2
1 1 2 2 1min , , min , , min ,2

4
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 Endowments      6 ,16 , 1,0 , ,6EA t EB EC t     

The transfer parameter satisfies 0 3 / 2t    

2. COMPETITIVE EQUILIBRIUM  

1. NAME THE PRICE OF EACH GOOD 

1 2,p p  

2. NORMALIZE PRICES (OPTIONAL)  

2 11,p p q   

3. DEFINE CONSUMER INCOMES 

  16 6- , , 6MA q t MB q MC qt       (1) 

4. SOLVE THE OPTIMIZATION PROBLEMS OF CONSUMERS 
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 Similarly for consumers B, C we obtain 
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5. SOLVE THE EQUILIBRIUM CONDITIONS 

  

 
1 1 1

2 2 2

7

22

A B C

A B C

  

  
  (5) 

Solving the system(5),(2),(3),(4) we obtain 

  1 2 1 2 1 2

2 4 2 2
, 4, 16, , , 3 - , 6 - 2

3 2 3 3 3 3

t t t t t
q A A B B C t C t

t
        


  (6) 

 

 

Equilibrium utilities are then 

 4,
3

t
VA VC    2 6t   (7) 

The transfer benefits the donor and hurts the recipient, 
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because the transfer t increases the relative price of good 1,namely the good that A sells and others 

buy. 
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1. Introduction 

In recent years the Walrasian general equilibrium model has become an 
important tool for applied work in such fields as development economics, 
international trade, macroeconomics and public finance [see, for example, 
Shoven and Whalley (1984) and Lucas (1987)]. Unfortunately, economic 
equilibria are usually solutions to fixed point problems rather than solutions to 
convex optimization problems. This leads to two difficulties that are closely 
related: first, equilibria may be difficult to compute; second, a model economy 
may have more than one equilibrium. 

In this paper we explore these two issues for a number of stylized economies. 
We start with static exchange economies and then add a production technol- 
ogy. We later analyze economies with infinite numbers of goods, economies in 
which time and uncertainty play important roles. Studying economies of this 
sort is interesting not only for its own sake but because of the insights it 
provides into the properties of economies with large, but finite numbers of 
goods. Finally, we extend our analysis to economies that include distortionary 
taxes and externalities. 

Although our emphasis is on computational issues, the approach is fairly 
theoretical. As Scarf (1973, 1982) has stressed, a precondition for developing 
computational methods for finding an equilibrium is to know that one exists. 
Furthermore,  existence proofs often suggest algorithms for computing equilib- 
ria. Consequently, much of this paper deals with proofs of the existence of 
equilibria for a variety of economies. The paper is also filled with simple 
numerical examples, however, that illustrate the theory and could serve as test 
problems for algorithms. The reader who wishes to implement any of the 
algorithms suggested here on the computer should consult a good book on 
numerical methods, such as Acton (1970), who provides a wealth of practical 
advice, and Press, Flannery, Teukolsky and Vetterling (1986), who provide a 
large number of useful computer programs. 

2. Static exchange economies 

We begin by reviewing results for exchange economies with a finite number of 
consumers and a finite number of goods. We use two alternative specifications 
of such an economy, the first in terms of utility functions and endowment 
vectors, the second in terms of aggregate excess demand functions. Although 
the first specification is in some sense the more primitive, we alternate between 
the two as is convenient. 
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2.1. Existence of  equilibrium 

Consider an economy with m consumers and n goods. Each consumer has 
preferences given by a utility function u i : R~---> R that is strictly concave and 
monotonically increasing. He is endowed with a vector w e = (W~l , . . . ,  wi,) that 
is strictly positive. An equilibrium of this economy is a price vector/3 E R~\{0} 
and an allocation (21 . . . .  ,2m), where 2 ~ C R~,  such that 
• 2 i, i=  1 . . . . .  m, solves max ui(x ) subject to 15'x<-~'w i, x ~ O ,  
• r,i~=l 2 i <- r~i~=~ w i. 

Alternatively, we could specify this economy in terms of an aggregate excess 
demand function f : R~\{0}---> R". We assume that f is continuous; that it is 
homogeneous of degree zero, f ( O p ) ~ f ( p )  for all 0 > 0 and all p E R~\{0}; 
and that it obeys Walras's law, p ' f ( p )  =-0 for all p E R~\{0}. An equilibrium 
is now a price vector/3 E R~\{0} such that 
• 0 .  

Notice that Walras's law implies that f~(/5)= 0 if/)~ >0 .  
To motivate our assumptions on f ,  we can think of f as being derived from 

the first specification of this economy. Let x~(p) be the solution to the 
consumer's utility maximization problem. Our assumptions on u~ and w i imply 
that x i is continuous, at least for all strictly positive price vectors; that is 
homogeneous of degree zero, x~(Op) --xi(p) for all 0 > O, p E R~+ ; and that it 
obeys the budget constraint, p'xi(p)=--p'w ~. The aggregate excess demand 
function 

f ( p )  = £ ( x i (p )  -- W i) 
i=l 

therefore, is continuous, at least at all strictly positive price vectors, is 
homogeneous of degree zero and obeys Walras's law. 

Unfortunately, utility maximization does not imply that f is continuous on all 
R+\{0}. Rather,  it implies that f is continuous and bounded below on all R++. 
For some, but not necessarily all, pOE R+\{0} where p~ =0 ,  some i, if 
pk__~pO, pk E R++, then IIf(pk)ll---~oo. [See, for example, Arrow and Hahn 
(1971, Chap. 2)]. One way to handle the possibility that f becomes unbounded 
at price vectors that have some zero elements is to impose a constraint like 

m x~<2 E j= 1 w j in each consumer's utility maximization problem. With such a 
constraint xi(p),  and therefore f,  is continuous on all R+\{0}. Furthermore, 
such a constraint cannot bind in equilibrium. An alternative way to handle this 
possibility is to show that, for any f :R++-- -~R that satisfies the conditions 
implied by utility maximization, there is another function f*  that satisfies our 
assumptions, agrees with f on some open neighborhood of every equilibrium of 
f,  and has no equilibria that are not equilibria of f [see, for example, Kehoe 
(1982)]. In any case, since the potential unboundedness of excess demand 
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when some prices are zero does not play a significant conceptual role in any of 
the issues discussed in this paper, we shall ignore it. 

There  is a close connection between equilibria of such economies and fixed 
points of continuous mappings of the simplex S = { p E R~ I e 'p  = 1, p 1> 0} 
into itself. (Here  and subsequently, e = ( 1 , . . . ,  1).) To prove the existence of 
equilibrium we employ Brouwer 's  fixed point theorem. 

Brouwer's Fixed Point Theorem. Let  S C R"  be any non-empty ,  compact ,  
convex  set, and let g : S---> S be cont inuous.  Then g leaves s o m e  £c E S f ixed ,  that 
is, ;c = g( ;c ) . 

Homogenei ty  allows us to restrict our attention in studying equilibria to the 
simplex: if f(/~) ~ 0 for/3 ~ S, then f ( f i )  ~< 0 for fi --/~/(e'/3). S is non-empty,  
compact and convex. Consider the function g : S--~ S that associates with any 
point p ~ S the point g (p )  E S that is the closest point in S to p + f ( p )  in terms 
of euclidean distance. In other  words, g ( p )  solves the problem 

min ~ ( g - p - f ( p ) ) ' ( g - p - f ( p ) )  subject to 

e 'g  = 1 ,  g>~O. 

Since the objective function is strictly convex in g and continuous in p and the 
constraint set is convex, g ( p )  is a continuous function. 

Proposition 2.1. /3 is an equi l ibrium o f f  i f  and  only i f  it is a f i xed  po in t  o f  g, 

/3 = 

Proof. g ( p )  solves the minimization problem that defines it if and only if 
there exists A E R such that 

g ( p ) -  p - f ( p ) -  Ae>~0, 

g ( p ) ' ( g ( p )  - p - f ( p )  - Ae) = O. 

If g(/3) =/3, then the second, the complementary slackness, condition becomes 

- /3 ' ( f ( /~ )  + Ae) = )t/3'e = A = O. 

The first condition then becomes f(/3)~< O. 
Conversely, if/3 is an equilibrium, we set A = 0 and observe that/3 satisfies 

the above conditions that define g(p) .  

Remark.  This result can easily be extended to economies where excess 
demand is a non-empty,  bounded,  upper-hemi-continuous,  convex-valued cor- 
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respondence rather than a continuous, single-valued function. We need to alter 
g, however,  because, as defined above, g ( p )  is not necessarily convex-valued. 
Let  D be the convex hull of the image o f p  + f ( p )  f o r p  E S. Since f i s  bounded 
and upper-hemi-continuous and S is compact,  D is compact. Let  q : D - +  S be 
the function that associates any point p ~ D with the point q (p )  E S that is 
closest to p. Now let g : D---~ D be the correspondence g ( p )  = q ( p )  + f ( q ( p ) ) .  
In other  words, instead of first adding excess demand and then projecting into 
the simplex, we first project  into the simplex and then add excess demand. The 
advantage is that g is now convex-valued as well as being upper-hemi- 
continuous.  By Kakutani 's  fixed point theorem,  it has a fixed point/3 ~ g(/3). 
An easy argument,  similar to that above, implies that/~ is a fixed point if and 
only if it is an equilibrium. In practice, however,  working with a domain like D 
is often more  difficult than with one like S. 

The above result is useful because it allows us to reduce the problems of 
computing equilibria and establishing the uniqueness of equilibrium to the 
analogous problems for fixed points. The question arises whether  this is the 
easiest approach. In many circumstances it is. If the only assumptions that we 
make on f are those of continuity, homogenei ty  and Walras's law, then an 
argument due to Uzawa (1962) says that the study of equilibria is in a sense, 
equivalent to the study of fixed points. Suppose that y : S---~ S is continuous. 
Consider the function 4 ~ ' R + \ { O } - + R  n defined by 4 , ( p ) = y ( p / ( e ' p ) )  - 
A(p)p,  where A(p) = y ( p / ( e ' p ) ) ' p / ( p ' p ) .  By construction, th is continuous, is 
homogeneous  of degree zero and obeys Walras's law. 

Proposition 2.2 [Uzawa (1962)]. ~ b a fixed point o f  Y if  only it is an 
equilibrium o f  ffa, that is, 4)(15) <~ 0 and ~ ~ S. 

Proof. If ~b(/6) ~< 0 and / )  E S, then 

i = l , . . . , n .  

Since Walras's law implies ~bi(/~)< 0 only if/~ i = 0 and since Yi(P) ~ O, this can 
be rewritten as 

A(/~)/~i = y~(/~), i =  1 . . . . .  n .  

Consequently,  e'/~ = e'y(/3) = 1 implies/~ = 3'(/~). Conversely, if/~ = y(/~) then 
A(/~) = 1 and ~b(/J) = 0. 

Remark.  Suppose that we are willing to impose no stronger conditions on u i 
and w i than those given previously and that m/> n, in other words, that there 
are at least as many consumers as goods. Then a series of results due to 
Sonnenschein (1973), Mantel (1974), Debreu  (1974), McFadden,  Mas-Colell, 
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Mantel and Richter (1974) and Mas-Colell (1977) says that the only assump- 
tions that we are justified in imposing on f are continuity, homogenei ty and 
Walras's law; for any f that satisfies these assumptions there is an economy with 
n consumers whose excess demands aggregate to a function f*  whose equilibria 
coincide with those of f and that agrees with f on any compact set of prices 
where f is continuous [see Sharer and Sonnenschein (1982)]. Imposing stronger 
restrictions on u i and w i, however,  can sometimes make the study of equilibria 
easier than the study of fixed points. 

Interpretations of Uzawa's result are delicate. It is not surprising that we can 
show that the equilibrium existence theorem holds if and only if Brouwer 's  
fixed point theorem does, since both are theorems given the axioms of modern 
mathematics. What  is important  is how easy and trivial the result is. Any 
theorem that proves the existence of a fixed point can be translated into a 
theorem that proves the existence of equilibrium by adding a few lines to the 
proof,  and conversely. Any computer  program that computes fixed points can 
be translated into a program that computes equilibria by adding a few lines to 
the code, and conversely. Any conditions that imply uniqueness of a fixed 
point can be easily translated into conditions that imply uniqueness of equilib- 
rium, and conversely. 

There  is an important  caveat to this interpretation of Uzawa's result. It 
relates fixed points to equilibria of economies specified in terms of aggregate 
excess demand functions. At this point it would seem that,  to relate fixed 
points to equilibria of economies specified in terms of preferences and endow- 
ments of individual consumers, we would need to use some method,  such as 
that of Geanakoplos  (1984), that constructs an economy of n consumers for 
any arbitrary aggregate excess demand function. Thus, if we had an algorithm 
for computing equilibria of arbitrary economies specified in terms of prefer- 
ences and endowments,  using it to compute fixed points would be complicated. 
We would first use Uzawa's method to turn the mapping whose fixed points we 
wanted to compute into an excess demand function. We would then use 
Geanakoplos 's  method  to turn this excess demand function into n pairs of 
utility functions and endowments vectors. Although the first step is trivial, the 
second is not. Rather  than go into details, however,  let us postpone discussion 
of this issue to Section 3, where we shall see that there is another  connection 
between fixed points and equilibria of economies specified in terms of prefer- 
ences and endowments.  

2.2. Scarf's algorithm 

Uzawa's result says that any algorithm that is guaranteed to compute equilibria 
of arbitrary economies specified in terms of aggregate excess demand functions 
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must be guaranteed to compute fixed points of arbitrary mapping of the 
simplex into itself. Scarf (1967, 1973, 1982) has developed such an algorithm. 
Numerous  researchers have further improved algorithms of this type, known as 
simplicial algorithms; see, for example, Merrill (1971), Eaves (1972), Kuhn 
and Mackinnon (1975), Todd (1976a) and van der Lann and Talman (1980). 
This type of  algorithm can also be used to compute fixed points of set-valued 
correspondences.  

In R "  a k-dimensional simplex is the convex hull of k + 1 points, called 
vertices, v ~ , . . . ,  v k+l , that have the property that the k vectors v ~ -  v k+l  

k k + l  . . . .  v - v are linearly independent.  The price simplex S, for example, has 
i = 0 ,  j ¢  i. A face of a simplex is a vertices e i, i = 1 , . . . ,  n, where e i = 1, e j  

lower dimensional simplex whose vertices are vertices of the large simplex. In 
R 3, for  example,  the point e I is a 0-dimensional face of S and the convex hull of 
e ~ and e z is a 1-dimensional face. A subdivision of S divides S into smaller 
simplices so that every point in S is an element  of some subsimplex and the 
intersection of any two subsimplices is either empty or a face of both. 

Scarf's approach to computation of equilibria is based on a constructive 
proof  of a version of Sperner 's lemma: Assign to every vertex of a simplicial 
subdivision of S a label, an integer from the set { 1 , . . . ,  n}, with the property 
that a vertex v on the boundary of S receives a label i for which v~ -- 0. Then 
there exists a subsimplex whose vertices have all of the labels 1 , . . . ,  n. 

Scarf's algorithm for finding this completely labeled subsimplex is to start in 
the corner of S where there is a subsimplex with boundary vertices with all of 
the labels 2 , . . . ,  n (see Figure 38.1). If the additional vertex of this subsimplex 

(0 ,0 ,1 )  

I or2 

2or3  3 3 3 1 or3 
(1, 0, O) (0, 1, O) 

Figure 38.1 
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has the label 1, then the algorithm stops. Otherwise, it proceeds to a new 
subsimplex with all of the labels 2 , . . . ,  n. The original subsimplex has two 
faces that have all of these labels. One of them includes the interior vertex. 
The algorithm moves to the unique other subsimplex that shares this face. If 
the additional vertex of this subsimplex has the label 1, the algorithm stops. 
Otherwise, it proceeds, moving to the unique subsimplex that shares the new 
face and has the labels 2 , . . . ,  n. The algorithm cannot try to exit through a 
boundary face. (Think of  what labels the vertices of such a face must have.) 
Nor  can it cycle. (To cycle there must be some subsimplex that is the first that 
the algorithm encounters  for the second time; but the algorithm must have 
previously encountered both of the subsimplices that share the two faces of this 
subsimplex with the labels 2 , . . . ,  n.) Since the subdivision consists of a finite 
number  of subsimplices, the algorithm must terminate with a completely 
labeled subsimplex. 

To see the connection of this algorithm with Brouwer 's  theorem, we assign a 
vertex v with a label i for which g i (v )  >i v i. Since e ' g ( v )  = e ' v  = 1, there must 
be such an i. Notice that,  since gi (v )  >i O, i can be chosen such that the labeling 
convention on the boundary is satisfied. A completely labeled subsimplex has 
vertices v 1 n i , . . . , v  such that g~(vi)>~v~, i = l , . . . , n .  To prove Brouwer 's  
theorem, we consider a sequence of subdivisions whose mesh, the maximum 
distance between vertices in the same subsimplex, approaches zero. Associate 
each subdivision with a point in a completely labeled subsimplex. Since S is 
compact,  this sequence of points has a convergent subsequence. Call the limit 
of this subsequence ~. Since g is continuous, we know gi(~)/> xi, i = 1 , . . . ,  n. 
Since e'  g( . f )  = e' . f  = 1, g(Yc) = ~. 

Scarf does not consider an infinite sequence of subdivisions, which is the 
non-constructive aspect of this proof. Instead, he works with a subdivision with 
a small mesh. Any point in a completely labeled subsimplex serves as an 
approximate fixed point in the sense that II g(x) - xll < ,  w h e r e ,  depends on 
the mesh and the modulus of continuity of g. 

2.3.  The  g lobal  N e w t o n  m e t h o d  

An alternative algorithm for computing fixed points has been developed by 
Smale (1976), the global Newton method.  It is based on Hirsch's (1963) proof  
of Brouwer 's  theorem. A similar method has been developed by Kellogg, Li 
and Yorke (1976). Let  S now be the disk {x E R n [ x ' x  <~ 1); like the simplex it 
is a non-empty,  compact,  convex set. Smale starts with an algorithm for 
computing fixed points of a continuously differentiable map g : S---~ S that has 
the proper ty  that g ( x ) =  0 for every x on the boundary of S, the sphere 
OS = {x  E R n [ x ' x  = 1}. Smale (1976) and Varian (1977) show how to extend 
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this algorithm to situations where g is an arbitrary continuous map and S is 
again the simplex. 

If S has no fixed points, we could define a map 

h ( x )  = A(x)(x - g(x ) )  

where A(x)= ( ( x -  g ( x ) ) ' ( x -  g(x))) -1/2. This map would be a retraction of S 
into its boundary:  it would continuously map S into OS and be the identity on 
0S. Hirsch proves that no such map could exist, thereby proving Brouwer 's  
theorem. Smale proposes starting with a regular value of x -  g ( x ) ,  a point 
£ E 0S such that I - D g ( £ )  is non-singular. Sard's theorem says that the set of 
regular values has full measure and, in particular, that there exists such a point 
2. The  algorithm then follows the solution to 

A ( x ( t ) ) ( x ( t )  - g ( x ( t ) ) )  = £ .  

Since the path x ( t )  cannot return to any other  boundary point, and since it 
cannot  re turn to £ because it is a regular value, it must terminate at a fixed 
point (see Figure 38.2). 

Differentiating the above equation with respect to t, we obtain 

A(x)(l - D g ( x ) ) 2  + X(x  - g ( x ) )  = O. 

Smale shows that x ( t )  can be chosen as the solution to the differential equation 

( I  - O g ( x ) ) x  = t ~ ( x ) (  g ( x )  - x )  

where /z(x) has the same sign as d e t [ I - D g ( x ) ]  and is scaled so that ~ has 
constant velocity. Except  for the factor t~ this is a continuous version of 

5 

Figure 38.2 
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Newton's method for solving x - g ( x )  = 0: 

x ,+ ,  = x ,  - ( I  - O g ( x t ) ) - l ( x ,  - g ( x t )  ) . 

2059 

2 .4 .  R e g u l a r i t y  a n d  the  i n d e x  t h e o r e m  

Merely establishing the existence of equilibria and developing methods for 
computing them leaves important questions unanswered. Are equilibria 
unique? If not, are they locally unique? Do they vary continuously with the 
parameters of the economy? In recent years, economists have used the tools of 
differential topology to investigate these questions. Debreu (1970) has investi- 
gated the questions of local uniqueness and continuity with continuously 
differentiable excess demand functions. See Dierker (1982) and Mas-Colell 
(1985) for surveys of this and subsequent work. Analogous results to those 
derived in the differentiable framework can be obtained in a piecewise-linear 
framework applicable to Scarf's approach to computing equilibria. See, for 
example, Eaves and Scarf (1976) and Eaves (1976). 

Debreu (1970) defines a regular economy to be one that satisfies conditions 
sufficient for there to be a finite number of equilibria. Dierker and Dierker 
(1972) simplify these conditions to the requirement that the Jacobian matrix of 
excess demands_Df(~) with the first row and column deleted, the ( n -  1)× 
(n - 1) matrix J, is non-singular at every equilibrium. The first row is deleted 
because of Walras's law, the first column because of homogeneity. We are left 
with a square matrix because, as Wairas (1874, Lesson 12) pointed out, the 
number of equations equals the number of unknowns in the equilibrium 
conditions. The inverse function theorem implies that every equilibrium of a 
regular economy is locally unique. Since the set S is compact and the 
equilibrium conditions involve continuous functions, this implies that a regular 
economy has a finite number of equilibria. 

Let us rewrite the equilibrium conditions as f (p ,  b) = 0 where b E B and B is 
a topological space of parameters. If f and its partial derivatives with respect to 
p are continuous in both p and b, then the implicit function theorem implies 
that equilibria vary continuously at regular economies. Furthermore, in the 
case where B is the set of possible endowment vectors w i, Debreu uses Sard's 
theorem to prove that, for every b in an open set of full measure in B, f(., b) is 
a regular economy. When B is the function space of excess demand functions 
with the uniform C ~ topology, an open dense set of B consists of regular 
economies. Consequently, if we are willing to restrict attention to continuously 
differentiable excess demand functions, a restriction that Debreu (1972) and 
Mas-Colell (1974) have shown in fairly innocuous, almost all economies, in a 
very precise mathematical sense, are regular. 
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Dierker  (1972) has noticed that a fixed point index theorem could be used to 
count the number  of equilibria of a regular economy. Let  us define the fixed 
point index of a regular equilibrium/~ as s g n [ d e t ( I -  Dg(/~))] whenever  this 
expression_is non-zero. Dierker  shows that the index can also be written as 
s g n ( d e t [ - J ] ) .  The index theorem says that ~ index( /~)= +1 where the sum is 
over equilibria of a regular economy. This result is depicted in Figure 38.3 
where n = 2 ,  Pl = 1 - P 2 ,  and gl(Pl,  P2) = 1 -g2(P~,  P2). Here  index(/~) = 
sgn(1 - Og2/Op2 ) and a regular economy is one where the graph of g does not 
become tangent to the diagonal. 

Mas-Colell (1977) shows that any compact subset of S can be the equilibrium 
of some economy f. If we restrict ourselves to regular economies and n ~> 3, 
then the only restrictions placed on the number  of equilibria are those given by 
the index theorem. (If  n = 2, an equilibrium with index - 1  must lie between 
two with index + 1.) This implies that the number  of equilibria is odd and that 
there is a unique equilibrium if and only if index(/~) = +1 at every equilibrium. 

It is easy to see that there are an odd number  of solutions to Scarf's 
algorithm and to Smale's global Newton method.  To see this in the case of 
Scarf's algorithm, let us argue that there are an odd number  of completely 
labeled subsimplices. The path followed from the corner missing the label 1 
leads to a unique subsimplex. Suppose there is an additional completely 
labeled subsimplex. Then  it shares the face with labels 2 , . . . ,  n with a unique 
other  subsimplex. Restart  Scarf's algorithm at this subsimplex. Ei ther  the 
additional vertex to this subsimplex has the label 1, in which case it is 
completely labeled, or it does not,  in which case it has another  face with all of  
the labels 2 , . . . ,  n. Move to the unique other  subsimplex that shares this face 
and continue as before.  The algorithm cannot encounter  any subsimplex in the 

O(P) 

0 

P 

Figure 38.3 
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path from the corner to the original subsimplex. (To do so there must be some 
subsimplex in the path that is the first that it encounters; but it must have 
previously encountered both of the subsimplices that share the two faces of this 
subsimplex with the labels 2 , . . . ,  n.) The algorithm must therefore terminate 
in yet another completely labeled subsimplex. Consequently, all completely 
labeled subsimplices, except the original one located by the algorithm starting 
in the corner, come in pairs. There is a definition of index of a completely 
labeled subsimplex that agrees with that of a fixed point/~ in the case where the 
mesh of the subdivision is sufficiently small and f is regular [see Eaves and 
Scarf (1976) and Todd (1976b)]. The original subsimplex located by the 
algorithm starting in the corner has index + 1. All other completely labeled 
subsimplices come in pairs as described above, one with index + 1 and one with 
index - 1. 

Likewise, it can be shown that the global Newton method has an odd 
number of solutions. Starting at ~ on the boundary the algorithm locates one, 
which has index + 1. All other solutions are matched up in pairs, one with 
index +1 and one with index -1 .  Indeed, it is a general feature of these and 
related algorithms that, unless they are restarted at a fixed point different from 
the one originally computed by the algorithm, they always lead to fixed points 
with index +1. This, combined with Mas-Colell's (1977) result about the 
arbitrariness of the number of fixed points, suggests that, unless for some 
reason we know that index(/~)= +1 at every fixed point, there can be no 
method except for an exhaustive search that locates all fixed points. There is an 
important possible exception to this remark involving the all-solutions al- 
gorithm of Drexler (1978) and Garcia and Zangwill (1979, 1981). This method, 
which depends on being able to globally bound g using complex polynomial 
functions, is further discussed in the next section. 

2.5. Path fo l l owing  me thods  

Much recent work on the computation of fixed points has been based on the 
idea of path following. The idea is to follow the path of solutions to H ( x ,  O) = 0 
where H : S × [0, 1] ~ R n is chosen so that H ( x ,  0) = 0 is trivial to solve and 
H ( x ,  1) = x - g (x ) ,  which means a solution to H ( x ,  1) = 0 is a fixed point. The 
function H is called a homotopy [see Garcia and Zangwill (1981) for a survey 
and references]. 

Suppose that g : S---~ S is twice continuously differentiable. Define 

H ( x ,  O) = x - (1 - 0)Y - Og(x) 

where £ is an interior point of S. Notice that, for any 1 > 0 >/0 and x E S, 
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(1 - 0)~ + Og(x) is also interior to S. We start at the trivial solution H(£,  0) --- 0 
and follow the solution path until we reach the boundary where 0 = 1 and 
H(x, 1) = x - g(x) = 0. We require that 0 be a regular value of H(x, O) in the 
sense that the n × (n + 1) matrix DH(x,  O) has rank n whenever  H(x, O) = O. 
Sard's theorem says that we can always choose £ so that this condition is 
satisfied and, indeed, that it is satisfied for almost all £. (It is here that second 
differentiability is important.)  The implicit function theorem then implies that 
solutions to H(x, 0) = 0 form a compact one-dimensional manifold with bound- 
ary, a finite number  of paths and loops, and that the boundary points of this 
manifold are also boundary points of S × [0, 1]. By construction, H is such that 
(£, 0) is the only possible boundary solution except for points where 0 = 1, 
where solutions are fixed points of g (see Figure 38.4). 

Although the path that starts at (£, 0) cannot  return to the boundary where 
0 = 0, it need not be monotonic in 0. Consequently,  we do not want to think of 
the path in terms of x as a function of 0. Rather ,  let us write y(t) = (x(t), O(t)). 
Differentiating H(y(t))=--0 with respect to t, we obtain 

D H ( y ) ~  = O. 

This is a system of n linear equations in n + 1 unknowns that has an infinite 

0 

Figure 38.4 
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number  of solutions. One is 

))i "~" ( - 1 )  "-~+~ det DH(y)_~.  

Here  D H (y ) _  i is the n × n matrix formed by deleting column i from DH(y) .  
That  0 is a regular value of H implies that at every point y along the path some 
matrix D H ( y ) _  i is non-singular. To see that the above differential equation 
does indeed follow the solution path to H ( y )  = 0, we suppose that DH(y)_I  is 
non-singular and rewrite DH))= 0 as 

n + l  

E DiH))i =-D1H)) I  
i = 2  

where DiH is column i of DH. We choose ))1 ~ ( - - 1 )  n det D H  1 and solve for 
))2 . . . .  , ))n+l using Cramer 's  rule: 

.9 = Oe t [D2H'"  D ~ 1H(-1)n+~(det D H 1 ) D I H D i + ~ H ' "  D~+~H] 

+ det DH 1 

= ( - 1 )  n-i÷1 det DH_ i . 

As with the global Newton method,  we have reduced the problem of 
computing fixed points to that of solving a system of ordinary differential 
equations. To solve such equations, we can use a variety of methods,  such as 
the Runge-Kut t a  method or the Bulirsch-Stoer  method [see, for example, 
Gear  (1971) and Stoer and Bulirsch (1980, Chap. 7)]. The homotopy  approach 
can also be applied to piecewise-linear problems [see, for example,  Merrill 
(1971), Eaves (1972), Kuhn and MacKinnon (1975), Eaves (1976) and Eaves 
and Scarf (1976)]. 

The homotopy approach yields a very simple proof  of the index theorem. 
Notice that at 07, 0) 

O = det[DH(£, O ) _ ( n + l ) ]  ~-- det I = 1 > O. 

Following the path of solutions to H(x(t) ,  O(t)) = O, O may change signs, but 
when 0 = 1 

O = det[DH(x, 1 ) _ ( n + l ) ]  = d e t [ I -  Dg(x)] 

must be non-negative. ( T a k e a n o t h e r  look at Figure 38.4.) If 0 is a regular 
value of x - g(x), if the economy is regular, then d e t [ I -  Dg(x)] > 0. Other  
fixed points come in pairs, with each one the endpoint  of a path that starts and 
ends on the boundary where 0 = 1. At  one endpoint  0 ~< 0 and at the other  

I> 0. In the regular case we define index(~) = sgn(det[I - Dg(~)]). Summing 
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over all fixed points, all solutions to H ( x ,  1) = 0, yields +1. This proof  of the 
index theorem is easily extended to maps that are continuously differentiable 
only of first, rather than second, order  [see Garcia and Zangwill (1981, Chap. 
22)1. 

A fascinating possibility presented by the path following idea is that of being 
able to compute all of the fixed points of a function g : S--> S. The all-solutions 
algorithm of Drexler  (1978) and Garcia and Zangwill (1979) is easiest under- 
stood in terms of computing zeros of polynomials. We first approximate 
g ( x )  - x by a finite order  polynomial f : S---~ R" and then extend f t o  a function 
f : R"--> R n. Weierstrass's approximation theorem says that we can choose f to 
approximate g(x )  - x arbitrary closely on S [see, for example, Lang (1983, pp. 
49-53)]• We then convert f into a complex function by allowing both its 
domain and range to be C n, the space of complex n vectors. We can expand the 

, - , .~_ vector z E C n into a vector z* E R 2n by writing z = ( z~  + Z z l , . . •  , Z2n 1 

Z~ni). Consequently,  we can expand f into f*  : RZn---> R 2n by writing f ( z )  = 

( f ~ ( z * )  + ~ * t z * l i  . . ,  * * + * * " • / 2 \  ] ' "  f2 ,  1( z ) f 2 n ( Z  ) t ) .  We now discuss a method that 
can compute  all the zeros of f* .  Notice that not all of the zeros of  f*  are 
approximate fixed points of g; some may be complex and some may lie outside 
of S. 

Letting rnj be the highest order  of the polynomial fj(z),  we consider the 
homotopy H : C n × [0, 1]--> C ~ defined by the rule 

H j ( z , O ) = ( 1 - O ) ( z ~  ' n ' + ' ) -  l ) + O f j ( z ) ,  ] = 1  . . . .  , n .  

At 0 = 1, solutions to H ( z ,  0 ) =  0 are zeros of f. At 0 = 0, H i ( z ,  0 ) =  0 has 
m i + 1 solutions 

z j  = c o s ( 2 1 r a / ( m j  + 1)) + i s i n ( 2 ~ a / ( m j  + 1)) ,  a - 0, 1 . . . . .  rnj . 

n + Consequently,  there are IIj= 1 (rnj 1) solutions to H ( z ,  0) = 0. We can expand 
• , 2 n  ~ 2 n  H into H : R × [0, 1] R . The crucial insight involved in the all-solutions 

algorithm is that any solution path to H*(z* ,  0) = 0 is monotonic in 0, 

0 = d e t [ D H * ( z * ,  0)_(2n+1) ]/> 0 .  

The proof  is simple: D H * ( z * ,  0)_(2,+1) consists of 2 × 2 blocks of the form 

[ oH  oH ] o-i oHl l 
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r i r 
H e r e  z j  = z~j_ 1 is the real part of zj, zj = z~. is the imaginary part ,  and H i and 
H i are the real and imaginary parts of H i. The Cauchy-Riemann  equations, 
which follow easily from the chain rule, say that 

OHT_ OHI OHT_ OHI 
oz; oz', ' 

Consequently,  the 2 × 2 blocks that make up DH*(z*, 0)_(2n+l) all have the 
special form 

aij bij] 
-bij aqj" 

These matrices have important  properties: their special form is preserved when 
such a matrix is multiplied by a scalar or inverted; it is also preserved when two 
such matrices are added or multiplied together.  Consequently,  performing 
Gaussian elimination on these 2 x 2 blocks, we can reduce the 2n × 2n matrix 
DH*(z*, 0)_(2n+l) to a lower block triangular matrix with n such 2 x 2 blocks 
on the diagonal. The determinant  is the product of the determinants of these 
blocks, each of which is non-negative. 

Since 0 is monotonic  along any path, there can be no paths that both start 
and end at 0 = 0 or at 0 = 1. To guarantee that every solution at 0 = 1 is the 
endpoint  of a path that starts with 0 = 0, we need to rule out paths diverging to 
infinity for 0 ~ < 0 <  1. It is here that the polynomials (z~ mj+l ) -  1) play their 
role. Suppose that I l z l l - ~ .  Then, for at least one i, f j (z) / (z~ '+l)-  1)--->0, 
which implies that Hi(z, O)/(z~ '+1) - 1)---> (1 - 0). Consequently,  Hi(z, O) = 0 
cannot hold for any path along which Ilzll--, ~ and 0 ~< 0 < 1. Following each of 
the paths that starts at 0 = 0 either leads to a zero of f or diverges to infinity at 
0 = 1. No path can start at 0 = 1 and diverge to infinity going backwards, 
however,  so this method necessarily locates all of  the zeros o f f  [see Garcia and 
Zangwill (1981, Chap. 18) for further discussion]. 

This method can easily be applied to functions other  than polynomials. What 
we need is a function f : R'---->.R" than can be extended to C" and polynomials 
( z q i - 1 )  such that some f~(z)/(zq'-l)--->O as I lzl l-- '~.  The all-solutions 
algorithm is obviously a promising direction for future research. 

2.6. Multiplicity of equilibria 

By constructing an example of an economy with an equilibrium with index - 1 ,  
we can easily construct an example of multiplicity of equilibria. 
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Example 2.1. Consider a static exchange e c o n o m y  with two consumers  and 
two goods .  Consumer  i, i = 1, 2, has a utility function of  the form 

2 

Ui(X1, X2) 2 i, b, _ 1 ) / b i  = aj l ,  x j  
j = l  

i ~ 0 and b i < 1. This is, of  course,  the familiar constant-elasticity-of- where  aj 
substitution utility function with elasticity of  substitution ~i = 1 / (1  - b;). Given 
an e n d o w m e n t  vector (wi l ,  i w2), consumer i maximizes  this utility subject to his 
budget constraint. His demand functions are 

2 
i i 

"Y j Z p k W k  

x i j ( p l  P2)  = k=l i -= 1, 2,  j = 1 2 2 , ~ " 
p~ i  Z i l r l i  

Y k P k  
k = l  

H e r e  7ii = ( a ' y  j. T h e  two consumers  have the ( sym m et r i c )  p a r a m e t e r s  given 
b e l o w .  

Commodity 
C onsumer  1 2 

1 1024 1 
2 1 1024 

b I = b 2 = - 4 ,  

w; 
Commodity 

C onsumer  1 2 

l 12 1 
2 1 12 

1 2 1 2 
O f  c o u r s e  "ql = 7 2  = 1 / 5 ,  Yl = Y2 = 4  a n d  Y2 = Yl = 1. 

This e c o n o m y  has t h r e e  e q u i l i b r i a ,  w h i c h  a re  l i s ted be low.  

Equil ibrium 1: p l  = (0.5000, 0.5000) 

Commodity 
Consumer  1 2 u i 

1 10.400 2.600 -0 .02735 
2 2.600 10.400 -0 .02735 
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Equilibrium 2:p2 = (0.1129, 0.8871) 

Commodity 

Consumer 1 2 u~ 

1 8.631 1.429 -0.10611 
2 4.369 11.571 -0.01497 

Equilibrium 3:p3 = (0.8871, 0.1129) 

Commodity 

Consumer 1 2 u~ 

1 11.571 4.369 -0.01497 
2 1.429 8.631 -0.10611 
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This example has been constructed by making p~ = (0.5, 0.5) an equilibrium 
with index - 1 

3.2 ] - 3 . 2  
' ~ ' -  "~'Jt/~') : - 3 . 2  3.2 ' 

index( p l ) = sgn( -3 .2 )  = - 1. 

Remark.  A similar example has been constructed in an Edgeworth box 
diagram by Shapley and Shubik (1977). 

Two assumptions have played significant roles in discussions of uniqueness of 
equilibria since the time of Wald (1936). They are gross substitutability and the 
weak axiom of revealed preference.  Gross substitutability says that, if p />  q 
and Pi = -  qi for some i, then f / (p )  >~f,(q) and, if f ( p )  = f ( q ) ,  then p = q. (This 
actually combines the two conditions often known as weak gross substitutabili- 
ty and indecomposability.) The weak axiom of revealed preference says that if 
p ' f ( q )  ~ 0 and q ' f ( p )  ~< 0, then f ( q )  = f ( p ) .  

The argument that gross substitutability implies uniqueness is easy: Suppose 
that there are two vectors p,  q, such that f ( p )  = f ( q ) ~  0. It must be the case 
that p,  q > 0. Otherwise, for example, pg = 0 and 2p ~> p would imply f/(2p) > 
f / (p ) ,  which would contradict homogeneity.  Let  , / = m a x  qJpj.  Then ,/p 
satisfies ,/p >t q, ,/Pi = qi some i. Consequently,  f ( , /p)  = f ( p )  = f ( q )  = 0 implies 
,/p = q. It is also easy to show that,  when f is continuously differentiable, gross 
substitutability implies that index(/~) = + 1, since 0fi(/~) / Opj >I O, i ~ j implies, 
in general,  that - J  is a P matrix, a matrix with all of its leading minors positive 
[see Hahn  (1958) and Kehoe  (1985b)]. 

The weak axiom implies that the set of equilibria is convex. If f is regular, 
this implies that it has a unique equilibrium. Suppose that there are two vec- 
tors p , q  such that f ( p ) = f ( q ) ~ O .  Then p ( O ) = O p + ( 1 - O ) q ,  0~<0~<1, 
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satisfies p(O)'f(p)<~O and p(O)'f(q)<~O. Walras's law implies that (Op + 
( 1 -  O)q)' f (p(O))= 0. Consequently, it cannot be the case that p ' f ( p ( O ) ) >  O, 
otherwise q ' f (p(O))<O,  which contradicts the weak axiom. Consequently, 
p ' f (p(O))  <~ O, which implies f (p(O))  = f ( p )  <<- O. In the case where f is differen- 
tiable, the weak axiom implies that Dr(p)  satisfies x ' D f ( p ) x  <~ 0 for all x such 
that x ' f ( p ) = 0  [see Kihlstrom, Mas-Colell and Sonnenschein (1976_), Kehoe 
(1985c) and Freixas and Mas-Colell (1987)]. This implies that d e t [ - J ]  > 0 if/3 
is a regular equilibrium. 

One problem with the weak axiom is that, in contrast to gross substitut- 
ability, it does not aggregate: the two functions in Example 2.1, for example, 
satisfy the weak axiom because they come from utility maximization; their 
sum obviously does not. Mas-ColeU (1989) discusses a condition called mono- 
tonicity that both implies the weak axiom and aggregates: f is monotone with 
respect to the normalizing vector a E R n+ if p'a  = q'a = 1 and p # q imply 
( p  - q ) ' ( f ( p ) - f ( q ) ) <  0. Unfortunately, monotonicity is not implied by utili- 
ty maximization. Mas-Colell (1989), however, presents sufficient conditions on 
utility functions and endowments for monotonicity to hold. 

2. 7. Other computational methods 

Despite not being guaranteed to converge for arbitrary economies, methods for 
computing equilibria other than fixed point algorithms are popular in practice. 
Let us briefly consider three such methods, tfitonnement, a non-linear Gauss- 
Seidel method and Newton's method. 

Samuelson (1941) has formalized Walras's (1874) concept of tfitonnement, 
or groping to equilibrium, as the system of differentiable equations 

,6 = f ( p ) .  

Notice that Ilptl stays constant under this adjustment process: 

d (p 'p )  
dt = 2p'lJ = 2p ' f (p )  = 0.  

In other words, if IIp(0)t[ = 1, then Ilp(t)ll = 1; the path followed by tfitonne- 
ment always remains on the intersection of the sphere and the positive orthant. 

This process converges to the set of equilibria if f satisfies the weak axiom, as 
shown by Arrow and Hurwicz (1958), who use the Liapunov function L ( p ) =  
½ (p  - /~ ) ' ( p  - / ) ) .  Notice that L(p)  > 0 unless p =/~ and that 

L(  p) = ( p - ~)'1~ = - Y f l  P) . 
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Unless p is an equilibrium, f ( / 3 )=  0 and the weak axiom imply that L ( p ) <  O. 
Arrow, Block and Hurwicz (1959) further argue that gross substitutability 
implies that the weak axiom holds in comparisons with an equilibrium vector of 
an exchange model; that f(/3) = 0 implies y f ( p )  > 0 unless f (p)  = f(/3). Con- 
sequently, tfitonnement is also globally asymptotically stable if f satisfies gross 
substitutability. 

If, however, f does not satisfy the weak axiom or gross substitutability, the 
tfitonnement process may not converge to an equilibrium. In fact, Scarf (1960) 
constructs a simple example with unique equilibria in which, unless p ( 0 ) =  ,6, 
the process converges to a limit cycle. Indeed, the Sonnenschein-Mantel -  
Debreu result on the arbitrary nature of aggregate excess demand implies that 
the behavior of tfitonnement is also arbitrary. See Hahn (1982) for a survey of 
results related to tfitonnement. From our point of view there are two points 
worth noting. First, the process can be generalized to allow different adjust- 
ment speeds 

/ii = 0if~(p) , i = 1  . . . .  , n .  

For any 0 i > 0, i = 1 , . . .  , n, the process remains globally stable i f f  satisfies the 
weak axiom or gross substitutability. In general, however, changing the weights 
0 i can greatly affect the stability properties of t'~tonnement. Second, if we want 
to avoid problems with negative prices we have to alter the process to 
something like 

/ii =/fi(P)[o if p i > 0  or f i (p)  > 0 ,  
otherwise.  

Al though/ i  can be discontinuous at a point where Pi = 0, it can be shown, as 
done for example by Henry (1972, 1973), that the path p(t) is continuous. 

Van der Laan and Talman (1987) have developed a tfitonnement-like 
algorithm that is guaranteed to converge under weak regularity assumptions: 
start with an initial price vector/~ interior to the simplex. The algorithm sets 

pj/fij = min[p , / f i , , . . . ,  P,/fi, l if f j (p)  < 0 ,  

PJ/ f i i=max[pl / / ) l , ' ' ' ,  P,/fin] i f f j ( p ) > 0 .  

When f j (p)  = O, pj is allowed to vary to keep market j in equilibrium. The set 
of points that satisfy these conditions generically form a collection of loops and 
paths in S. The algorithm operates like the global Newton method and the path 
following methods described earlier, following the path that starts at fi until 
another endpoint is reached. This endpoint is an equilibrium. 
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Walras (1874, Lessons 12 and 24) originally conceived of tfitonnement as 
clearing one market at a time. With linear equations the analogous process is 
called the Gauss-Seidel method. The idea is to update a guess at a solution to 
the equations 

f j ( l ,  P2, P3 . . . .  , Pn) = 0 ,  j = 2 , . . .  , n 

one equation at a time: Given the guess p 2 k , . . . ,  p~, we let p/~+~ be the 
solution gi(p k) to 

f~(1 gz (pk ) , . ,  g,(pk), k k , ",  P i + ~ , ' ' ' , P n ) = O ,  i = 2 , . . . , n .  

In the case where f is linear, this method converges if there exists some Oj > O, 
j = 2 , . . . ,  n, such that 

oi >~ , i , ] = 2  . . . .  , n ,  
OPi j:~i Opj 

with strict inequality some i [see Young (1971) for a collection of conditions 
that guarantee convergence of this method]. This, however, is the familiar 
diagonal dominance condition satisfied by the Jacobian matrix of an excess 
demand function that exhibits gross substitutability. Consequently, it is pos- 
sible to show that, if Df(~) satisfies gross substitutability at some equilibrium 
/~, there is some open neighborhood N of/~ such that if p0 C N, the non-linear 
analog of this algorithm converges to/~. The weak axiom does not guarantee 
diagonal dominance, and it is easy to construct examples that satisfy the weak 
axiom but for which this method is unstable. 

Perhaps the most popular method for solving systems of equations such as 
g(p) =p  is Newton's method, 

k k - l _ A k ( / _ D g ( p k - 1 ) )  l ( p k - l _ g ( p k - ~ ) ) .  p =p  

Frequently, the scalar A k > 0 is chosen by a line search to make ]] pk _ g(pk)]] 
as small as possible. Furthermore, the elements of Dg are usually approxi- 
mated numerically rather than calculated analytically. In many versions of this 
algorithm I -  Dg is never explicitly inverted. Rather,  an approximation to its 
inverse is successively updated; these are called quasi-Newton methods. See 
Ortega and Rheinboldt (1970) and Jacobs (1977) for surveys of these methods. 
An important warning is in order here: Most work in the mathematical 
programming literature on Newton-type methods relates to minimizing a 
convex function h : R n---~ R, 
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x k = x k-1 _ A k D 2 h ( x k - 1 ) D h ( x k - 1 )  , . 

Although this does amount to solving the system of equations D h ( x )  = 0, this 
system has two special properties. First, D2h is symmetric and positive 
semi-definite. Second, A k can always be chosen small enough so that h(x  k) 
decreases at every iteration. Unless I -  D g  satisfies strong integrability condi- 
tions, these sorts of properties do not carry over to solving for equilibria. 

Arrow and Hahn (1971, Chapter 12) have shown that a continuous version 
of Newton's method 

t~ = - ( I  - Dg(  p ) ) -  ' (  p - g ( p ) )  

is globally stable if d e t ( I -  D g ( p ) )  never vanishes. (We ignore the minor 
technical problem caused by the potential discontinuity of Dg;  as in the case of 
t~tonnement where some price is zero, p( t )  can be shown to follow a 
continuous path.) In this case, the index theorem implies that there is a unique 
fixed point /~ =g(/~).  L ( p ) =  ½ ( p - g ( p ) ) ' ( p - g ( p ) )  provides a Liapunov 
function: L ( p ) > 0  unless p = g ( p ) ,  and 

L ( p )  = ( p  - g ( p ) ) ' ( l  - Dg(p))15 = - ( p  - g ( p ) ) ' ( p  - g ( p ) )  . 

Consequently, L ( p )  < 0 unless p =/3. 
Although this method may cycle if ( I -  D g ( p ) )  is singular for some p, L ( p )  

always serves as a local Liapunov function near a regular equilibrium/~. That 
is, every regular equilibrium/3 has some open neighborhood N such that, if 
p(0) E N, this method converges t o / L  This suggests a stochastic method for 
computing equilibria, which is frequently used in practice: Guess a value for 
p(0).  Apply Newton's method. If it does not converge, guess a new value for 
p(0). Continue until an equilibrium is located. Since every open neighborhood 
of an equilibrium occupies a positive fraction of the volume of the price 
simplex, this method must eventually work. 

Newton's method is in some sense the simplest algorithm that has this local 
convergence property for any regular equilibrium. Saari and Simon (1978) and 
Traub and Wozniakowski (1976) show that, in a precise sense, any locally 
convergent method must use all of the information in g(p_) and D g ( p ) .  
Furthermore, Saari (1985) shows that for any step size A k/> A > 0, there are 
examples such that a discrete version of Newton's method is not even locally 
convergent. Since we cannot always choose A k so that l i p -  g(p)ll is decreas- 
ing, we have to bound A~ from below so the method does not get stuck away 
from an equilibrium. Saari shows that this may result in the method overshoot- 
ing the equilibrium. 
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Notice that the global Newton method has a global convergence property. It 
uses global information, however, because it is only guaranteed to work if 
started on the boundary or at an equilibrium with index -1 .  Otherwise, it may 
cycle [see Keenan (1981)]. Notice too that the global Newton method diverges 
from any equilibrium with d e t [ l - D g ( / 3 ) ] < O .  Because the scale factor 
/z(p) < 0  in some open neighborhood of/3, L ( p )  is actually increasing in that 
neighborhood. 

3. Equilibrium and optimization 

The problem of computing an equilibrium of an economy can sometimes be 
simplified by transforming it into a problem of maximizing a concave function 
on a convex constraint set. Such transformations typically exploit the Pareto 
efficiency of the equilibrium allocation: Pareto (1909) first realized that the 
allocation ( 2 1 . . . ,  2m) associated with an equilibrium/3 has the property that 
there is no alternative allocation (2 t . . . ,  £m) that is superior in the sense that 

m " m - i  w i and ui(x ) ~  hi ui(x ), i= 1, . m, with strict it is feasible, E~: 1 3~t~,,i= 1 . .  , 

inequality for some i. 

3.1. Welfare theory and existence o f  equilibrium 

That every competitive allocation is Pareto efficient is the first theorem of 
welfare economics. The second welfare theorem says that for any Pareto 
efficient allocation ( 2 1 , . . . ,  2 m) there exists a vector of prices /3 such that 
(/3, YcL,. . . ,  2")  is an equilibrium with transfer payments t i =/3'(2 i -  wi). In 
other words, each consumer solves the problem of maximizing utility subject to 
the budget constraint/3'x ~/3 'w ~ + t i rather than his usual problem [see Arrow 
(1951), Debreu (1954) and Koopmans (1957)]. 

For every Pareto allocation (21 . . . .  ,2  m) there exists a vector of non- 
negative welfare weights ( a l , . . . ,  o~ m) such t h a t  ( . ~ 1 ,  . . . , ) ~ m )  solves the Pareto 
problem 

max ~ aiui(x i) subject to 
i = 1  

~ xi ~ ~ wi xi ~ O. 
i = 1  i = 1  

If a > O, then any solution to this problem is Pareto efficient. The Kuhn- 
Tucker theorem says that the allocation (xl(a)  . . . . .  xm(a)) solves this problem 
if and only if there exists a non-negative vector p(cQ such that 
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o~,u,(x'(,~)) + p '  ~ ( w ' -  x'(o~)) 
i = l  i = l  

E + E (w'- 
i = 1  i = 1  

>t ~ aiui(x') + p(a) '  ~ ( w ' -  x')  
i = 1  i = 1  

for all p~>0 and ( x l , . . .  ,xm)~>0. 
Similarly, each consumer solves his utility maximization problem in equilib- 

rium if and only if there exists Ai ~> 0 such that 

u,(i ') + a,p'(w' fc') >1 u,( ,  i) + ~,p'(w' ~' > ' - - x ) ~ ui (x  ) + i , p ' ( w '  - x ' )  

for all A~ 1> 0 and xi~ O. Notice that the strict monotonicity of ui implies that 
A~ > O, otherwise we would violate the second inequality simply by increasing 
x i. Dividing the second inequality through by '(i and summing over i - -  
1 , . . . ,  m produces 

E E E (1 - ~' - /,X~)u,(x ) ~ (w' x') 
i ~ l  i = 1  i = l  i = 1  

for all (x 1 . . . .  , x m) >i O. Moreover, since ,3' Xi~ 1 (w' - 2') = 0 because of strict 
monotonicity and E i~ 1 (w' - ~')/> 0 because of feasibility, 

i ~ l  i = 1  i = 1  i = 1  

for all p /> 0. Consequently, every competitive equilibrium solves the above 
Pareto problem where a~ = 1/A i, i =  1 . . . . .  m and p ( a ) = f t .  This can be 
viewed as a proof of the first welfare theorem. 

Notice, too, that, if ( x l ( a ) , . . . ,  xm(a)) is a solution to the Pareto problem 
for arbitrary non-negative welfare weights a,  it must be the case that 

i ~,u, (x  (~))  + p ( ~ ) ' ( x ' ( ~ )  - 2 ( ~ ) ) / >  ~ ,u , (x ' )  + p(~) ' (x ' ( ,~)  - x ~) 

for all x i ~  > O. Otherwise the allocation that replaces xi(a) with the x g that 
violates this inequality but leaves xJ(a),  j # i, unchanged would violate the 
conditions required for ( i f ( c O , . . .  , xm(a)) to solve the Pareto problem. Since 
p ' ( f f ( a ) -  x i (a) )= 0 for all p, this implies that any solution to the Pareto 
problem is such that, if a i > O, xi(a) maximizes ui(x ) subject to p(a) ' x  <~ 
p(a) 'x i (a) .  Ignoring for a moment the possibility that a i = O, some i, we can 
compute the transfer payments needed to decentralize the allocation 
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( x l ( a ) , . . .  ,xm(ol)) as an equilibrium with transfer payments t i ( a ) =  
p ( a ) ' ( x i ( a )  - wi) ,  i = 1 , . . . ,  m. 

Suppose now that ot i = 0, some i. Then our  earlier argument implies 0 ~> 
p ( a ) ' ( x ~ ( a ) - x  ~) for all x~>~0. Combined with p(a)>~O, this implies that 
p ( a ) ' x i ( a )  -- 0, that consumers with zero weight in the welfare function receive 
nothing of  value at a solution to the Pareto problem. Since the strict monoto-  
nicity of ug implies p ( a )  ~ 0 and since w ~ > 0, we know that te(a ) > 0 if a i = 0. 

Our arguments have produced the following characterization of equilibria. 

Proposition 3.1. A price-allocation pair (/3, ~ l , . . . , . f , , )  is an equilibrium i f  
and only i f  there exists a strictly positive vector o f  welfare weights (&l, • • • , &m) 
such that (£c I, . . . , fc m) solves the Pareto problem with these welfare weights, that 
/3 is the corresponding vector o f  Lagrange multipliers, and that/3'(~i _ w i) = O, 
i = 1 , . . .  ,m .  

Remark.  The assumption that w i is strictly positive serves to ensure that the 
consumer has strictly positive income in any equilibrium and, hence, has a 
strictly positive welfare weight. Weaker  conditions such as McKenzie 's  (1959, 
1961) irreducibility condition ensure the same thing. Unless there is some way 
to ensure that the consumer has positive income, or, with more general 
consumption sets, can afford a consumption bundle interior to his consumption 
set, we may have to settle for existence of a quasi-equilibrium rather  than an 
equilibrium. In a quasi-equilibrium each consumer minimizes expenditure 
subject to a utility constraint rather than maximizing utility subject to a budget 
constraint.  

Unless we are willing to assume that ui, i =  1 , . . . ,  m,  is continuously 
differentiable, there may be more than one price vector p ( a )  that supports a 
solution to the Pareto problem because of kinks in u i. This makes t (a) a 
point-to-set correspondence.  Nevertheless, it is still easy to prove the existence 
of equilibrium using an approach due originally to Negishi (1960). 

Proposition 3.2 [Negishi (1960)]. There exists a strictly positive vector o f  utility 
weights (dq, . . . , &m) such that 0 E t(&). 

Proof. The strict concavity of each ui, i =  1 , . . . ,  m, and continuity of 
Z m aiUi(X i) in a implies that x z R" i=1 :R+\{O}---~ is a continuous function. 
Fur thermore ,  p :R+ \{0} - - -~R  n is a non-empty,  bounded,  upper-hemi-con- 
tinuous, convex-valued correspondence.  Consequently,  the correspondence 
t : R+\{0}--~ R m defined by the rule 

= - w 



Ch. 38: Computation and Multiplicity of Equilibria 2075 

is also non-empty, bounded, upper-hemi-continuous and convex-valued. It is 
homogeneous of degree one since xi(a)  is homogeneous of degree zero and 
p ( a )  is homogeneous of degree one. It also obeys the identity 

2 t i ( a ) ~ p ( a ) '  ~ (x i (Ol)  -- W i ) ~ - - 0 .  
i = 1  i ~ l  

Let S C R m n o w  be the simplex of utility weights. Since S is compact, t is 
bounded and upper-hemi-continuous and ti(a ) < 0 if a E S with a i = O, there 
exists 0 > 0 such that 

g(a)  -- a - Ot(a) 

defines a non-empty, upper-hemi-continuous, convex-valued correspondence 
g" S---~S. By Kakutani's fixed point theorem there exists & ~g(&). This 
implies that 0 E t(3). 

Remark. The correspondence f : R+\{O}--~R m defined by the rule 
f ( a )  = - ti(a ) /a  i has all of the properties of the excess demand correspondence 
of an exchange economy with m goods. 

3.2. Computation and multiplicity o f  equilibria 

Negishi's approach provides an alternative system of equations a = g(a), that 
can be solved to find equilibria. Mantel (1971), for example, proposes a 
tfitonnement procedure & = - t ( a )  for computing equilibria. Similarly, we 
could apply Scarf's algorithm, the global Newton method, a path following 
method, the non-linear Gauss-Seidel method, or Newton's method to compute 
the equilibrium values of a. 

We have reduced the problem of computing equilibria of an economy 
specified in terms of preferences and endowments to yet another fixed point 
problem. The obvious question, in analogy to Uzawa's (1962) result, is 
whether any arbitrary g:S----~S, S C R m c a n  be converted into a transfer 
function t(a).  The answer is obviously yes if the only properties that t needs to 
satisfy are continuity, homogeneity of degree one and summation to zero. 
Bewley (1980), in fact, proves the analog of the Sonnenschein-Mantel-Debreu 
theorem is the case where t is twice continuously differentiable and n i> 2m: for 
any such transfer function t there is an economy with m consumers and n goods 
that generates it. In closer analogy with the Sonnenschein-Mantel-Debreu 
theorem, however, it is natural to conjecture that this result holds for t 
continuous and n/> m. 
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Example  3.1 (2.1 revis i ted) .  The Pareto  problem for the exchange economy 
with two goods in Example  2.1 is 

2 2 
~'~ 1/," 1 xb a j t t x j )  - 1 ) / b  + c~ 2 ~ ,  ajttx~)2" 2,b _ 1 ) / b  subject to max ff l  Z., 
j = l  j=1 

1 _1_ X~ ~ 1 ...]_ 2 xj w i w~, j = l , 2 ,  

~ > 0  Xj 

( I t  is only in the case b~ = b 2 that we can obtain an analytical expression for the 
t ransfer  functions.) The first-order conditions for this problem are 

i l  i x b - 1  
o t i a / [ x j )  - -  pj  = O, i = 1, 2, j = 1, 2 .  

These are,  of course, the same as those of  the consumers utility maximizat ion 
problem when we set ai = 1/A~. The difference is that  here the feasibility 
conditions are imposed as constraints, and we want to find values of  a i so that  
the budget  constraints are satisfied. In the previous section the budget  con- 
straints were imposed as constraints, and we wanted to find values of  pj so that  
the feasibility constraints were satisfied. 

The solution to the Pareto problem is 

2 

(aiaij) n ~ w~ 
: 

2 

2 (aka~)  n 
k = l  

, i = 1 , 2 ,  j = l , 2 .  

Here ,  once again, 7/= 1/(1 - b). The  associated Lagrange multipliers are 

p j ( o , )  = 

Equilibria are now solutions to the equat ion 

t i(oq, a2) = p ( a ) ' ( x i ( a )  - w i) = O, i = 1, 2 .  

Since t l ( a ) +  t 2 ( a ) - - - - - 0  , w e  need only consider the first equation. Since t I is 
homogeneous  of degree one, we can normalize a~ + ot 2 = 1. There  are three 



Ch. 38: Computation and Multiplicity of Equilibria 2077 

solutions, each of which corresponds to an equilibrium of Example 2.1. They 
are a I = (0.5000, 0.50000), a 2 = (0.0286, 0.9714) and a 3 = (0.9714, 0.0286). 

In some cases equilibria solve optimization problems that do not involve 
additional constraints like ti(a ) = 0. Two notable cases are (1) where utility 
functions are homothetic and identical but endowments arbitrary and (2) 
where utility functions are homothetic but possibly different and endowment 
vectors are proportional. In the first case, considered by Antonelli (1886), 
Gorman (1953) and Nataf (1953), the equilibrium allocation (~1 . . . . .  ~m) 
maximizes U(~im=l X') subject to feasibility conditions; here u is the common 
utility function. In the second case, considered by Eisenberg (1961) and 
Chipman (1974), the equilibrium allocation maximizes Eim~ 0; log ui(xi); here 
u~ is the homogeneous-of-degree-one representation of the utility function and 
0 i is the proportionality factor such that w ~= 0 i Zjm=l W j. 

The characterization of equilibria as solutions to optimization problems is 
useful to the extent to which it is easy to find the optimization problem that an 
equilibrium solves. The Negishi approach is useful in situations in which the 
number of consumers is less than the number of goods and the Pareto problem 
is relatively easy to solve. 

It is worth noting that there is always a trivial optimization problem that an 
equilibrium (~, / ))  solves: 

min(llx - £[l 2 + lip -/3ll2) • 

The only way that we can find this problem, however, is to compute the 
equilibrium by some other means. Another point worth noting is that the 
Pareto problems that we have considered are convex problems, which have 
unique solutions that are easy to verify as solutions and relatively easy to 
compute. Any fixed point problem, and hence any equilibrium problem, can be 
recast as an optimization problem, 

mini[ p - g(p)[[ 2 . 

Because the objective function is not convex, however, it is relatively difficult 
to compute equilibria using this formulation. Nevertheless, this problem does 
have one aspect that makes the solution easier than that of other non-convex 
optimization problems: Although we may possibly get stuck at a local mini- 
mum, at least we know what the value of the objective function is at the global 
minimum, II/~ - g(/))l[ 2 = o. 

A recent development that may allow efficient solution to non-convex 
optimization problems is the simulated annealing algorithm. This algorithm, 
developed by Kirkpatrick, Gelatt and Vecchi (1983), is based on the analogy 
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between the simulation of the annealing of solids and the solution of combina- 
tional optimization problems [see van Laarhoven and Aarts (1988) for a survey 
and references]. Although this method has been applied principally to com- 
binatorial problems, which involve discrete variables, there have been some 
applications to continuous optimization problems (see, for example, Vanderbilt 
and Louie  (1984) and Szu and Hart ley (1987)]. So far, this method has not 
been  applied to solve economic problems, however,  and it remains an intrigu- 
ing direction for future research. 

4. Static production economies 

We can add a production technology to our  model in a variety of ways. Perhaps 
the easiest, and in many ways the most general,  is to specify the production 
technology as a closed, convex cone Y C R n. If y @ Y, then y is a feasible 
product ion plane with negative components  corresponding to inputs and 
positive components  to outputs. We assume that - R +  C Y, which means that 

n any good can be freely disposed, and that Y 91 R+ = {0}, which means that no 
outputs can be produced without inputs. 

The production cone specification assumes constant returns to scale. With 
the introduction of fixed factors, it can also account for decreasing returns. It 
cannot account for increasing returns, however,  which are not compatible with 
the competit ive framework that we employ here. See Chapter  36 for a survey 
of results for economies with increasing returns. 

4.1. Existence of equilibrium 

In an economy in which consumers are specified in terms of utility functions 
and endowment  vectors, an equilibrium is now a price vec tor / )  E R+\{0},  an 
allocation ( ~ , . . .  , :fro), where ~ E R~,  and a production plan 3~ E Y such that 
• x ,  / = 1 , . . .  , m ,  solves 

max ui(x ) subject t o / ) ' x  <~p w,  x ~ 0 ,  

• /)')3 = 0 a n d / ) ' y  ~< 0 for all y ~ Y, 
• r~iml ~i ~<33 + Ei"=l w ~. 
The second condition is the familiar profit maximization condition for a 
constant-returns technology. 

In an economy in which consumers are specified in terms of an aggregate 
excess demand function, an equilibrium is now a price vector / )  E R+\{0} such 
that 
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• / ) ' y ~ < 0 f o r a l l y E Y ,  
• I ( D  Y. 
Notice that Walras's law implies that )3 = f(/~) is such that/~')3 = 0. 

Specifying the production technology as a cone is often too abstract an 
approach for many applications. Alternatively, it may be specified by an n x k 
activity analysis matrix A, where each column of A represents a feasible 
production plan. [See, for example, Koopmans (1951).] In this case 

Y = { x E R " ] x =  Ay ,  some yERk+} , 

and Y is the polyhedral cone spanned by k columns of A. Another  alternative 
is to specify production in terms of a finite number of concave, homogeneous- 
of-degree-one production functions hj : Rn---> R, j = 1 , . . . ,  k. In this case 

Y= x~R"lx=~, z ] , h i ( z J ) > ~ O , j = l , . . . , k  . 
j = l  

For example, h(Zl,Z2, z3)='O(-Zl)°(-z2)  1 ° - -Z  3 is the familiar Cobb-  
Douglas production function. (Of course, the activity analysis specification 
is a special case of this one since, for example, h(zl ,  z 2, z3) = m i n [ - z l / a u ,  
--z2/a2j  ] -- z3/a3j i s  a concave production function.) 

Another  alternative is to allow decreasing returns to scale, where the 
production function hi is strictly concave. In this case, the problem of maximiz- 
ing p ' z  subject to hi(z)>~ 0 has a unique solution zJ(p). Unless z](p) = 0 there 
are positive profits 7r](p)=p'zJ(p)  that must be spent. Letting 0~>~0, 
Em i i=~ 0i --- 1, j = 1 . . . . .  k, be profit shares, we change the budget constraint of 
c o n s u m e r / t o  p ' x  <-p 'wi+ E~= 10~Tr](p). We could define the excess demand 
function to include production responses, 

k 

f(p) = (x ' (p ) -  w ' ) -  zJ(p). 
i - I  j - 1  

Although we have to restrict ourselves to the convex set of prices for which 
zr](p) < ~,  j = 1 , . . .  , k, this approach is frequently very convenient for com- 
putation. From a theoretical viewpoint, however, it is easier to view even this 
as a special case of constant returns, defining a new good, an inelastically 
supplied factor of production, to account for each industry's profits and 
endowing consumers with this factor in the proportions 0~ [see, for example, 
McKenzie (1959)]. 

A simple extension of our previous argument demonstrates the existence of 
equilibrium in a production technology and suggests algorithms for computing 
equilibria. Again we use homogeneity to normalize prices so that e'p = 1. 
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Consider the set 

S r = { P E R  " l e ' p = l , p ' y < ~ O ,  a l l y @ Y } .  

Sy is obviously closed and convex. Since -R~_ C Y implies that Sy C S, it is 
compact. Since Y n R~_ = {0}, the separating hyperplane theorem implies that 
there exists f i ¢ 0  such that fi'y<-O for all y ~ Y .  This implies that Sy is 
non-empty. Now let g:Sv---~ Sy be the function that associates any point 
p E Sy with the point g(p) that is the closest point in Sy to p + f (p)  in terms of 
euclidean distance. In other words, g(p) solves the problem 

min 1 (g _ p _ f (p)) , (g  _ p _ f(p))  subject to g ~ Sy .  

Once again, since the objective function is strictly convex in g and continuous 
in p and the constraint set is convex, g(p) is a continuous function. (See Figure 
38.5.) 

Proposition 4.1 [Eaves (1971) and Todd (1979)]. ~ is an equilibrium if and 
only if it is a fixed point of  g, ~ = g( ~ ). 

Proof. g(p) solves the minimization problem that defines it if and only if 

( g(P) - p - f (  P)) 'g(p) <~ ( g(P) - p - f (  P))'q 

for all q @ S v. If (p  + f ( p ) ) ~ f S r ,  then this inequality says that the hyperplane 

{plpA <O,p.e=l} 
• p + f(p) 

P2 

Pl 
Figure 38.5 
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passing through g with normals (g (p )  - p  - f ( p ) )  separates g(p)  from Sy. If 
( p  + f ( p ) )  E S t ,  then g ( p ) = p  + f ( p )  and the inequality is trivial. 

Suppose that /3 =g(/3).  Then the above inequality becomes q'f(/3)<- 
/3'f(/3) = 0 for all p E Sy. Since we can multiply this inequality by any positive 
constant without changing it, we obtain q'f(/3)<-O for all q ~ Y*, where 
Y* = {q E R" [ q 'y  <~ O, all y E Y} is the dual cone of Y. This says that f(/3) is 
an element of the dual cone of Y*, Y** = {y ~ R n [ y'q <~0, all q E Y*}. Since 
Y is convex, Y** = Y. Consequently,/3 is an equilibrium. 

Conversely, if/3 is an equilibrium, then q'f(/3)<~O for all q E Sy, which 
implies that g(/3) =/3. 

Remark. Once again, this approach can be used to deal with demand 
correspondences rather than functions. Again letting D be the convex hull of 
the image of p + f ( p )  for p @ Sy, we define q : D ~ Sy as the least-squares 
projection onto Sy. As in the exchange case, the correspondence g : D ~ D 
defined by the rule g ( p ) =  q ( p ) +  f ( q ( p ) )  satisfies the conditions required by 
Kakutani's fixed point theorem to have a fixed point/3 ~ g(/3), and/3 is a fixed 
point if and only if it is equilibrium. 

Computing equilibria by computing fixed points of the function g is easiest 
when the production technology is specified by an activity analysis matrix. In 
that case, g(p)  can be calculated by solving the quadratic programming 
problem 

min X(g _ p  _ f ( p ) ) , ( g  _ p  _ f ( p ) )  subject to 

A'g  <~ 0, e'g = 1. 

Let B be the n x l matrix of columns of A associated with strictly positive 
Lagrange multipliers yj in the first-order conditions 

g - p - f ( p )  + Ay  + Ae = 0 .  

Let C b e  t h e n x ( l + l )  matrix [B e], and let e t+l be the ( l + l )  x l  vector 
with eZt++l = 1 and etj +1 =0 ,  j ¢ l +  1. Then elementary matrix manipulation 
yields an explicit formula for g(p): 

g(p)  = (I - C ( C ' C ) - I c ' ) ( p  + f ( p ) )  + C ( C ' C ) - l e  '÷1 . 

Furthermore, the matrix C changes only when a Lagrange multiplier yj that has 
been previously positive becomes zero or one that has been previously zero 
becomes positive. 

Suppose that the production technology specified by k concave production 
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functions. Let at(p) be the restricted profit corresponding to the production 
function hi(z), the value of the objective function at the solution to 

max p ' z  subject to ht(z ) >! O, Ilzll = 1 .  

(For production functions with only one output i a restriction like z i=  1 is 
more natural than Ilzll = 1.) i f  this problem has a unique solution z t (p ) ,  then 
at(p)  is continuously differentiable and, by Hotelling's lemma, D a t ( p ) =  
z t (p )  ' [see, for example, Diewert (1982)]. In this case g(p)  is found by solving 

min ½ ( g - p - f ( p ) ) ' ( g - p - f ( p ) )  subject to 

at(g)<--.O, j = l  . . . .  , k ,  

e'g = 1.  

Because the constraints are non-linear, however, solving this problem is more 
difficult than it is in the activity analysis case. 

4.2. The index theorem and multiplicity o f  equilibria 

Mas-Colell (1975, 1985) and Kehoe (1980, 1983) have extended the concepts 
of regularity and fixed point index to production economies. They prove that 
regular production economies have the same desirable properties as regular 
exchange economies and that, in a precise sense, almost all economies are 
regular. Kehoe (1980) further calculates the index of a regular equilibrium of 
an economy with an activity analysis production technology as 

index, ,-sgntdet[_ , 
Here /3 is the ( n -  1 )x  l matrix formed by deleting the first row from the 
matrix of activities used at equilibrium/). In the case of more general profit 
functions, let H(/)) be the n x n weighted sum of the Hessian matrices of profit 
functions used at/), H(/)) k ~ 2 = Z j= t Yt D at (/)); the weights 39 t are the appropriate 
activity levels. In this case, Kehoe (1983) calculates 

index(/)) = sgn(det[ - ]  +_/~,H B])O 

where / t  is the (n - 1) x (n - 1) matrix formed by deleting the first row and 
column from H(/)). 
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Once again, if f satisfies the weak axiom, the set of equilibria is convex, and 
in the regular case there is a unique equilibrium. Unfortunately, even if f 
exhibits gross substitutability, the economy need not have a unique equilib- 
rium, as the following example illustrates. 

Example 4.1. Consider a static production economy with two consumers and 
four goods. Consumer i, i = 1, 2 has a utility function of the form 

4 

U i ( X  1 , X 2 ,  X 3 ,  X 4 )  • 2 aij log x~ 
j = l  

• i i i where a'j i> 0. Given an endowment vector (wi~, w2, w3, w4), consumer i maxi- 
mizes this utility function subject to his budget constraint. The aggregate excess 
demand function is 

£(Pl' Pe' P3' P4)= ~(i=I 

4) 
i ~ pkWik aj 

k = l  

4 
i 

Pj ~ ak 
k = l  

The consumers have the parameters given below. 

j = 1 , 2 , 3 , 4 .  

Commodi ty  

C o n s u m e r  1 2 3 4 

1 O.8 0.2 0 0 
2 0.1 0.9 0 0 

w'j 
Commodi ty  

C o n s u m e r  1 2 3 4 

1 0 0 10 0 
2 0 0 0 20 

The production technology is specified by a 4 x 8 activity analysis matrix 

A = 

- 1  0 0 0 3 5 - 1  -1_!]] 
0 - 1  0 0 - 1  - 1  5 
0 0 - 1  0 - 1  - 1  - 1  " 
0 0 0 - 1  - 1  - 4  - 3  

(The first four columns are disposal activities.) 
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This e c o n o m y  has three equilibria, which are listed be low together with the 
welfare weights for which the corresponding Pareto problem yields the same 
equilibrium. 

Equilibrium 1: 
p l =  (0.2500,0.2500,0.2500,0.2500), 
y l =  (0,0 ,0 ,0 ,5 .00000,0,5.0000,0) ,  
a 1= (0.3333,0.6667). 

Commodity 

Consumer 1 2 3 4 u i 

1 8.000 2.000 0 0 1.8022 
2 2.000 18.000 0 0 2.6706 

Equilibrium 2: 
p2 = (0.2500,0.2222,0.3611,0.1667), 
y~=(0,0 ,0 ,0 ,5 .1806,0.3611,4.4583,0) ,  
a = (0.5200,0.4800). 

Commodity 

Consumer 1 2 3 4 ui 

1 11.555 3.250 0 0 2.1935 
2 1.333 13.500 0 0 2.3719 

Equilibrium 3: 
p~=(0.2500,0.2708,0.1667,0.3125), 
Y3 (0, 0, 0, 0, 4.3690, 0, 5.1548, 0.1190), 
a (0.2105,0.7895). 

Commodity 

Consumer 1 2 3 4 u i 

1 5.333 1.231 0 0 1.3807 
2 2.500 20.769 0 0 2.8217 

This example  has been constructed by making pl  = (0.25, 0.25, 0.25, 0.25) be 
an equilibrium with index ( p l ) =  -1 .  

-40  0 32 
, ,  o - 8 o  8 

/ - / J ~ / /  I 0 0 0 
0 0 0 

{ [800 
index(p~) = sgn | d e t  | 0 

\ 
index( p l ) = s g n ( - 4 1 6 )  = - 1 .  

72 

8 7 2 1  
0 0 - 1  - 1  
0 0 - 1  - 
1 1 0 
0 3 0 



Ch. 38: Computation and Multiplicity of Equilibria 2085 

That this example has multiple equilibria means that gross substitutability 
does not imply the weak axiom. Kehoe and Mas-Colell (1984) prove that gross 
substitutability does indeed imply the weak axiom if n ~< 3, so at least four 
goods are needed for this example. Kehoe (1985b) presents an example with 
multiple equilibria in which the f exhibits strong gross substitutability, 0f~/ 
Opj > 0. The simple form of a Jacobian matrix in this example, which satisfies 
gross substitutability but implies a violation of the weak axiom is due to 
Mas-Colell (1986) [see also Hildenbrand (1989) and Kehoe (1986)]. 

Unfortunately, as Herbert Scarf has demonstrated to the author, the weak 
axiom is the weakest condition on f that guarantees that a production economy 
has a unique equilibrium. Suppose that there are two distinct price vectors p 
and q such that p'f(q)~< 0 and q'f(p)<~ O. Let 

Y =  {x G- R" I x <- f (P)Y l  + f (  q)Y2, yj >~O) . 

Then both p and q are equilibria of (f,  Y). Aggregation conditions like those 
of Antonelli-Gorman-Nataf and Eisenberg-Chipman guarantee that f satisfies 
the strong axiom of revealed preference, a much stronger condition than the 
weak axiom. To make further progress on developing economically meaningful 
conditions that guarantee uniqueness of equilibrium, we need to develop 
economically meaningful conditions that imply that the weak axiom holds in 
the aggregate. A step in this direction has been taken by Hildenbrand (1983), 
who places restrictions on income distribution in an economy with a continuum 
of agents that imply the weak axiom. See Jerison (1984) for more results in this 
same direction. 

4.3. A tgttonnement method 

The function g whose fixed points are equilibria suggests a tfitonnement process 
for computing equilibria in production economies. Let /3(p) be the n × l 
matrix whose columns are those vectors Daj(p)  such that a i (p )=  0. Let/~ be 
the vector q that solves 

min l ( q _ f (p) ) , (  q _ f (p ) )  subject to B ' ( p ) q  ~ 0  . 

Suppose that we start this process at p (0)E R" such that aj(p(O))<~0, j = 
1 , . . . ,  k. Unfortunately, t5 is discontinuous when p(t) runs into a new con- 
straint aj (p( t ) )= 0. This is the same problem as that in the exchange case 
where some coordinate of pi(t) becomes zero, however, and it can be argued 
that p(t) is continuous in spite of it. Notice that, since d/dt(aj(p))  = Daj(p)13 
and Daj(p)t  5 <~ 0 whenever ai(p(t)) = O, p(t) stays in Y* = {p ~ R" I aj(p) <~ O, 
j = 1 . . . . .  k}. Notice too that, if/~ = 0 at/), then/3 is an equilibrium: q solves 
the above problem if and only if there exists a non-negative l x 1 vector of 
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Lagrange multipliers y such that 

q - f ( p ) +  B(p)y=O,  y@' (p )q=O.  

At q = 0 this becomes f(/))  =/~(/~)y. 
Let B(p) be the n x I submatrix o f /~  whose columns are associated with 

strictly positive Lagrange multipliers. Then we can solve explicitly for q to 
obtain 

D = (I - B(p)(B'(p) B(p))- 1B '( p))fl p).  

Like the tfitonnement process for exchange economies, this process leaves ]l P 11 
constant. Also like the tfitonnement process for exchange economies, this 
process is globally asymptotically stable if the weak axiom of revealed prefer- 
ence holds in comparisons between arbitrary price vectors p and the equilib- 
rium price vector/~. Suppose that p ~ Y*. Then f(/3) ~ Y implies p'f(fi) <~ O. 
The weak axiom then implies ~ ' f (p )>  O. The Liapunov function is again 
L(p) = l ( p ,  

L(p) = (p - ~)/1 ~ - ~ ' f ( p )  + ~'B(p)(B'(p)B(p))-~B'(p)f(p)  . 

Notice that y = (B'(p)B(p)) -1, B ' (p) f (p)  > 0  and 13'B(p) <~0 since t3 ~ Y*. 
Consequently, L(p) < 0 unless p =/~. 

Van den Elzen, van der Laan and Talman (1989) have generalized the path 
following method of van der Laan and Talman (1987) for computing equilibria 
of exchange economies to compute equilibria of economies with activity 
analysis production technologies. Their method, like the method for exchange 
economies, is similar to tfitonnement, and, like the above method, always stays 
in the set of prices where p 'A ~< 0. 

4.4. Computation in the space of factor prices 

The dimension of the space in which we must search for an equilibrium is 
usually the critical determinant of how difficult it is to find one. In production 
economies with a generalized input-output structure, where goods can be 
partitioned into produced goods and factors of production, we can reduce the 
dimension of the space to the number of factors. This reduction has often been 
used by applied general equilibrium modelers to improve computational 
efficiency [see, for example, Helpman (1976)]. It has also been used by 
international trade theorists in their discussions of factor-price equalization 
[see, for example, McKenzie (1955)]. Kehoe and Whalley (1985) exploit a 
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reduction in dimension of this sort to carry out exhaustive searches to verify 
that two large-scale applied general equilibrium models have unique equilibria. 

We begin with the activity analysis case. A production economy ( f ,  A) has a 
generalized inpu t -ou tpu t  structure if it satisfies the following conditions: 
• There  are h < n  factors of production: aij~<0 for i = l  . . . . .  n and j =  

1 , . . . , k .  
• There  is no joint production: for every j = 1 , . . . ,  k, aq > 0  for at most one i. 
• Production of all produced goods is possible: there exists y/> 0 such that 

m Ej~ a j / > O ,  i = 1  . . . .  , n -  h. 
• Every good that can be produced is actually produced at every equilibrium. 
To ensure that this final condition holds, we could require that fg(p)~>0, 
i = 1 , . . . ,  n - h, for all p or, what is almost the same thing, that consumers 
have no endowments of produced goods. In the case where h = 1 these 
conditions are those of the non-substitution theorem [see Samuelson (1951)]. 

Let  p E R n-h now be the vector of prices of produced goods and q E R h be 
the vector of factor prices. Partition A into 

[A:] 
where A~ is ( n - h )  × k and A 2 is h × k. Similarly, partit ion f (p ,  q) into 
( f~(p,  q), f 2 ( p ,  q)). 

In the case where A consists of 2n - h activities, n disposal activities and an 
n × (n - h) matrix B with .one activity to produce each of the produced goods, 
the reduction of the search to the space of factor prices is easy. Our 
assumptions imply that the (n - h) × (n - h) matrix Ba is a productive Leontief  
matrix. Under  a mild indecomposability assumption, B~ -~ is strictly positive. 
The equilibrium condition B133 = f l ( / ~ ,  q) implies that )3 = B~-lfl( /~,  q), and 
the zero profit condition/~'B~ + 4 'B  2 = 0 implies that/~ = - (B2Bl-1) '4  . We are 
left with the equilibrium condition B2~ =f2 ( /% 4). We define the function 
q," Rh+\ {0} ~ R h by the rule 

~b(q) =f2( - (B2Bl ' ) 'q ,  q) - B2B ~f '(-(B2Bl') 'q,  q). 

It is easy to verify the ~0 is continuous, is homogeneous of degree zero and 
obeys Walras's law because f satisfies these properties. Notice that ~0(q) = 0 is 
equivalent to 

f2(/~, q) = B2B?' f l (P ,  4) = B2f~. 

Consequently,  4 is an equilibrium of the h-good exchange economy qJ is and 
only if (/~, q) is an equilibrium of the n-good production economy ( f ,  A). 
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When there is more than one possible activity for producing each good the 
situation is slightly more complicated. To calculate qJ(q) we start by solving the 
linear programming problem 

min - q ' A z y  subject to A~y  = e, y >~0. 

Our assumptions imply that this problem is feasible and has a finite maximum. 
The non-substitution theorem says that the solution is associated with a feasible 
basis, 

- q ' B 2 ]  
B, J~ 

that is, a matrix of n - h columns associated with positive activity levels yj that 
does not vary as the right-hand side varies, although the activity levels 
themselves do. Furthermore, there is a vector of prices p such that p'B~ + 
q ' B  2 = 0 and p 'Aa  + q ' A  2 4 0  [see Gale (1960, pp. 301-306)]. When the basis 
is uniquely defined, we can proceed as above. 

There may, however, be more than one feasible basis possible in the 
solution. Although the linear programming problem may be degenerate, the 
economy itself need not be. Such is the case in Example 4.1, where the 
economy has this generalized input-output  structure with n = 4 and h = 2. At  
two of its three equilibria, this example has 3 > 2  = n -  h activities in use. 
When there is more than one feasible basis possible, the demand for factors 
becomes a convex-valued, upper-hemi-continuous correspondence; 0 E qJ(O) is 
then the equilibrium condition [see Kehoe (1984) for details]. 

With more general production technologies, the situation is similar to the 
activity analysis case with many activities. For any vector of factor prices q we 
find the cost minimizing production plan for producing an arbitrary vector, say 
e, of produced goods. This plan is associated with a vector of prices p(q ) ,  
which can be plugged into the demand function f l to find the production plan 
that satisfies the feasibility condition in the produced goods markets. This 
production plan induces a demand for factors of production. We systematically 
vary q to make the excess demand for factors equal zero. 

The transformation of an economy with production into an exchange 
economy in factors is also useful for developing conditions sufficient for 
uniqueness of equilibrium. If q, satisfies the weak axiom of revealed preference 
or gross substitutability, for example, then there is a unique equilibrium. 
Mas-Colell (1989) uses this approach to show that an economy with a 
generalized input-output  structure in which all utility functions and production 
functions are Cobb-Douglas has a unique equilibrium because q, then exhibits 
gross substitutability. (He also reports that similar results have been obtained 
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by Michael Jerison.) Mas-Colell (1989) further generalizes this to the assump- 
tion that utility and production functions are super-Cobb-Douglas  in that they 
locally exhibit as much substitutability as a Cobb-Douglas  function. The 
precise condition on u : R~_ ~ R, for example, is that for every x E R~ there 
exists a Cobb-Douglas  function u x : R~ ~ R and a neighborhood U x of x such 
that Ux(X ) = u(x) and ux(z)<~ u~(x) for all z E U~. For  generalized input -  
output  economies where n - h = h = 2 and all utility and production functions 
are CES, John (1989) has developed necessary and sufficient conditions for 
uniqueness of equilibrium• 

5. E c o n o m i e s  with  a finite n u m b e r  of  infinitely l ived c o n s u m e r s  

We now consider economies in which goods are indexed by date and, possible, 
state of nature. We assume that both time and uncertainty are discrete• If there 
are a finite number  of t ime periods and a finite number  of states of nature,  then 
there is a finite number  of goods, and this type of economy fits into the 
previous framework• Here ,  and in the next section, we consider economies 
with an infinite number  of goods• Mas-Colell and Zame (1991) study questions 
related to existence of equilibrium in this type of economy in detail in Chapter  
34; here we focus on questions related to computation and multiplicity• 

5.1. Deterministic exchange economies 

We begin by analysing a deterministic stationary exchange economy with m 
consumers and n goods in each period. Each consumer is specified by a utility 
function of the form E~= a y i - lu i (x , )  and a vector of endowments that is the 
same in every period• Here  1 > % > 0 is a discount factor• We assume that 
u i : R  ~ R is strictly concave and monotonically increasing and that w i is 
strictly positive• 

Let  p, = (Pat . . . . .  Pn,) be the vector of prices in period t. An equilibrium of 
this economy is a price sequence /Sa , /~2 , . . - ,  where /~, E R~\{0},  and an 
allocation (3~1, X ) ,  ^i ^i • , X l ,  X2, . ,  w h e r e  ^ i  n • . ^m . . x t E R + ,  

^i ~i 
• X l , X 2 , . . .  , solves 

t - 1  
max ~'i ui(x,) subject to 

t = l  

PtXt<~ p t  w ,  X t > l O ,  
t = l  t = l  

m ^i rn i 
• ~ i = I  Xt ~ E i = I  W ,  t = 1, 2 . . . . .  
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Using the Negishi (1960) approach, we characterize equilibria as solutions to 
social planning problems. This approach has been applied to dynamic 
economies by Bewley (1982) and Yano (1984). 

Consider the Pareto problem 

max a i ~ .  y i - l u i ( x l )  subject to 
i = l  t = l  

x t ~  , t =  1,2 . . . . .  
i = l  i = 1  

i 
Xt>~O , 

for a vector ~ of strictly positive welfare weights. Using the same reasoning as 
before, we can argue that, if oz i = 1/Ai where Ai is the equilibrium value of the 
Lagrange multiplier for the budget constraint of consumer i, then the competi- 
tive allocation (~1 . . . . .  ~m) solves this problem where p t ( a ) =  P t  is the vector 
of Lagrange multipliers for the feasibility constraint in period t. Consequently, 
the first welfare theorem holds for this economy. 

The crucial step in the reasoning is taking the necessary and sufficient 
condition for the solution to the consumer's maximization problem, 

" y i t - I / ~ i ( ) ~ : )  ~_ i~ i ~ pt(wAt i )c:)~ ~ ~it 1 ui'xt)lAi\ _]_ ~i ~ P't( wt-" 
t = l  t = l  t = l  t = l  

>I uitx,)+ Xi 
t = l  t = l  

for all A i />0 and x 11>0, dividing through by Ai>0,  and summing over 
consumers to produce 

i = 1  t = l  t = l  i = l  

i = 1  t = l  t = l  i = 1  

for all xl ~> 0. Since E~=I A, i _ p , w  must be finite for the consumer's utility maximi- 
zation problem to have a solution, Ei_ 1 E~= 1 ~' m _ p t w  must also be finite. 

The second welfare theorem holds for this economy as well. The transfer 
payments needed to decentralize a solution to the Pareto problem 
( x l ( a ) , . . . ,  xm(a)) as an equilibrium with transfer payments are 

• 

p t ( a )  (x t (oz  ) - w ' )  , i =  l . . . .  , m . ti(ol) = t i 
t = l  
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Once again we can argue that t is a convex-valued, bounded,  upper-hemi- 
continuous correspondence.  Consequently,  Proposition 3.2 applies and there 
exists a vector of welfare weights 6 such that (p(&),  ( x l ( & ) , . . .  , x m ( ~ ) ) )  is an 
equilibrium 0 ~ t(&). 

It is possible to extend our analysis to the more general stationary prefer- 
ences described by Koopmans,  Diamond and Williamson (1964). This exten- 
sion is most easily done using the dynamic programming framework described 
in the next section. 

Example 5.1. Consider a simple economy with one good in each period and 
two consumers. Suppose that u l ( x t )  = Uz(Xt) = log x t and that w 1 = w 2 = 1. The 
only difference between the two consumers is that 71 < Y2- A solution to the 
utility maximization is characterized by the conditions 

t l t i  ~ 
7i  lXt = hiPt  , P,Xl : Pt - 

t = l  t = l  

An equilibrium satisfies these conditions and the condition that demand equals 
supply: 

1 2 
c t + c  t = 2 ,  t = l , 2 , . . . .  

The Pareto problem is 

ce 
t 1 1 t - - I  2 

max a 1 Y 1 log x t + O~ 2 E 72 log X~ subject to 
t = l  t ~ l  

1 2 x t + x t  = 2 ,  t = l , 2 , . . . .  

A solution to this problem is characterized by the conditions 

t 1 " 
a i y  i / x '  t = p , ,  i = 1 , 2 ,  

and the feasibility conditions. These equations can easily be solved to yield 

i 2 a i 7 ~  - 1  
x t =  t-1 t-1 , i = 1 , 2 ,  

Og17 1 ~- O~27 2 

t 1 
Pt = ½ ( O ~ 1 7 t 1 - 1 ~ -  0 / 2 7 2  ) "  

The transfer payments needed to implement as a competitive equilibrium the 
allocation associated with the weights a I and o~ 2 are, therefore,  
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Ol__l 
t , ( a  I , o t z ) =  ~f, p , (x~  - 1 ) -  

t=l 1 Yl 1 - T 2  ' 

t2(a,, a2) = E pt(x~ - 1) - -a2 Ot~l 
t=l 1 T2 1--Yl 

Ol 2 

Notice that these functions are continuously differentiable, are homogeneous 
of degree one and sum to zero. The unique equilibrium is found by setting 
these transfer payments equal to zero. It is (&l, &2)= ( ( 1 -  y ~ ) / ( 2 - y  1 - Y z ) ,  
(1 - 3,2)/(2 - y~ - Yz)). 

5.2. Dynamic production economies and dynamic programming 

It is possible to analyse economies with production and durable goods in much 
the same way as we have just done with exchange economies. Frequently, 
however, it is convenient, both for computing equilibria and for studying their 
properties, to recast the problem of determining an equilibrium of a dynamic 
economy with production as a dynamic programming problem. 

Consider an economy with m infinitely lived consumers and n C perishable 
consumption goods. Each consumer has a utility function E ~=~ y ' - lu i (x t ) .  Here 
u i is strictly concave and monotonically increasing and y is a discount factor 
common to all consumers; we later discuss heterogeneous discount factors. The 
endowment of these goods held by consumer i in each period is w ~ nc E R + ;  it 
may include different types of labor. In addition, there are n k capital goods, 
reproducible factors of production. The endowment of these goods held by 
consumer i in the first period is kil E R~+ k. 

There are many ways to specify the production technology. One of the 
easiest is to define an aggregate production function h : R~ ~ × R~ ~ x Rn~---~ R 
that is continuous, concave, homogeneous of degree one, increasing in the first 
vector of arguments, and decreasing in the second and third. A feasible 
production-consumption plan in period t is then a triple that satisfies 

i = 1  

Here k t is the input of capital goods, kt+ 1 is the output of capital goods that can 
be used in the next period and Eiml (x I - w') is the net output of consumption 
goods. To keep the equilibrium path of capital stocks bounded, we assume that 
there exists a vector k max ~ R+ k such that if [[kt[[/> l[kmax][ and [[kt+l[ [ >/[kt[[, 
where kt, k t + x E R ~  k, then h(kt, k t+l ,Z)<O for all z ~ > - Z  n i i=1 w ; in other 
words, it is not feasible to sustain a path of capital stocks with Ilk,[[ i> [kmax[[. 

A simple example of such a function h is 
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h(k, ,  k t +  1 Z l t  , z2t  ) , o . .  . .1-o , = ~ K t ~ - z l t )  + ( 1 - / 3 ) k t - k t +  1 - Z z t .  

Here  there is a single capital good, k~, and two consumption goods, leisure, zl,,  
and consumption z2t. The  feasibility constraint says that consumption and 
investment net of depreciation must be less than the output  of a Cobb-Douglas  
production function. 

An equilibrium of this economy is a sequence of prices for the consumption 
^ ^ n c . goods p~, P 2 , . - .  , where/~,  E R+\{0} ,  a price f E R +  k for the initial capital 

stock; an allocation, "~ ~ . where 21E R+ ~, for each consumer i; a X 1 , X 2 , . . 

sequence of net outputs of consumption goods 21, 2 2 . . . . .  where ~, E R~c; and 

a sequence of capital goods/c~,/cz . . . . .  where /c, ~ R+ k such that 
h i  ^ i  

• X l , X 2 ~ . . .  solves 

max ~ , 1 7 ui(x ,)  subject to 
t = l  

At  PtX¢  ~ E ~t i ^r i p t w  + r k l ,  x~>~O. 
t = l  t = l  

• z l ,  z2," "- , and kl , /~2,-  . .  solve 

max ~ /~,z, - ~k I subject to 
t = l  

h(kt ,  kt+ I , z , ) ~ > 0 ,  t = l , 2  . . . . .  

k t ~ 0  . 

m m hi Zt + E i = l w i '  t = 1 , 2 , . . . .  • ~ ' i = 1  Xt z 

• ~ i m l  kil = k , .  

Again, an equilibrium is Pareto efficient and solves a Pareto problem of the 
form 

max of. i y uAxt)  subject to 
i = 1  t = l  

h(kt, kt+l,~(xi-wi)t~O, t = l , 2  . . . .  , 
\ / i = 1  

i = 1  

i 
Xt ,  k t ~ 0 , 

for an appropriate vector a of strictly positive welfare weights. 
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In principle, we have all that we need to characterize equilibria of this 
economy: using the Lagrange multipliers 7 5 for this problem and the deriva- 
tives of h, or subgradients if h is not continuously differentiable, we can 
calculate 

( ) e t ( a )  -- -Tr,(a)D3h k t (o  O, k , + , ( a ) ,  ( x i ( a )  - w ' )  , 
i = 1  

r ( a )  = 1r~(a)Dlh  ki,, k2(a ), (x  a )  - w i , 
- - i = I  i=l  

p , ( a )  ( x , ( a )  - w i) - r(a)'kSl , i = 1 . . . . .  m . 
t=l  

t = 1 , 2 , . . . ,  

Once again, equilibria are solutions to the equation t ( a ) =  0. 
We can greatly simplify the characterization of solutions to the Pareto 

problem, and computation of equilibria, however, using the theory of dynamic 
programming [see Bellman (1957) and Blackwell (1965); Harris (1987), 
Sargent (1987) and Stokey, Lucas and Prescott (1989) provide useful sum- 
maries and economic applications]. Given an aggregate endowment of capital 
in the first period kl ~ R+ ~, an aggregate endowment of consumption goods in 
each period w ~ R+ c and welfare weights a ~ R+\(0},  we define the value 
function V ( k l ,  w,  ~ )  as 

~ t - 1  / i x  max ~i 7 u i t x , )  subject to 
i = 1  t = l  

, • . . , 
i = l  

i xt, k t/> 0. 

It is easy to show that V is continuous, concave in k I and w and convex in a. 
If it is continuously differentiable, the envelope theorem allows us to 
D 1 V ( k  1, w, a )  as a price vector of capital, r', and D 2 V ( k l ,  w, ce) as a price 
vector for the present value of the endowment of consumption goods, E~_l p',. 
If V is not continuously differentiable, we can work with subgradients. ]Ben- 
viniste and Scheinkman (1979) provide genera! conditions that ensure the V is 
continuously differentiable.] The value of the total endowment of consumer i is 

D I V  k~, w j, ~ k~ + D 2 V  k~, w ], Ol W i . 

- j = l  j ~ l  - j = i  j = l  
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To calculate the t ransfer  functions t i (a) ,  we need to calculate the value of 
expenditures.  To do this in terms of the value function, we introduce m con- 
sumer  specific goods and define U i : R~+ c × R"~+ --* R as Ui(x ,  y )  = YiUi(x /Yi ) .  
Notice that U i is homogeneous  of degree one and that Ui(x ,  e) = u i ( x )  where 
e = (1 . . . . .  1). We endow consumer  i with the entire aggregate endowment  of 
one unit of  yi. We now define V ( k l ,  w ,  y ,  a )  as the max imum of weighted sum 
of the augmented  utility functions subject to the feasibility constraints. If  xl is 
the opt imal  consumption of consumer  i in period t, its value is 

y t - ' o t ,  D u i ( x l ) x  I = , y t - ' o t iDiUi (x l ,  e ) x  I . 

Since Ui is homogeneous  of degree one, we know that 

D i U i ( x l ,  e ) x  I = Ui (x l ,  e ) -  D 2 U i ( x  I, e )e  . 

Using the envelope theorem,  we can show that 

E t - 1  . r e  i O W  i i 
31 aiUil, Xt, e) = a i ~ kl ,  w,  e, a 

t = l  - i=1 

and that 

) t - ,  k ' , ,  w,e,  . ~1 oliD2Ui(xl ,  e)e  = OV • i 
t = l  - i=1 

Consequently,  the value of the expenditures of consumer  i is 

~1 O l i t l l U i t X t ,  e )x l  = ol i ~ At' 
t = l  

) , w , e , a  
i=1 

ka,  w ,  e, a . 
OYi t'= 1 i= 1 

We can now define the transfer function t : R+\{O} ~ R m as 

OV k~,  w j, e,  a - k~,  w j, e,  a 
t i ( o t )  = Oli ~ i  - j = l  ~ Y /  j = l  

- O l V  , w i, e ,  a - , w j ,  e ,  ot w i . 
- j = l  j= l  j= l  "= 

If V is continuously differentiable,  t is a continuous function. If  V is not 
continuously differentiable,  t is a non-empty,  upper-hemi-cont inuous,  convex- 
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valued correspondence.  Once again, t is homogeneous of degree one and 
satisfies the identity 

ti(ol ) -~ O . 
i=1 

See Kehoe,  Levine and Romer  (1989b, 1990) for details. Fur thermore,  if 
a E R+\{0} and a i = 0, then ti(a) < 0. The same argument as in the proof of 
Proposition 3.2 now implies the existence of equilibrium° 

Using dynamic programming theory,  we can investigate the properties of V 
and, therefore,  of t. We define the return function v(k,,  kt+ ~, w, y, ~) as 

max ~ aiUi(x i, y) subject to 
i=1 

h(k t ,  kt+l, ~ X i -  w) >~O, xi >~o. 
i=1 

If h ( k , , k , + l , - W ) < O  , we let v(kt,  k t+ l ,w  , y , a ) - - - - ~ .  The function o is 
upper-semi-continuous on the extended real line R t_J { - ~ }  [see Kehoe,  Levine 
and Romer  (1989b, 1990)]. The value function V can be found by choosing 
k2, k3, . . . to solve 

~ t--1 max 3' v(k, ,  k,+l, w, y, a) subject to k,/> O. 
t=l 

The direct approach to this problem focuses on the first order  conditions, 
often referred to as Euler  equations, 

"yDlv(k,, kt+ ~, w, y, a) + D2v(k , 1, k,,  w, y, a) = O. 

This is a system of n k second-order difference equations in the state variables 
k t. There  are, however,  only n k initial conditions, the fixed values of k 1. For  
some choices of k 2 the corresponding path kl ,  k2, k3, . . . eventually leads to 
negative capital stocks and the system breaks down. For  others, we need 
additional boundary conditions to single out the unique path that is optimal. 
These are given by the transversality conditions 

lim 7 t - lDtv (k , ,  kt+ l )k  , = O . 
t - - ) ~  

Showing that the transversality conditions together with the Euler equations 
are sufficient for optimality is relatively easy [see, for example, Stokey, Lucas 
and Prescott  (1989, pp. 97-99)]. Under  additional assumptions they can also 
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be shown to be necessary [see Peleg and Ryder (1972), Weitzman (1973) and 
Ekeland and Scheinkman (1986)]. 

An alternative approach to finding the value function involves solving the 
functional equation 

V(kt, w, y, a)  = max[v(k,,  kt+l, w, y, a) + yV(kt+l, w, y, c01 

subject to kt+ ~ t> 0 

for the function V. The vector kt+ 1 = g(kt,  w, y, a) that solves this problem is 
referred to as the policy function. Calculating optimal paths is much easier 
using the policy function than it is using the Euler equations: we simply run the 
n k first-order difference equations 

k t + l = g ( k t , ~  wi, e, ot) 
i=1 

forward from k x without worrying about the transversality conditions. The 
difficulty is in finding the policy function g. Keep in mind that, using either the 
Euler equation approach or this second, the dynamic programming approach, 
we must somehow calculate the equilibrium values of a. 

Example 5.2. Consider an economy with two consumption goods, leisure and 
consumption, and one capital good. There is a representative consumer with 
utility 

E ~/t-- lu( l , ,  Ct)~-- ~ ,yt-I log c t . 
t=l t=l 

(This function does not actually satisfy our assumptions because u is not strictly 
concave in I t and it is not continuous at c t = 0; this is not essential, however.) 
The endowment is (w, 0) of labor and consumption every period and k 1 of 
capital in the first period. The production function is 

0 1-0 
h(k t, k,+,, Zl ,  , Z2t ) = r /k t ( -Zl ,  ) - k,+, - z 2 t .  

The return function is 

v(k t, kt+l, w, y, a) = ay  log(~qk~w 1-° - kt+l) - ay  log y .  

This return function is special in that we can analytically solve for the value 
function V(kt,  w, y, a). This example is a member of a class of examples first 
studied by Radner (1966). Notice that we do not allow the per period 
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endowment  of consumption to vary from zero; if we do, we cannot solve for 
the value function analytically. The value function has the form a~ + a 2 log k t. 
Using the functional relation 

a 1 + a 2 log k t = max[ay  l o g ( r l k T w  1-°  - k t + l )  - a y  log y 

+ 3"(a 1 + a 2 log k,+l) ] 

subject to k,+l I>0,  

we first solve for k,+ 1, then substitute in the results and solve for a~ and a 2. We 
obtain 

V ( k  t , w , y , a ) -  ozy [ l o g r / ( 1 - y 0 ) +  3,0 1 --- 3' ~ log 3,70 - log y 

1 - 0  
+ 7 ~  log w + - -  

1 - y t l  
0 - 3'0 log kt ] j 
1 3"0 

The policy function is 

g ( k , ,  w ,  y ,  a )  = ~ i o,o 3"vrl w K t . 

Notice that, for any initial value k l ,  the sequence k l ,  k 2 ,  . . . converges to the 
steady state /~= (3"Orl) l /1-°w.  To see this, consider 

log k,+ I = log yOr lw  1 o + 0 log k t .  

Since 0 <  0 < 1, log k, converges to (log 7 0 " q w a - ° ) / ( 1  - 0 ) .  

The Euler  equation is 

1 - 0 1 0 - 1  
yvr l  w K t 1 

_ 1 - O k O  
'rl wl-°k°''t k t+l  'rlw .~t 1 - k t  

= 0 ,  t = 2 , 3 , . . . .  

We know the initial value k 1, but we need a value for k 2 to get started. If we 
use any value other than k 2 = 3"O'owl-°k~,  however,  we eventually have a 
negative capital stock, at which point the different equation breaks down, or 
we violate the transversality condition. (To see this rewrite the Euler equation 
as a first-order linear difference equation in K t = k t + i k ~ ° . )  

Since this example has a representative consumer,  the transfer function is 
identically equal to zero. Although the transfer function itself is not particular- 
ly interesting, we can use the value function V ( k t ,  w ,  y ,  a )  t o  find the 
equilibrium value of the endowment  
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0 
r = D y ( k , ,  w, 1, 1) = (1 - yO)k,  

~ ,  1 - 0  
P , t = D z V ( k , , w , I , 1 ) =  ( 1 - ) ( 1 - y 0 ) w "  

t = l  ' y  

Consequently, 

rkl + t=l p l t w -  1 3' 

is both the value of the endowment and the value of expenditures. 

2099 

Remark. This example is a special case of the model developed by Brock and 
Mirman (1972). Long and Plosser (1983) work out a multisector version of a 
model with the same functional forms that permit an analytical solution. 

Many extensions of this sort of analysis are possible. One is to economies 
with more general preferences of the sort described by Koopmans,  Diamond 
and Williamson (1964). Letting tc = (c,, c ,+~ , . . . ) ,  these preferences satisfy the 
functional relation 

U(,c) = W(c, ,  u(,+lc)) 

for an aggregator function W:R~+ C x R---~R that satisfies certain properties 
[see, for example, Lucas and Stokey (1984), Dana and Le Van (1987) and 
Streufert (1990)]. 

Another possible extension is to retain additively separable utility functions 
but allow heterogeneous discount factors. One approach is to allow the return 
function v(kt, kt+l, w, y, or, t) to vary over time as the solution to maximizing 

m t i 
Zi= 1 ai(fli/[31) Ui(x,  y)  subject to feasibility constraints; here/31 is the largest 
discount factor [see Coles (1985)]. 

Yet another extension is to allow kt and x, to grow without bound. This is 
particularly useful in growth models of the sort considered by Romer (1986) 
and Lucas (1988). For an example that fits clearly into the competitive 
framework used here, see Jones and Manuelli (1990). In this sort of model care 
must be taken to ensure that x t cannot grow so fast that the present value of 
utility can become infinitely large. 

5.3. Stochastic economies 

The analysis of the previous section can be easily modified to include random 
events. To do so, we follow the approach of Arrow (1953) and Debreu (1959) 
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in indexing goods by both date and state of nature.  Suppose that in period t 
one of  a finite number  of events 77, = 1 . . . .  1 can occur. A state is a history of 
events s, = (~7~ . . . . .  r/,), a node on the event  tree. The event  T~t can effect 
preferences ,  endowments  or technology. Since the set of date-state pairs is 
countable,  the analysis of Section 5.1 can be applied to prove the existence of 
equilibrium. We can again reduce the prob lem of computing an equilibrium to 
finding a set of welfare weights for which the corresponding Pareto efficient 
allocation can be decentralized as a transfer  equilibrium with all transfers equal 
to zero. 

Suppose that the probabil i ty of event  i is ~i > 0 where E tj=x .n'j = 1. The 
induced probabil i ty distribution even states is given by zr(st) = zrnl. • • zrn. Let  S 
be the set of  all possible states; let t(s) be the date in which s occurs, that  is, the 
length of the history s; let s 1 be the history of length t(s) - 1 that coincides 
with s; and let "qs -- T/t(s), that is, the last event  in the history s. Assuming that 
consumers  maximize expected utility, we can write the Pareto  prob lem as 

max 2 0 ~ i  E t (s ) - I  i ~/ "JT(S) Ui(X (S), rh) subject to 
i= l  sES 

w(ns)),ns >-0, s ~ S ,  
i=1 

i=1 

x i ( s ) ,  k ( s )  ~ O. 

Here  k I is the amount  of capital before the event  in the first period occurs. 
As before ,  we define the return function v(k,, k,+l, ~,, w, y, a) as 

max 2 aiUi(x i, Y, nt) subject to 
i=1 

h(  kt, kt+ l , £ xi - w(rlt), "rlt) >~ O, xi >~ o . 
i=1 

(Notice that  now w is a vector of dimension n c x l.) The value function 
V(k l ,  ~71, w, y, a) can be found by choosing k(s),  s ~ S, to solve 

max ~'~ 7'(s)-llr(s)v(k(s_l), k(s), "qs, w, y, a) subject to k(s) >!0. 
sES 

Once again we can characterize solutions to the Pareto prob lem using either 
the Euler  equations 
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l 

Dzv(k, a, kt, "0,-1, w, y, a) + y ~ %Dav(k  t, k,+ a, "0, w, y, a) = 0 
rl=l 

and an expected value version of the transversality condition or using the 
functional equation 

V(k,,  '0. w, y, a )  = max[v(k , ,  k,+l, "0. w, y, a)  

' ] 
+ y ~ %V(k,+a, "0, w, y, a) 

r t=a  

subject to k,+ 1 />0.  

This approach can be generalized to allow events to be elements of a 
continuum. In this case xi(s) and k(s) are functions and we can rewrite both 
Euler  equations and the dynamic programming functional equation using 
integrals. We can further  generalize the probability distribution to be a Markov 
process [see Stokey, Lucas and Prescott  (1989) for details]. 

Example 5.3 (5.2 rev&ited). Consider an economy identical to that in Exam- 
ple 5.2 except that 

h(kt, k t+j , z l t ,  z2,,'0,) 10, ,i-o ~-- " 0 t K t ~ - - Z l t )  - -  kt+ 1 - -  Z2t 

where "0, = "01 with probability % and '0, = '02 with probability %.  The return 
function is 

v(k , ,k ,+ 1,'0, w, y , a ) =  . , .0 1-0 , ay  log~'0,x, w - k,+l) - ay  log y , 

the Euler  equation is 

0 O - l w l - O  0 1 0 - 1  1--0 ] 
1 %'01 k , "/T2 "02 K t w 

- -  . 0  - -  1 - 0  -[- "~ ~ ~ C 1  q-  ~ - - ' ~ ' - - -  = 0 ; 
"0 t_ lK t_ l  w --  k, "01Kt W "02Kt w --  Kt+ 1 

the value function is 

a y  [ y0 
V(kt, "or, w, y, a) - f T y  log(1 - TO) + ~ log TO 

1 - 3 /  
3' (% log "01 + % log "0z) + ~ log 'or - log y 

+ 1_-w70 

1 - 0  O-3,O ] 
+ ~ l o g w + ~ l o g k  t ; 
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and the policy function is 

g(k, ,  ~,, w, y,  o~) = yO~7,w ~-°k~ . 

In the case where ~/t is a continuous random variable, for example, when 
log~q, is normally distributed with mean zero and variance cr 2, the Euler 
equation and the value function are easily modified and the policy function 
remains the same. (This latter feature does not hold in general, however.) 

Once again our analysis can be extended in many directions. For an example 
of a stochastic equilibrium with recursive preferences that are not additively 
separable, see Epstein and Zin (1989). 

5.4. Differentiability and regularity 

The analysis of the previous two sections allows us to easily extend the 
regularity analysis for static exchange economies to dynamic production 
economies. In economies where the value function V(k  1, w, y ,  ~) is continu- 
ously twice differentiable (C2), the transfer function t is continuously differen- 
tiable (C~). In this case the analysis is very similar to that of static exchange 
economies:  An equilibrium is a vector of welfare weights ~ for which t(t~) = 0, 
a system of m equations in m unknowns. Since t is homogeneous of degree 

m 

one, we can eliminate one unknown with a normalization. Since r,t= t t i(a ) =- O, 
we can eliminate one equation. A regular economy is one for which the 
Jacobian matrix of the transfer function Dt(&) with the first row and column 
deleted,  an (m - 1) × (m - 1) matrix, is non-singular at every equilibrium. As 
with static exchange economy, a regular dynamic economy with production has 
a finite number  of equilibria that vary continuously with the parameters  of the 
economy.  Kehoe,  Levine and Romer  (1990) have extended Debreu 's  (1970) 
analysis to show that almost all economies with C 2 value functions are regular. 

The  problem has been to develop conditions that ensure that the value 
function is C 2. As we have mentioned,  Benveniste and Scheinkman (1979) 
have shown that V is C 1 under fairly general conditions on u i and h. Araujo  
and Scheinkman (1977) show that under  suitable conditions on u i and h that a 
C 2 value function follows from a global turnpike property. In other  words, if 
all socially optimal paths converge to a unique steady state (which may depend 
on the welfare weights o~), then V is C 2 and equilibria are generically 
determinate.  Recently,  Santos (1989a, b) has shown that V is C 2 under  far 
more  general conditions. The most restrictive of these conditions serves only to 
ensure that k t remain uniformly separated from the boundary of R n+ k. [Mon- 
trucchio (1987), Boldrin and Montrucchio (1988) and Araujo  (1989) present 
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earlier partial results.] A different approach to proving that value functions are 
C 2 in stochastic economies has been pursued by Blume, Easley and O 'Hara  
(1982). 

5.5. Computational methods 

The case of computing equilibria depends on how easy it is to solve dynamic 
programming problems. In this section we discuss two popular  procedures,  
value function iteration and linear-quadratic approximation. These and a 
variety of other methods,  together with applications to an example similar to 
Example 5.3, are discussed in a collection of papers edited by Taylor  and Uhlig 
(1990). 

Consider a dynamic programming problem expressed in terms of the func- 
tional equation 

V(k,, b) = max[v(k, ,  k,+l, b) + TV(kt+l, b)] subject to k,+ 1/>0.  

Here  b is a vector of parameters that includes the variables (w, y, a )  discussed 
previously. The standard approach to proving the existence of a solution V to 
this functional equation relies on the contraction mapping theorem. 

Contraction Mapping Theorem. Let S be a complete metric space with metric 
d : S---> R +. Suppose that T : S--> S is a contraction with modulus fl ; that is, 
suppose that, for some 0 < / 3 < 1 ,  d( Tx, Ty) <~ jgd(x, y) for all x, y E S .  Then 
there is a unique fixed point of  T in S, fc = T2. 

The proof  of this theorem suggests an algorithm for computing a fixed point: 
Start with x ° E S and let x "+ t = Tx". Since 

d(x "+l x n+2) d(Tx", Tx~+')<~fld(x",x ''+l) 

the sequence x °, x 1, . . .  is a Cauchy sequence and, since S is complete,  
converges to a limit ~ E S that satisfies d(~, T.~) = 0, or 2 = T~. To see that this 
fixed point is unique, suppose to the contrary, that there exists another fixed 
point £ = 7"£. Then 

d(T2, T£) = d(x, £)  > fld(fc, £)  , 

which contradicts T being a contraction [see, for example, Luenberger  (1969, 
Chap. 2) or Stokey, Lucas and Prescott (1989, Chap. 3) for details]. 

To apply this theorem to our dynamic programming problem, we need to 
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give the space of functions V(., b) a topological structure. Let  S be the set of 
continuous bounded functions that map R+ k into R with 

d(V 1, V 2) = suplVl(k, b) - vz(k ,  b)[.  
k 

S is a complete metric space. There  is a technical problem in that the return 
function v, and therefore the value function V, may not be bounded. We can 
get around this problem either by bounding v in a way that does not affect 
solutions or by using special properties of the mapping T [see, for example, 
Bertsekas (1976, Chap. 6) or Stokey, Lucas and Prescott (1989, Chap. 4)]. In 
either case, the generalization is straightforward but technically tedious, and 
we shall ignore it. 

Proposition 5.1 [Blackwell (1965)]. There exists a unique V E S that satisfies 
the functional equation of the dynamic programming problem. 

Proof. Consider the mapping T : S--~ S defined by 

(TV)(k , ,  b) = max[v(k,,  k,+l, b) + yV(k,+l ,  b)] subject to k,+ l t>0.  

If v and V are bounded and continuous, then so is TV. It therefore suffices to 
demonstrate that T is a contraction: 

d(TV 1, TV 2) = suplmax[v(k,,  kt+ 1 , b) + yVl(kt+l, b)] 
k t k t + l  

-max[v(kt ,  k,+l, b) + yg2(kt+l, b)]] 
k t  + I 

t ~ s u p l y V  (k,+~, b ) -  yVZ(kt+,, bll.  
k t  + I 

This last expression is just yd(V I, V2), which means that T is a contraction 
with modulus y. 

Remark.  It is easy to prove that V satisfies such properties as being mono- 
tonically increasing and concave in k,. Using the properties of v, we can argue 
that,  if V is monotonically increasing and concave, then so is TV; that is, T 
maps the subset of S whose elements are monotonically increasing and concave 
into itself. Since this set is itself a complete metric space, the fixed point 
1~" = TV lies in it. 

To  implement this approach on the computer ,  we need to discretize the 
space of capital stocks. In particular, let K = {k 1 , k 2, . . . ,  k, l}, kj E Rn+ ~, be a 
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finite, but large, set of capital stocks. The method of successive approximation 
treats V as an 1 dimensional vector [see Bertsekas (1976, Chap. 5)]. Starting 
with a simple guess for V °, for example, V°(kj ,  b ) =  O, j = 1 . . . .  , l, we 
compute V'+l(k j ,  b) by solving 

max v(kj,  k, b) + y V ' ( k ,  b) subject to k E K .  

The same argument as the proof of Proposition 5.1 establishes that this 
procedure is a contraction magping. Furthermore,  if the grid K is fine enough, 
then its fixed point is a good approximation to the true value function V. 
Variants on this method do not restrict k to the finite set K in the above 
maximization but interpolate or use polynomial approximations [see, for 
example, Tauchen (1990)]. 

Unfortunately, although the method of successive approximation is guaran- 
teed to converge, convergence can be very slow. An algorithm that greatly 
speeds convergence involves applying Newton's method to the equation 

v= v(v) 

where we think of T as a mapping R z into R ~. This method is known as the 
policy iteration algorithm. [See Bertsekas (1976, Chap. 6); Rust (1987) and 
Christiano (1990) discuss variations and present economic applications.] The 
updating rule is 

V "+' = V" - [ I -  D T ( V ' ) ] - t [ V "  - T ( V ' ) ] .  

Although the l × l matrix [I - D T ( V ' ) ]  is very large if the grid K is very fine, it 
typically contains a large number of zeros. 

To apply these sorts of methods to stochastic problems, we must discretize 
the distribution of events ~7 if it is not already discrete. In the case of the 
method of successive approximation, for example, we compute V "+l(ki, rlj , b )  
by solving 

max v(k~, k, 7t j, b) + y ~ 7r(v)V'(k, ~7, b) 

where k is restricted to the grid K and 77 ranges over the discrete distribution of 
in the summation. 

Example 5.4 (5.2 revisited). Consider the functional equation 

V(k  t, b) = max[log(bk~ - kt+l) + yV(k,+l,  b)] subject to kt+ 1 >!0. 



2106 T.J. Kehoe 

Because of the special form of this problem we can solve for V(k,, b) 
analytically using the method of successive approximation. Let V°(k, ,  b) = 0 
for all k,, b. Maximizing log(bk 7 - k,+~) with respect to k,+~, we obtain the 
policy function 

g~(k,, b) =0 

and the value function 

Vl(k , ,  b) = log b + 0 log k , .  

Now maximizing [ log(bk~-k,+1)+ yVl(k ,+ , ,  b)] with respect to k,+l, we 
obtain the policy function 

g2(kt, b)= ( 3"06 )k  0 
\ l + y O !  ' 

and the value function 

b 
V2~t.ct,lt. b) = log 1 + 3'0 

3"Ob 
- -  + 3 ' l o g b + y 0 1 o g  1 + 3 ' 0  - -  + 0(1  + 3'0) l og  k , .  

In general, at iteration n we obtain the policy function 

[1  (3"0)"-113"0bk: g" ( k , , b)= ~ - - ~ - ~ r  

and the value function 

[ ] gn(k,, b) = i=i ~ 3 i - i  log 1 - (3 '0)" i+1 

n-, [ [3"Ob(1_(3"O)n i)] -~- 3"0 E 3i 1 1 -" (3"0) n i ]  log  . . . . .  
~=~ 1 - 3 , 0  J 1 - ( 3 , 0 )  n '+~ 

+ o[ l_- (_3"O )" ] log k, 
1 - y O  J " 

In the limit these converge to 

g(k,, b) = 3"Obk~ , 

1 
[log b(1 - 3"0) V(k,, b ) -  1 - 3' L 

3'0 ] 0 
+ ~ l o g 3 , 0 b  + ~ log k, . 
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Writing 

g ( k , , b ) =  " o " aokt , 

n n V"(k,, b) = a] + a 2 log k t , 

we compute successive approximations for the problem with 7 = 0.95, 0 = 0.3 
and b = 2. 

n a~ a~ a~ 

l 0 0.693147 0.3 
2 0.443580 0.869208 0.3855 
5 0.567306 1.150158 0.418791 

10 0.569995 1.719038 0.419579 
0.57 2.672261 0.419580 

Remark.  Notice that the successive approximations for V converge monotoni- 
cally. It is a general property of this algorithm that, if V~(k, b) > V°(k, b) for 
all k, then V"+~(k, b) > Vn(k, b) for all k. This property,  which is the result of 
v(k,, k,+l, b) increasing in kt, is frequently useful for proving convergence 
when v is unbounded and for developing more efficient algorithms [see, for 
example, Bertsekas (1976, Chap. 6)]. 

Value function iteration methods can be very costly in terms of computer  
time when the number  of state variables, nk, is more than two or three or if 
there is uncertainty. Another  solution method that is popular  in applications is 
to solve the linear-quadratic approximation to the original problem (see, for 
example, Bertsekas (1976, Chap. 4), Kydland and Prescott (1980, 1982) and 
Sargent (1987)]. The idea is to approximate the return function v(k I, k,+l, b) 
by a quadratic function or, equivalently, to linearize the Euler  equations. The 
approximate model can then be solved exactly. 

We start by computing a steady state, a capital stock /~ ~ R'+ k that satisfies 
the Euler  equation 

D2v(f¢ , k, b) + yD~v(k, k, b) = O. 

The problem of computing a steady state can be easily formulated as a fixed 
point problem. Let  S =  {k~R+k[l[k[[<~ I[km"x[[} and let K(k) be the vector 
K E R nk that solves 

max v(k, K, b) + TV(K, k, b) subject to [[K[[ ~ [[kmax[[, K ~ 0 .  
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Notice that K(k) is continuous and maps S into S and that S is non-empty,  
compact and convex. Consequently,  K has a fixed point /~ = K(/~) that can be 
computed using the methods of Section 2. Unfortunately,  although the 
dynamic programming problem itself always has a unique solution because of 
the concavity of o, there may be multiple steady states [see Burmeister  (1980, 
Chap. 4) for  a discussion]. 

We approximate v (k , ,  k,+~, b) by the second-order Taylor  series 

O(Xt,  Xt+l) = V + D l V X  t + D 2 v x t +  l 

1 t ~ t t 
+ ~ ( X t O l U X  t + Xt+lD22oXt+1 + x t D 1 2 o x t +  1 + X t + l D 2 1 v X t )  . 

Here ,  for example, D~v is the 1 × n k gradient vector of v with respect to its first 
vector of arguments evaluated at (k, k, b) and D l l v  is the n k × n~ matrix of 
second derivatives, also x, = k, - k. There  are two approaches to solving the 
dynamic programming problem with v replaced by its quadratic approximation 
g. The first is like the method in Example 5.2: we guess the functional form of 
g(x,),  in this case a quadratic, 

("(x,) = a, + a~x, + l x ; A 3 x ,  

where a~ is 1 × 1, a 2 is n k × 1 and A 3 is n k × nk,  and then solve for al ,  a 2 and 
A 3. The second method is to directly attack the linear Euler  equations 

D 2 1 v x t _  l + (TDllO + O 2 2 0 ) x  t + y D i 2 o x t +  l = O.  

If we follow the first method,  we solve 

,' 1 t A x max g(x,, x,+l) + y(a 1 + a2x t + ~x, 3x,) 

to find 

x,+ 1 = -(D22u + Y A 3 ) - l ( D 2 1 v x ,  + ya  2 + D2v '  ) . 

Since we know that x, = 0 implies xt+ 1 = 0 because/~ is a steady state, we can 
easily solve 

a 2 = - T - 1 D 2 v  ' = D l v '  , 

a l = v / ( 1 - y  ) . 

Plugging xt+ ~ = - ( D 2 2 v  + yA3) -~D21vx ,  into the functional equation that de- 
fines V, we obtain the matrix equation 
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A 3 = D l l v  - D12o(O22v + T A 3 ) = I D 2 1 v  , 

often called the Riccati equation. One approach to solving this is to guess A~ 
and iterate 

A "  3 = D l l V  - D l z V ( D 2 2 v  + y A ~ - l ) - I D a l v  . 

Bertsekas (1976, Chap. 3) presents conditions under which this algorithm 
converges. 

Alternatively, we could turn the linear Euler  equations into the system of 
2n k first order  difference equations 

Xt+! = -T- ID12oD21U - D t z v - l ( D l l  v + 3' 1Dz2v)JL x, j - 

Denote  the 2n k × 2n k on the right side of the equation as G. As long as the 
eigenvalues of G are distinct, we can write G = X A X  -~, where A is the 
2n k x 2n k diagonal matrix of eigenvalues of G and X is the 2n k × 2n k matrix 
whose columns asre the associated eigenvectors. The theory for systems with 
repeated eigenvalues is similar but more tedious; we ignore this possibility, 
however,  because it is easy to show that having distinct eigenvalues holds for 
almost all v [see, for example,  Hirsch and Smale (1974, Chap. 7)]. Writing 

L x, =xA, ,x l[X,] 
Xt+ 1 X2 X2 ' 

we see that x, converges to zero if and only if the 2n k 

c = X  , [ x , ]  
LX2J 

x 1 vector 

has non-zero elements only where the corresponding eigenvalues h i has mod- 
ulus less than one. This means that the vector (xl,  x2) must lie in the subspace 
of R "k, called the stable subspace of G, spanned by the (possibly) complex 
eigenvectors of G associated with eigenvalues less than one in modulus. 

An easy way to see this is to rewrite the above relationship as 

2n k 

= CiA  i [ ~ i Z i ]  X t + l  i = 1  

where ( Z i ,  I~iZi) ~ C 2n is the eigenvector associated with h i and also write 

2n k 

= C i ~ i Z i  X2 .= " 
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For x, to converge to zero, the vector c must be such that (x 1, x2) is a linear 
combination of eigenvectors associated with stable eigenvalues. If x t converges 
to zero,  then k t = X t + k satisfies the transversality conditions 

! im y ' - ~ D ~ v ( k ,  k ,  b ) k ,  = O. 

A case of particular interest is when exactly half, n k, of the eigenvalues of G 
are stable and the other  half are unstable. This case is often called saddlepoint 
splitting of the eigenvalues. If this condition holds, we can uniquely solve 

2n k 

X I ~ Z CiZi 
i -1  

for the n k constants c i associated with the stable eigenvectors and use the result 
to uniquely determine x 2. There  would be a continuum of solutions if there 
were more than n k stable eigenvalues. If, however,  there were fewer than n k 

stable eigenvalues, then there would be, in general, no solution at all that 
converges to the steady state. 

Since v and its quadratic approximation b ~ are concave, we would not expect 
there to be multiple solutions to the dynamic programming problem. (Re- 
member ,  however,  that there may be multiple equilibria corresponding to 
different welfare weights a.)  To see that there cannot be more than n k stable 
eigenvalues of G, we can write the characteristic equation as 

det[Dz,v + A ( y D l l v  + Oz2v ) -+- AZ'YOl2 v] = 0 .  

Suppose that there is a vector x G R nk such that 

[DzlO + A(TD11 v + Dz2V ) q- A 2 T D 1 2 v ] x  =- O .  

Then,  since D l , v  and Dz2v are symmetric and D 2 1 v  = D 1 2 v '  , 

x ' [ D 2 1 v  + I ~ ( y D ~ , v  + D220 ) + I ~ y D , 2 v  ] = 0 

where /~  = (yA) 1 Consequently,  if A is an eigenvalue of G, so is (yA) ~. This 
implies that n k eigenvalues are smaller than y 1/2> 1 in modulus and n k 

eigenvalues are larger. 
If y is close to one, then we would expect the eigenvalues of G to exhibit 

saddlepoint splitting. Indeed,  there are turnpike theorems that guarantee 
convergence to a steady state in this case [see McKenzie (1987) for a survey of 
such results]. If y is not close to one, there may be less than n k stable 
eigenvalues, and the solution may converge to a cycle or even exhibit chaotic 
dynamics [see, for example, Ryder  and Heal  (1973), Benhabib and Nishumura 
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(1979) and Boldrin and Montrucchio (1986)]. Indeed, Boldrin and Montruc- 
chio (1986) prove that, if K is a compact subset of R n* and g : K---> K is twice 
continuously differentiable, then there exists a return function v and a discount 
factor y such that g is the optimal policy function. Since the dynamics of the 
solution path are governed solely by the policy function, this says that 
equilibrium dynamics are arbitrary. The construction used in the proof of this 
theorem, not surprisingly, relies on small discount factors. 

Example 5.5 (5.2 revis i ted) .  The return function v ( k , ,  k,+l, b ) = l o g ( b k ~ -  

k,+~) can be linearized around the steady s t a t e /~=  ( yO b)  l/~z-°) as 

log ( +  (y~7) Ix, - ~-lx,+ 1 

- -  1 [ ( (1  - -  0 ) ( ~ ( k ) - '  -J- ( ' ~ c )  2)x~ -J- ( - 2 x ~ +  1 - 2 y - ' (  Zx,x ,+,] .  

1 2 Here ( =  b k  ° - f:. The value function ~'(kt)  = a I + a2x , + ~a3x t is such that 
a 1 = (log c ) / ( 1 -  0), a 2 = (y~?)-i and a s can be solved for using the Riccati 
equation 

= -2  - - 4  
a 3 - ( ( 1  - 0 ) ( ' ~ ( ] ~ )  -1 Jr- ( ' ~ ( )  2) _ ")/ c ( ~ a  3 - c 2) 1 . 

T h e r e  a r e  two solutions to this equation, a 3 = - - ( 1 -  "y0)T 20 1 ( - 2  a n d  a 3 = 

( 1 - O ) y  ld 2 the first of which is the non-positive number (in general, 
negative semi-definite matrix) that we need for V to be concave. The policy 
function is ~(x,) = Ox,. 

An alternative for finding this policy function is to analyse the Euler 
equation 

- - 2  - 1 - - 2  ~-'=0 c x , + , - ( ( 1 - o ) ( ( £ )  ~+ - 1 ( - 2 + (  2)x, +~ c x,_, 

The corresponding characteristic equation has two roots, A = 0 and A = (A0)-~, 
only the first of which satisfies < 1. 

To see the relative accuracy of the linear-quadratic approximation, we again 
consider the model where 3' =0.95,  0 = 0 . 3  and b = 2  and solve for the 
equilibrium path_for k, starting at k 1 =0.1  using both the linear-quadratic 
policy function, k + O(k, - k ) ,  and the true policy function, "yObk~. 

Exact Linear-Quadratic 

1 0.1 0.1 
2 0.285677 0.343580 
3 0.391415 0.416654 
4 0.430196 0.438576 
5 0.442563 0.445152 

10 0.447958 0.447964 
0.447971 0.447971 
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Remark. This example has the property that the 1~ is the second-order Taylor 
series approximation to V and ~ is the first-order approximation to g; this is not 
a general feature of this method. An alternative approach is to use the 
linear-quadratic approximation where x , - - ( log  k , -  log k). For our specific 
example, such an approximation is exact as can be easily verified. 

Another promising approach to approximating solutions to dynamic pro- 
gramming problems relies on restricting the policy functions that solve the 
Euler equations to a finite dimensional function space. The linear-quadratic 
approximation restricts the policy function to being linear. Other possibilities 
include polynomials of a fixed finite order or various finite sequences of 
polynomial and trigonometric functions. For an exposition and economic 
applications of these methods, known as minimum weighted residual methods, 
see Judd (1989). A closely related method, which parameterizes the expecta- 
tions of next period's value function, rather than the policy function, using a 
finite dimensional approximation to the function space, has been proposed by 
den Haan and Marcet (1990). 

6. Overlapping generations economies 

Even though they have an infinite number of goods, the economies in the 
previous section are relatively easy to study because the two welfare theorems 
allow us to characterize their equilibria as solutions to welfare maximization 
problems. Many dynamic economies have equilibria that do not solve such 
maximization problems. An important example is the overlapping generations 
model originally studied by Samuelson (1958). Frequently, to approximate 
equilibria of such an economy on the computer, we must truncate it so that it 
has a finite number of goods. Studying the properties of economies with infinite 
numbers of goods, however, provides insights into the properties of those with 
large, but finite, numbers of goods. 

6.1. Existence of  equilibrium 

To keep the discussion simple we focus on exchange economies. Overlapping 
generations economies with production can be analysed using a similar ap- 
proach [see, for example, Burke (1986) and Muller and Woodford (1988)]. 
Consider a stationary economy with n goods in each period and in consumers 
who live for two periods in the generation born in period t, t = 1, 2 . . . . .  In 
addition there are m 0 consumers, generation 0, who live only in the first 
period. Balasko, Cass and Shell (1980) present a simple procedure for convert- 
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ing a model  in which consumers  live for k periods into one in which they live 
for two: Redefine generat ions - k + 2 , - k +  1 . . . . .  0 to be  generation 0, 
generat ions 1, 2 . . . .  , k - 1 to be generation 1, and so on. Similarly, redefine 
periods.  Notice that  the number  of goods in each period and the number  of 
consumers  in each generat ion increase by a factor of  k -  1. The important  
feature  of  the procedure  is that each redefined generat ion lives for two 
redefined periods.  

n 2 n  Each consumer  in generat ion t has a utility function u s : K+ ~ R that is 
strictly concave and monotonical ly increasing and an endowment  (wSl, w2)E  
R z"++. Faced with prices Pt, Pt+~, the consumer  solves 

max ui(x,, x,+l) subject to 

t t ~ p i t i 
p t x t - F  P t + l X t + l  ~ P t W 1  + P t + l W 2  , 

X t ,  Xt+ 1 ~ 0 .  

Each consumer  in generat ion 0 solves the problem 

max Uio(Xl) subject to 

r r i0  plx~ <~plw2 + M~, x 1 >t0. 

Here  M s is the consumer ' s  endowment  of fiat money,  which can be positive, 
negative or zero. 

We define the aggregate excess demand functions 

m 0 

Zo(Pl)  = E iO [ X l  ( P l ) -  w~O] ' 
S = l  

= ~ [Xt (Pt, Pt+l)-- W1], Y(P,, Pt+l) i, i 
i = l  

z(Pt,  P,+1) ~ lxi' ¢ • = t t+I~P,, P,+I) - w'2] 
S= I  

These functions are continuous at least for strictly positive prices; they are 
rn 0 i0  m i m i bounded  below by - Z i =  1 w 2 , - Z i =  1 w 1 and -Zs=  1 w2, respectively; y and z 

are homogeneous  of degree zero while z 0 is homogeneous  of degree zero if and 
only if M i = 0 ,  i = 1 , . . . ,  m0; and z0, y and z obey the following versions of 
Walras 's  law: 
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m o 

p[zo(pl  ) -  ~ M , ,  
i = l  

P~Y(Pt, P,+,) + P;+~x(pt, Pt+l)=-0 . 

An equilibrium of this economy is a price sequence/31, /32 , . . ,  such that 

z0(/31) + Y(P~, P2) ~ 0 ,  

z(/~, 1, /3,)+y(/3, , /3 ,_~)~<0,  t = 2 , 3 , . . .  

where there is equality whenever the price/3~, is strictly positive. 
Consider a truncated version of this economy, an economy that ends in 

period T. There is a terminal young generation with excess demand function 
Yr(Pr )  that satisfies 

m 0 

P~YT(Pr) = - - ~ ,  Mi . 
i = 1  

There are many ways of constructing such a function. One is to set 

YT(PT) = -- e . 

This is now a finite economy with transfer payments. 
To prove the existence of equilibria we consider a sequence of truncated 

economies where the truncation date T tends to infinity. To keep our discus- 
sion simple we focus on economies without fiat money. In the simple economy 
that we study here, this is often the only case in which we can prove existence 
[see, for example, Balasko, Cass and Shell (1980)]. There are, however, 
modified versions of this economy in which the only equilibria that exist 
involve non-zero quantities of fiat money [see Wilson (1981) and Burke 
(1988)]. 

In a truncated economy without fiat money existence of equilibrium follows 
directly from the arguments in Section 2.1. To ensure that the equilibrium does 
not involve prices being all equal to zero in any period, we employ two 

i additional assumptions: first, there exists _a>0 and B>max[Em° 1 w0+ 
r n  i w " t ¢ Ei= 1 wl, Ei:  1 (w' 1 + wi2)] such that e p,+i/e p, < _a implies I lz (p ,  p,+l)l] > B; 

second, there exists 6 > _a such that e'p,+i/e'p, > 6 implies ]]y(p,, P,+I)]] > B. 
See Balasko, Cass and Shell (1980) for conditions on preferences and endow- 
ments that imply these conditions. 
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Proposition 6.1 [Balasko, Cass and Shell (1980) and Wilson (1981)]. There 
exists an equilibrium ~ ,  P2, • • • for the overlapping generations model without 
fiat money. 

Proof. Consider the economy truncated at period T. Proposition 2.1 and 
Brouwer 's  fixed point theorem imply that it has an equilibrium (/31 . . . .  , ,fir). 
Consider now the sequence of prices p r = ~ t / ( e ' ~ l  ), t=  1 , . . . ,  T, p r =  e, 
t = T + l , T + 2 , . . . . O u r a s s u m p t i o n s o n y a n d z i m p l y t h a t p r ,  t = l ,  2 , . . . ,  
is an element of the non-empty,  compact and convex set 

S t =  { p E R  n [ p>~0,_a t-~ <~e'p-~ d t - l}  . 

The product II~_1 S t is compact in the product  topology. Consequently,  the 
sequence (of sequences) p~, P~2 , . . . ,  P~, P~, • • • has a convergent subsequence. 
Let  ill, P2, • • • be the limit of this subsequence. Notice that,  since the functions 
z0, y and z involve only a finite number  of variables, the functions z 0 + y and 
z + y, t = 2, 3 , . . . ,  are continuous in the product topology. Consequently,  
since each sequence p~,  p f , . . .  satisfies the equilibrium conditions in periods 
t = 1, 2 . . . . .  T -  1, the sequence p l ,  P2, • • • satisfies them in all periods. 

Remark.  The only role played by stationarity, the assumption that y and z do 
not change over time, is to provide the bounds ff and ci. Consequently,  this 
result applies to non-stationary economies in which such bounds are assumed 
to hold. In particular, it applies to economies that are stationary after a given 
date. 

6.2. Multiplicity of  equilibria 

Unfortunately,  in contrast to economies with a finite number  of infinitely lived 
consumers, there are robust examples of overlapping generations economies 
with an infinite number  of equilibria. As we shall see, this has strong 
implications for computational methods for approximating equilibria, including 
methods that truncate the economy at a finite date. Our  discussion of multi- 
plicity follows Gale (1973) and Kehoe and Levine (1985, 1990b). 

Ignoring the possibility of free goods, we can write the equilibrium condi- 
tions as 

zo(p,)  + y(p l ,  p2) = 0,  

z ( p , _ ~ , p , ) + y ( p , , p t + , ) = O ,  t = 2 , 3  . . . . .  
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Once p~ and P2 are determined,  the second condition acts as a non-linear 
difference equation determining p~+~ as a function of (p~_~, p~). In this section 
we focus attention on the behavior of equilibrium price paths near a steady 
state Pt =/3t-~p, where p E R~\{0} and /3 E R++, to the second condition, 

t - 2  z(/3 p , / 3 ' - ' p )  + y( /3t - 'p ,  /3'p) = z ( p ,  /3p) + y ( p , / 3 p )  = 0 .  

We are interested in prices that converge to a steady state, (p,, p,+~)/ 
]](pt, p ,+l)[]---~(p, /3p)/]](p, /3p)][  as t---~ ~. 

Focusing on prices that start and remain in some neighborhood of a steady 
state has two advantages. First, the implicit function theorem says that, if 
Dzy (p,/3p) is non-singular, a condition that according to Kehoe  and Levine 
(1984) holds almost always, Pt+l can be calculated as a unique, continuously 
differentiable function of (P,-1,  Pt) in some neighborhood of ( p , / 3 p ) .  In 
general,  there may be multiple solutions Pt+l. Second, the local stable manifold 
theorem says that the qualitative behavior of the non-linear dynamical system 
generated by the equilibrium conditions is almost always the same as that of its 
linear approximation [see Scheinkman (1976) and Irwin (1980, Chap. 6)]. 
Fur thermore ,  using the same sort of redefinition of generations and periods 
that we use to transform an economy with consumers who live for many 
periods into one in which they live for two, we can formally transform an 
economy with a k cycle, (pl ,  p2, . . . ,  pk),  into an economy with n × k goods 
in each period in which this cycle is a steady state. What we are missing 
therefore  is a study of chaotic equilibria that converge neither to steady states 
nor  to cycles. See Benhabib and Day (1982) and Grandmont  (1985) for 
examples of such equilibria. 

There  are two types of steady states, those in which there is fiat money and 
those in which there is not. Using Walras's law and the equilibrium conditions, 
we can show that 

P;Zo(Pl) = -P~Y(P~, P2)= P;z(Pl, P2) . . . . . .  P;Y(P,, P,+~). 

Let M = -p'y(p,/3p). Walras's law, p'y(p,/3p) +/3p'z(p,/3p) = 0 and the 
steady state condition imply that (/3 - 1)p'y(p,/3) = 0; that is,/3 = 1 or M = 0. 
Kehoe  and Levine (1984) prove that these two possibilities almost never occur 
simultaneously. Steady states in which /3 = 1 and M ¢ 0 are called monetary  
steady states; those in which /3 ¢ 0 and M = 0 are called real steady states. 
Proving the existence of, and computing, steady states of each type is similar to 
doing the same for static exchange economies. Monetary steady states are 
given by a price vector p E R+\{0} that satisfies 

f ( p )  = z ( p ,  p) + y (p ,  p) = o .  
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Here the function f has all of the properties of the excess demand function of a 
static exchange economy. Real steady states are given by a pair (p , /3)  that 
satisfies 

z(p, /3p)  + y(p , /3p)  = O, 

p ' y ( p ,  t ip) = O. 

Using arguments similar to those in Section 2, Kehoe and Levine (1984) 
characterize the solution to this system of equations as the solution to a fixed 
point problem in R "+~. As well as proving the existence of each type of steady 
state, they argue that there is almost always a finite number of each type, and 
they provide index theorems that imply uniqueness conditions for each type. 

Let us now study the question of how many equilibria converge to the steady 
state (p, /3p) by linearizing the equilibrium conditions. Making use of the 
homogeneity of y and z, which implies that their derivatives are homogeneous 
of degree minus one and that 

Dly  p +/3D2y p = D~zp +/3D2z p = O, 

we write the linearized system as 

Dey p + (D~y + Dzo)p~ = Dzop - Zo(p) - y ( p ,  t iP ) ,  

D2yp ,+~+(D~y+/3Dzz )p  t+/3D~zp,  ~ = 0 ,  t = 2 , 3  . . . . .  

Here D2y is, for example, the n x n matrix of partial derivatives of y with 
respect to its second vector of arguments evaluated at (p, tiP). 

We can write the equilibrium conditions in periods t = 2 , 3 , . . .  as the 
first-order system qt = Gq,- i  where q, = (Pr, Pt+l) and 

[ ° , ] 
G =  _ /3Dzy - lD lZ  _ D z y  l (Dly  + /3D2z) . 

As in the linear-quadratic model of Section 5.5, the stability properties of this 
difference equation are governed by the eigenvalues of G. The homogeneity of 
y and z imply that/3 is an eigenvalue since 

Differentiating Walras's law and evaluating the result at (p,, Pt+l)= (P, tiP) 
implies that 
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y'  + p 'D~y +/3p 'D~z = 0 ,  

z '  + p 'D2y  +/3p 'D2z  = 0 .  

Consequently,  1 is another  eigenvalue since 

[ /3p' D , z  - p '  Dzy lG  = [ /3p' D~z - p '  Dzy ] . 

In the case where/3  = 1, these are generally the same restriction and we have 
information only about one eigenvalue. 

Again solutions to the difference equation q, = Gq,_~ take the form 

2n c, , , - , r  z, 
P,+1 ~ i [,~/z/j 

i=1 

where the (possibly) complex constants c~ are determined by the initial 
conditions 

i = l  

To ensure convergence to the steady state ( p , / 3 p )  we need to put positive 
weight on the eigenvector ( p , / 3 p )  and zero weights on eigenvectors (z i, Aizi) 
for which the modulus ]A~I is greater than/3.  

The situation is in many ways similar to that in the linear-quadratic model of 
Section 5. In place of the n k initial conditions k I of the 2n k conditions (kl,  k2) 
that we need to start up the difference equation, we have n restrictions 

Dzy p + (D,y  + Dzo)pl  = DzoP - Zo(p) - y ( p ,  /3p) 

on the 2n required initial conditions (Pl, P2)' Unlike the linear-quadratic 
model,  however,  there is no need for there to be fewer than n stable 
eigenvalues of G. 

By counting the number  of eigenvalues of G less than/3 in modulus, we can 
determine the dimension of the stable manifold, the sets of points (P l ,  P2) E 
R 2n that serve as starting values for the implicit difference equation generated 
by the equilibrium conditions in periods t =  2, 3 , . . . ,  and converge to the 
steady state (p , /3p) .  If we then subtract the number  of restrictions on ( p l ,  P2) 
implied by the equilibrium conditions in the first period, we can, in general, 
determine the dimension of the manifold of equilibria that converge to the 
steady state. We need to distinguish between two cases, economies without fiat 
money and economies with fiat money. The distinction is crucial because 
Walras's law and the equilibrium conditions in the first period imply that 
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m 0 

[/3P'Dlz -P'D2Y] Pz 
i = 1  

This, in turn, implies that  the eigenvector associated with the eigenvalue A = 1 
m 0 must receive zero weight c i in the initial conditions if Ei= 1 Mi = 0 and must 

receive non-zero weight if E~2' 1 Mi ~ 0 [see Kehoe  and Levine (1985, 1990b) 
for details]. In the case where there is fiat money,  the dimension of the set of 
equilibria is generically n ~ + 1 - n, where n" is the number  of eigenvalues with 

</3; there is one eigenvalue A----/3, and n is the number  of restrictions 
implid by the initial conditions. This number  can be as large as n. In the case 
where there is no fiat money,  the dimension of the set of equilibria is 
generically r~ '+  1 -  n, where r~" is the number  of eigenvalues with ]A I < /3  
excluding, if need be, the eigenvalue A = 1. This number  can be as large as 
n - 1 and is equal to zero when there is saddlepoint splitting, when half of  the 
2n - 2 eigenvalues of G,  not counting A = 1 or /3 ,  are less than /3  in modulus 
and the other  half are greater.  

Another  possibility, of  course, is that there are too few stable eigenvalues. In 
this case, for almost  all initial generations z0, there is no equilibrium that 
converges to the steady state. In this case we call the steady state unstable. 

Example 6.1. Consider  overlapping generations in which generation t, t = 1, 
2 , . . . ,  contains a single consumer who lives for three periods. There  is one 
good in every period. Using the procedure  described in Section 6.1, we could 
convert  this to an economy with two consumers who live for two periods in 
each generation and two goods in each period. The consumer  born in period t 
has the utility function 

3 

~. X b __ u(x,,x,+,,x,+2) ~ aJ-l( ,+j-I 1)/b 
j - I  

where a > 0  and b < l .  Given an endowment  stream (w~, w2, W3) , the con- 
sumer maximizes this utility function subject to the constraint 

3 3 

p,+j_,x,+j_l ~< ~ p,+j_lWj. 
j = l  j = l  

The consumer 's  excess demand functions are 
3 

~j E P t + k - l W k  

zj(p,, Pt+l, Pt+2) = k = 1 3  

rt E 1 7/ 
Pt+j  1 TkPt+k 1 

k = l  

Here  r / =  1/(1 - b) and yi = a (~-1)', j = 1, 2, 3. 

- w ~ ,  j = 1 , 2 , 3 .  
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In addition to these consumers, there are two others, an old consumer who 
lives only in period 1 and a middle-aged consumer who lives in periods 1 and 2. 
The old consumer,  consumer - 1 ,  derives utility only from consumption of the 
single good in the first period, so we need not specify a utility function. If he 
has M 1 units of fiat money, which may be positive, negative, or zero, his 
excess demand function is 

z 3 t ( p l )  = M _ , / p l  • 

The middle-aged consumer, consumer 0 has the utility function 

2 
/-10(X 2 , X3) Z J b = a (xi+ l - 1 ) /b  , 

j=l 

an endowment  stream of goods, (w °, w3°), and an endowment  of fiat money, 
M o. His excess demand functions are 

2 

p k W k + l  + M o 
- 0 

z ~ ( p , , p 2 ) =  2 - w  j ,  j = 2 , 3 .  

P j  1 ~ Yk+~Pk 
k=l 

The equilibrium conditions for this economy are 

1 0 
z3 ( P ~ ) +  z2(P~, P z ) +  Z , ( P , ,  P2, P3) = 0 ,  

z ° 3 ( P l ,  P2) + z 2 ( P l ,  P2, P3) + z I (P2 ,  P3, P4) = 0 ,  

z3(Pt-2,  P , - , ,  P t ) + Z z ( P , - 1 , P , , P t + , ) + z l ( P t ,  Pt+,, P,+2) = 0 ,  t = 3 ,  4- 

The equilibrium condition for period t, t = 3, 4 , . . . ,  can be linearized at a 
steady state (1, /3, /32) as 

/32Dlz3P, 2 + (/32D2z3 q- /3Dlz2)Pt - I  + (/32D3z3 q-/3D2z2 q- D1Zl)P,  

+ (/3DBZ 2 + D2Zl)p,+l + J B Z l P t +  2 ---- 0 . 

Here  all derivatives are evaluated at the (1, /3, /32).  Corresponding to the 
condition that D2Y is non-singular in the general two-period-lived case is the 
condition that D3z I is non-zero. Corresponding to the eigenvalues of G are 
the roots of the fourth-order polynomial 
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/32DIZ 3 + ( /32D2z 3 q-- /3DIZ2)A + ( /32D3z 3 + / 3 D 2 z  2 + D I Z I ) A  2 

4- ( / 3 D 3 z  2 + D2z1)A 3 q- D 3 z l A  4 = 0 . 

The consumer has a = 1, b = - 4 ,  and (wl, w2, w3) = (5, 20, 1). To calculate 
the roots of the fourth-order  polynomial,  which determine the determinacy 
properties of equilibria near a steady state, we start by evaluating the deriva- 
tives of excess demand at (Pt,  Pt+l, Pt+2) = (1,/3,  /32). At/3 = 1, for example, 
these derivatives are 

Dlzl D2zl D 3 Z l ]  I - 3 . 0 8 6 9  4.9881 -1 .9 0 1 3 ]  
Dlz2 D2z2 D 3 z 2 / =  - 0 . 9 6 5 0  2.6201 -1 .6551 / . 
DIZ3 O2z 3 D3z3_ ] -0 .8401 3.7803 -2 .9402J  

(Notice that, since this matrix has some negative off-diagonal elements, 
(z~, z 2, z3) violates gross substitutability.) The polynomial that we are inter- 
ested in is 

-0 .8401 + 2.8153A - 3.4070A 2 + 3.3330A 3 - 1.9013A 4 = 0 .  

The four roots are A = 1, 0.4860, 0.1335 + 0.9441i and 0.1335 - 0.9441i as can 
easily be verified. This example has four steady states. The steady states and 
the corresponding roots are listed below. 

fl Other roots 

0.0976 1 -0.0102 0.3845 
0.4286 1 0.1275 ± 0.3337i 
1 0.4861 0.1335 ± 0.9441i 

903.6581 1 -1196.3574 2.2889 

As the steady state/3 = 0.4286 the modulus of the pair of complex conjugates is 
0.3572; a t /3  = 1 it is 0.9535. 

To generate examples with multiplicity of equilibria, we can choose the 
initial two consumers, generations - 1  and 0, so that (1, /3, /32,/33) satisfies the 
equilibrium conditions in the first two periods. When /3 = 0.4286, we can 
generate an example without fiat money that has a one-dimensional manifold 
of equilibria since f f s = 2  and r i S + l - n = l .  (To do so we set (w °,w~)= 
(12.0650, 1).) When /3  = 1, we can generate an example with fiat money that 
has a two-dimensional manifold of equilibria since n ~= 3 and nS+ 1 - n  = 2 
[see Kehoe  and Levine (1990b) for details]. 

A similar analysis of the possibility of indeterminacy in economies with 
production and a mixture of overlapping generations and infinitely lived 



2122 T.J. Kehoe 

consumers is presented by Muller and Woodford  (1988). Similar analyses for 
non-stationary economies, economies in which the functions y, and z, vary over 
time, have been presented by Geanakoplos  and Brown (1985) and Santos and 
Bona (1989). 

6.3. Computational methods 

There  are two alternatives for approximating an equilibrium of an infinite 
horizon overlapping generations model: The first is to linearize the equilibrium 
conditions around a steady state (or cycle) and then solve the linearized model 
[see Laitner  (1984, 1990) and Kehoe and Levine (1985, 1990b)]. The second is 
to truncate the model and to compute an equilibrium of the truncated model. 
The crucial question is: What terminal conditions should we impose? A 
popular  choice is to impose the condition that the equilibrium converges to a 
given steady state [see, for example, Auerbach and Kotlikoff (1987)]. Care 
must be taken in this case to make sure that the truncated economy as a whole 
satisfies Walras's law. 

The two methods proposed above are probably best viewed as complements 
rather  than substitutes. Indeed, before computing a truncated equilibrium 
using as terminal conditions the requirement  that the equilibrium converge to a 
given steady state, we should linearize the model around the steady state. This 
would allow us to check for indeterminacy, where a continuum of equilibria 
converge to the steady state, or instability, where no equilibrium converges to 
it. We would not want to impose the condition of convergence to an unstable 
steady state in a truncated model. Indeterminacy is more problematical,  but we 
would certainly want to be aware of it since it indicates that the equilibrium 
that is computed is acutely sensitive to the truncation date T and the exact 
form of the terminal conditions. Figure 38.6 depicts three different equilibria of 
the economy in Example 6.1, each of which converges to the steady state 
/3 = 0.4286. Notice how small differences in the equilibrium paths at T =  20 
correspond to large differences earlier in the path [see Kehoe and Levine 
(1990b) for a discussion]. 

To compute an equilibrium of a truncated model,  we could use the methods 
developed for static economies. The truncated model may be very large, 
however,  and it is often more convenient to view the problem of computing an 
equilibrium as a two-point boundary-value problem. Auerbach and Kotlikoff 
(1987) and Lipton, Poterba,  Sachs and Summers (1982) have proposed alterna- 
tive methods for solving this sort of problem. The equilibrium condition in 
period t, t = 2, 3 . . . . .  T - 1 ,  implicitly defines a system of n second-order 
non-linear difference equations. The equilibrium conditions in period 1 im- 
plicitly provide n of the 2n necessary boundary conditions. The equilibrium 
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conditions in period T implicitly prove the other n. Auerbach and Kotlikoff 
(1987) solve this problem using a non-linear Gauss-Seidel method. They start 
by guessing a solution, the steady state for instance. They then solve the model 
going forward using this guess as expectations for future variables. After they 
are done, they use the calculated solution as a new guess and repeat the 
process. They stop when, and if, the calculated solution agrees with the 
previous guess. 

We write the equilibrium conditions in period t as 

f ( P ,  1, P , , P t + l ) = z ( P ,  1, P t ) + Y ( P , , P , + ~ )  = 0 .  

Suppose that we are interested in equilibria that converge to the steady state 
(p,/3p).  We perform a change of variables, deflating prices in each period by 
the factor/3, so that/7, =/3-'p~ and 

f(/Tt 1, /7,, /7,+,) =f( /Tt- , ,  /3/7,, /32ff,+,) = f (P , - l ,  Pt, P,+I) - 

We henceforth write Pt for/7t and f for j~ 
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Given the guess pl  k . . . .  , p~-, the non-linear Gauss-Seidel  method sets 
k + l  P, = g,(pk) in the system 

fl(g,(pk), pk2)=O, 

f(g,_,(pk),gt(pk),pk+l)=O, t = 2 , . . . , T - 1 ,  

fr(gr_1(pk), g,(pk)) = O. 

Near the equilibrium/3~, / ) 2  . . . . .  i t )T ,  this algorithm converges to the linear 
Gauss-Seidel  method for solving 

r 11 Dlfl lD2fl  0 . . .  0 
D2f- Dl f  I D2f XD3f "" 0 

L ! D2f71D1f I 0 

6 6 . . .  "i 
0 0 "'" D2frlDlfr  

o -1r-p1-1 
0 | / p 2 [  

Dzf'-lD3f i ] Pr_l l 
I JLPTJ  

V t), + D,f; 'D2Lp2 ] 

/ i / 
LD2fr'D, fri3r , + Pr-] 

(Depending on whether  there is no fiat money,  we may need to normalize 
fill = 0 and delete one equation in the first period.) In this system of equations 
the derivatives are evaluated at/~l, 102 . . . .  , f ir  rather than at the steady state 
p. Notice, however,  that, if the equilibrium of the infinite horizon model 
converges to p,  then as we move down the matrix the derivatives approach 
those at the steady state. 

The Gauss-Seidel  method splits the coefficient matrix of this system, which 
we write as 

A p = c ,  

into a strictly upper-triangular component  U, a strictly lower-triangular compo- 
nent  L and a diagonal component  D. We then solve 

(D + L)p k+1 = -Up k + c 
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recursively. This method converges if and only if the eigenvalues of - ( D  + 
L ) - I u  are less than one in modulus. Young (1971) provides conditions for 
convergence. It can be shown, for example, that, if f exhibits gross sub- 
stitutability and there is no fiat money, the method converges ]compare with 
Kehoe, Levine, Mas-Colell and Woodford (1986)]. 

The speed of convergence is -log]A I where A is the eigenvalue of - ( D  + 
L)-~U with the largest modulus. If the infinite horizon model exhibits indeter- 
minacy, then the matrix A is almost singular and -logIA [ is close to zero. To 
see this, notice that there would then be two vectors p~ ¢p2 such that, for T 
large, 

ApI  ,.~ Ap2,-~ c , 

A(pL _p2) ~0 .  

A slight perturbation in A would then make it singular. Standard results in 
linear algebra then imply that A has an eigenvalue very close to zero and, 
therefore, that - ( D  + L ) - ~ U  has an eigenvalue very close to one. Similarly, 
instability in the infinite horizon model, where no solution converges to the 
steady state, also corresponds to A being almost singular. This is because, 
while indeterminacy corresponds to the infinite version of A not being one-to- 
one, instability corresponds to it not being onto [see Kehoe, Levine, Mas- 
Colell and Zame (1989)]. 

This means that the Gauss-Seidel method does not work if there is 
indeterminacy or instability: One possibility is that convergence may be 
impossibly slow. If there is indeterminacy, another possibility is that the 
algorithm may stop at a point far from the true equilibrium of the truncated 
model but close to an equilibrium of the infinite horizon model. If there is 
instability, in contrast, the algorithm may stop at a point far from either. In 
either case, a crucial factor determining the results is the convergence criterion, 
the degree to which the equilibrium conditions must be satisfied for the 
algorithm to stop [see Kehoe and Levine (1990a)]. 

Our analysis sugests directions for further research. One way to speed up the 
Auerbach-Kotlikoff algorithm would be to linearize the equilibrium conditions 
around a guess and then solve, not using Gauss-Seidel, but a successive 
overrelaxation method, 

(D + a L ) p  k+l = ((1 - a ) -  a U ) p  k + a c ,  

for a good choice of a [see Young (1971)]. The system can then be linearized 
around the new guess and the procedure repeated. This method is just 
Newton's method with a fast way of inverting the sparse matrix A. Unfortu- 
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nately, of course it does not work well when A is almost singular or when 
- ( D  + L ) - t U  has an eigenvalue greater than one in modulus. 

An alternative method for solving this sort of equilibrium problem has been 
suggested by Lipton, Poterba, Sachs and Summers (1982). This is a method 
widely used by engineers and physical scientists called multiple shooting [see, 
for example, Keller (1968)]. They start by guessing the initial values for prices 
and solving forward for the resulting price path up to T: 

L ( P , ,  Pz(P~)) = O, 

f ( P t - , ( P l ) ,  P , (P, ) ,  P ,+, (P, ) )= O, t=  2 , . . . ,  T .  

They then apply Newton's method to solve P r ( P l ) -  ]1Pr(Pl)I]/~P = 0, where 
(p, /3p)  is the steady state. Unless the equilibria are completely indeterminate, 
however, most paths diverge very rapidly. Because of this the algorithm is very 
numerically unstable. They therefore propose dividing the time period into 
difference time segments, then solving 

P r I ( P l ) - P r ,  = 0  

Pr2(Pr,) - Pr2 = 0 

P~,,,(Pr,,, ,)-]]Pr,,,(PT,,, ,)]]/3p =0  

for Pl, Prl, " " ", PL,, ~ where m is the number of time segments. 
Unfortunately, this method is not a good one for many economic problems 

for at least three related reasons: First, it is often difficult to solve 
f (P t -1 ,  P,, P,+I) = 0 for p,+l as a function of (p, 1, P,). There may be multiple 
solutions (this, however, is a problem with most methods). Furthermore, any 
small divergence from the true solution for (Pt-1, P,) can cause P,+I to become 
negative or not to exist. Second, dividing the time horizon into segments causes 
the number of variables in Newton's method to go up rapidly. In Auerbach and 
Kotlikoff's model the number of variables in what corresponds to Pl is 54 and T 
is 150. Dividing into three time segments produces 3 x 54 variables, which is 
greater than the original number of variables in the system, 150. Even dividing 
into three segments is probably inadequate, however, since, as Laitner (1990) 
reports, the linearization of Auerbach and Kotlikoff's model has unstable 
eigenvalues 1.6 times as large in modulus as the largest stable eigenvalue. This 
implies that almost all small errors in guessing pl have a non-zero complement 
that is blown up by a factor of 1.6 ~°, which has order of magnitude 10 ~°, in 
pr l (p l ) .  Third, and most importantly, shooting methods work well on ordinary 
two-point boundary-value problems, not saddlepoint problems. In fact, it is 
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exactly this sort of problem for which Press, Flannery, Teukolsky and Vetter- 
ling (1986, pp. 580-581) advise that shooting methods should not be used. 

Kehoe and Levine (1990a) suggest several methods for computing approxi- 
mate equilibria that combine the advantages of solving the linearized model 
with those of solving the truncated model. The simplest is to replace the 
terminal condition of convergence to a steady state by date T with the 
condition of convergence to the stable subspace of the linearized equilibrium 
conditions. When the equilibrium path is close to the steady state, this 
subspace is a very good approximation to the stable manifold of the non-linear 
system defined by the original equilibrium conditions. 

All of the methods proposed in this section are applicable to non-stationary 
economies that are stationary after some date. Extensions to economies with 
uncertainty seem much more difficult, however; see Duffle, Geanakoplos, 
Mas-Colell and McLennan (1988) for a discussion of some of the problems 
involved in even proving the existence of equilibria with the sort of stationarity 
properties that make them tractable. 

7. Economies with taxes and externalities 

In applications many economies fail to satisfy the conditions of the two welfare 
theorems because of such features as distortionary taxes, externalities, ration- 
ing and institutionally fixed prices. 

7.1. Static economies with taxes 

Large scale general equilibrium models with taxes and government spending 
are frequently used in policy analysis [see Shoven and Whalley (1984) for a 
survey]. An early approach to proving the existence of, and computing, 
equilibrium of such models is given by Shoven and Whalley (1973). Here, as 
do Todd (1979) and Kehoe (1985a), we follow an approach similar to that in 
Sections 2.1 and 4.1 for proving the existence of equilibrium in static 
economies without taxes. 

Consider an economy similar to that in Section 4. Consumer i now faces the 
budget constraint ET= 1 pj(1 + ~-j)xj <~p'w' + Oir where zj is the ad valorem tax 
on good j and 0/, 0 i >f 0, Eiml 0/ = 1, is the share of government revenue r 
received by consumer i. In many applications 01 = 1 while 02 . . . . .  0 m = 0; 
that is, the first consumer is the government. 

The responses of the consumers to a vector of prices and a level of 
government revenue can be aggregated into an aggregate excess demand 
function f :  (R+\{O}) x R+---~R" and a tax function t" (R+\{O}) × R+--~R+, 
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t( p, r ) =  ~ pj~) ~ xij( p, r) . 
j = l  i=1 

Both f and t are continuous, f is also homogeneous  of degree zero, is bounded 
below by - Z i ~  , w i, and satisfies Hf(P ,  r')lt---" ~ as r ' - - ,  ~ for any p ~ R+\{0}.  t 
is homogeneous of degree one. Together  f and t satisfy a modified version of 
Walras's law, p ' f ( p ,  r) + t ( p ,  r) ~: r. Analogously with the model without 
taxes, we can specify the consumers either in terms of utility functions and 
endowment  vectors or in terms of excess demand functions and tax funct!ons. 

To keep the presentation simple, let us specify the production technology 
using an n × k activity analysis matrix A. We again assume that A includes free 
disposal activities and does not allow outputs with inputs. Production taxes are 
specified by an n x k matrix A* that satisfies A* ~< A. Here  a~ = aij - ri~la~i[ 
where r 0 is the ad valorem tax on the output  or input of commodity i in activity 
j. There  are no taxes on disposal activities. The revenue from production taxes 
at prices p E R+\{0} and activity levels y ~ Rk+ is p ' ( A  - A * ) y .  

An equilibrium of an economy ( f ,  t, A, A*) is a price vector /~  ~ R+, a 
revenue level f E R+, and a vector of activity levels 3~ E Rk+ such that 
• fi'A* < O, 
• f ( / ) ,  ?) = Aft, 
• ~= t(~, ~) + ~ ' ( A -  A*)y. 
Walras's law implies that fi'A*)~ = 0. 

Once again we can use homogeneity to normalize prices to lie in the unit 
simplex S. To bound the set of potential levels of government revenue,  we note 
that the assumption of no outputs without inputs implies that there exists some 
a > 0  such that Hx]] < a for all x in the production possibility set {x E R" [x = 
A y / >  --Egm~ W i, y /> 0}. Our assumptions on l i m p l y  that there exists/3 > 0 such 
that Hf(P ,  r)ll ~>~ for all p e S, r>~/3. Consequently,  we can restrict our 
attention to the non-empty,  compact,  convex set S x [0,/3] in searching for 
equilibria. To define g : S x [0,/3]---~ S x [0,/3], we let g ( p ,  r) = ( g l ( P ,  r), 
g2(P,  r)) be the vector (g l ,  g2) that solves 

min ½ [(gl - p - f ( p ,  r)) ' (gl  - P  - f ( P ,  r)) + (g2 - t ( p ,  r)) 2] subject to 

g'lA - (1 + g2 - r ) p ' ( A  - A * )  <~ 0 

g ; e =  l ,  0<~g2<~/3. 

Notice that the assumption of free disposal and the first constraint imply that 
gl ~ 0 .  
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Proposition 7.1 [Kehoe (1985a)]. ( ~ ,  ~, f~) is an equi l ibr ium i f  and  only  i f  
( ~ ,  ~) is a fixed point of  g, (p, ~) = g(p, ~). 

Proof. The Kuhn-Tucker  theorem implies that ( g j ( p ,  r), g2(P,  r)) = g ( p ,  r) 
solves the minimization problem that defines it if and only if there exist 
Lagrange multipliers y E Rk+, A E R and /z, v E R+ such that 

g l ( P ,  r ) - p - f ( p ,  r) + A y  + AE = O, 

g z (P ,  r) - t ( p ,  r) - p ' ( A  - A * ) y  + tx - v = O, 

[g l (P,  r ) 'A  - (1 + g2(P, r) - r ) p ' ( A  - A*)]y = 0 ,  

t zg2(p ,  r) = 0 ,  

v(/3 - g2(P,  r)) = O. 

Suppose that (/~, ? ) =  g(/),  P) and, for the moment,  that /2 = h = 0. This 
implies tha t / ) 'A* <~ 0 and ~ = t (p ,  ~) + ~6'(A - A*)3Z To obtain the remaining 
equilibrium condition, we multiply the first condition above by ,3' to produce 

-/~'f(/~, ~) +/~ 'A j3 + J, = O. 

Walras's law now implies that A=O, and the first condition becomes 
- f ( /~ ,  f) + A)3 = 0. That t(/), ~) ~> 0 and/9 ' (A + A*)33 i> 0 justifies us in ignor- 
ing the possibility that fi > 0. Suppose, however, that 17, > 0 at a fixed point 
( /) , /3) .  Our above reasoning then implies that - f ( / ~ , / 3 ) + A ) 3 > 0 ,  which 
would contradict our choice of /3. Consequently, any fixed point is an 
equilibrium. 

To demonstrate the converse, that any equilibrium is a fixed point, we set 
y = )3 and A = /z  = v = 0 in the Kuhn-Tucker  conditions. 

Kehoe (1985a) develops regularity analysis and an index theorem for 
economies with taxes and government spending. The index of an equilibrium 
(p, P, )3) is 

sgn( °tl 
Here B and B* are the matrices whose columns are the activities of A and A*, 
respectively, that are associated with strictly positive activity levels )3j. A 
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regula r  e c o n o m y  has this express ion  non -ze ro  at all equil ibria.  O n c e  again,  
E i n d e x ( p ,  r) = + 1 where  the sum is ove r  all equil ibria  of  a regular  e conomy .  

Unfo r tuna t e ly ,  not  even the a s sumpt ions  of  a r ep resen ta t ive  consumer  or  a 
non-subs t i tu t ion  t h e o r e m  techno logy  and e n d o w m e n t  pa t t e rn ,  each  of  which 
gua ran t ee s  uniqueness  of  equi l ibr ium in an e c o n o m y  wi thout  taxes,  rules out  
mult ipl ic i ty  of  equil ibria.  T h e  fol lowing example  i l lustrates this point .  It  is 
based  on  the analysis of  Fos te r  and Sonnensche in  (1970) [see also H a t t a  (1977) 
and  K e h o e ,  Lev ine  and  R o m e r  (1989b)].  

E x a m p l e  7.1. Cons ide r  an e c o n o m y  with two consumpt ion  goods  and  labor .  
T h e r e  is a r ep resen ta t ive  c o n s u m e r  with uti l i ty funct ion 

_ ( 3 _ x l ) 2 ( x 2 + 2 )  l i f x l ~ < 3 ,  
U(Xl'Xz'X3)= X 1 - 3  i f x  L~>3, 

and  e n d o w m e n t  (w 1 , w 2, 
the  consumpt ion  of  the 
c o n s u m e r  in the fo rm of 
are  

w3) = (0, 0, 2). T h e r e  is an ad va lo r em tax 71 = 2 on 
first good.  All tax  revenues  are r e tu rned  to the  

a lump and r eba t e ,  r. The  excess d e m a n d  funct ions 

L ( p ,  r) = 

I ° ( - 9 p l  + 4p 2 + 4p3 + 2r)/3px 

[ ( 2 p  3 + r)/3pl 

if 9pl - 4 p 2  - 2p3 - r />  2p3 + r ,  

if 2p3 + r / > 9 p l  - 4p2 - 2p3 - r / > 0 ,  

if 0 ~> 9pl - 4 p 2  - 2p3 - r ; 

L ( p ,  r) = 

(2p  + r)/p2 

09Pl - 4p2 - 2p3 - r) @2 

if 9pl - 4 p 2  - 2p3 - r />  2p3 + r ,  

i f2p3 + r i>9pl  - 4 p 2 -  2p3 - r / > 0 ,  

if 01>9pl  - 4 p 2 - 2 p 3  - r ; 

f3 (P ,  r) = - 2 .  

T h e  tax funct ion is t(p, r ) =  2 p i l l ( p ,  r). 
T h e  p roduc t ion  t echnology  is specified by the matr ix  

A = A * =  
1 0 0 i ]  
0 - 1  0 - 1  . 
0 0 - 1  - 1  - 

T h e r e  are  three  equi l ibr ia ,  given below.  
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Equilibrium 1 Equilibrium 2 Equilibrium 3 

Pl 1/3 1/3 1/3 
Pz 1/3 1/3 1/3 
P3 1/3 1/3 1/3 

4/3 2/3 0 
Y4 4/3 1 2/3 
Ys 2/3 1 4/3 
21 2 1 0 
2 2 0 1 2 
fi - 1 / 2  - 4 / 3  - 9 / 4  

Equilibria 1 and 3 have index +1, and equilibrium 2 has index -1 .  

7.2. Dynamic economies with taxes and externalities 

The existence of equilibrium in economies whose equilibria are not necessarily 
Pareto efficient can be established using sequences of truncations as in Section 
6. Similar computational techniques can be used to approximate equilibria. 
Unfortunately, dynamic economies with taxes and externalities, like overlap- 
ping generations economies, can have robust continua of equilibria. 

Example 7.2. Consider a dynamic economy with a representative consumer 
and a one-sector production technology. The consumer derives utility not only 
from consumption but also from investment. The consumer purchases the 
investment good, perhaps human capital in the form of education that is valued 
for its own sake, in one period and sells it to the representative firm in the 
next. He faces an ad valorem tax on purchases of the consumption good. All 
tax revenues are rebated in lump-sum form to the consumer. He chooses 
(cl, xl) ,  (c 2 , x 2 ) , . . .  , to solve 

t - - I  max 3' u(c,,  x , )  subject to 
t = l  

2 (p,(1 + "r)c, +p,x,)<~ 2 (Y, + r , k , ) ,  
t = l  t = l  

k 1~</~, k,~<x,_~, c , , x , / > 0 .  

Here x, is the amount  of the investment good purchased by the consumer in 
period t, p, is the price paid, r,+ ~ is the price paid by the firm for the same good 
in period t + 1 and y, is the consumer's labor income plus tax rebate 

y, = ( p , f ( k , )  - r ,k ,)  + "rp,k, . 
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The representative firm chooses k~, k 2 to solve 

ac 

max ~'~ ( p , f ( k , )  - r , k , )  . 
t = l  

In equilibrium, consumers maximize utility taking p,, Y, and r, as given, 
producers maximize profits taking Pt and r t as given, k, = x ,_  ~ and 

c , + k , +  l < - f ( k ' ) ,  t = l , 2  . . . . .  

The first-order conditions for the consumer's problem are 

t - I  r u , ( c , ,  k,+~) - a p , ( 1  + "0 = O,  

t--1 
3' u 2 ( c , , k , + , ) - a ( p t - r , + ~ ) = O ,  t = l , 2 , . . . .  

The first-order condition for the firm's problem is 

p , f ' ( k , ) -  r , = O ,  t = l , 2 , . . . .  

Combining these three conditions to eliminate p, and r,, we obtain 

(1 + T ) u 2 ( c t ,  k t + l )  - U l ( f t ,  k t + l )  q- 3 ' U l ( C t + l ,  k ,+2) f ' ( k ,+2)  = 0 ,  

t = 1 , 2 , . . . .  

Substituting in the feasibility condition 

c, = f ( k , )  - k,+ l 

yields a second-order difference equation in k t. 

This difference equation requires two initial conditions. The value of k~ is 
given. To find how much freedom there is in choosing k 2, we linearize the 
difference equation around a stationary solution of/~. We obtain 

~2(k,+2 - ~ )  + ~ ( k , + l  - ~ )  + ~o(k ,  

where 

O/o 

O~ 1 

OL 2 = 3 ' ( U 1 2  - -  Ull)f', 

-~)=o 

= ((1 + ".)u2, - u . ) I ' ,  

U z'¢! = - ( 1  + r)u21 + (1 + r)u22 + b / l l  - -  [ ' /12 -I- 3"Ull f  '2 -~- 3" l J  , 
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Cons ider  the example  where  3' = 3 /4 ,  r = 2, 

u(c,  k) = 8c + (14-~)k-  ½(5c 2 + 4ck  + k 2 ) ,  

55 + lOk - k 2 
f ( k )  = 32 

In this case 6 =/~ = 1 is a s ta t ionary solution where  u n = - 5 ,  u~2 = u21 = - 2 ,  
u 2 2 = - 1 ,  u ~ = l ,  f ' = l / 4  and f " = - 1 / 1 6 .  This implies that  % = - 1 / 4 ,  
a~ = - 9 / 3 2  and % = 9 /16 .  The  two roots  of  the characteris t ic  equat ion  

%A 2 + alA + % = 0 

are A = 0.2500 +- 0.7120i. Since bo th  roots  have modul i  less than  one,  there  is a 
con t inuum of equil ibria for  which k, converges  to /~  = 1. 

Example  7.3. Cons ider  ano ther  dynamic  e c o n o m y  with a representa t ive  con- 
sumer  and a one-sec tor  p roduc t ion  technology.  The  c o n s u m e r  chooses  Cl, 
c 2 , . . ,  to  solve 

t - - I  max 31 u(c,)  subject  to 
t - - 1  

E plcr <~ y, ,  C,>~O. 
t 1 t = l  

H e r e  y, is the total  o f  labor  and capital income in per iod t. There  is a 
conges t ion  externali ty in that  ou tpu t  depends  not  only on  the inputs of  capital 
k t and the fixed a m o u n t  of  labor  but  on the average  a m o u n t  capital K t. The  
representa t ive  firm chooses  kl ,  k 2 . . . .  to solve 

max ~ ( p , f ( k , ,  Kt)  - p tk t+l )  - r l k  I . 
t = l  

H e r e  the firm cannot  control  the average K, a l though,  in equil ibrium K t = k t. 
The  o ther  equil ibrium condi t ions  are 

y, = p , f ( k , ,  K , ) ,  

c, + k,+ 1 <~ f ( k , ,  K , )  , 

kl  <~ f~l • 

The first-order condi t ions  for  the consumer ' s  p rob lem 
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t - I  
~, u ' ( c , ) -  Xp,  = 0 

can be combined with the first-order conditions for the firm's problem 

p , + l f l ( k , + l ,  K,+l)  - p ,  = 0 

to yield 

~ u ' ( c , + , ) L ( k , + , ,  K ,+, )  - u'(c,) = O. 

Substituting in the equilibrium conditions, we obtain a second-order difference 
equation in k, 

y u ' ( f ( k , + , ,  k ,+ , )  - k,+z)f~(k,+ , , k,+,) - u ' ( f ( k  t, k t )  - k ,+ , )  = O. 

Once again, we have only one initial condition k~. Linearizing around a 
stationary solution/~, we obtain 

a2 (k ,+2 -  k) + a,(k,+,  - k)  + a 0 ( k , -  k)  = 0 

where 

~0 

O/I 

= -u"( f ,  + L ) ,  

= ru"f , (L + L )  + ru ' ( f , ,  + f ,2 )  + u", 

% = - ~/u"L • 

In the case where / = / ~ = 1 ,  y = 3 / 4 ,  u ' = 2 ,  u " = - l ,  f 1 = 4 / 3 ,  f 2 = - l ,  
fll  = - 1  and fl 2 = 2, we can calculate % = - 1 / 3 ,  a~ = 1/6 and o/2 ~-- 1. The two 
roots of the characteristic equation are 1/2, - 2 / 3 .  Since both roots have 
moduli less than one, there is a continuum of equilibria for which k, converges 
to / c = l .  

As in Example 7.2, we can choose u and f as quadratic functions so that the 
linear approximation to the equilibrium conditions is exact. 

Remark.  Similar examples of multiplicity of equilibria in economies with 
externalities have been constructed by Howitt  and McAfee (1988), Spear 
(1988) and Kehoe,  Levine and Romer  (1989a). 

7.3. Character iz ing equilibria as solut ions  to op t imiza t ion  p r o b l e m s  

As we have mentioned, the computational methods for overlapping genera- 
tions economies can also be applied to economies with taxes and externalities. 
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An alternative is to characterize equilibria as solutions to optimization prob- 
lems where some of the parameters  of  the optimization problem are endogen- 
ously determined.  The characterization is formally similar to the Negishi 
approach described in Section 3, where the welfare weights a are endogenously 
determined,  although there is now no interpretat ion in terms of Pareto 
efficiency. 

Example 7.4 (7.1 revisited). Consider the "Pa re to"  problem 

max u(x~, x 2, x3) - zx~ subject to x - w <~ Ay ,  x, y >10, 

where the function u, the vector w and the matrix A are as in Example  7.1. 
Letting p E R 3 be the Langrange multipliers, we can write the first-order 
conditions as 

lgl(Xl,X2, X 3 ) - - Z - - p l ~ O ,  = 0 i f x l > 0 ,  

Uz(Xl'X2'X3)--P2 <~0'  = 0 i f x z > 0 ,  

p ' A  <~ 0 ,  p ' A y  = 0 ,  

A y - x + w = O .  

These are the same as the equilibrium conditions of Example  7.1 in the case 
where z = ~'Pl- Equilibria are, therefore,  fixed points of  g(z) = "cpl(z ). 

For a fixed value of z, we can solve the maximization problem and find the 
solution (x(z),  y(z) ,  p(z)) .  For any value of z there is a unique solution. 

z ~ > 1 5 / 1 6  15/16>~z>~3/4 3/4>~z 

x,  0 4 (1 - -  Z )  1/2 2 

x 2 2 ( l - z )  1 / 2 _ 2  0 
Y4 2 / 3  2 - ( l - z )  ~/213 413 
Ys 4 / 3  (1 - z) 1/2/3 2 / 3  
Pl 9 / 1 6  2 z - 2(1 - Z) 1/2 1 - -  Z 
P2 9 / 1 6  2 - -  Z- -  2(1 -- Z) 1/2 1- -  Z 
P3 9/16 2 -  z - 2(1 - z) 1~2 1 - z 

The function g ( z ) = 2 p l ( z  ) has three fixed points, z j = 2 / 3 ,  z 2 = 8 / 9  and 
z 3 =  9 /8 ,  which correspond to the three equilibria of Example  7.1. 

The equilibria of the dynamic economies in Examples  7.2 and 7.3 can also be 
characterized as solutions to optimization problems with endogenous parame-  
ters. In each case, however,  there is an infinite number  of endogenous 
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parameters.  In the case of the dynamic economy with externalities, for 
example, the "Pare to"  problem is to choose (Cl, k l ) ,  (c2, k2)  . . . .  t o  solve 

max 7 u(cr) subject to 
t = l  

c, + kr <~f(k,, z , ) ,  

kl </~l , 

c~, k t >t 0 . 

For the solution to this problem to be an equilibrium, the parameters  zl ,  
z 2 , . . ,  must solve the fixed point problem z, = k,(zt) ,  t = 1, 2 . . . .  [see Kehoe,  
Levine and Romer  (1989a) for details and references]. 

Sometimes the equilibrium of an economy with taxes or externalities solves 
an optimization problem without additional equilibrium conditions. Becker  
(1985), for example, considers a model in which the representative consumer 
solves 

t 1 max 7 u(c,) subject to 
t = l  

~,  p,(c,  + k,+l) <~ (y ,  + (1 - r ) r , k , ) ,  
t = l  t = l  

k l ~ ] ~  1 , 

C t , k t ~ O .  

Here  y, = p , f ( k , )  - r,k, + rr tk  , is the consumer's labor income plus a lump sum 
rebate. Becker  shows that an equilibrium also solves 

max ~ (y(1 - r))tu(c,)  subject to 
t = 0  

c , + k t +  ~<~f(k , ) ,  t = l , 2  . . . .  , 

c,, k,  >1 0 .  

Danthine and Donaldson (1986) extend Becker 's  analysis to economies that 
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allow uncertainty. Judd (1987) shows that some similar, continuous time tax 
models also have equilibria that solve optimization problems without side 
conditions. He further argues that, although there are few cases in which 
equilibria of tax models can be computed exactly by solving an optimization 
problem without additional conditions on some of the parameters, research in 
this area may be helpful in updating guesses in iterative methods for computing 
equilibria. 

Suppose, for example, that we characterize the equilibria of either the 
dynamic economy with taxes in Example 7.2 or the dynamic economy with 
externalities in Example 7.3 as solutions to optimization problems that depend 
on a sequence z~, z 2 . . . .  of endogenous parameters. We start with a guess for 
this sequence, say, the steady state. We then solve the optimization problem 
for this guess of z, and then use the solution to update z t and so on. Kydland 
and Prescott (1977) and Whiteman (1983) discuss algorithms of this sort for 
computing equilibria in economies with externalities; Braun (1988), Chang 
(1988) and McGrattan (1988) have applied such algorithms to economies with 
taxes; and Ginsburgh and van der Heyden (1988) have applied such an 
algorithm to an economy with institutionally fixed prices. Further research is 
needed to see whether this algorithm has any advantages over alternatives. 
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 SOME EXAMPLES OF GLOBAL INSTABILITY
 OF THE COMPETITIVE EQUILIBRIUM*

 BY HERBERT SCARF'

 IN THIS PAPER wE shall consider the problem of stability of the
 competitive equilibrium. The market demand functions are sums of
 individual demand functions obtained directly by utility maximization.
 The rate of change of the price of each commodity is assumed to be

 proportional to the excess market demand for that commodity. A
 number of examples are given for which the motion of the prices is
 globally unstable in the sense that starting from any set of prices

 other than equilibrium, the prices oscillate without tending towards
 equilibrium.

 1. INTRODUCTION

 The problem of stability of the competitive equilibrium is described

 in [3], and we shall content ourselves with a review2. Several individ-
 uals with utility functions U,(xl, ..., x") for the same commodities
 are engaged in the trade of these commodities. Each individual begins
 the trading with an initial endowment of goods, say Ii, It, ..., 1,, for

 the ith individual. An initial vector of prices pi, p, is announced,
 and each consumer then determines his demand for all of the com-

 modities by the usual procedure of maximizing his utility function,
 subject to the constraint that his expenditure shall not exceed the
 value of his initial endowment of goods at the stated price vector.

 For each commodity the sum of the individuals' demand functions

 * Manuscript received January 21, 1960.

 1 Research undertaken by Stanford University under Contract Nonr-225(28), NR 047-019
 with the Office of Naval Research and completed at the Cowles Foundation for Research
 in Economics under Contract Nonr-358(01), NR 047-066 with the Office of Naval Research.
 I would like to thank K. J. Arrow, L. Hurwicz, and H. Uzawa for a number of stim-
 ulating conversations.

 2 The reader may wish to consult the excellent bibliography given in [3] and also in [11.
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 minus the sum of the initial endowments of that commodity is called
 the market excess demand for the commodity; in this paper. it will be

 denoted by f,(p,, * e ?, p,) where the subscript refers to the commodity
 in question. (These functions are homogeneous of degree zero and

 satisfy the Walras Law E pJa; 0.) Excess demand functions for
 individuals will always be denoted by x,.

 An equilibrium price vector is, of course, a vector of prices for
 which all of thn excess demand functions vanish, and recent work in
 this area [2, 8] has shown that under suitable regularity conditions

 equilibrium prices will always exist. (Because of the homogeneity of

 the demand functions, any positive multiple of an equilibrium is again
 an equilibrium, and in this sense we should speak of an equilibrium
 ray. There may be several such rays.) The stability problem, on the

 other hand, is less concerned with the existence of equilibrium and
 more with the question of what happens to the prices if initially they
 are different from the equilibrium.

 There is nothing in the model described so far which enables us to
 compute the motion of prices if we are not at an equilibrium point.

 For this we need some specific assumptions on the price adjustment
 process, that is, the procedure by which prices may be expected to
 change if we are away from an equilibrium price. The intuitive no-

 tion that an excess of supply over demand should result in a decrease

 in price, and an excess of demand should result in an increase in price,

 has been formalized mathematically in [7] and [3] by the statement
 that

 dpt = Hj[ft(pi ***, pn)] .
 dt

 where H, is a sufficiently regular sign-preserving function of its argu-
 ment. (These equations are to hold if all pi 2 0.) In order to be
 concrete, in this paper we shall generally take the functions H to be

 equal to their respective arguments, so that for each commodity the
 rate of change of price is equal to the excess demand.

 Now let us turn our attention to the problem of stability with this
 type of adjustment process. Early work in this area [5, 6] tends to

 emphasize what might be called "local" stability; the initial prices are
 assumed to be close to some equilibrium point, and an analysis is made

 of whether there is a tendency to converge to the equilibrium point,
 depart from the equilibrium point, or perhaps even a tendency to more
 complex types of behavior. The "local" analysis proceeds by means
 of the linear terms of the Taylor series expansion about the equilibrium
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 point, thus converting the problem to a linear differential system with
 constant coefficients. It is possible in this type of analysis to obtain
 many examples of completely unstable equilibria (though it should be

 mentioned that there is an uncomfortable tendency for examples to be
 produced without any consideration of their origins as market demand

 functions derived by the summation of individual demand functions).
 The local analysis, however, is somewhat unsatisfactory, in that it is

 quite possible for other equilibrium points to exist, and the system
 cannot be said to be unstable without examining whether the prices
 tend to another equilibrium point.

 This consideration leads naturally to the problem of stability in the
 "global" sense [3], which is concerned with the solution of the differ-

 ential equations based on the price adjustment mechanism for an
 arbitrary initial set of prices. If the solution of the differential equa-

 tions approaches some equilibrium point as time becomes infinite, then
 we have global stability. Clearly it is quite possible for there to be
 several equilibrium points, none of which is completely stable from the

 local point of view (that is, attracts all neighboring points) and where

 the system, in its entirety, is globally stable.
 The problem of global stability, as it has been described above, has

 been discussed by several authors. Though alternate methods of proof
 have been found, the results do not go essentially beyond those ob-

 tained in [1]. There are, first of all, several special cases which can
 be mentioned: global stability is known if there is a single consumer,
 or if there are only two goods, or if it happens that at some equi-
 librium point there is no trade. There is also an unpublished result

 of the author's showing that global stability is known if all of the
 consumers have the same homogeneous utility function, but with
 different initial distributions of stock. Aside from these very special
 cases, the most important result is that global stability will occur if
 all of the goods are gross substitutes; mathematically, this means

 afdap, > 0 if i * j. Apart from this, very little else has been found;
 no assumptions substantially different from gross substitutability have
 been shown to imply stability, and up to the present no examples of
 instability have been produced.

 This paper presents a series. of examples, all derived from utility
 maximization, which are globally unstable. The examples given here
 involve three consumers and three goods, but the techniques may be
 extended to either more consumers or more goods. The examples all
 involve a rather simple relationship between the utility functions of
 the three consumers, namely
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 U2(x1, x2, X3) = UJ(X2, x3, XI)

 ( 1 ) Us,(x1, 92, x3) = U2(X2, x3, X1)

 and a corresponding cyclic permutation of the initial endowments.

 Specifically, we will assume that if the initial endowments of the first

 consumer are (I, J, K) for the first, second, and third goods respec-
 tively, then those of the second consumer are (K, I, J) and those of

 the third consumer (J, K, I). This relationship is introduced to simplify
 the calculations, and, as the method will show, it may be relaxed.

 It is an easy consequence of utility maximization that for the price

 adjustment process we have selected (rate of change of price equal to
 excess demand) the motion of the prices will always be constrained to

 the sphere pl + p2 + p2 = constant. In all of our examples there will

 be an equilibrium point at (p1 p2 = p3), which, except for the first
 example, will be locally completely unstable (there is a small region
 around this equilibrium point such that if the initial price is in the

 region, the prices will eventually leave this region and stay out). In
 the first example the motion of the prices will be in concentric curves

 about the equilibrium point, whereas the more complex examples will

 give rise to limit cycles.

 As we shall see from the examples of Section 3, instability does not
 depend on a delicate assignment of values of initial stocks or parame-

 ters in the utility functions. Though it is difficult to characterize

 precisely those markets which are unstable, it seems clear that in-

 stability is a relatively common phenomenon.
 What are the implications of these examples? It seems to me that

 there are several possible interpretations that might be made.

 1. One possible interpretation is that the model is substantially re-
 alistic and that instabilities of the type described in this paper could
 possibly occur. An even more presumptuous interpretation along these

 lines is that instability is responsible for some aspects of the business

 cycle, though for this sort of interpretation it would seem advisable
 to produce examples of instability with a model of a complete economy

 rather than a pure trade model alone, and this may be more difficult
 to do.

 2. Another possible interpretation is that the price adjustment pro-

 cess postulated above is not correct. This view can, of course, be held

 without any reference to the question of stability. An argument for

 this position is that in one sense or another we are considering a

 dynamic process, and yet nowhere do the simplest dynamic considera-
 tions such as saving, interest, etc. appear in the model.

 3. As a final interpretation it might be argued that the types and
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 diversities of complementarities exhibited in this paper do not appear
 in reality, and that only relatively similar utility functions should be
 postulated, and also that some restrictions should be placed on the
 distribution of initial holdings. This view may be substantiated by
 the known fact that if all of the individuals are identical in both
 their utility functions and initial holdings, then global stability obtains.

 2. A VERY SIMPLE EXAMPLE OF INSTABILITY

 In this section we shall describe a very simple example which leads
 to instability. It will be seen that this example is quite an extreme
 one. In the next section we shall describe a number of additional
 examples which, while somewhat more complex, do not have the dis-
 agreeable features of the present one.

 Let the utility function of the first consumer be U1(xI, x2, x3)
 min (x1, x2) and his initial endowments (1, 0, 0). This consumer has no
 desire for the third good and his indifference curves for the first two
 goods are of the form:

 )2

 xl~~~~~~x
 //~~~

 FIGURE I

 For any income M the same quantity will be demanded of goods one
 and two and therefore the demand functions are

 Y1(P}, P2. Ay, M) = M i
 PI + P.~

 YA(P1, P2) At, M) =_ M ,
 Pi + As

 Y3(P1, N2 P3, M) = 0 .
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 Now the income of the first consumer is derived from his endow-

 ment of a single unit of good one, so that M = p1 and therefore the
 excess demand functions or the first consumer (supply is being sub-

 tracted off now) are given by

 XI I
 P1 + pA

 X2B Pi
 p1 + P2

 X3 = 0.

 The excess demand functions of the second consumer are obtained

 by a cyclic permutation of all subscripts, 1 - 2, 2 2 3, 3 -- 1, and once
 more for the third consumer. If we add these together, the market
 excess demand functions are given by

 A - A + Ps
 PI + A2 P + PI

 P + P3 Pi+ P2

 3e3 = NPi + +P2
 P +PI PI + AP

 and of course the price adjustment process leads to the differential
 equations

 (2) dp - f=(Plf P2P P'
 dt

 It is a trivial matter to verify that P1 = p2 = p3 is the only equilibrium
 point. The fact that E p2 = constant follows from E pfdp1/dt = 0,
 which is the Walras Law. In order to show that the solutions are

 unstable we shall demonstrate that plp2p3 = constant for any solution
 of (2). This would follow if we could show that

 (3) fAp2p3 + f2PAP3 + fAPAPA

 equals zero, but (3) is equal to

 p3(p2 p2) (p2 _PI-) p1(p2 p2) P3 -2 + A - 1 + - -
 P +p2 p3 + P1 A + X

 = P3(P1 - P2) + P2A - P1) + P(P2 - p3) = 0.

 That this implies instability is clear. Let the initial prices be chosen
 such that p2 + pl + pa = 3, so that the intersection of the equilibrium
 ray and this sphere is (1, 1, 1). The value of p1p.p. at equilibrium is
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 one, and therefore if the initial price gives a value different from one

 to PIp2P3 we never reach equilibrium. It should be remarked that the
 maximum of PIPAp3 subject to the constraint E pt = 3 is actually one,
 so that if the initial position is anything other than (1, 1, 1), the path
 is completely unstable.

 Occasionally the following price adjustment process is discussed.

 One of the goods is singled out and its price kept constant; the re-
 maining goods are meant to vary according to the differential equa-

 tions given above. If, in our case, we put p3 1, then we are led

 to the system

 dp _ A + 1
 dt P1 + P2 1 + P

 dp2 _ -1 + Pi
 dt pA 1 P1 + p

 Routine calculations show that for this system

 Plp2e-2( 2 = const.,

 and this is again sufficient to show instability.

 3. A CLASS OF EXAMPLES

 The example of the previous section has a number of special prop-

 erties. All of the Slutsky terms [&yjap, + y/yi8y/&M)] are zero, the
 indifference surfaces are not strictly convex, and certainly not differ-
 entiable, and, finally, the initial holdings are of a rather extreme type.

 It might be thought that one, or several, of these properties is re-

 sponsible for the instability of the previous example, and that stability

 would return if these properties were removed. The examples of the
 present section show, however, that it is quite easy to obtain instabil-
 ity with none of the objectionable properties mentioned above.

 We shall make an attempt to keep the reasoning relatively general

 in this section. Some conditions will be described which imply in-
 stability, and we shall demonstrate by specific examples that these
 conditions may be satisfied.

 As was mentioned in the introduction [see equation (1)], the utility

 functions of the three consumers will be obtained by a cyclic permuta-
 tion of the goods and the initial endowments. This means that if the
 excess demand functions of the first consumer are represented by

 X1(P1, P2, p3), X2(P1, P2, P) x3(p1 P2, P3),

 then the excess demand functions of the second consumer for the
 first, second. and third goods respectively will be given by
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 X3(P2. pA P1), x1(p2, P3, P), X2(P2, P3, P1)

 and those of the third consumer by

 X2(P3, PI, p), x3(P3, PI, P2), x1(P3, P1, P2)

 (Continuity and differentiability properties of these functions will be
 assumed whenever necessary.)

 The market excess demand functions are obtained by the summation
 of individual demands and are therefore given by:

 fP(pA, P2, P3) = x1(p1, P2, P3) + x3(p2, P3, P1) + x2(P3, P1, P2),

 (4) f2(PA, P2, P3) = X2(p1, P2, P3) + X1(P2, P3, P1) + X3(P3, P1, P2)

 f3(PA, P2, P3) = X3(P1, P2, P3) + X2(P2, P3, P1) + X1(P3, PI, P2).

 The differential equations of stability are, of course, given by dpsldt =

 PA(P, p2 P3), when all prices are non-negative.
 As we mentioned previously, the Walras Law (E pfx, 0 for each

 consumer, and its consequence, E pg ,- 0) implies that d( pt)Idt = 0,
 so that the motion of the prices will always be on that sphere with
 center at the origin which passes through the initial price vector. Let

 us assume that the initial prices have been selected such that E p2 = 3.
 When we speak of equilibrium prices we shall mean the intersection
 of the equilibrium ray and this sphere.

 LEMMA 1. The price vector (1, 1, 1) is an equilibrium price.

 This is immediately obvious by an application of the Walras Law to
 equations (4), when all of the prices are set equal to one.

 It is not at all correct, for a general selection of the individual

 demand functions X1, x2, x3, that the market demand functions f1, J2, f3
 (4) must have a unique equilibrium point at (1, 1, 1). There are a
 number of very simple conditions, however, which imply that this
 equilibrium is unique. We shall give only one such set of conditions.

 LEMMA 2. Let

 A = Of1l/p2 < 0, and B= &f1/0p3 > 0,

 everywhere in the orthant P 2 O. P0 2 0, p3 2 0. Then the equilibrium
 point (1, 1, 1) is unique (aside from positive multiples).

 In order to demonstrate this lemma, let us first make the observa-
 tion that

 f(Pl P21 P2 3)= Pf(p2Y p3 P1) .

 fS(P1, P2, P3) = f2(P2 P3 P1) I

 fA(Pr, P2, P3) = f3(P2, p3 P1) -
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 This implies that if (a,,1, -y) is an equilibrium point, then so is
 (3, 7, a), and also (y, a, ). Therefore, if we have an equilibrium point
 different from (1, 1, 1), then we may find an equilibrium point (a,,1, ry),
 perhaps by permutation, with either

 (5) a>13?7

 (at least one of the inqualities is strict), or else

 (6) a?13?7

 (again the same remark).

 Let us assume that the former holds. An argument similar to the

 one we are about to give works if instead of (5) we have (6).

 We shall show that f2(a, 3,y 7) must be different from zero. Now

 f2(a,, A, 7) = X2(a, 8, 7) + xl(13, 7, a) + X3(7, a, 3) .

 The assumptions of this lemma imply that as a function of a, f, is
 strictly increasing, and as a function of 7, f2 is strictly decreasing.
 Since a > 13 > 7 (with inequality somewhere), we have

 f2(a, 1, y) > X2(, 13, 13) + X1(13, 13, 13) + X3(, 13 1) = 0 ,

 by the Walras Law. This completes the proof of the lemma.

 Subsequently, in this paper, we shall have occasion to consider
 specific examples of demand functions for which the conditions of
 Lemma 2 do not hold for all prices in the orthant p1 ?0, p2 ?0 , p3 , O.
 but rather for certain subsets. We shall then have recourse to the

 following lemma, which involves a type of subset convenient for us.
 The lemma is demonstrated in the same manner as Lemma 2. It

 should be noted that the operations involved in the proof of Lemma 2
 do not take us out of the set described in Lemma 3.

 LEMMA 3. Let the conditions of Lemma 2 hold for the set of prices

 (p1fp3 > s, P2/P1 > 6, p3/pJ > e), where s is a small positive number.
 Then there are no equilibrium points in this set other than (1, 1, 1)
 and its multiples.

 We shall now give a condition on the demand functions which

 implies that the equilibrium point (1, 1, 1) is unstable.

 LEMMA 4. If C = Of,/1p, is positive, at the point (1, 1, 1), then this
 equilibrium point is locally unstable in the following sense: there is
 a region (on the sphere A pi = 3) about the point (1, 1, 1) such that
 any point in this region (other than the equilibrium point) will
 move away from the point (1, 1, 1).
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 The Jacobian of the functions f1, f2, f3, at the point (1, 1, 1) is given by

 /C A B\

 B C A,

 A B C

 all evaluated at that particular point. Moreover, the functions fs f2, f3

 are homogeneous of degree zero, and therefore the Euler relationship,

 at the point (1, 1, 1), tells us that

 (7) A + B + C = O.

 The Jacobian, therefore, has one characteristic root equal to zero.
 The other characteristic roots may be shown to have positive real
 parts, because of the assumption C > 0. It is then possible to apply
 standard theorems of differential equations (see [4], chap. 13), in order

 to deduce local instability. However, the various properties of demand
 functions permit a simple independent proof of this fact, which we
 shall reproduce here.

 Let

 V(P1 9 P3) = PJ (Pi _ 1)2,
 2

 so that

 dt) dt

 We shall show that E. f < 0 in a small region on the sphere E p2= 3
 about (1, 1, 1), (except for this point itself), and this will demonstrate
 the lemma. Of course at (1, 1, 1), Egf = 0. Using the Taylor series
 expansion, we obtain

 (8) =E (PJ - ic Off

 + I E (P - 1)(pt - 1)C aaf + 0(V3/2),

 where all of the partial derivatives are evaluated at the point (1, 1, 1).

 Let us simplify some of the terms. The Walras Law reads E pnf.- 0,
 so that differentiating with respect to p,, we obtain

 ( 9) fj + FP, - Oaf-'- 0

 At (1, 1, 1) this implies E, Oft/Opj = 0, and therefore the linear terms
 of the Taylor series vanish. Differentiating (9) once more with respect

 to pk, we obtain, at the point (1, 1, 1),
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 (10) a - - +

 From (7), (8), and (10) we see that

 E ---s (pPj- 1)(Pk - 1)Cjk + ?(l/') 2Jk

 where

 /2CP -C, - C

 (cow) = -c C CY -c
 -C, IC s 2C

 Therefore

 = =-2{(P1 - p2)2 + (P2 -p3)2 + (p3 _ p1)2} + 0(V3'2)
 2

 But I claim that on the surface E pl = 3, with all pi ? 0, we always
 have

 (11) (p1 - p2)2 + (p2 2p)+ (p3 - p)2 3 E (pi-1)2

 Accepting this as correct for the moment, we see that

 EAg < 2 C V + o( V3/2) 2

 and therefore Ef, is negative for V sufficiently small.
 Equation (11) is demonstrated as follows. First of all, on this sphere

 3? 2 pt

 Multiplying by J p, and expanding, we obtain

 3 E pi ? p2 + p2 + p2 + 2(PlP3 + PAp2 + P2p3),
 and by subtracting 9 from each side we obtain

 2 + 2Epj - 3) 2 -2(p2 + p2 ? p3) + 2(plp3 + P1pA + p2p3A ,

 which is the same as (11). This finishes the proof of Lemma 4.

 We shall shortly exhibit some excess demand functions, derivable
 from a utility function, which satisfy the hypothesis of both Lemmas
 2 and 4. They will provide us with examples of a unique equilibrium

 point, which is unstable locally. Does this imply global instability?
 In a certain sense this becomes a matter of definition, the problem

 being that it is possible that one of the prices might become zero.
 In this event, some care should be taken, since the differential equa-
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 tions (2) no longer describe the motion of the prices. In our examples,
 we shall use special techniques to demonstrate that the paths actually
 stay away from the boundary of the positive orthant.

 Now let us consider utility functions for the first consumer of the

 form

 U(x1, x2, x3) = X (v) + + 2 a )

 where (a1, a2, a3) is an arbitrary non-negative vector, and a is a positive
 constant. Let the initial endowment of the first consumer, be repre-

 sented by (Ii, '2, I3). As before, we permute the utility function cycli-
 cally for the second and third consumers, and also permute the initial
 holdings.

 We shall show that instability arises whenever a > 1, (a,, a2, a3) is
 close to (b, 1, 0) with b>(a+1)/(a-1), and (I1, I2, I3) is close to (1, 0, 0).
 (The specific meaning of "close" will be clarified.) This will give us ex-
 amples with none of the disagreeable features of the simple examples

 in Section 2. Let us first examine in detail the case

 (a,, a2, a3) = (b, 1, 0) p

 (Ii, I1 13) = (1, 0, 0) ,

 with

 b> a+1
 a -1

 A routine calculation shows us that the excess demand functions
 for the first individual are given by

 bpL/(l+a)

 6pa/(l+a) + pa/(l+a)

 (12) X2= 1 Pi pli (+a) bpa/(l+la) + pa/(i+a) 1

 X3 = 0 .

 The reader should notice that if b = 1, and a -0, these excess
 demand functions tend to those of Section 2.

 Let us show that the conditions of Lemma 2 are verified. We have

 A X1(P1, P2, p3) <
 Op2

 B - 0X2(P3, PA, P2) > o
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 Therefore the system of market demand functions (4) has a unique
 equilibrium point given by (1, 1, 1). In order to show that it is un-
 stable we compute

 C= Of1
 Op1

 at (1, 1, 1), or

 C_ ab - (b + 1)-aa
 (b + 1)2(a + 1)

 which is positive if b > (a + 1)/(a - 1). It follows from Lemma 4 that
 for this relationship between a and b the unique equilibrium point is

 also locally unstable.

 The next step will be to show that for this example the prices stay
 away from the boundary of the positive orthant. This will be a con-
 sequence of the following lemma.

 LEMMA 5. Let  <X =Min(P2, p2 P
 PA P)

 There is a small positive constant K, such that if

 qi< K, then ? > O.

 Let us assume that the minimizing value above is pi/p3 = c, say.
 The other cases are handled by a cyclic permutation. We want to

 show that d(pl/p3)/dt > 0 or p3f - p)]f3 > 0, if c is sufficiently small.
 If fi and f3 are computed according to (4), we see that p3f1- pf3
 has the sign of

 (P)2 1p3 p

 P1 Pi A_
 (13) (J P ll) + 1 - b(YL ) + 1 - a+a)

 P1 3P2 b+1 +1
 The first term of (13) is equal to

 (12

 +1

 b(-L) a/(1+G)

 and since pAp3 < 1/c, we have
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 FP

 Ap 1

 * a/ p 1 ~+a) > (- a/ (ba) + 1

 Also we have

 _p3

 Pi
 b( 1 +a(l a) > __ ~~~~C

 P2

 Adding these terms together we see that (13) will be positive if

 ( 1 )2 + I _2 _ b( 1 f+a/ (1+a)

 and this is certainly correct for small c. This demonstrates Lemma 5.

 These observations, taken together, show us that the system of
 demand functions defined by (12) gives rise to global instability of the
 price adjustment mechanism.

 FIGURE 2
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 One more remark is in order. I claim that if we take an excess
 demand which is close to (12) on a large proper subset of the positive
 orthant (and which has derivatives which are close) and form the
 market demand functions using the above method of cyclic permuta-

 tion, then this will also give rise to global instability. (Such an ex-
 ample may be obtained by taking (a1, a,2 a3) close to (b, 1, 0) and
 (I,, I2, I) close to (1, 0, 0), or in other ways.)

 In order to see this let us interpret Lemma 5 geometrically.
 Figure 2 represents the surface of the sphere Api = 3, and the

 shaded region the set of points with

 Min A , A , P,)> K,

 for a small value of K. Lemma 5 tells us that a path which begins
 in this region, with K sufficiently small, will never leave the region.
 This is true because on the boundary of this region expressions such

 as P3f- pjf3 are strictly positive. But this later fact will also be
 true for market demand functions based on individual demand functions
 close to (12).

 It will also be true that inside this region there will be no equi-
 librium points other than (1, 1, 1). For if the new demand functions
 and their derivatives are close to the corresponding quantities for (12)
 inside the shaded region, then A for the new demand functions will
 be negative, and since it is homogeneous of degree -1 (being a de-
 rivative), A will be everywhere negative in the region defined by

 -P2 >K, 23L >lK, PI > K.
 p1 p2 p3

 A similar statement with a reversed inequality holds for B, and there-
 fore Lemma 3 may be applied to show that there are no equilibrium
 points other than (1, 1, 1) in the shaded region.

 A similar argument convinces us of the local instability of the equi
 librium point (1, 1, 1). It should be rermarked that even though we
 have said nothing about possible equilibrium points outside the shaded-
 region for the new demand functions, a path beginning inside the
 shaded region will not leave this region.

 Stanford University and
 Cowles Foundation at Yale University, U.S.A.
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A
lesson learned from modern dynam-
ics is that natural systems can be sur-
prisingly complex. No longer are we
astonished to discover that systems
from, say, biology (e.g., [GOI, Ma1,

Ma2]) or the Newtonian n-body problem (e.g.,
[MM, Mo, Mk, SX, X]) admit all sorts of previ-
ously unexpected dynamical behavior. This seem-

ing randomness, how-
ever, sharply contrasts
with what we have been
conditioned to expect
from economics. On the
evening news and talk
shows, in the newspa-
pers, and during politi-
cal debate we hear
about the powerful
moderating force of the
market which, if just left
alone, would steadily
drives prices toward an
equilibrium with the de-
sired balance between
demand and supply.
The way this story is in-
voked to influence gov-
ernment and even
health policies high-
lights its important, crit-
ical role. But, is it true?

I have no idea whether Adam Smith’s invisi-
ble hand holds for the “real world,” but, then, no
one else does either. This is because, even though
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. . . even simple
economic models

can exhibit
dynamical

behavior far
more complex
than anything

found in classical
physics or
biology.

this story is used to influence national policy, no
mathematical theory exists to justify it. Quite to
the contrary; what we do know indicates that
even the simple models from introductory
courses in economics can exhibit dynamical be-
havior far more complex than anything found in
classical physics or biology. In fact, all kinds of
complicated dynamics (e.g., involving topologi-
cal entropy, strange attractors, and even condi-
tions yet to be found) already arise in elemen-
tary models that only describe how people
exchange goods (a pure exchange model).

Instead of being an anomaly, the mathemat-
ical source of this complexity is so common to
the social sciences that I suspect it highlights a
general problem plaguing these areas. If true, this
assertion explains why it is difficult to achieve
progress in the social sciences while underscor-
ing the need for new mathematical tools. In this
article I explain my suspicion by outlining what
goes wrong with the price adjustment story. To
do so, in Section 2, after quickly introducing the
needed concepts (I recommend [V] for a com-
plete, relaxed description), the price assertion is
described in terms of the structure of vector
fields on a sphere. Then, an explanation and ex-
tension of this counter-intuitive result are given.

Donald Saari is a professor in the Department of Math-
ematics at Northwestern University, Evanston, Illinois.
His e-mail address is d_saari@math.nwu.edu
This is a written version of several conference and col-
loquia talks. The research was supported by NSF Grant
IRI 9103180.
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2. The Price Model
In a n ≥ 2 commodity world without produc-
tion, agents can exchange goods according to
(positive) prices. If pj is the price per unit of the
jth commodity, the cost of xj > 0 units is pjxj .
So, letting vector p represent the prices of all
commodities, the cost of a commodity bundle
x = (x1, . . . , xn) ∈ Rn+ is computed by the inner
product (p,x). In an exchange economy, what the
kth agent can afford is based on what he can
sell—his initial endowment wk—which provides
wealth (p,wk). Thus at prices p, agent k can af-
ford a commodity bundle xk satisfying the bud-
get constraint (p,xk) ≤ (p,wk), or any xk in the
budget set

(2.1) {xk ∈ Rn+ | (p,xk −wk) ≤ 0}.
The boundary plane passing though wk with
the price vector p as a normal is the budget
plane. (See Figure 1)

A person’s choices at prices p are gov-
erned by personal preferences. As a nat-

ural ordering doesn’t exist on
Rn, n ≥ 2, impose one by assuming
each person’s preferences are cap-
tured by a utility function
uk : Rn+ → R where uk(y) > uk(x)
iff the kth agent prefers bundle
y to x. To further simplify the
mathematics, assume that in-
dividual preferences are
strictly convex. This means
that for any x, those com-
modity bundles this person
likes as much or better than
x ,  {y |uk(y) ≥ uk(x)}, is a
strictly convex set. Also, as-
sume that all components
of ∇uk are positive. (Thus,
all commodities are desired
and an agent prefers more
than less of each good.) With
this idealized set-up, the kth

agent’s demand at price
p, xk(p), can be determined by

elementary Lagrange multiplier
techniques; it is where a uk level

set is tangent to the budget plane.
(See Figure 1.) As this requires ∇uk

to be orthogonal to the budget plane
at xk(p), there is a positive scalar λ so

that 

(2.2) λp = ∇uk(xk(p)).

The k th agent’s excess demand ,
ξk(p) = xk(p)−wk, is the difference between
what is demanded, xk(p), and what is supplied,
wk . This elementary derivation immediately
leads to the classical properties of the aggregate
excess demand function, ξ(p) =

∑n
k=1 ξk(p), called

Walras’ laws. 
1. ξ(p) is single-valued and smooth (because of
uk’s convexity and smoothness),
2. ξ(p) is homogeneous of degree zero (because
each ξk(p) is defined by
the tangency of the util-
ity function with the
budget plane, and for
any positive scalar µ,
both p and µp define
the same budget plane),
and
3. ξ(p) is orthogonal to
p (because both wk and
xk(p) are in the budget
plane).

Adam Smith
proposed the
economic notion
of the “invisible
hand”, but does 
it have any
mathematical
credibility?
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Figure 1
The kth agent’s 
demand function
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What Else Happens?
As only elementary concepts are used, one might
anticipate only well-behaved properties to
emerge. But, as already promised, this is not
true. To place this problem in a mathematically
more convenient framework, notice that Propo-
sition 2 allows us to scale the prices to norm 1;
so, treat prices as points on the price simplex
Sn−1

+ —the intersection of the unit sphere Sn−1

with the positive orthant Rn+ . On the price sim-
plex, ξ(p) is a smooth, tangent vector field
(Propositions 1, 3).

Independent of how prices may change, it is
reasonable to wonder whether equilibria for
Adam Smith’s story exist; namely, is there a price
p∗ whereby ξ(p∗) = 0 so supply equals demand?
To see why there must be such p∗, notice from
the construction that choosing p nearly orthog-
onal to an axis forces the budget plane (the con-
straint for the Lagrange multiplier problem) to
be nearly parallel to this axis. The strict con-
vexity of preferences combined with the opti-
mization procedure, then, forces a large excess
demand for this good. This makes sense; the p
choice significantly reduces the (relative) price
of a desirable good, so its demand should become
unbounded. Mathematically, this forces the vec-
tor field ξ(p) to point toward the interior of the
price simplex all along the boundary, so, from
the Brouwer fixed point theorem (e.g., see [M]),
ξ(p) has a zero; thus, price equilibria exist. This
description captures the essence of the impor-
tant Arrow-Debreu construction [AD, AH, De2],
establishing in quite general settings the exis-
tence of Adam Smith’s equilibria.

Price equilibria exist, but do prices tend toward
them? In differential form, the commonly told
story about the price dynamic, where an increase
in demand results in an increase in prices, is 

(2.3) p′ = ξ(p),

with the discrete analogue 

(2.4) pn+1 = pn + hξ(pn)

for some positive constant h. In either setting,
the resulting price dynamic is governed by the
properties of ξ(p). The natural question posed
by Hugo Sonnenschein [So1, 2], then, is to de-
termine all general properties beyond 1 – 3 that
ξ(p) must satisfy. For instance, if Adam Smith’s
invisible hand story holds, then at least one of
the price equilibria must be a local attractor
(where nearby prices converge to it). Or, if Equa-
tions 2.3, 4 never are chaotic, or never have pos-
itive topological entropy, or never admit an at-
tractor with a particular fractal dimension, or fail
to satisfy the newest form of chaos yet to be dis-
covered, then these conditions constitute still
other properties enjoyed by excess demand func-
tions.

To re-express Sonnenschein’s question, letΞ(n) be the set of continuous tangent vector
fields on Sn−1

+ , U the set of continuous (smooth-
ness is dropped as the tangency of a level set and
the budget plane suffices), strictly convex util-
ity functions, and Rn+ the space for initial en-
dowments. With a agents, the construction of the
aggregate excess demand function defines a
mapping 

(2.5) F : [U× Rn+ ]a → Ξ(n).

Using this notation, we can interpret Sonnen-
schein’s question as seeking a characterization
of the F image set in Ξ(n).

Sonnenschein provided an answer, Mantel [M]
improved it, and Debreu [De1] proved the ver-
sion of the SMD theorem which, in our notation,
follows. In this theorem,

Sn−1
+,ε = {p ∈ Sn1

+ | each pj ≥ ε}

is a trimmed price simplex bounding prices away
from zero, and Ξε(n) is the set of continuous tan-
gent vector fields on Sn1

+,ε.

SMD Theorem. For n ≥ 2 and ε > 0, the price
mapping 

(2.6) Fε : [U× Rn+ ]a → Ξε(n)

is surjective iff a ≥ n.
In other words, with at least as many agents

as commodities, anything can happen! Whatever
dynamic on Sn−1

+,ε is contemplated, no matter
how complex, or how it may imitate a favored
example from physics or the newest form of
chaotic dynamics, the SMD theorem ensures
there exist endowments and continuous, strictly
convex preferences for the a ≥ n agents so that,
at least on the trimmed price simplex, the ag-
gregate excess demand function is the chosen
vector field. It now is trivial to dismiss the Smith
story simply by choosing a vector field of the kind
illustrated in Figure 2a with a lone, unstable
equilibrium. While this economy admits an equi-
librium, the prices move away from it. (For sup-
porting preferences, see [Sc].) Of course, as we
also could choose a vector field without a zero,
the zero promised by the fixed point theorem
must be hiding in the excised ε-region. On the
other hand, should the vector field have the cor-
rect global index properties on the boundary of
Sn−1

+,ε , preferences can be found where ξ(p) has
no zeros in the excised region (which restores the
original intent of the conclusion) [MC].

3. Consequences of the SMD Theorem
What a mess! Although the SMD Theorem seri-
ously erodes confidence in Smith’s invisible hand,
there are counterarguments. A natural approach
is to dismiss SMD by speculating that only patho-
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logical preferences could define an aggregate
excess demand function admitting chaos. To ex-
plore this hope, let me provide a quick, intuitive
introduction for “chaos” by using the highly ran-
dom event of continually flipping a coin. As ei-
ther “Heads” or “Tails” can follow each event, the
complexity is manifested by the tree diagram (Fig-
ure 2b) where the downward branches list all ad-
missible outcomes. The dynamic governing the
path next taken at each node is decided by
chance, and the complexity is manifested by the
rapid growth of the tree size generated by the
two different choices that follow each event. If
the “chance moves” of a coin flip could be re-
placed with a deterministic dynamic xn+1 = f (xn),
then the dynamics would admit an equally com-
plicated structure—chaos. This can be accom-
plished if phase space can be divided into regions
where the f image of each is the full space. (Ex-
amples are easy to construct; e.g., for
H = [0, a], T = (a,1], let the graph of f connect
(0,0) with (a,1) with (1,0); this defines the well-
analyzed tent map; e.g., [D, R].) The only differ-
ence between the tree diagrams for a flipping
penny and this dynamic is that the path taken
at each juncture is decided by deterministic dy-
namics; either choice is admissible and decided
by the selection of the initial condition. So, when-
ever phase space can be divided into several re-
gions where several admissible paths emerge
from each node, the complexity defined by the
deterministic dynamics can make the random
tree of the flipping coin pale in comparison. (For
an example with Newton’s method for finding
zeros of polynomials, see [S2]. In [S2], concepts
from “chaos” are then modified to analyze “sta-
tic” aggregation paradoxes from statistics, prob-
ability, and voting.) Each admissible branch on
this tree for dynamics is called a word; the set
of all words (i.e., all admissible branches) is the
dictionary.

It now is clear how to construct a dynamic with
as complicated a dictionary as desired. The main
ingredient is for the map to be sufficiently ex-
pansive so that the f image over a specified re-
gion covers several other specified regions. As
the SMD Theorem ensures that this “overreac-
tion” effect occurs with price dynamics, it re-
mains to understand whether it requires the
preferences for agents to be so strained that
economists could reject them—along with the
troubling consequences of the SMD theorem—
as being unrealistic. To analyze this inverse prob-
lem, notice that (with the exception of the scalar
term λ) Equation 2.2 resembles an inverse func-
tion relationship x = g(g−1(x)) with its derivative
condition (g−1)′ = 1/g′. Thus, one might sus-
pect from Equation 2.2 that expansiveness of in-
dividual demands must, in some way, corre-
spond to preferences where the level sets of uk

are fairly flat with small curvature. (While the pre-
cise conditions are more complicated [S6], this
intuition is correct.) Now, by browsing through
books and journals on mathematical economics,
one discovers that this is a common choice for
utility functions. Thus, the SMD theory cannot
be rejected on these grounds.

Another way to try to save Smith’s story is to
accept the SMD theorem but wonder whether
Equations 2.3, 4 are overly simplistic; maybe the
market works in more complicated and myste-
rious ways. If so, then how should market mech-
anisms be modeled and what do they require to
ensure that some price equilibria always will be
reached? The long history of this theme (e.g., see
[AH, AHu, H]) includes Smale’s [Sm] “Globalized
Newton Method (GNM)” (which can be viewed as
using Milnor’s [M] proof of the Brouwer fixed
point theorem to extend [KLY].) Smale starts
with a vector field, f (x) , on a k-dimensional sim-
plex, so its normalized form, G(x) = f (x)/‖f (x)‖,
maps the simplex to Sk−1. Because Sard’s The-
orem ensures that almost all values are regular,
for almost all c ∈ Sk−1 the closed set G−1(c) is
the image of a finite union of circles and closed
line intervals. As the endpoints of an image of a
line interval must be in the boundary of the do-
main of G , they are either boundary points of
the simplex, or, of more interest, zeros of f. Im-
posing appropriate boundary conditions on f
(so that, at least generically, the direction defined
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Figure 2b   Coin flipping
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Figure 2a   Scraf’s example
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by f at each point on the simplex boundary is
unique) forces one endpoint to be a zero of f.
Thus, by parameterizing the curve by α(t) and
differentiating G(α(t)) = c, a zero is found
by solving the differential equation α′(t) =
λD−1

α(t)f (f (α(t)) with an initial condition on the
simplex boundary; this is a continuous version
of Newton’s method.

The GNM generated interest
in economics with its guaran-
tee of finding a zero for ξ(p).
But, quickly, it was dismissed
as an explanation of price dy-
namics because there was no
way to justify the market be-
having in this contrived man-
ner. Equally as important was
the associated informational
overload; not only does GNM
feed on all the market infor-
mation from ξ(p) , but also
from its Jacobian Dpξ. Such
information, requiring knowl-
edge of, say, how the demand
for steel varies with the price of
bubble gum exceeds all bounds
of decency and reasonableness
making the GNM an unrealistic
explanation of Smith’s invisible hand.

If the GNM doesn’t work, what does? Simon
and I [SS] investigated this question by seeking
the minimal conditions that would allow a mar-
ket mechanism to work. Instead of a particular
procedure, we assumed the general form 

(3.1) p′ =M(ξ(p),Dpξ).

where M is piecewise smooth and where the dy-
namics stops iff ξ(p) = 0; our goal was to find
what kind of information does M need to ensure
convergence to some price equilibrium.

Notice that Equation 3.1 extends Equation 2.3
by permitting a wide spectrum of possible
choices ranging from where different com-
modities have different rates of price adjust-
ment (by choosing M = A(ξ(p)), where A is a
positive diagonal matrix) to potentially very com-
plex mechanisms. But even with all this flexibil-
ity, our result is discouraging for n ≥ 3 com-
modities. Namely, should prices adjust as
suspected—with some choice of M—then M
needs most of the differential information re-
quired by GNM to always ensure convergence to
at least one of the price equilibria. Some mini-
mal informational savings can arise (i.e., some
terms from the Jacobian can be dropped) when
designing an M by exploiting the boundary prop-
erties of the vector field. (For instance, the inte-
grated information requiring the excess demand
to point inwards along the boundary of the price
simplex exempts the two-good setting from this

negative assertion; Equation 2.3 does support the
n = 2 supply and demand story. Here, the price
simplex is the portion of the unit circle in the first
quadrant. The boundary properties of ξ(p) force
an orbit of p′ = ξ(p) starting near the boundary
to move inward along the circle until it hits one
of the promised price equilibria.) So, trying to pre-
serve the Adam Smith story even in this general

Equation 3.1 framework car-
ries the heavy cost of need-
ing an unrealistic amount of
information. (Among the ex-
tensions of [SS], I call atten-
tion to [J]. In [SS] we used the
geometric theory of dynam-
ical systems, the structure
of GL(n) and some singular-
ity theory; [J] replaces the
singularity theory with a
topological argument.)

There is even more bad
news; by being a differential
equation, Equation 3.1 re-
quires a continuum of mar-
ket information. Of course,
we would replace Equa-
tion 3.1 with a discrete ver-
sion, but could information

be lost in the gaps? To investigate this question,
in [S3] the discrete analogue 

(3.2)

pn+1 =

pn +M(ξ(pn), ξ′(pn), . . . , ξ(s)(pn);

. . . , ξ(pn−j ), . . . , ξ(s)(pn−j ))

was analyzed to find the minimal conditions on
M (the price mechanism), the number of deriv-
atives s of the excess demand function, and the
time lag j needed to ensure convergence of any
exchange economy to some price equilibrium.
(There are, of course, convergent mechanisms
such as the bisection method, but we need Equa-
tion 3.2 to investigate Smith’s market pressure
story and whether information is lost by using
a discrete version of the differential equation.)
Again, Equation 3.2, which permits the simplis-
tic approach of Equation 2.4 to be replaced with
highly complex, involved mechanisms, appears
to subsume most, if not all, proposed price the-
ories. Nevertheless, the theorem asserts that
with n ≥ 2 commodities, no mechanism can al-
ways promise convergence to a price equilibria.
Instead, because of the admissible chaotic be-
havior of Equation 3.2 inherited from the SMD
Theorem, for any choice of M, s , and j, there ex-
ists an open set of aggregate excess demand
functions (in any reasonable topology on func-
tion space) and an open set of initial conditions
where convergence never occurs. (For an inter-

Maybe the
economists’ 

longtime goal of
a universal

price
mechanism is
an impossible

dream.
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esting variation of this impossibility assertion,
see [BK].) Incidentally, the same assertion holds
for numerical methods used to find the real
zeros of real polynomials [S4].

A partial positive conclusion finally was found
in [SW]. Stated in words, if de-
mands are driven by preferences,
why should the economics of
prices be the same in Rio as in
Chicago, in Moscow as in Stock-
holm, or in Zurich as in Paris?
Maybe the economists’ long time
goal of a universal price mecha-
nism is an impossible dream; in-
stead, maybe different locales re-
quire different mechanisms. To
express this mathematically, say
that a given mechanism M covers
a set of economies (i.e, a set of in-
dividual preferences and initial
endowments for the agents) if
pn+1 = pn +M(ξ(pn)) converges
to at least one equilibrium should
the prices start sufficiently close to
it. So, mimicking the reason, it is
impossible to represent the
sphere S2 with a single chart,
maybe the topology of price ad-
justments requires more than
one mechanism to cover the set
of all economies.

While Williams and I found (in
a more general setting) that this
is true, we also found that the
space of economies is σ-compact
with this topology where the ob-
stacles preventing compactness are singulari-
ties. So, for any ε > 0, if one is willing to exclude
a set of economies of (an appropriate) measure
less than ε (which eliminates a region around sin-
gularities), the remaining set of economies (i.e.,
the remaining choices of initial endowments and
preferences) are covered by a finite number of
price adjustment procedures. A successful mech-
anism exists for each economy, but we don’t
know which one. To relate this assertion to ac-
tual practice, notice that the purpose of “market
regulations” is to change the price dynamic. So
these results imply that while an unregulated free
market might not work as widely advertised, if
correct regulations are imposed, the market now
might behave as desired. This conclusion prob-
ably would not be to Smith’s liking, but it finally
is a positive assertion and we might not be able
to do much better.

4. More Difficulties
Dampening this partial success story is the re-
alization that the situation is much more com-
plex. Start with the fact that by measuring mar-

ket reactions, the aggregate excess demand func-
tion is an important tool used in all sorts of
ways. For instance, in spite of the SMD Theorem,
it is reasonable to use a specified ξ(p) to extract
valuable information about the economy. Perhaps

we can learn what to expect should a new com-
modity be added, or another suppressed. Simi-
larly, an area called consumer surplus computes
the excess demand functions for each commodity
and then pieces this information together to ob-
tain conclusions about the full excess demand.
The area of macroeconomics, with its concern
about measuring ξ(p), quickly encounters real-
ism where any attempt to compute ξ(p) for all
ten million commodities would generate Gee-
Whiz comments such as “If a thousand modern
computers started during the ‘Big Bang,’ . . .”
Consequently they use statistical measures of the
excess demand for certain commodities to make
inferences about the general situation. All of
these topics involve the tacit assumption that,
in some way, the excess demand function for dif-
ferent sets of economies are related. But, are
they? Must a well behaved economy of ten goods
remain well behaved if one good is taken off the
market, or could it become highly chaotic? To ex-
plore the reality of this assumption, it is natural
to mimic Sonnenschein’s question by seeking
all possible relationships admitted by the ag-
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Could this represent the dynamics of prices?
Illustration from Complex Dynamical systems: The Mathematics Behind the Mandlebrot and Julia Sets, edited by R. L. Devaney.
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gregate excess demand functions with changes
in the set of commodities. To describe this issue
with the tree description used to introduce chaos,
label the 2n − (n + 1) subsets of two or more
commodities in some manner asC1, C2, . . . ,
C2n−(n+1)where |Cj | is the cardinality of Cj. As
above, the aggregate excess demand function
for the Cj commodities is a tangent vector field

on S|Cj |−1
+ and the set of all continuous tangent

vector fields is denoted by Ξ(Cj ). The tree dia-
gram starts with the uncountable number of
choices from Ξ(C1) emerging from the C1 node.
Attached to each choice are the Ξ(C2) vector
fields representing all of the C2 choices. This con-
tinues until, at the last node, we have the
C2n−(n+1) vector fields. Now, if the implicit as-
sumption that the behavior of the aggregate ex-
cess demand function for certain choices of com-
modities affects what happens with others is
true, then certain branches can be pruned off of
this chaotic tree of possibilities.

The answer again involves a trimmed price
simplex which ignores (relative) prices lower
than a specified ε value, and Ξε(Cj ) which de-
notes the continuous tangent vector fields on this
trimmed simplex. (When the goods from Cj are
traded, each agent holds fixed her holdings of
all other commodities.)

Theorem ([S5]). Let ε > 0 be given. For n ≥ 2
commodities, the mapping 

(4.2) Fε : [U× Rn+ ]a →
2n−(n+1)∏
j=1

Ξε(Cj )
is surjective iff a ≥ n.

In other words, the “excess demand” tree de-
scription is full and chaotic; anything and every-
thing can happen. This permits us to design all
sorts of disturbing scenarios, such as where with
four goods the aggregate excess demand func-
tion carefully adheres to Smith’s story with a sin-
gle globally attracting price equilibrium. Then,
withholding commodity cj from the market cre-
ates a chaotic three-commodity vector field with
an attractor of, say, fractal dimension

1 +

√
j
5
, j = 1, . . . ,4.

The reader can choose what happens for each
of the six two-good cases. According to the the-
orem, this scenario is supported by one of those
deceptively innocent appearing four-agent ex-
amples where each agent is assigned a preference
for goods (of the well behaved type described ear-
lier) and an initial endowment. The market pres-
sures, as found by simple Lagrange multiplier ar-
guments, do the rest.

The theorem can be extended to address other
concerns from economics. Namely, for any pos-
itive integer K, choose K continuous, tangent vec-

tor fields for each Cj set. Then, there exists an
n-agent example where each agent is assigned
a fixed preference relationship for the n com-
modities and K different initial endowments.
Computing the aggregate excess demand with
these preferences and the ith assignment of the
initial endowments, we obtain (on the trimmed
simplex) for each Cj its ith assigned vector field.
To illustrate with K = 2 and only the full set of
three commodities, the three agents’ preferences
could define a well behaved aggregate excess
demand function that would delight Adam Smith
should they use one set of initial endowments,
but, using different endowments with the same
preferences, any imaginable (two-dimensional)
form of chaos can break out!

In other words, the SMD Theorem describes
what happens with the single set of all com-
modities and a single assignment of initial en-
dowments; the above result extends this dis-
turbing conclusion to all sets of commodities and
it shows that the conclusion can vary signifi-
cantly with changes in endowments. In particu-
lar, this more general conclusion not only causes
worry about the invisible hand story, but it forces
us to question those tacit assumptions—as-
sumptions basic to several tools from econom-
ics—about how the aggregate excess demand
function for one commodity set relates to that
of others. One might argue (and this is a com-
mon reaction during a colloquium lecture—par-
ticularly in a department of economics) that
there may exist conditions imposing strong re-
lationships. Yes, but it is obvious from the the-
orem that such constraints cannot be based upon
the aggregate excess demand function (as is a
common practice); instead they appear to re-
quire imposing unrealistically harsh global re-
strictions on the agents’ preferences—restric-
tions similar to those shown in [CM] to be needed
to justify the consumer surplus approach.

5. Idea Behind the Proofs
What is going on? The derivation of the aggre-
gate excess demand function and Walras’ laws
is sufficiently elementary to be taught in a first
course on vector calculus. So, we must wonder
what a nice, simple model is doing in a complex
place like this. Actually, the source of the diffi-
culty—which is common across the social sci-
ences—is that the social sciences are based on
aggregation procedures. But, even simple ag-
gregation methods, from probability, statistics,
and even voting, admit surprisingly complex
paradoxes. (For a description of some of them
and why they occur, see [S1, 2].) One way to en-
vision the aggregation difficulties is to recognize
that even a simple mapping can admit a complex
image should its domain have a larger dimension
than its image space. This is an element of the
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proof of the last theorem, and it explains the hid-
den complexity of the social sciences. Namely,
the complexity of the social sciences derives
from the unlimited variety in individual prefer-
ences; preferences that define a sufficiently large
dimensional domain that,
when aggregated, can gener-
ate all imaginable forms of
pathological behavior.

To prove the theorem,
after selecting a tangent vec-

tor field for each S|Cj |−1
+ , we

need to construct a continu-
ous foliation for each agent so
that the leaves (indifference
sets of preferences; i.e., the
level sets of the uk functions)
have the desired convexity
properties and the excess de-
mand function they define
(from the Lagrange multiplier
argument) agrees with the
specified vector field on the
trimmed simplex. While the
construction is technical and
difficult in places, intuition
can be provided why the re-
sult holds and why we need
as many agents as commodi-
ties. Start with a two-com-
modity utility function
u = xy where the level sets are hyperbolas. By ex-
perimenting with the Lagrange multiplier argu-
ment and different initial endowments, it be-
comes clear that the demand based on an initial
endowment with a relatively small amount of one
commodity favors this scarce commodity—we
want what we don’t have. Thus, with two agents
with initial endowments emphasizing a different
commodity, their excess demands point in op-
posing directions with zero in the convex hull.
So, just by changing the magnitude of each in-
dividual excess demand at a price p (by flatten-
ing the level sets), the sum can realize a speci-
fied value of ξ(p).

More generally, with any number of com-
modities, the excess demand associated with an
initial endowment lacking in a particular com-
modity tends to favor that good. Therefore, with
n commodities, choosing the jth agent to be shy
in the jth good creates an excess demand func-
tion pointing in a particular direction; with a ≥ n
agents, the convex hull defined by these vectors
(in the tangent space at p of the price simplex)
includes the origin as an interior point. Clearly,
this is false for a < n. By varying the lengths of
these vectors (i.e., by varying the curvature of the
leaves of the foliation), their sum can be what-
ever we desire. In this way a continuous foliation
is defined to do as advertised.

To connect the foliations defined for the var-
ious sets of commodities, notice that if a com-
modity is withheld from the market, the relevant
portion of Rn+ is an affine plane passing through
wk orthogonal to the axis of the missing com-

modity. As such, the budget plane passes through
a portion of each level set much different from
that used to construct the leaves for the larger
sets of commodities. Now, the ε restriction forces
a spacing among the foliations constructed for
the different subsets of commodities. Part of
the proof shows how to exploit this gap to con-
nect the leaves from the different foliations to
create a single foliation (while preserving the
convexity properties, etc.). It follows immedi-
ately from this construction that any assertion
trying to relate the aggregate excess demand
functions from different subsets of commodities
must impose strict restrictions on preferences.
Therefore, constraints based only on the struc-
ture of the excess demand (as is typical) are
doomed for failure. Also, since individual pref-
erences drive the social sciences, this situation,
with the accompanying troublesome complexity,
undoubtedly extends to most other areas.
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