M.A. in economic theory: microeconomics
1/23/21
TAKEHOME EXAM

Please answer all questions. Omitting calculations is OK.

PROBLEM 1

THE ECONOMY

Consider a three-period economy with

etwo consumers, namely ¥ and Q

ethree goods, namely A,L,B

e Two firms, namely « and g

firm o produces good A outof good L with production function
A,=cL,,c>0 @

where L, is the quantity of good L used as an input in the first period, and A, is the quantity of good A

produced in the second period, and C is a parameter.

firm g produces good B outof good A with production function

B, =4,/A, @

where Aﬁ is the quantity of good A used as an input in the second period, and Bﬁ is the quantity of

good B produced in the third period.

Consumer W
e consumption set: all variables >0
e utility function
u, = A'By ®)

where A is the quantity of good A consumed by ¥ in the second period, and B, is

the quantity of good B consumed by ¥ in the third period.

eendowment: L >0 units of good L in the first period only. No endowment of any other
good in any period.
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e profit shares: sole owner of firm « ,no share in firm g
consumer
e consumption set: all variables >0
e utility function
u, =L7 4)
where L7 is the quantity of good L consumed by Q in the first period.
eecndowment: no endowment of any good in any period.
e profit shares: sole owner of firm £ ,no share in firm «
Policy
Firm o paysatax t, >0 per unit of input used.
Firm g receives a subsidy s, >0 per unit of input used.
Firm g pays atax 7,0<7<1 per unit of profit earned.
QUESTIONS
Answer the following questions for all allowed parameter values
1.Compute all efficient points.
2.Compute all competitive equilibria.

3.For which parameter values are competitive equilibria efficient?

answers to problem 1

1.EFFICIENT ALLOCATIONS

We scalarize the problem of computation of efficient points, using the general method
of minimum guaranteed utility levels, i.e., we solve the following maximization
problem for all values of the parameter ¢
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max u, = A’B;
subject to

>0

L>+L, <L

A +A <A =cL,
B, <B, =4/A,

all variables >0

variables A", B, L, L,, A/, A;, A, B,

parameters c, &
conditions on parameters ¢ >0
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)

efficient allocations|
o<LP<L

2c(L-L _ _
T =

o(C-12) o(C-17)
Aﬁ: 3 ,B;:Bﬁ :4 T
pareto frontier|

— 3

8C%(L—UQ)A\/§ _

Uy = 9 ,0<u, <L

L)
©

2.COMPETITIVE EQUILIBRIA

There are three commodities, since good L is only available in the first period, good A is

only available in the second period, and good B is only available in the third period.

1.NAME THE PRICE OF EACH GOOD

p = price of commodity A
w=price of commodity L . Normalize w=1
g=price of commodity B

2. DEFINE CONSUMER INCOMES

M, =L+I1,, M, =(1-7)I1,
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3. SOLVE THE OPTIMIZATION PROBLEMS OF CONSUMERS

1/23/21

max u,, = A,'B;’ ,subject to pA) +qB,’ <M, A’ >0,B, >0
max u, = L},subject to 0< L <M,

The solutions are

4.1. SOLVE THE OPTIMIZATION PROBLEMS OF FIRM «

(8)

©)

maxII, = pA, -L,-t,L,
L,=0,A, =cL,

The solution is

(oo,oo,oo) if p>(l+ta)/C

(L., A, IT, ) =4(L,.cL,,0) if p=(1+t,)/c (10)
(0,0,0) if p<(l+t,)/c
4.2. SOLVE THE OPTIMIZATION PROBLEMS OF FIRM g
max (1-7)I1, =(1-7)(qB, — pA, +s,A,)
A, 20,B,=4/A,
The solution is
(oo,oo,oo) if
(Aﬁ’ Bﬁ’Hﬁ) = 4q° 8¢ 4q? (11)

if

(D—Sﬁ)z (P-35) (P-35)

5. SOLVE THE EQUILIBRIUM CONDITIONS
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LP+L, =L
A +A=A, (12)
B, =B,

competitive equilibrium|

1+, (1+t, —cs, )L ) L
b= 47 aJc Mo =01, =7
La:E(Sp—Zsﬁ),Aa:E(3p—25ﬁ)

4cp(p-s,) 4p(p-s,)

o r [T 13
Aﬁ_4(p—sﬁ)_4(1+ta—csﬁ)’Bﬁ_2 (p-s,)

o (4cp? —4cps, —3p+2s, )L B L(3(1+t,)-2cs,)

4(p-s,)cp _4(1+ta—csﬁ)(1+ta)
A;:£: oL gu_ 2L 2el
2p 2(1+t,) " [p-s, [+t —cs,

conditions on the parameters
necessary and sufficient for existence of equilibrium

3cs,t, +cs, —3t,7 -3t
z-:
(L+t, —cs, )(1+t,)
2
3t, (t,+1) <5, < 4t +5t, +1
(3t,+1)c 2c(2t, +1)

~ (government budget constraint) (14)

3.WHEN ARE COMPETITIVE ALLOCATIONS EFFICIENT?
- : v . .
By (6) at any efficient allocation A, =2A; .Imposing the same condition on the

equilibrium allocations we obtain, by (13),L = 2;
2p 4(p-s,)

;=0 (15)

Ji.e.

By (15) and (14)
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t, =0=r (16)
efficient competitive equilibrium|
t,=0=s,=1
1 T C
=—, :—’H :0’H = —
p c q 4\/6 a B 4
L =3k a3t 17)
4 4
cL =
Ay == By =2Vel
L
Q—_
5 4
A;P:%,B;P:Z cL

PROBLEM 2

THE ECONOMY

e Two goods,a and y ,written in this order. Good « is a public good; good y isa
private good.

e Two consumers,1 and 2.

e One firm.

Consumer 1

¢ Consumption set R’
ax

—
e Endowment vector @, =[0,1]
e Profitshare >0
e Utility function u, = X, +log(A)

Consumer 2

¢ Consumption set R’
ax

——
e Endowment vector @, =[0,x],x >1
e Profitshare 8,=1-6,>0
e Utility function u, = X, + plog(A), p >1

Page 6 of 34



M.A. in economic theory: microeconomics
1/23/21
TAKEHOME EXAM

The firm produces good « out of good y with technology described by the production
function

>
Il
N
X

QUESTIONS
Answer the following questions for all allowed parameter values

e Compute all efficient allocations. Compute and draw the Pareto frontier and the utility possibility
set.

e Compute all competitive equilibria.

e For which values of the parameters, if any, are competitive equilibria efficient?

answers to problem 2

1.EFFICIENT ALLOCATIONS
The set of feasible allocations is the convex set
sz{(xl,xz,X)eRf:x1+xz+>2 §1+k} (18)
The objective functions are both concave
u, = X, +log(2X),u, = X, + plog(2X) (19)

Hence, we can compute efficient allocations by the linear SWF method, i.e., by solving
the following maximization problem for all 0<« <1 (THIS « is a parameter, not the
name of the public good).

max W=au, + (1-a)uy,

: . . (20)
subjectto X, + X, + X <1+k, X, >0,X,>0,X >0

The global maxima of (20),depending on parameter values, are given by
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efficient allocations when p > 1+ x|

1+ ap K— ap 0| if a<
-« l-«

(X X X, |=

[1+K‘ 0 0] if a>

K+p

K+p

Eliminating « from (21) we obtain

efficient allocations when p>1+ |

1< X <14k, X, =1+x—-X,X, =0

pareto frontier when p >1+ x|

u1:l+1c+ﬁ——e;
Yo,
plog2<u, < pln(2+2x)

—— pareto frontier tho>=kappa+1 |
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efficient allocations when x < p <1+ k|

1 ko i as
l-o l-o K+p
(X X, X,]= [L+x 0 O] it S <g< T
K+p 2+K—p
[erl—_a 0 2+K‘—p—£} if o> !
o a 24K—p

Eliminating « from (24) we obtain

efficient allocations when « < p <1+«

1< X <1+, X, =1+ x— X, X, =0,and

A

PEX <14k, X, =0,X, =1+x-X

pareto frontier when x < p <1+ x|

)

P

1
u, =1+ x+ pu, —Ee“l when

,oln(2+21c)£u2 £1+K—p+p|n(2p)

u, :1+K+u—z—%ep,whean092§uz <pIn(2+2x)

parete frontier when x<p<x +1

phn(2+2x) ; n,

L

plog2 l+x—p+pln(2p)
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efficient allocations when p < «|

1+ % g if 05<i
l-« l-« 2

X 27
[X X Xz]: [1+/0 X, K—p—Xl],OSXISK—p if azé @)
1

[erl—_a 0 2+K‘—p—£} if a>
o a 2

Eliminating « from (27) we obtain

efficient allocations when p < «|

1< X <1+p,X, =1+x-X,X, =0,and

A - (28)
p<X<l+p X, =0X,=1+x-X,and

N

X=1+p, X +X,=x-p,0< X, <K-p

pareto frontier when p <«|

u, :1+/c+%—%ef’,when,ologZSu2 <pIn(2+2x)

U +U, =x—p+(1+p)log(2+2p), when 29)

pIn(2+2x)<u, <x—p+plog(2+2p)

u, =1+x+ pu, —%e“l when

k—p+plog(2+2p)<u, <1l+x—p+pln(2p)

pareto frontier when p < xc

pIn(2+1x) y uy
— ~ >
plog2 £—p+pl0g(2+20) 1+x—p+ph(2p)
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2.COMPETITIVE EQUILIBRIA

1.NAME THE PRICE OF EACH GOOD

1/23/21

p = price of commodity « .
] i . Normalize w=1
w=price of commodity y

2. DEFINE CONSUMER INCOMES

M, =1+6I1,M, = x+(1-6,)T1 (30)
3. SOLVE THE OPTIMIZATION PROBLEMS OF THE FIRM
max 1= p)z —)z,subjectto)z >0,A=2X
variables:X , A
parameters:p
conditions on parameters:p >0
The solution is
(00,00,00) if p>1/2
[)2 A H]: (>2,2>2,o) if p=1/2 (31)
(0,0,0) if p<1/2
Since p>1/2 is never going to be an equilibrium price, we set
p<1/2,I1=0,M, =1 M, =« (32)

4.1. SOLVE THE OPTIMIZATION PROBLEM OF CONSUMER 1

max u, = X, +log(A + A,)),subject to pA + X, <1, A >0,X, >0
variables:X , A

parameters:p, A,

conditions on parameters:p >0, A, >0

The solutions are
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[%s

demand functions of consumer 1
1 .
PA, ——Az} if A <1/p (33)
Al= { p
[1 0] if A >1/p

4.2. SOLVE THE OPTIMIZATION PROBLEM OF CONSUMER 2

max u, = X, + plog(A + A,),subject to pA, + X, <x,A, 20, X, >0

variables:X,, A,
parameters:p, A,

conditions on parameters:p >0, A >0,x >1

The solutions are

demand functions of consumer 2 when p < x|
{K—p—i—pAi A&} if A<Z -
p
[Xz Az]:
[< 0] it A>L
p
demand functions of consumer 2 when p > k|
K . pP—K
0 — if A<
o ] ;
_ 35
(X, A= {x—mp%\ ﬁ—/@ it Pt<as<h >
p p p
[« 0] it A>Z
p
5. SOLVE THE EQUILIBRIUM CONDITIONS
+A =A=2X
A+A ()

X1+X2+>2 =1l+x

Equilibrium prices and quantities are given by
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competitive equilibrium when p < |

p:%,H:O,)z :p,A:Zp

37)
A1:01X1:1’A2 :Zp,Xz =K—p
u, =1+log(2p),u, =x - p+ plog(2p)
competitive equilibrium when p > K‘|
1 A A
=—,I1=0,X =x,A=2
P2 mAmer (39

A=0X=1LA=2xX,=0
u, =1+log(2x),u, = plog(2x)

3.WHEN ARE COMPETITIVE ALLOCATIONS EFFICIENT?

When p < x we must decide whether the allocation in (37) is one of the allocations in
(28);by inspection, the answer is negative, hence when p < x equilibria are inefficient.
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F pareto frontierand equilibrivm utilities, when p <&

pglog(2+2x)

M —— : I EE

x—p+plog(2+2p) 1+x—p+plog(2p)

M.A. in economic theory: microeconomics
1/23/21

i,
.

When p =k we must decide whether the allocation in (37) is one of the allocations in

(28);by inspection, the answer is positive, hence when p =« equilibria are efficient.

When p > x we must decide whether the allocation in (38) is one of the allocations in

(22) or (25);by inspection, the answer is positive, hence when p >k equilibria are

efficient.
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pareto frontier.and equilibrium vtilities, when v < p < +1

1+log {26)

iy
; e
1+x—p+plog(2p)

PROBLEM 3

THE ECONOMY

pldgl plog|{2x) plog(2+2x)

e Fourgoods, A, B, L, K
e One consumer
e Two firms,a and g

Consumer

e Consumption set R?
AB,L,K

——
e Endowment vector @ =[0,0, L, K]
e  Utility function U = ez log(A) + (1-«)log(B),0 < o <1
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Firm o produces good A out of goods K, L with production function
A=min{K,,pL,},p>0

where K,, L, are the quantities of goods K, L, respectively, used as inputs in the
production of good A, and A is the guantity produced of good A.

Firm p produces good B out of goods K, L with technology described by the production
function

B =2,/K,L,

where K;, L, are the quantities of goods K, L, respectively, used as inputs in the

production of good B, and B is the quantity produced of good B.

QUESTIONS
Answer the following questions for all allowed parameter values

e Compute all competitive equilibria.
e For which values of the parameters, if any, do competitive equilibria exist?
e Plot equilibrium prices as a function of « ,keeping all other parameters fixed

e Plot equilibrium prices as a function of K ,keeping all other parameters fixed

answers to problem 3

1.COMPETITIVE EQUILIBRIA

1.NAME THE PRICE OF EACH GOOD

p = price of commodity A,q=price of commodity B
w=price of commodity L,r=price of commodity K
Normalize r =1

2. DEFINE CONSUMER INCOME

M =wL+K+IT, +I1, (39)

3. SOLVE THE OPTIMIZATION PROBLEM OF THE CONSUMER

max u =« log(A) + (1- «) log(B),subject to pA+qB<M,A>0,B>0
Page 16 of 34
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The solutions are
(A,B):(aM,(l—a)Mj

P q

4.1. SOLVE THE OPTIMIZATION PROBLEM OF FIRM «

(40)

1/23/21

maxII, = pA—WLA—KA
subject to L, >0,K, >0, A=min{K,, pL,}

The solution is (example 13 in the notes on optimization)

(00,00,00,00) if p>14s
Yo,

A

(L Ka ATL ) =1(La oLy oLy 0) i p=1+=
Yo,

(0,0,0,0)  if p<i+—
P

4.2. SOLVE THE OPTIMIZATION PROBLEM OF FIRM g

(41)

max I, :ql_sa—wLB -Kg
subject to L, > 0,K, >0,B =2,/K,L,

The solution is (example 6 in the notes on optimization)
(o0, 00,00,00) if g°>w
A K K .
L,,K,,B,II,)=4| —2,K,,2—2,0| if g°=w
( B* '\B ﬁ') [ W B q j q

(0,0,0,0) if g’ <w

5. SOLVE THE EQUILIBRIUM CONDITIONS

(42)
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(43)

competitive equilibrium|

p=1+w/p,w=q’I1,=0,IT,=0
~ \/\/K+(1+a)(IZ—pE)
V2lii-a
A= Ez(a +1)2 P’ +2Kf(a2 -6 +1)p+ K? (a +1)2 (44)
(p[+ Iz)(1+a) JA _A
P

q

K. =A= B S P
A 4 4 A

(YA (3=a\p (lra) b _Ke g oK
B 4 4 B

competitive equilibrium when K = pL |
p=2,w=p,I0,=0I1,=0,q=4/p
A=(2(1—a)pf)2 (45)
Ka =A=ap[, L, =al

Ky =(1-a)pL, Ly =(1-a)L,B=2(1-a)L{p

PROBLEM 4

THE ECONOMY

e Two goods,1 and 2, written in this order.
e Two consumers, A and B.

Consumer A

« Consumptionset X, ={(A,A):A+A >22,A>0,A, >0}
e Endowment vector w, =[0, 2]
e Utility function u, = A A,
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Consumer B

e Consumptionset X, =R’
e Endowment vector @, =[x,0],x >0

e  Utility function Uz = BB,
QUESTIONS

Answer the following questions for all allowed parameter values

e Compute all competitive equilibria.
e For which values of the parameters, if any, do competitive equilibria exist?

answers to problem 4

1.COMPETITIVE EQUILIBRIA

1.NAME THE PRICE OF EACH GOOD

p = price of commodity 2. Normalize the price of commodity 1 to 1

2. DEFINE CONSUMER INCOMES

M,=2p,M; =« (46)

4A. SOLVE THE OPTIMIZATION PROBLEM OF CONSUMER A

max u, = AA subjectto A + pA, <2p,A+A,>22,A 20,A 20
variables:A, A,

parameters:p

conditions on parameters:p > 0
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consumer A when p=1

consumer A when p<1

2p
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demand functions of consumer A|

1 if p=x1
A AZ]:{H 2} if E<1

demand function of conzumer A forgooed 1

4B. SOLVE THE OPTIMIZATION PROBLEM OF CONSUMER 8

1/23/21

(47)

max u, = B,B,,subjectto B, + pB, <x,B,>0,B,>0
variables:B,, B,

parameters:p,

conditions on parameters:p > 0,x >0

demand functions of consumer B |

5 ol o
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k]

net supply function of consumer B forgoond 1

5. SOLVE THE EQUILIBRIUM CONDITIONS

A+B =« 49
A +B,=2 49

Equilibrium prices and quantities are given by

competitive equilibrium when « < 2| 0)
50

No equilibrium exists
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gcod 1

No equilibrivm exists when x<2

competitive equilibrium when « > 2|

K K
K a=B=|% 1
P32 [2 }

Page 23 of 34
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good 1

4=p

K—B

b |

equilibrinm when &> 2

PROBLEM 5

THE ECONOMY
Consider a five-period economy with
eONe consumer

etwo goods, namely A and K

e Two firms, namely y and &

firm » produces good A out of good K with technology described by

A

A, =2K, A =K, (52)

where Kl is the quantity of good K used by firm y as an input in the first period, and Az, AS are the
quantities of good A produced by firm » in the second and third periods.

firm & produces good A outofgood K with technology described by

A =2K,, A =K, (53)
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where IZS is the quantity of good K used by firm & as an input in the third period, and A4, AS are the
quantities of good A produced by firm ¢ in the fourth and fifth periods.

Consumer
e consumption set: all variables >0

e utility function
5 5
u=> log(A)+>_log(K,) (54)
t=1 t=1
where A is the quantity of good A consumed by the consumer in period t, and K, is

the quantity of good K consumed by the consumer in period t

ecndowment: one unit of good A in the first period only, and one unit of good K in
each period.

QUESTIONS
Answer the following questions

e Compute all competitive equilibria.
e Plot equilibrium prices and quantities as functions of t

answers to problem 5

COMPETITIVE EQUILIBRIA

1.NAME THE PRICE OF EACH GOOD

p, = price of good A in period t .
_ ) ) . Normalize p, =1
I, =price of good K in period t

2. DEFINE CONSUMER INCOME

5
M =p,+Y 6+, +I, (55)
t=1

3. SOLVE THE OPTIMIZATION PROBLEM OF THE CONSUMER
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5 5
max u = "log(A)+_log(K,),subject to
t=1 t=1

5 5
2 PA+D K <M
t=1 t=1
variables:A,K,,t =1..5

parameters:p,,r;,t=1..5
conditions on parameters:p, =1, p, >0,r, >0,t =1..5

consumer demand functions|

M M (56)
K)= , t=1.5
(AK) [10pt 10rtj

4T'. SOLVE THE OPTIMIZATION PROBLEMS OF FIRM y

1/23/21

A, —r.K_,subject to
0

maxI1 = p

7 2 +p3
AZZZKI’ASZKIZ

supply/input demand functions of firm y|

[oo 0 o oo] if r<p,+2p,

A A - A A ) (57)
(K A A 1 |={[K, 2K, K, 0] if r=p,+2p,
[0 0 0 0] if r>p,+2p,
4A. SOLVE THE OPTIMIZATION PROBLEMS OF FIRM ¢
max I1; = p4A4 + pSA5 —rglig,subject to
A, =2K,, A =K, >0
supply/input demand functions of firm 5|
[oo 0 © oo] if r,<ps+2p,
A oa (58)

[KS A A Hé]: [KS 2K, K, 0] if r,=p,+2p,
[0 0 0 0] if r,>p,+2p,

5. SOLVE THE EQUILIBRIUM CONDITIONS
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equilibrium conditions|

A=1A=At=2.5

" A (59)
K,+K =LK, +K, =1
K,=1K,=1K;=1
competitive equilibrium|
3 3 3 3
p2=Z’p3=§’p4=2’p5=5’1—[7=n5=0
n=3r=,r,=3r,=1r=1
1 1 (60)
K,==,K,=1K,==,K,=1K; =1
3 3
4 2 4 2
—1, =—, =—’A =—’ = —
A 3A3 3 3AS 3
A s 2~ 4~ 2~ 4~ 2
K :K =—, =—, =—, =—, = —
=Re=2 A =2 AT A= A =S

Plotting the equilibrium values of the variables as functions of time we observe endogenous cycles

PROBLEM 6

THE ECONOMY

e Two goods, A and X ,written in this order.
¢ One consumer
e Onefirm.

The Consumer

¢ Consumption set R’

e Endowment vector @ = [0, X]

e Profitshare =1
e  Utility function u = log A+log X

The firm produces good A out of good X with technology described by the
production function

(61)

i X2 if 0<X<F
F2 if X>F
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Parameters: F, X .Conditions on parameters: 0<F < X

QUESTIONS

Answer the following questions for all allowed parameter values

e Compute all competitive equilibrium allocations E

e Compute all efficient allocations P

o  First welfare theorem: For which parameter values, if any, is it truethat E c P ?
e Compute the set of decentralizable efficient allocations P () E

1/23/21

e Second welfare theorem: For which parameter values, if any, is it true that all efficient allocations

are decentralizable, i.e., that P=E ?

answers to problem 6

1.COMPETITIVE EQUILIBRIA

1.NAME THE PRICE OF EACH GOOD

p = price of good A

. Normalize p=1
w=price of good X P

2. DEFINE CONSUMER INCOME

M =wX +I1 (62)

3. SOLVE THE OPTIMIZATION PROBLEM OF THE CONSUMER

max u =log A+ log X ,subject to
A+wX <M

variables:A, X

parameters:p, M

conditions on parameters:p >0,M >0

consumer demand functions|

(A,X):(M Mj )

2 2w

4. SOLVE THE OPTIMIZATION PROBLEMS OF THE FIRM

max IT = A—wX , subject to X >0,and to (61)
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profit fonction when w < F

(]

profit function when w=F
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TAKEHOME EXAM

IT

profit function when w = F

supply/input demand functions of the firm|

[F F* F’-wF] if w<F
[X A m]={[0 0 0JOR[F F* 0] if w=F
[0 0 0] if w>F

(64)

Input demand function

o w

F

By (64),(63),(62)
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Input supply function|

va 2
X+F i wer
3 2 2w (65)
X=X =X
X if w>F
2
5. SOLVE THE EQUILIBRIUM CONDITIONS
equilibrium conditions|
A=A (66)
X+X=X
L I X -
competitive equilibrium when —<F <X
2 (67)

no equilibrium exists

input demand X

no equilibrivm exists when F bé
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competitive equilibrium when F < >
F? (68)
W=——,A=A=F,X=X-FX=F
X-F
Xz
2
F
squilibrivm when F i'-‘T
mnput demand ¥
set of equilibrium aIIocations|
%) if F>—
69
E- )2( (69)
{[A:A:F2 X=X-F X= F}} it F<-

2.EFFICIENT ALLOCATIONS

Since there is only one consumer, both scalarization methods amount to solving the

following maximization problem

Page 32 of 34



We transform (70) into the equivalent maximization problem given by

Solving (71) we obtain

TAKEHOME EXAM

maxu =log A+ log X ,subject to
A<AX+X <X,

F2 if X
all variables >0
variables:A, A, X, X
parameters:F, X

conditions on parameters:0 < F < X

maxu = 2log X +log X ,subject to

X+X<X,X<F
all variables >0
variables:X, X
parameters:F, X

conditions on parameters0 < F < X

M.A. in economic theory: microeconomics

efficient allocations|

3.COMPARISON OF EFFICIENT TO EQUILIBRIUM ALLOCATIONS

By (72),(69) we conclude that

1.the conclusion of the first welfare theorem, namely E — P, holds.

(70)

(71)

(72)

1/23/21

2.the conclusion of the second welfare theorem, namely P =E ,holds, provided that

E-O
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decentralizable efficient allocations|

o if Fs>X

ENP= 2
E=P if F<X

2
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