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Neural networks are essentially models f : X — Y where X is an input
space and Y is an output space where the model function f is of a specific
type consisting of a composition of affine functions with nonlinear
functions (called activation functions).
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A neural network consists of several variables, which are collected in layers.

@ The features X = (x1,- -, x) are all collected in the first layer (often
called the zeroth layer) which is the input layer.

@ The inputs are used to construct intermediate variables (using affine
functions) a,(-g), which are then imported into specific nonlinear
functions ¢, to provide new features. This is done in internal layers,
called hidden layers. This procedure can be repeated as many times
as we wish, i.e. a NN can can a large number of hidden layers. A NN
with many hidden layers is called a Deep Neural Network (DNN).

@ At the last hidden layers we take the final set of internal variables and
these are used to construct the responses Y = (y1, -+ ,ym) again
using affine functions of the final set of internal variables and feeding
them into the nonlinear functions ¢. This is done in the last layer
which is called the output layer. Clearly, y; are complicated functions
of the x; and this is our model.
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How are the intermediate variables produced?

Simply by using arbitrary weights W to take linear combinations of the other
variables, and then feed the result into the activation function ¢. For example, to
go from the input layer to the first hidden layer

A 5 Wm0
O @)

forallj=1,---,5.

The same procedure, is repeated for hidden layers (using different weights) and the
for the output layer.

The activation functions are fixed, and the parameters of the model are the weights
that are used.

Collecting everything together we end up with a parametric model

y = f(x; W)

and the arbitrary weights are to be chosen so that f(x; W) matches as closely as
possible the observations for the responses, given the features X.
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The fidelity of the model is provided in terms of a loss function L.
Hence, we have

L(W) = L(y, f(x, W)),
W* = arg mMi/n L(y, f(x, W)).

The parameters of the model are W : Huge number even for intermediate
size models!

Models of this type, though complicated and sometimes difficult to
interpret offer great potential for modelling complex responses in terms of
features.

Because of that they have become very popular models in machine
learning and data analysis.
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Towards a general formulation

Clearly, we need a consistent and systematic way to describe and construct
such models.
We will first use the following labeling for the layers:

@ /=20 Input layer
e /=1,---,L—1 Hidden layers
o ¢ = L Output layer.
@ By d; will denote the number of nodes in layer £.
We will also use the following convention for the weights:
0 ) . . .
o WO = (W’-j ) the weights connecting the ¢ — 1 -layer with the /-
layer. In the above i =1,--- ,dy_1and j=1,---,d’ hence
W) ¢ Rde-1xdy
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N =9@"), j=1.d

If we define the vectors

30 — (5&5)’ e ’5$))T’
a(() — (agz)’ - adg))T

we see that

50 — (WO T 51,
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We further define the function ®4 : RY — R that acts on vectors
componentwise as

a:= (a1, ,aq) = Pg(a) = (#(a1),- -, P(aa))
In terms of this function we see that
A = g, (W) 5D), (1)
We can express this as
alD =y 0 A a7, (2)
where Apy_1: R9%-1 — R% s an affine map.

This is true for every /.
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Forward propagation

Forward propagation is the procedure which takes us from

o the inputs (x1, -+ ,Xq,) = (a§°), s 7351?,))

@ to the outputs (yi, -+ ,yq,) = (agL), e agl;))

This can be obtained by performing the steps (1) (equiv. (2)) repeatedly, from
layer to layer.

Input = x = a® — a) = (Pg, 0 AL o) ) a2 = (Pg, 0 A2 1) = (®g, 0 Az1) 0 (Pg, © A1,0)3(0)
P e e e
(¢dL ° AdedL—1)a(L RES ((de o Ad/_ di— 1) 00 (¢d2 o Az,l) (¢d1 oA 0) =y = Output

We will make a distinction in notation between
Z) ZZ“ 1 ij aff D the signal into node j, layer ¢ and

° a(_e) o(a (Z)) the output of node j, layer ¢

J
5§Z) is the signal that enters node j of the layer £ and is then fed into the activation

function ¢ to produce the output of the j node of the layer £, which is denoted by
()
a
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Definition (Forward propagation)

The procedure that takes us from x — y (as a function of all the parameters —
weights W’ ¢ =1,--- L) is called forward propagation. Using the notation [ for
composition of functions the forward propagation procedure can be understood as
the action of the function

L
N = H(Dd[ [¢] Adé,de—w

=0
on the inputs x = a(®.
v
Definition (Neural network)
Given a NN structure contained in the vector L = (do, -+, d), and a collection of

weights W = (W@ ... W(b), the function

L
NL,W = H by, 0Adydp s
=0

is called a Neural Network (NN).

A

T = = = v

A. N. Navvoakénoviog (0.M.A) MeBobolorikeg pooeyrioelg otnv Myxa  Xewpepvé EEépunvo 2025-2026 12 / 38




Fitting a NN model to a set of data

Definition (Neural network model)

Given the data (x,y) € X X Y a neural network model for these data is a
function

feLW):=Mw: X =Y,

where L and W are considered as parameters of the function, that are to
be fitted to the actual data.

Given an NN model corresponding to the (hyper)parameters L, W and
data (x,y),

Ypred = f(X; L7W)7

is called the prediction for y, in terms of the NN model.
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The training of the model is the procedure of choosing the weights W, so
that y,req is as close as possible to the observed data y, as reported by a
chosen loss function L(ypred, y).

In particular,

L(W) := L(Ypred, ¥) = L(f(x; L, W), y),
W* € arg rr\1,\iln L(W).

The training of the NN model then reduces to the solution of an
optimization problem, the minimization of L(W). This can be effected by
a suitable choice of an optimization algorithm, possible choices being:

@ Gradient Descent

@ Stochastic Gradient Descent
o ADAM
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For example if using the gradient descent algorithm, we should calculate

the gradient of L with respect to W (equiv. with respect to each W,-S.Z),
¢=1,---,L, and all relevant /,j) and use the iterative scheme

Wk+1 =W, — aDLw(Wk), a >0,
until some convergence criterion is met.

The other algorithms are similar.
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Backward propagation

Backward propagation is an algorithm that allows us to calculate the
gradient DLy so that we can efficiently implement the optimization
scheme for the estimation of the optimal weights. Recall that this gradient
provides us with an estimate of the sensitivity of the output of the NN
(and consequently the loss function) with respect to the variation of the
weights.

The essence of the algorithm is the following:

o W= (WM ... WW)so DLy can be broken into contributions of
the form DLW(@, £=1,---,L, ie., contributions of the total
sensitivity on the weights of each layer separately.

@ Because of the special form of the function W — f(-; W) the
gradient Dy f (required for the optimization algorithm) can be
calculated in terms of a simple multiplicative procedure starting from
the last layer and proceeding to the first layer: Backpropagation.
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Recall the special form of the NN function fi w(-) = f(-; W) (and
consequently of the loss function).

Since

f(X; W) = ((DdL o AdL,dL—l) 00 (¢d2 ° A271) © ((Ddl °© Al,O )a(O)’
~— ~~

=
(W(L))T (W(2))T (W(l))T
A
20

Adlvdl—l = (W(Z))T’ a(o) = X7

each W) affects only the particular component of this function and not
any other component.
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Using the distinction between the signal entering each node in each layer
(denoted by 3(*) = (554), e ,§Eli))T) and the output of the corresponding
node (denoted by a(*) = ( §2)7 e ,agi))T), we see that

30 — Au_la(f—l)’

al) = o,4,(39).
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In particular W) affects only the intermediate input (signal) a®). of
course this is fed into the other layers £+ 1,--- . L and its effect
propagates forward.

Hence the error term is a function of the form

L(Ypred: ¥) = L(F(x; W), y) = L(alD(W)),

where we have omitted the dependence on x, y which are the data and
considered as given, and replaced f(x; W) which is the output of the NN
by a(t) which of course depends on all weights. We may also consider a(l)
as a function of alt=1) which in turn is a function of a(t=2) etc ...
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We work component wise to get that for every £ =0,--- ,L and every i,j,
=(0) de—1
oL oL 03 ¢ _e 1 0 o =(t-1
= (Z o) = a0, ()

owy) 03 o) a-(‘f) owy)

y

where from now on we will use the convenient notation

0 _ oL
AJ. = 65@'
J
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In the above, we made use of the fact that 55{671) only depend on W,Sffl)
(0)
i

and this will not contribute to the partial derivatives with respect to w;;

Recall also that, strictly speaking, L depends directly on a(l), and

implicitly on all=1) a(L=2) .. 5(0),

This means that using the chain rule we can connect A(D (which is
calculated directly since L depends on alt) to At=1) then to AL=2) etc
until we get to A,

This is the essence of back propagation.
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The general step component wise is

d - d
A(g 1) oL - Zé oL 0a (é) ZZA(K) 83()
—(e-1) — z 1 —1
aj( ) kla()a( ) — 8J( )
~(0)
i.e. A"1) is connected to A, We must also calculate aaak -
J

This is
03, 2w (1)) _ 0 (56D
— 77 =(£—
55D _(e 0 Z «(am 7)) = wy o3 )
J
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Collecting all these together we obtain

dy

AL 3 W0 (AW = ¢ Z ()
k=

k=1
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On the L-th layer we can calculate A(D) directly in terms of

oL o 0 |
AJ(-L) = W(YPred) P (L )L(¢dL( L))) 7)L(¢( (L )’ T ¢( ))
4 J aj ‘=Ypred *=Ypred,1 ‘=Ypred,d;
(L)
) (L) NG 9 ;L) AN IS
= — L") @) = —p L) a(@))e'(5 )
oaltl oz o (5)

where we use the interpretation

0 _ _ 0
L(gf)(agL)), cee gf)(agi)) WL(Ypredp T a)/pred,dL)' (6)
pred,)
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. .. %

Upon combining (3), (4) and (5) we obtain

ot A(e)¢(_(e W, (=0 .L
8 (e) ) ) 9
Wiy
i=1,-,dpq,
j: 1 e 7dfv
oL . 7
AP = 5 (oq @E), 1<j<a, P
Ypred,j ~—~—
alt ):}’pred
dp
A = g @ NS WPAY, 1<) <dp.
k=1

Algorithm (7) is the famous backpropagation algorithm.
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Matrix formulation of the backpropagation algorithm

To obtain a matrix formulation of the backpropagation algorithm we
require the definition of a new type of product between vectors called the
Hadamard product.

This is defined as ® : R? x RY — R? which when acting between two
vectors a = (a1, ,aq4), b= (b1, -, by) provides a new vector
a® b= (arby, - ,aqbq).

In terms of the Hadamard product we can define the vectors
l
A = (P, AT
v = (W) = (@), 98T
and write
A = w0 o (WO AO)
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Moreover, upon defining

oL oL \7

DL =( s
’ aagL) 83&,5)

)

or equivalently
oL oL T
8ypred,l 7 ' 8_ypred,dL

Dy ‘pred L=

the gradient of the loss function with respect to the output of the NN,
alb) = Ypred, We can express the equation for AL in terms of

AL — Dyl e w(b)
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Finally, we may collect all the partial derivatives 2% ; Lforalli=1,---,dp_1,

j=1,---,dp, into a matrix denoted by

oL [ L \ITh (e) (1) e Re—1xde
WO~ \ @ o ) <
(9W,-j i:1,-"d£_1 edp_g

In terms of the vector and matrix notation introduced here we can express

oL
ow®

— ¢d€_1(5(€—1))(A(£))T c Rdg_lxdg
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. .. %

We can collect all the above for the matrix form of the backpropagation
algorithm, as

A® = DL o w(ED)

ACD —yO o wOAO), p=1,... 1, (8)

oL —(—
_YE q;dl_l(a(f 1))(A(4))T’ (=1L 1.

The above algorithm is a backward iterative algorithm: Starting from A(L)
we work backwards and obtain the remaining A®), ¢ =L,... 1, in terms
of the iterative scheme A=) = w0 @ (WO AW),
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Quadratic loss function

N
1
e V) = 55 Z Wares =YW, = 35 2oL
k=1

k
L<k)(y,§,3d,y“) Sy, W2,
Our notation is as follows: Our data are expressed as {(x(), y(K) k=1,... N}
where x(K) € R% and y(k) € R for each k =1, , N, denoting the features

vector (dy features) and the response vector (d; responses) for each datum.

Then for each x(¥) e R% considered as input to the NN we obtain the
corresponding output denoted by y[();)d.

The loss for each observation k is to be calculated as the Euclidean norm (in R%)
of the error y[()fe)d — y(®) between the prediction of the NN for the features vector

(input) x(k) and the actual observation, corresponding to this datum, y(k).
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For each datum point (i.e. for each fixed k) we see that the corresponding
L(k) is quadratic and (dropping the superscript (k) for notational
convenience)

D LW = (Y,(,Qd —y).

pred
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The cross entropy function:

This is a good choice for classification problems to two classes 0 and 1.

This function is of the form
N k N k N k
3y iy 31—y Wy ) = 3 L, v )
=1 k=1 k=1
The output here is one dimensional d- = 1, for each datum k =1,---, N.

We can then calculate

0 K 1 k
— LO oy ) = —()(yf,re)d y®).
dy, pred y pred (1 ~ Ypred )

In the special case where ¢ is the logistic function

W(yéfgd) y;(:fe)d(l — yérgd) and the corresponding A(D) simplifies
considerably.
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Why do neural networks work?

The reason why NN work and allow us to represent data is a deep result in
mathematical analysis, related to the density of the set of functions that
consists of compositions of affine functions and activation functions in
general classes of functions such as for example the class of continuous
functions.

Such results are collected under the general framework of Universal
Approximation Theorems (UAT).

This is an important part of the mathematics of machine learning, as it
“legitimizes” their use and makes them a credible tool for the
representation of data.
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There are many different versions of UAT and the list is ever expanding to
meet the needs of modern trends and applications of deep learning.

The typical form of such a theorem is
@ Set a network architecture
@ Set an activation function

@ Show that a general class of functions (a function space) can be
reconstructed in terms of linear combinations and limits of linear
combinations of NNs of the architecture and activation functions as
above (density of the set of NNs in the chosen function space).

A. N. Navvoakénoviog (0.M.A) MeBobolorikeg pooeyrioelg otnv Myxa  Xewpepvé EEépunvo 2025-2026 34 / 38



Definition (Density)

Let X be a function space, considered as a metric space (X, d). The set
Y C X is dense in X if for every ¢ > 0 and every x € X, there exists

Ye € Y such that d(x, y.) < €. Equiv. for every x € X, there exists a
sequence (Yn)neny C Y such that y, — x in (X, d) (i.e. d(yn,x) — 0 as
n — 00).

In other words, Y is dense in X if any element of X can be approximated
as close as possible with an element from Y.

The way that density theorems are used in UAT, is to set X to be a general
function space (for example X = C(R%; R), the space of continuous

functions from the set of inputs to the set of outputs) and Y = N Ap, the
set of NN functions of the form as in Definition 3 for any set of weights W.
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Theorem (Cybenko )

Let o : R — [0,1] be a continuous sigmoidal function, i.e. a function such
that

xliToo o(x) =0, XI|_>nrc1>o o(x) =1

Then, the set
n
Y={> ao(w/x+06)), | neN, wj e R®, a;,0; € R}
j=1

is dense in X = C([0,1]%; R).
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The set Y can be considered as the set of NNs consisting of a single
hidden layer (with n neurons) with dy inputs, denoted as x. The vectors
wj € R% are the vectors of weights used for each neuron, whose signals
are then introduced into a sigmoidal activation function o. These are then
composed in terms of the a; into the output y € R (so here d; = 1). The
6; € R are considered as biases for each neuron signal (they can be
included in x by adding an extra component 1 to the x vector).

The result of Cybenko shows that if we have no restriction on the number
of modes of the single hidden layer (or the weights or other parameters)
we can approximate any continuous function using such a network, as long
as we use the proper type of activation function, which has to be a
continuous sigmoidal activation function.
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By changing the structure of the NN we can drop the condition of the
activation function being sigmoidal. An example of such a case is by using
the so called ¥I1 networks, which is covered by the UAT of Hornick,
Stinchcombe and White (1989).

Theorem (Hornick, Stinchcombe and White (1989))

Let ¢ : R — R be a continuous, non constant activation function. Then
the set

M Ny
Y ={f(x) =Y _ B [[¢(wiix + 0ic), | wix € R®, 6y, Bk € R, M, N, € N}
k=1 j=1

is dense in X = C([0,1]%; R).

The set Y consists of a class of NNs with a different architecture (or
structure) which are called X-networks.
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