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1 Basic idea

A method for going from the linear representation of data to the nonlinear representation of
data is that of kernel methods. Assume that the original representation of the data are in terms
of features x = (x1, -+, xn) € R, that are assumed to represent each datum as a point in the
n-dimensional Euclidean space. Often this representation is not a good representation because
the geometry of the data is not well represented in the Euclidean space.

Example 1.1 (The concentric circles data set). As an example consider two sets of data X =
{z1,---,zy} and X' = {a!,--- 2/}, generated by the models z; = (r; cos(276), r; sin(27))
and X| = (r}cos(2m0’), 7} sin(276")) respectively, with r; ~ N(10,1), r; ~ N(20,1) and 6;,6; ~
U|0, 1]. These two data sets are situated on two concentric circles (fuzzy circles) and are clearly
better represented in a nonlinear fashion and not in Euclidean space. For example, these two
data sets are impossible to separate linearly in terms of a straight line in R?, eventhough they

clearly represent data sets of different properties. Similar cases occur often in realistic biological
data sets (see Fig. [I[a)).

Example 1.2 (The XOR classification problem). Consider the XOR classification problem in
which you have 4 points in R2,

B, = (_17 1)) By = (L _1)a (1)
Ry =(—1,—-1) Ry=(1,1)

These points are characterized as belonging into two distinct classes, B signifying blue and R
signifying red, respectively. Clearly, these four points cannot be separated by a linear separation
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Figure 1: Concentric data set in different coordinates

rule. There is no straight line in R? that may separate the red from the blue points (see Fig.
Ba).

Such situations be may nicely resolved by appropriate nonlinear mapping ® : R™ — R™ to a

new set of coordinates z = ({1, -, (;) with m > n. The mapping ® can be written in terms of
coordinates as ® = (®q,---D,,), with Z; = ®(z) = ®;(x1, - , Xn), ¢ = 1,-+- ,m. By mapping
our original data set X = {z1,--- ,zx} C R" to the new data set Z = {2, -+, 2y} C R™, in
terms of the nonlinear coordinate transform ®, by z; = ®(x;), i = 1,--- , N, we obtain a new

data set Z in the higher dimensional space R”. We will then treat this new data set instead
of the original data set X, hoping that in the new higher dimensional space the data will be
better represented and questions such as for example classification in terms of linear models
will be more easily treated in the new representation.

Example 1.3 (Examplerevisited). As an illustrating example consider the data set consist-
ing of the two concentric circles introduced above in Example|1.1] and consider the transforma-
tion from = = (1, x2) to 2z = (1, (2, C3) = (V2X1x2, X2, x3). The data in the new coordinates
are easily seen to be separated by a 2 dimensional plane (see Fig. [1)).

Example 1.4 (Example revisited). The data in the XOR Example can be separated
using a nonlinear trasformation of the original data from R? to higher dimensions e.g. in R3.
Consider the transformation from = (x1, x2) to z = (¢1, (2, G) = (V2x1X2, X1, X2)- The data
in the new coordinates are easily seen to be separated by a 2 dimensional plane.

This high dimensional transformation by which we achieve separation is by no means unique.
For example the nonlinear transformation from z = (x1,x2) to z = ({1, (, (5, G, G, () =
(X3, X%, V2x1X2, V2¢x1, V22, ¢) for some constant ¢ (e.g., ¢ = 1) will also work just fine
for linear separation. Note, that for this particular choice, setting z = ®(x) we have that
P(z)®(2")T = (x1xi + Xaxb + ¢)?. This observation is important for what follows, and is
crucial to the computational issues related to determining the nonlinear transformation from
the original variables = to the new variables z, in which the separation is feasible (see Fig. [2)).
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Figure 2: XOR data and their nonlinear transformation

Recall that our main objective is to establish connectivities between the different data
points, or better yet measures of affinity between the various data points. Moreover, it is
our secret hope that upon trasnforming the data to the new representation these measurees of
affinity may be better perceived, i.e., revealed more clearly than in the original representation.

Choosing measures of affinity may be an art and a science on its own. Different types of data
call for different measures of affinity, hence the choice depends on the nature of the data or put
more mathematically, on the nature of the set the data reside in. For example, different types
of measures of affinity can be chosen if our data reside in a space supporting a linear structure
(i.e. a vector space) whereas the same measures of affinity may be nonsensical if our data are
such that they reside in a general metric space where linear structures cannot be supported (as
for example data on a manifold, data for covariance matrices, data for probability measures,
data for shapes, etc).

Sticking, for the time being, to the case that the data reside in a vector space X, we
recall that the data can in general be understood as points in the vector space X. Assuming
moreover, the the transformation ® sends the data from the original feature vector space X
to a new space Z which is again a vector space, the transformation ® may be perceived as
sending points of X to points of Z. Being elements of these vector spaces, each point can be
perceived as a position vector, stemming from an origin 0, corresponding to the zero vector,
to the corresponding point. So, working e.g., in the new representation z = ®(z) € Z, for
any datum ¢, we may understand it as a point z; € Z, determined in terms of the position
vector z; (we use the same notation for both for simplicity). Consider now to different datum
points z;, z;, using the above interpretation. Our simple geometric intuition, entails that if z;
and z; are very close together then these two vectors will be almost colinear, i.e. there exists
A > 0 such that z; >~ A\z; (clearly A = +1 makes the most sense, but allowing for more relaxed
sense of similarity A > 0 is also possible). If z; and z; are uncorrelated, then we would expect
that these two vectors are orthogonal to each other. Finally, if 2; and z; are opposite to each
other, i.e., negatively correlated, then we expect the existence of A < 0 such that z; >~ Az;.
All the three considerations above, can be interpreted through the “angle” formed between the
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corresponding vectors z; and zj; this being an angle 6 such that 6 ~ 0 in the first case, 6 >~ 7
in the second case and 6 ~ 7 in the third case (see Fig. 3| for an illustrative depiction of this
concept for the case of a two dimensional feature space).

A quick trip back to linear algebra reminds us that in a vector space the concept of angle
between two vectors can be generalized in any dimension using the concept of the inner product

between them. In particular the angle 6 between two vectors x; and z; is defined by

Tl T 2
lall = (o)) 2, @)
sl = (G 3)) V2.

This is a definition, motivated by the relevant definition of the dot product (which is a special
case of the inner product) in R? or R3.
Continuing along the above lines we now pose the following question:

Having transformed the original data from the (low dimensional) representation as x
to the new (higher dimensional) representation z = ®(x), what could be a reasonable
measure of affinity between the data points z; = ®(x;) in the new representation?

Choosing the “angle” as a measure of affinity we wish to monitor the quantify
(2i,2j) = (P(x:), B(x))) = K(zi,2;). (3)

Kernel methods, exploit this observation, while at the same time considering the question of
how computationally demanding would be the need to perform the nonlinear coordinate change
explicitly by calculating all the new coordinates ((i,---,(yn) (m > n) for each one the data
points z; (N in total). Since typically both the number of data N, as well as the dimensionality
of the space onto which the original data are mapped into m are large, this consideration is
very important. As can be seen, for most practical situations, we will not require the full



transformation x; — z; = ®(x;), i = 1,--- , N, but rather only knowledge of the real numbers
Kij = (2, 2;) = (®(x;), ®(z;)) for i, 5 = 1,--- N. If we can devise a methodology of calculating
directly the matrix containing K;;, without having to pass through the intermediate step of
calculating ®(x;).

As an important final observation we note that in principle there is no real need for the
original feature space X to have the structure of a vector space (i.e. a linear structure).
For example, in many important applications of interest, spaces of symbols, or words, can be
considered (and in fact this is common in genomic applications). On the other hand, Z is always
considered as a vector space, and in particular a complete inner product space (a Hilbert space)
We can still proceed in pretty much the same fashion as long as the new space, in which the
data point will reside after the transformation, Z, is a vector space, and in particular an inner
product space. This allows us, after the transformation, to treat as linear data that can be
inherently nonlinear! As a result of that we can apply (after a suitable transformation) linear
methods for data that are initially residing in nonlinear structures. To emphasize the fact that
the target space Z must be a linear space with an inner product Structureﬂ we will use the
notation H instead of Z

Notation 1.5. In what follows we will:
e use the notation x and z for data points residing in the spaces X and Z respectively,

e use the notation z;, z; etc when more than two data points in X are required (resp. z;,
z; for data points in Z),

e use the notation X and Z for data setsi.e., X = {xy, -+ ,an} C X andZ = {z1,--- , 2y} C
Z, respectively.

e replace Z with H for the target space to emphasize that this is a complete inner product
space (a Hilbert space) and use the notation f, g or h for the elements of H.

2 Kernel functions
We will use the following terminology and notation that is common for kernel methods. .

e X original feature space dim(X) = n (low dimensional). While in the introduction it was
assumed that X = R” this is no longer needed, X can be any finite dimensional space, not
necessarily a vector space. The structure and dimensionality of X may possibly induce
difficulties in the representation of the data.

e H new feature space dim(H) = m (high dimensional - possibly infinite dimensional) —
Easier (linear) representation

e &: X — H feature map, transformation x — z = ®(z) leads to better representation.

'Recall that a complete inner product space is called a Hilbert space.



The important question is
What is this map ¢ going to be?

Luckily, the theory works fine most of the times for some pre- prescribed mappings ®, that
are constructed in terms of stock kernel functions.

Definition 2.1. We will call a kernel function K, a function K : X x X — R, satisfying the
following properties:

1. K is symmetric, i.e. K(z,2') = K(2/,z) for any z, 2’ € X,

2. The Gram matrix generated by K is positive semidefinite, i.e. for any set {1, -+ ,any} C
X and any € = (&1, ,&y) € RY it holds that

N N
ZZK(%,%)&& > 0.

i=1 j=1
The matrix K = (K(z;,2;))_, € RV*V is called the Gram matrix for the given set.
It is important to note the following:

e Given any mapping ® : X — H, then K : X x X — R, defined by K(z,2') =
(®(x), ®(2")) g is a kernel function in the above sense.

e A kernel function K : X x X — R can be used to generate a mapping ® : X — H that
can be used for better data representation (additional assumptions required).
We will elaborate on the above issues in what follows.

Example 2.2 (Typical examples of kernel functions). We provide some typical examples of
kernel functions.

1. Polynomial kernels: Polynomial kernels are kernel functions of the form
K (i, ;) = ((zi, 25)re + )", (4)

where (-, -)gn is the inner product in X = R™ (possibly the dot product, but not neces-
sarily), ¢ € R is a constant (parameter of the kernel function), and p € N is a natural
number, which is the degree of the polynomial.

2. Gaussian kernels: A very popular example of kernel function are Gaussian kernels

2z — ;1
K(z;,xj) = exp (—TQJ , o>0, (5)
where || - || = || - ||g» is the Euclidean distance on X = R"™ and o > 0 is an arbitrary

parameter. This example can be generalized in cases where X is a general vector space,
other than R"™.

3. Sigmoid kernels: These are kernels of the form
K(z;,x — j) = tanh(ci (24, zj)rn + 2), (6)

with the same notation as in item 1 above.



3 From feature map ¢ : X — H to kernel functions

We first consider how we can obtain kernel functions from feature maps:

Proposition 3.1. Given a feature map ® : X — H, we can obtain the kernel function K :
X x X — R defined by

K(z,2') = (®(x), ®(2"))y, Va,2' € X, (7)
where by (-,-)y we denote the inner product in the Hilbert space H.

Proof. We will show that the function K : X x X — R defined as in (7)) satisfies the properties
in Def. 211

Symmetry is immediate by the properties of the inner product.
To check positivity, take {z1, - ,2zxy} C X and & = (&, - ,&y) € RY arbitrary and
construct h = Zf;l &®(x;) € H. By the properties of the inner product

N N

0< (hohyy = (> &P(x:), Y &P(x:)m

i=1 i=1

N N N N N N (8)
= () §0(w), > &@(@)m =YY (@), D)y =Y Y K(wi,z;)&E;,
j=1 i=1 i=1 j=1 i=1 j=1
and the proof is complete. O

Of course one can construct new kernel functions from existing ones as follows:
Proposition 3.2 (New kernels from old ones). The following hold:
(i) If Ky, Ky are kernel functions and Ay, Ag > 0, then so is Ay Kj + Ao K.
(i1) If K1, Ky are kernel functions then so is KiK.

(111) If (K, )nen 18 a sequence of kernel functions and the limit exists then K :=lim, K, is a
kernel function.

(i) If K is a kernel function and f : X — R is any function then the new function Ky :
X x X — R, defined by

Ky(x,2") = f(x)f(2)K(z,2"), Vz,2' €X,
1s a kernel function.

Proof. (i) Symmetry is easy. For positive definiteness, set K;, Ko the Gram matrices for any
{z1, -+ ,xzn} C X. These are positive definite. The matrix K = \K; + A\ Ky is the Gram
matrix for the function K = \{ Ky + Ao K5. This is clearly positive definite.
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(ii) To show that we observe that if K; is the Gram matrix for K; and K, is the Gram
matrix for K, then the Gram matrix K for K = K; K, is K = K; 0o K5, the Hadamard product
of the two matrices. From linear algebra we know that the Hadamard product of positive
matrices is a positive matrix.

(iii) We will prove this by contradiction. Assume not. Hence, for some choice {z1,--- ,zx} C

X, &= (&, ,&n) € RV, it holds that

N N
ZZK(xia%)fifj =—¢, €>0.

i=1 j=1
Take any n € N. By the positivity of K,, we have that
N N
Z Z K, (z;, )& > 0.
i=1 j=1
Subtracting these two we obtain
N N
DO (Kulwi,z)) — K(wi,2))&8 > € >0,
i=1 j=1

and passing to the limit as n — oo we obtain a contradiction.

(iv) By the positivity of K we have that SN, Zj\[:l K(z;,x;)&& > 0 for every & =
(&1,--+,&n) € RY, hence also for (f(z1)&,-- -, flan)én) € RN, Positivity of K; follows
by this observation. O]

Finally for kernels that can be expressed in terms of differences
K(z,2') = ¢(x — '), Va2’ € X, 9)
a general characterization can be obtained in terms of the celebrated Bochner theorem.

Theorem 3.3 (Bochner). A function defined as in @D with ¢ continuous, is positive definite
if and only if ¢ is the characteristic function of a random variable Y : Q — X, where (Q, F, u)
1s a probability space. That means that ¢ can be expressed in terms of the Fourier transform

o) = / expliz - y)du(y),

or assuming that p has density function g,

¢(x) = / exp(iz - y)g(y)dy.

If ¢ is an even function then K is a kernel function.

Using Bochner’s theorem we may easily construct kernel functions. Moreover, it allows us
to draw useful and intuitive connections with probability theory.
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4 From kernels to feature maps

We now consider the problem of going from kernels to feature maps. This is covered by the
celebrated Aronsajn theorem |Aronszajn (1950).

Under additional assumptions we can see that any kernel function can be expressed in
terms of such a mapping ®, thus showing that any kernel function K : X x X — R generates a
mapping ® : X — H, for an appropriate Hilbert space H called the reproducing kernel Hilbert
space (RKHS). This is guaranteed by a celebrated theorem of Aronszajn (1950) according to
which for any kernel K : X x X there exists a Hilbert space H and a mapping ® : X — H
such that K(z,2") = (®(z), ®(2'))y for every x,2" € H. The Hilbert space H consists of all
functions of the form Zle a; K (x;,-) fori e N, a; e R, x; € X, i =1,--- £, as well as limits
of such linear combinations.

We require the following definition of reproducing kernel Hilbert spaces (RKHS). For our
needs a RKHS H is a set of functions f, that will be considered as possible models for our data,
i.e., possible models y = f(z). Clearly, being a set of functions, this set is a possibly infinite
dimensional function space.

Definition 4.1 (Reproducing Kernel Hilbert Spaces (RKHS)). A Hilbert space H is called a
reproducing Hilbert space if for any function f : X — R, f € H, the mapping = — f(z) is a
continuous map (considered as a map L : H — R).

An RKHS is connected with a kernel function K : X x X — R, which is called the
reproducing kernel of H. In terms of this function we have the following two conditions (that
can also be considered as an alternative definition for RKHS)

Definition 4.2 (RKHS II). A Hilbert space H = H consisting of functions f : X — R is
called a reproducing Hilbert space (RKHS) with reproducing kernel K : X x X — R, if

1. For each z € X, K(z,-) € H (by K(x,-) we denote the mapping = — K(z,-) =: ¢.(-),
such that ¢, (2") = K(z,2’) for all 2’ € X).

2. Foreach f € H, and x € X,

f(x) = (f, K(x,))u = (f,z)u, (Reproducing property). (10)

What type of functions are included in a RKHS? By construction, it is rather easy to
characterize the elements of this space.

Any element f € H is of the form

OEDIALCHE (1)

for some set {z1,--- , 2y} C X, and some N, and a; € R, or the limit as N — oo
of such a function.
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This is extremely convenient, as it allows us to construct our model using expressions of
the form using as the set {x1,--- 2y} C X our available data concerning the observed
features. Of course, we should take into account an important caveat of this approach: The
expansion is fine as long as we have some guarantee that the models under consideration
are indeed in the RKHS H = Hp. If not, then constructing models such as may not be
sufficient to capture the “real” connection between the features x € X and the response y € R.
To answer to this point, it is important to choose kernels K and corresponding RKHS H = Hy
such that Hg is a function space as general as possible!

We now provide a version of Aronsjan’s theorem.

Theorem 4.3. For every kernel K : X x X — R, there exists a Hilbert space H = Hg (a
RKHS with kernel K ) and a mapping ® : X — H such that

K(z,2') = (®(x), ®(2"))y, V2" € X.

The space Hy can be characterized as the functions of the form and thewr limits in terms
of the norm || - || = || - ||, defined by ||f|lz = ({f, f))}/? for every f € H.

Proof. (Sketch) We will show that given a kernel K we can construct a Hilbert space with the
reproducing kernel property as above.
We will consider the space

N
Ky :={) aK(x;,)| NeN, z;€ X, a; €R, i=1,--- N},

i=1
for some N € N, and the space
K= JKy.
NeN

In plain english, K is the function space consisting of functions of the form for some N € N.
Clearly, K is a vector space, which is turned into an inner product space using the inner
product

N1 N2

(f,9)x = Zzaiij(%,Zj)a V f,g € K, such that

i=1 j=1

Ny
f() = ZaiK(xiv ')7 {171,‘ o 73:N1} C X7

N2
g() = ZbZK(Z]7 ')a {zla T 7ZN2} C X.
=1

Note that (writing the above double sums as iterated sums)
Ny No
(f,9)x = Z a;g(x;) = ijf(zj)-
i=1 j=1
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It is easy to check that (-,-)x is indeed an inner product. Linearity and symmetry are
immediate. Positivity follows from the positivity of K, since for any f € K,

N1 Np

<f7 f>K = ZZK($¢,$j>aiaj =a"Ka > 0.

i=1 j=1

It is important to note that by the very definition of this inner product,

(f, K(z,"))x = ZaiK(%,l’) = f(x), (12)

which is the reproducing property.

We emphasize that, even though K already has many of the desired properties, it is still not
the required Hilbert space. This is because K is not complete i.e., it may be an inner product
space but it is not yet a Hilbert space! The non completeness of K stems from the fact that it
is closed under finite linear combinations but not when limits of sequences of elements K are
considered (with respect to the norm || - ||x = ({-,-)x)"/? induced by the inner product (-, -)g).

To go from K to the corresponding reproducing kernel Hilbert space H = Hx we work as
follows: We construct Hg as the closure of K in the norm || - ||k, i.e., as the elements of K,
including any limit of sums of the form fy(-) = 3.~ ;K (z;,-) as N — 0o, in the norm || - [|x.

We consider the inner product space (K, || - ||x), with || f||jx = \/(f, f)x. Moreover, consider
x € X fixed, and the sequence (f,)nen C K which is Cauchy with respect to the norm || - ||x.
Note that f,, and f,, belong to some Ky for which by the reproducing property holds.
Hence,

(fn(m) - fm(x))2 = <fn — fm; K(SL’, )ﬁ( < HK(QJ, )H]%ﬁ ||fn - fm”]%g = K(xvx)Qan - me]%Q (13)

where we also used the Cauchy-Schwarz inequality and the fact that K(z,-) € Hg. Since (by
assumption) ||f, — fmllxk = 0 as n,m — oo, we obtain from that |f.(z) — f(x)] = 0 as
n,m — oo, for any x € X, hence (f,(x))neny C R is Cauchy and by the completeness of R, it
has a limit. Let us define f(z) := lim, o fn(z), pointwise (i.e. for every x € X). This means
that the closure of K in the norm || - ||k, includes functions f such as above.

We then define Hg as the closure of K in the norm || - [[x. This can be turned into a Hilbert
space using the inner product (-, -) g, defined as

<f7 g>HK = nh_E{.lo<fmgn>Ka N fag € HK7

f = nlggofna (fn)nEN - K7
g = lim 9n, (.gn)neN C K.
n—o0
Note that by definition, since f € Hg it has to be the limit of a sequence (f)neny C K. It is

easy to show that (-,)g, is an inner product in Hg, by noting that (-, )k is an inner product
in K and passing to the limit. Moreover, by the very definition of H, it is evident that K is
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dense in H (meaning that any element f € Hy can be approximated as the limit of a sequence
(fn)neny C K (now in the norm || - || g, ).

What remains to show that (H, |||, ) is a Hilbert space, is to show that it is complete with
respect to this norm. In other words, we must show that any Cauchy sequence (f,)neny C Hg
has a limit in Hg. This follows by density arguments.

[]

The reproducing property allows us to construct the mapping ® : X — H from the knowl-
edge of the kernel. Indeed, consider the mapping ® defined for any x € X by ®(z) := K(z,-) €
H,

®: X - H=Hg, X5~ K(z,")=:®(x) € H= Hg.

Then applying the reproducing property to the function f(-) = K(a’,-) we have that

F@) D K@)y = (K@), K@) = K2/, 2),

where for the last equality we used once more the reproducing property , but now for the
element K(2',-) € H = Hg. The above, using the symmetry of the inner product and of the
kernel function implies that

K(m,x') = <K($, '),K<l’/, )>H = <<I>(x),<I>(x’)>H,

where in the last equality we used the definition of ®.

The above argument shows that given a kernel function K : X x X — R, and the corre-
sponding RKHS H = Hp defined as above, we may “read off” the corresponding nonlinear
feature transformation ® : X — H = Hg in terms of the map = — ®(z) := K(x,-) where
K(x,-) is understood as a function being an element of the function space H = Hy.

The kernel trick: Consider the transformation X 3 x — z € H, where X is the original
feature space and H is the new feature space where we hope that the data are better and
more easily represented. We will work with the new transformed data z = ®(x), and for most
data science applications we will require to calculate (z,z')y, which can be considered as a
measure of “ affinity ” of the transformed data z = ®(z) and 2’ = ®(2’). On account of the
high dimensionality of the new feature space, this calculation (needed for the calculation of the
Gram matrix in the new feature space) is very expensive. However, if the tranformation ® is
related to a RKHS, i.e. H = Hp, then,

<Zv Z/>HK = <(I3(.%‘), ¢($/)>HK = K(:zc, :L‘/),

so the inner products in H can be calculated directly in terms of the calculation of the kernel
function K on the data points z, 2z’ in the original (low dimensional!) feature space X. This
is clearly a lot cheaper than performing the inner product (z, 2’) g, directly. This is one of the
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reasons why out of all possible data transformations we favour those that are compatible with
a RKHS structure! For such cases the Gram matrix of the transformed data (in H = Hg),

{z1, ot = {z, vt ={®(@1), -, P(an)},
is expressed in terms of the Gram matrix

K = (Kij)ijo1, Kij=K(zi,z)).
This matrix (which can be very easily calculated in terms of the original data) is essentially all
we require for most of our kernel algorithms calculations. Most of the time we will not ever
need to look at the data in the new space! (eventhough the calculations and the methodology
is made possible because we work in this new space).

We present some examples of popular kernel functions as well as the mappings ® they
generate.

1. The linear kernel K(x,2') = 272’ = x -2’ = {(x,7)gn, corresponding to the feature
mapping ®(x) = z = x (the identity map). This can be seen in two ways. (a) By directly
expressing the kernel function K in terms of K (z,2') = (®(x), ®(z')) = (z,2') = 212/,
where ®(z) = z for every x € X. (b) By considering the functions K(x,---) defined by
K(z,2') = 272’ for any 2/ € X. To fully specify this function K(z,-) for any z € X we
need to specify only z (since then the function is created by the inner product K(z,-) =
(x,-) so we can identify this function with x. In this sense ®(z) = K(x,-) ~ x, i.e. ® can

be identified with the identity mapping.

2. The polynomial kernels K (z,2') = (¢; + coxTa’)? = (e; + co(x, 2'))¢ for ¢; > 0, ¢p,d €
N corresponding to a higher dimensional polynomial map. For example in the case
where ¢1,co = 1 and d = 2 for n = 2 we obtain the mapping = = (x1,23) — 2z =
(1,1, 29,23, 23, z125) € R®. This can be seen again in two ways. (a) By directly noting
that

K(z,7") = (1+272)* = 14 2272 + (272")* = (®(2), P(2'))ps

for ®(z) = ®(x1, x2) = (1,v2x1, V2X2,, X3, X3, V2X1X2) € R®, so that ® can be consid-
ered as a mapping ® : R> — RS, (b) By considering for any z € X = R? the functions

K(x,-) defined by
v K(z,2') = (1+272)? = 14 2272 + (272)?
=14 2x1x) + 2x2x5 + X3 () + x5 (x2)* + 2xaxeXiXa
which is second order polynomial in 2 = (x},x5). This polynomial can be uniquely
determined by 6 coefficients depending on x = (1, x2) and in particular by the vector z =

(1,v2x1,V2X2, , X3, X3, V2x1x2) € R, Since the function K (z,-) is uniquely determined
by the vector z as defined above, we can identify ®(z) = K(z,-) ~ z.
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3. The Gaussian kernel K (z,2') = exp(—~||x — 2'||?), for v > 0. The fact that this kernel is
expressed in terms of inner products in the space X can be seen by expressing ||z —2/||> =
xTa’ — 2272’ + (2/)T2’. This kernel produces a map to an infinite dimensional feature

space H.
For all the above cases the Gram matrix, K = (K(z;,z;)), i,j = 1,---, N for a data set
{z1, -+ ,xn} C X can be directly calculated in terms of the inner product in the original space

X which is easier to handle.

5 Mercer’s theorem

For certain types of kernel functions, the construction of the corresponding RKHS can be made
explicit in terms of an eigenvalue problem. This construction is based on an important result
in functional analysis, known as Mercer’s theorem.

Theorem 5.1 (Mercer). Let (X, F, u) be a measure space, with X compact, set K : X — X —
R be a continuous positive definite kernel function such that

[ [ 1K Pdutayanta) < o
xJx
and consider the corresponding integral operator Ty : L*(X, F, u) — L*(X, F,u) defined by
fro T =9, gla) = [ Koa)f)ino)
b'e

(1) The operator Ty is a compact operator that admits a denumerable set {()\;, ¢;), j € N}
of eigenvalues and eigenfunctions, i.e. solutions to the problem

TK¢j = >\j¢j7 ] € Nv

with \; > 0. Using a standard Gram-Schmidt orthogonalization procedure, we can turn this set
into an orthonormal set (assume from now on).

(i) The sequence can be turned into a basis of the corresponding Hilbert space and in par-
ticular we can use the expansion

K(z,2') = Z Noi(x)i(a), Va2’ € X,
=1

wth the above sum being uniformly convergent.
(iii) In this case we may construct the corresponding RKHS H = Hy explicitly in terms of

Hy = {; cjoj, + zj € R, such that ;)\Lj < 00},

o o0
[l
217, = Z/\La Vz= ch%‘ € Hg,
j=1 " j=1
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where z € Hg is to be understood as a function z = f : X — R. In terms of this notation (and
assuming that we have performed the orthonalization step) the inner product can be expressed
as

oo

(oo P = D 53U 0 ),

j=1"7

(o) = /X fi@)oy(@)du(z), i=1,2.

6 The representer theorem

One of the major reasons why we use RKHS in learning problems is the celebrated representer
theorem, which allows us ro obtain a convenient and easy representation of learning problems
in this setting.

Theorem 6.1 (Representer theorem). Consider the set of data {(z;,y;), i = 1,--- ,N} C
X X R, a kernel function K : X x X — R and the corresponding RKHS H = Hyi. Consider
also the loss function

N

E(f) = Nz&(yz-,f(l‘i))+R(HfHHK), (14)

i=1

where R(|| fllu,) is a reqularization term, and R : [0,00) — R is a strictly increasing function,
and &; is an arbitrary loss function.
Then, the minimizer of E(f) in Hx admits a representation of the form

N
1) =) aK(z;,-), a; €R,
=1

with a; € R, to be obtained numerically in terms of an optimization problem in RN .

Proof. (Sketch) We consider the orthogonal decomposition of H is terms of the finite dimen-
sional space Hg,n = span{K(z;,-), i = 1,--- , N} and its orthogonal complement Hy y =
{f € Hx : (f,9) =0, Yg € Hgn}. Note that Hx y is finite dimensional and that any
f € Hy can be expressed as f = fxn + f+ where fxny = Pxnf € Hgn (the orthogonal
projecion of f in Hg y) and f+ € Hy y. Clearly, fiz 5 can be interpreted as the error we get
by approximating f by fx n.

We note that

1o = Wl + 1 fien i, = Wewlli,e = Il < I1Flla (15)

and since R is an increasing function, we obtain
R(|[ feenllme) < B N, (16)
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We now consider the first part of the loss function. This consists of a sum of &;(y;, f(x;)).
We recall the reproducing property, according to which

flai) = (f, K(2i, ) = fen(zi), Vf e Hg, (17)

since (f, K(x;,-)) is in fact the projector of f onto Hg n-.
Putting the above in the loss function we see that

E(frn) <E(f), Vf € Hg. (18)

Therefore, fx nis a minimizer of the loss function (|14]).
If moreover, the regularization function R is strictly increasing, then for any f € Hx \ Hx n
it holds that

Ifknllae < flae = Blfxnllag) < RO ), (19)

and using the same argument as above we get that
E(frn) <E&(f), V[E€ Hg. (20)
So the only minimizers of £ will reside in the finite dimensional space Hg n. O

The representer theorem is important for various reasons:
(i) It guarantees that a suitable machine learning model for our data is a nonlinear model
of the form

i.e. in terms of the set of “basis functions” {¢;, i =1,--- , N} that are determined in terms of
the kernel function K. Importantly, the basis functions 1; are determined (shaped) by the data
themselves since 1;(-) := K(z;,-). In this respect, for each data set we may obtain different
looking basis functions, depending on the training data, even though the kernel function K is
always the same.

(ii) Naturally, by changing the RKHS Hy in which we consider our model, we will obtain
different models (i.e. we will employ different kernel functions K'). Intimately connected with
that is the regularization term, the nature of which is determined in terms of the choice of
norm for the RKHS, || - ||g,. Different norms impose different qualitative features on the
chosen model, on properties such as e.g. smoothness of the model etc.

(iii) Another important consequence of the representer theorem is that it greatly simplifies
the nature of the learning problem, in terms of the optimization problem involved. The original
problem of choosing f* € argmingey £(f) is an infinite dimensional problem, that present both
theoretical (mathematical) as well as computational difficulties. The mathematical difficulty is
that the generalization of the Weierstrass maximum theorem for infinite dimensional spaces is
tricky, as the characterization of compact sets in such spaces is not a straighforward (although
not impossible!) task.
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Since the representer theorem guarantees that the solution to problem

min £(F) = min > & £w) + (11, (21)

fEHK feHg N 4

admits a solution f*(-) among the functions of the form
N
fN<';a):ZaiK(xia')7 a:<a17"'7aN)€RNa
i=1

in the sense that f*(-) = fx(-,a*) for a suitable choice of the parameter a = a* € RY.

This implies that we can restrict (with no loss of generality) our search for minimizers of
among the finite dimensional set

N
Hyy =span{K(-,z;) : i=1- N} ={fn(i0)=> aK(,z;), a=(a-- ay) RV},
i=1
(22)
which in turn can be identified with the parameter set
Oy ={a= (a1, ,an), ; €R, i=1,--- N} C R". (23)

By restricting the minimization problem in Hy n (respectively ©y), we can express the
original optimization problem as

Join £(f) = (ain E(f) = min E(fn(+a)) = min Fy(a), (24)
where
ar—>FN(a) = E(fN(-;a)), Fy: 0Oy CRN%R, (25)

is a function defined on the finite dimensional set O C RV,

Clearly, the equivalent formulation of problem in terms of the parametrized problem
as in the far right of , i.e., the minimization of Fly over a suitable subset of R allows
us to reduce the problem of minimizing over a function space, to an equivalent problem of
minimizing over a subset of the parameter space RY a problem that can be handled with
standard minimization algorithms, such as (stochastic) gradient descent, ADAM or even more
accurate schemes such as e.g., quasi Newton schemes.

We close this section by the following important question:

The representer theorem guarantees that as long as we only consider minimizing
among the set of models in the function space Hg, we can reduce this problem to
an optimization problem in RY, where N is the number of available data.

As long as we are happy with restricting ourselves in the universe of models in Hg
this is the full story, however, a crucial question is whether the universe of models
Hp is sufficient for our needs.

This imposes the important question of “how big” is Hx as compared to the set of
functions containing any possible model for our data.
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Hence, what we do need is to characterize particular reproducing Hilbert spaces Hy related
to various choices of kernel function K, or show that these spaces are dense in more general
classes of function spaces that may be perceived as models for our data, for example the class
of continuous functions, or other classes such as the class of smooth functions etc.

7 Which spaces of functions are reproducing kernel Hilbert
spaces?

Our instantaneous choice for a model for a data set {(z;,y;) : ©; € X, y, €Y, i=1,--- N},
would be a continuous function f : X — Y, such that f(z;) ~ y; for all i = 1,--- | N. The
request for continuity of f is very natural and is related to the stability of the model. Continuity
of f guarantees that if two inputs x, 2’ € X are “close” then so would be the corresponding
responses y = f(x) and ' = f(2/). This is a reasonable request related to the robustness of
the model f.

We will denote by C(X;Y") the space of continuous functions f : X — Y. Let us restrict
(without loss of generality) our attention to the case where the response space is Y = R. We
can endow the space of models C'(X;R) = C'(X) with the norm || f||¢(x) = sup,ex | f(x)], and it
is easy to show that the space of models endowed with this norm (C(X), || - [|c(x)) is a complete
normed space (a Banach space).

However, a disturbing fact is that the vector space of all possible models for our data
(C(X), |l - lle(x)) is not a Hilbert space! A simple way to establish that is to realize that if it
was, then the norm || - ||¢(x) would be compatible with an inner product (-, -), in the sense that
1F1I? := [1flIEx) = (f, f), and then by the properties of the inner product, the parallelogram
identity,

1 1
LI+ 112 = S0F + £+ 505 = FIE ¥ £ 1 € ). (26)

should hold. One can find counter examples for the particular case of interest, hence this space
is not an inner product space, therefore not a Hilbert space. Trying to change the norm to a
different norm will not really help as well, as trying to substitute the supremum norm with the
L*(X) norm will introduce problems with the completeness of the space.

This leads us to the following interesting observation:

The space of all continuous functions C'(X) cannot be realized as a reproducing
Hilbert space.

Hence, the class of models that can be realized as elements of reproducing kernel Hilbert
spaces is a subspace of the class of continuous functions. The class depends on smoothness and
dimensionality of X.

We present some examples of RKHS in the special case where X C R".

Sobolev Spaces as Reproducing Kernel Hilbert Spaces: An important class of RKHS
are Sobolev spaces. In a nutshell, Sobolev spaces consist of functions which are smooth, in a
generalized way.

19



Definition 7.1. The set of absolutely continuous functions AC(I) is defined as

AC(D) ={f:ICR—R : 3ge L. (I), s.t f(z) = f(c) + /mg(y)dy, Veell  (27)

The set AC(I) consists of functions that admit a derivative in the generalized sense. The
generalized derivative of f is in fact the function g (in the above representation), which is defined
in the L'(I) sense. In plain words this means that the function f may not be differentiable
everywhere, but may be diffeentiable almost everywhere (in the measure theoretic sense). As
an example, consider the function f : I = [—1,1] — R, defined as f(z) = |z|. This is almost
everywhere differentiable, in the sense that it is differentiable everywhere, except the point
x = 0 (which as a single point is of Lebesgue measure zero). This function is not C*(I) (i.e,
continuously differentialbe everywhere), but it is AC([).

We will then call g the weak derivative of f, and perceive g not as a function defined
pointwise but a function defined as an L, (I) object (i.e, as an object which is defined almost
anywhere, that is everywhere apart from a countable set of points of I).

In the case of functions defined on one dimensional sets I C R, the set of functions AC(I)
coincides with the Sobolev space W12(1)

Definition 7.2 (Sobolev space W2(I)). The Sobolev space W'2(I) is the completion of the
space of smooth functions C2°(int(I)) in the norm
) 1/2
, (28)
L2(I)

where for any function g : I — R the L?(I) norm is defined by ||g||r2(ry = ([} |g(x)[*dz)"/2.
An equivalent definition for the Sobolev space W12(I) can be as

df

dx

| fllwre) = (Hf”%zu) + ‘

d
W12(I)={f: I — R : f weakly differentiable in the sense of (27)) with f, d—f e L*(I)}.
x

(29)

It can be shown that the Sobolev space W'?(I) is a Hilbert space when endowed with the
inner product

(fr, f2)wrey = (i, f2) 2y + <Zfl lef2 /fldeﬂU—l—/(jlfl (jlfzdw (30)

Moreover, it is possible to show that Sobolev spaces are related to other function spaces,
such as Lebesgue spaces of higher exponent, spaces of continuous functions etc. This is effected
through the celebrated Sobolev embedding theorem (see e.g., |[Evans| (2022)) which for Sobolev
functions defined on I C R guarantees that they are also continuous functions! This result
is stated as Wh2?(I) < C(I) implying that there is an inclusion of the two sets, i.e. that
Wh2(I) c C(I), and there is a continuous mapping ¢ : WH3(I) — C(I) such that for any
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f e WE(I) its image «(f) = f € C(I) (meaning the image «(f) is now considered as a function
in the bigger set C'(I)). This means that for all practical purposes, functions in W12(I) can
be considered as continuous functions (i.e. functions in C(I)), but at the same time endow
this set with a norm compatible with an inner product, i.e. turn it into a Hilbert space. This
is possible, because we are now only dealing with a strict subset of the space of continuous
functions, those that are smoother than their fellows, since they have square integrable weak
derivatives.

It turns out that the Sobolev space W12(I) is a reproducing kernel Hilbert space (see e.g.
Saitoh et al.| (2016])).

Theorem 7.3. Let [ = [a,b]. The Sobolev space WY2(I) is a reproducing kernel Hilbert space
with kernel
K(z,2') =1—a+ min(z,2). (31)

8 Kernelized models

A kernelized model is looking for an ML model in an appropriate RKHS f € H, and using as
a regularization term a term of the form R(||f]|x),

min () = i (5 2 & e+ R ) )

f€HK f€HK
Then use the representer theorem to transform the problem to the finite dimensional problem

min  &(ay, - ,an),
(a1, an)ERN
which is obtained upon substituting f(z) = sz\il a; K (z;,x) in the original problem.
Then, this is solved using a standard optimization method, and the aq,--- ,ay are used to

recover the model
For more details on kernelization see e.g., [Hofmann et al.| (2008).

8.1 Kernel ridge regression

The kernel ridge regression model corresponds to the loss function
N
E(F) = 5 Do = F@)* + NI

=1

This is the kernelized generalization of the standard linear ridge regression model.
The choice of K (equiv. H) is related to the smoothness of the functional model f.
By the representer theorem the solution of

min g(f))

feHk
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has to be of the form

N
E xza

for suitable choice of (ay,--- ,ay) € RY.
We will use this representation to transform the original functional (infinite dimensional)
problem to a finite dimensional one with respect to the coefficients a;, 1 = 1,--- , V.

We perform some necessary calculations first.

Fidelity term:

where

K = (Kij)N., K;j = k(x;,xj), Gram matrix, K = KT,

1,7=1°
(Ka);, i-th component of vector Ka

Note the similarity with the standard linear regression problem — Here the linear design
matrix is replaced by the nonlinear Gram matrix.

Regularization term:

N N
||f||HK Z xl?' 7ZajK(xj7'>>HK
i=1 j=1
N N
Zzgiaj Zi, >K($J7 ))HK
i=1 j=1
N N
= Z ZaiajK(xi, z;) = (a, Ka)gn
i=1 j=1

In the above we used the fundamental RKHS property that
(K (@i, ), K(@j, ) e = K (@i, 25).

Note the similarity with the standard linear regression problem — Here the ridge regulariza-
tion term ||a/|? replaced by the quadratic term (a, Ka)g~, a new norm weighted by the nonlinear
Gram matrix.
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The original problem

1
min £(f) < —|ly — Kal3 + Ma, Ka)g~

min
feHk a=(a1,,an)TeRN N

We redefine A so as to set N = 1.
The first order condition becomes

Kly—Ka)—AKa=0 < KK+ A)a= Ky
which can be solved if K is non singular in terms of
a* = (K + )y

The chosen model is
N
@)= arK(x;,x).
i=1

8.2 Kernel SVM

Support vector machines (SVMs) are useful models for classifying binary data y;, in terms of
multidimensional features z;.

Recall the standard linear SVM:

Given data (z;,y;) € R™ x {—1,1},i=1,--- , N, find a linear separation boundary given
by the hyperplane by = Z’anl bjzj = (b, z)rm such that the data are separated by this boundary.

In particular, if

<b7 xl> > bO = Y; = +17
(b,x;) <by = y;=—1.

More than one hyperplanes can separate the data: We will choose the one that is optimal in
terms of maximizing a margin (related to the distance of the boundary of the two populations
from this boundary).

This is often expressed as the optimization problem

max M,
beR™ boER

or in the equivalent form

max M,
beR™ boeR

yl(<baxz>_bo> >]\47 Z:17 7N
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Using convex duality methods we can show that the solution to this problem must have the
form

N
b= Zaiyz‘xz', a; € R,
i=1

with the a; to be obtained in terms of the solution of the quadratic optimization problem

max E a; — = E E Yy (Ti, ) rma;a;

N
aN)ER =1 j=1

The kernelized SVM method starts from this dual problem by replacing the original dual
problem by its kernelized variant

max Zaz—%ZZyly] (i, x)a;a;,

N
(a1, ,an)€ERY o1 =1

where K is a chosen kernel function.
Since

K(xi,z5) = (K(zi, ), K(j, ) Hye

this can be interpreted as looking for a separation boundary of the form

N
= Z azyzK(xla LC),
=1

which is a nonlinear separation boundary.

Note that the kernelized version of the dual problem is formally the same as the non ker-
nelized one.

Both are quadratic optimization problems of the form

1

(1;161%%(1 aygn — §<a Ga)rn
for some positive (semi) definite matrix G € RV*V,

e In the standard case
G = (Gij)iier, Gig = yilwi, 75)rmy;,
e In the kernelized case

G = (Gij)iimr, Gij = yilK (@i, 25)y; = yi (K (24, -), K (25, ) by s
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