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§ 3.1 µ    
 

µ  3.1.1  : ( )f A f A , , ( )A f A    x0   µ   
  .  µ    f  µ   µ  x0   : 

 

0

0

0

( ) ( )lim .x x
f x f x

x x
 

µ :  
0 0

0 0
( ) ( )lim ,  h

f x h f x x h A
h

. 

 
 µ    (  ),    f  µ  x0  µ  

µ  f (x0 ). 
 
E        µ µ   µ     

 µ : 
 

µ  3.1.2  : ( )f A f A , , ( )A f A   x0   µ    
 .  µ    f  µ    ( .  )  µ  x0 

  : 
 

0 0 0 0
0 0

( ) ( ) ( ) ( )lim ,  . lim .
h h

f x h f x f x h f x
h h

. 

 
a  a (  o ),    f   ( .  ) 

 µ  x0  µ  µ  0 0( ) . ( )f x f x . : 
 

0 0 0 0 µ     ( ) ( ) ( ).f x f x f x f x  
 

µ  1          f  x0    
 µ  ,      (    )   (  ) 

  µ    f   µ   x0.   µ    µ   
µ    µ    µ  . 

 
 3.1.1   : ( )f A f A , , ( )A f A   µ   µ  x0   

 f    x0. 
 

.  
0

0
0 0 0

0

( ) ( )( ) ( ) ( ) 0 0,x x
f x f xf x f x x x f x

x x
 

 
0 0( ) ( ).x xf x f x     
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µ  2     3.1.1  .  µ    
f(x) = |x|        µ   µ  x0 = 0. µ : 
  

0 0

(0 ) (0)lim lim 1h h

f h f h
h h

, 

 
 

0 0

(0 ) (0)lim lim 1
h h

f h f h
h h

. 

 
      µ  x0 = 0   µ    f(x)   

µ   µ  x0 = 0.  
 

µ  3.1.3  : ( )f A f A , , ( )A f A      f  µ   
 µ   .     

 
: :  ( ) ( )g f A g x f x , 

 
      f. E    g ,  µ    f   

 µ     µ  ( ) ( )g x f x .  µ µ   
µ µ  

 

( ) ( )( )
k

k
k

d f xf x
dx

 

 
  µ   k-  µ   f. A   f   ,  

µ    µ  (  ) .  
 
§ 3.2 µ    µ      
 

 : ( )f A f A , , ( )A f A    f  µ   µ  x. E  x+h   
P(x,f(x)), Q(x+h,f(x+h))  µ      f  (  µ  3.1). 
  

µ  3.1 

 
 µµ  µ µ  PQ    µ : 

 
( ) ( )( ( )) f x h f xh

h
, 
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      µ   µµ  µ µ  PQ µ    x x. H  
  µµ     µ  P,Q   : 

 
0 0( ) ( ( )) ( )y f x h x x . 

 
H o    µµ  µ µ  PQ  Q P   µ   µ   

      f(x)  µ    
  f(x)  µ  x.  µ   Q P   µ    µ   

0h ,        µ   µ     
   f(x)  µ  x µ    x x, µ :  

 

0 0 0
( ) ( )lim lim ( ( )) lim ( ) ,h h h

f x h f x h h
h

 

 
:  

0( )f x . 
 

� ,    µ        f(x)  
µ  x0 : 

 
                                                0 0 0( ) ( ) ( )y f x f x x x .                                                  (3.1) 
 

  
 

  µ    µ :  
 

( ) ( )  ( ) ( ) ,   ( ) 0  0.f x h f x h f x h h h h  
 
A  µ  y = f(x), x=h=(x+h)-x  y=f(x+h) � f(x),    : 
 

 ( ) ( ) ,   ( ) 0  0.y x f x x x x x  
 

O   ( )x f x     y   x  µ  µ  dy. :  
 

( )  ( ) dy df x f x x . 
 

A  µ  µ    f(x) = x,  f (x) = 1,  dy = dx = x, o : 
 

( )  ( ) dy df x f x dx , 
 

    µ µ     ( ) = dyf x dx .   

µ :  
 

( ) ,   ( ) 0  0,y dy x x x x  
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   dy  µ    µ  y µ       
   µ  µ   x  µ . 

 
  f(x)        �  µ  x µ    

µ   x    µ  µ      f µ   x µ  
µ  . 

 
   ( )f x  (  µ     dx     

  x ),  
 

22 ( ) ( ) ( ) ( ) ( ) ( )d f x d df x d f x dx d f x dx f x dx dx f x dx . 
 

  2 ( )d f x    2     f.  µ  
 

22dx dx , 
 

       
 

2
2 2

2

( )( ) ( ) ( ) d f xd f x f x dx f x
dx
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( ) ( )( )
k

k
k

d f xf x
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. 

 
§ 3.3 I    
 

 3.3.1  , : ( )f g A f A , , ( )A f A   µ    
µ  x0 ,  ,  o   f, f+g, fg, f/g (g(x0) 0)  µ   
µ  x0   

 

0 0
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0 0 0 0 0

0 0 0 0
0 2

0

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ).

( ) ( ) ( ) ( )( )
( )

af x af x

f g x f x g x

fg x f x g x f x g x

f x g x f x g xf x
g g x

 

 
. µ   µ .   µ       

µ . 
 

0 0 0 0 0 0
0 0 0

( ) ( ) ( ) ( ) ( ) ( )( ) lim limh h

fg x h fg x f x h g x h f x g xfg x
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                 0 0 0 0 0 0
0

( ) ( ) ( ) ( ) ( ) ( )
limh

f x h f x g x h f x g x h g x
h

 

 

                0 0 0 0
0 0 0 0

( ) ( ) ( ) ( )
lim ( ) lim ( )h h

f x h f x g x h g x
g x h f x

h h
 

 
                0 0 0 0 0 0 0 0 0( ) lim ( ) ( ) ( ) ( ) ( ) ( ) ( )hf x g x h g x f x f x g x g x f x , 
 

    g(x). Oµ      .   
 

µ  3. H  3.3.1      . 
 

µ  3.3.1 (Leibnitz) E  , : ( )f g A f A , , ( )A f A   n-  µ  
  µ  x0 , : 

 
( ) ( ) ( )

0 0 0
0

!( ) ( ) ( ),   
!( )!

n
n n k k

k

n n nfg x f x g x
k k k n k

. 

 
A . .    
 

 3.3.2 (  )  :f I J    µ   
µ  x0   :g J    µ   µ  f(x0) J,  ,I J . 

     ( )g f x   µ   µ  x0   : 
 

0 0 0( ) ( ) ( )g f x g f x f x . 
 

 3.3.3 (   )  :f I     
 µ    µ  , x0 I,   0( )f x    0( ) 0f x . 

    1f   µ   µ  0 0( )y f x   : 
 

1
0

0

1( ) .
( )

f y
f x

 

 
µ  1        µ    

 

2

1 ,  ( 1,1)
1

x x
x

. 

 
µ : y x x y , y (- /2, /2), : 

 

2 2

1 1 1 1 ,
1 1

x
y y xy
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 y > 0  y (- /2, /2).    
 

    
 

f(x) f (x) 
f(x) = c, c=  f (x) = 0 

f(x) = xa, a  f (x) = a xa-1, a   
f(x) = ex f (x) = ex 

f(x) = lnx, x > 0 f (x) = 1/x 
f(x) = ax, a>0 f (x) = ax lna 

f(x) = µx f (x) = x 
f(x) = x f (x) = - µx 
f(x) = x f (x) = 1/ 2x 
f(x) = x f (x) = -1/ µ2x 

f(x) = sinhx f (x) = coshx 
f(x) = coshx f (x) = sinhx 

f(x) = µx, x (-1,1) f (x) = 21/ 1 x  
f(x) = x, x (-1,1)   f (x) = - 21/ 1 x  

f(x) = x    f (x) = 21/ 1 x  
 
 

 3.3.4 (  L� Hospital)     , :f g I    
  µ  ,  µ  µ            

  
lim ( ) lim ( ) 0,x a x af x g x  

 
lim ( ) lim ( ) .x a x af x g x  

 
  ( ), ( )f x g x      µ   , ( ) 0,  ( ) 0g x g x    µ    

    ( )lim
( )x a

f x
g x

  µ  µ    , : 

 
( ) ( )lim lim
( ) ( )x a x a

f x f x
g x g x

. 

 
µ  4    

lim ( ) lim ( ) 0,x a x af x g x  
 

lim ( ) lim ( ) ,x a x af x g x  
 

       L� Hospital ,   

  ( ), ( )f x g x      ( )lim
( )x a

f x
g x

  µ  µ    

, : 
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( ) ( ) ( )lim lim lim
( ) ( ) ( )x a x a x a

f x f x f x
g x g x g x

. 

 

µ  5   µ     ( )lim
( )x a

f x
g x

      

( )lim .
( )x a

f x
g x

 

 
 
§ 3.4 µ    
 
 

µ  3.4.1  A   : ( )f A f A .  µ    f   µ  
( .  )  µ  ,   >0     ( ) ( )f x f  
( . ( ) ( )f x f )   x ( ) . O µ       f. 
 

µ  3.4.1 (Fermat)   : ,f a b      µ  ,a b   
 µ     ( ) 0f . 

 
.   ( ) ( ) ( )f f f .  µ    µ    

µ     µ    f.  
 

0

( ) ( )( ) lim 0
h

f h ff
h

 

 
 µ    µ  ,  

 

0

( ) ( )( ) lim 0
h

f h ff
h

 

 
 µ    µ  ,  ( ) ( ) ( ) 0.f f f           

 
 µ  Fermat    µ    µ  µ  

   µ     µ      
µ   1  . 
 

µ  6    µ  3.4.1  .  µ   
 3: ( 1,1) ,  ( )f f x x    (0) 0f ,     

  µ   = 0. 
 

µ  3.4.2 (Rolle) E  ,b , <b  :[ , ]f a b .  
 
(i)  f    [ ,b], 
(ii)  f   µ   ( ,b)  
(iii) f ( ) = f (b), 
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  ( ,b)   ( ) 0f . 

 
.   f     ( ,b)   ( ) 0f .  µ  

  µ   0( ) ( )f x f a    0 [ , ]x a b .     f 
 [ ,b]   ( ) ( )f x f    [ , ]x a b .  

0( ) ( ) ( ) ( ),f f x f a f b   ( ,b).   f     ( ,b)   
µ   Fermat   ( ) 0f .   

 
µ  3.4.3 ( µ  µ  µ  µ   Cauchy) E  , :[ , ]f g a b  

   [ ,b]  µ   ( ,b).   ( ,b)   
 

( ) ( ) ( ) ( ) ( ) ( )f b f a g g b g a f . 
 

A .   :[ , ]F a b  µ   
 

( ) ( ) ( ) ( ) ( ) ( ) ( )F x f b f a g x g b g a f x  
 

  µ   Rolle.    
 

µ  3.4.2 ( µ  µ  µ ) E  :[ , ]f a b    [ ,b]  
µ   ( ,b).   ( ,b)   

 
( ) ( ) ( ) ( )f b f a f b a . 

 
A . µ   g(x) = x  µ µ   µ  µ  µ  µ   
Cauchy.    
 

µ  3.4.3 (i)  ( ) 0 ( , )f x x a b   ( )  [ , ]f x c x a b . 
                        (ii)  ( ) 0 ( , )f x x a b    f    [ , ]a b . 
                       (iii)  ( ) 0 ( , )f x x a b    f    [ , ]a b . 
                       (iv)  ( ) 0 ( , )f x x a b    f     [ , ]a b . 
                       (iii)  ( ) 0 ( , )f x x a b    f     [ , ]a b . 
 
A .  1 2a x x b ,  µ µ   µ  µ  µ   µ  

 f  µ  [x1,x2].   
 

µ  3.4.4 ( µ  µ )   f  µ    µ  [ ,b], 
<b µ  f ( )  f (b),   ( )f x    µ  µ   µ  ( )f a , ( )f b . 

 
µ  3.4.4  E  :[ , ]f a b  µ   [ ,b]  µ  ( ) 0f x    [ , ]x a b , 

  f   µ . 
 

 3.4.1 E  :[ , ]f a b    [ ,b]  µ   ( ,b).  
( ) 0f      ( )f  ( ,b),  
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(i)  ( ) 0f          µ  f , 

 
(ii)  ( ) 0f        µ   µ  f . 

 
A .  µ    µ   ( ) 0f , : 
 

0 0
( ) ( ) ( )( ) 0 lim 0 lim 0,h h

f h f f hf
h h

 

 
  >0    

 
( ) 0,  ( , )f h x

h
. 

 
 |h| < ,  ( , )x    ( ) 0f h   h > 0,   ( , )x  

  ( ) 0f h   h < 0,      . µ    
 (ii).     

 
µ  7      3.4.1 :  

 
(i)   f    µ   µ          

 ( ) 0f . 
(ii)   f    µ   µ      µ     

 ( ) 0f . 
 

   : 
 

 3.4.2 E  :[ , ]f a b  n-  µ   µ  ( ,b).  
( 1) ( )( ) ( ) ... ( ) 0,  ( ) 0n nf f f f ,  

 
(i)  n =   ( )      µ    ( ) 0nf f ,   f  

 µ   µ    ( ) ( ) 0nf . 
 
(ii)  n =          µ  f . 
 

µ  3.4.3     µ   µ  .   
:f       1 2,x x I     [0,1]t   

 
1 2 1 21 1 ( ) ( )f t x tx t f x tf x . 

A   
1 2 1 21 1 ( ) ( )f t x tx t f x tf x , 

 
  f  . 
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  µ       f   ( . ),    
    µ  P(x1,f(x1)), Q(x2,f(x2))     f 

  ( . )   µ   f.  
 

 3.4.3   :f     µ     µ   
1 2 3, ,x x x I  µ  1 2 3x x x    

 
3 22 1

2 1 3 2

( ) ( )( ) ( ) f x f xf x f x
x x x x

. 

 

. µ   µ    3 2 2 1
2 1 3

3 1 3 1

x x x xx x x
x x x x

.    

 
 3.4.4  :f      µ  , :  

 
(i)     ( ), ( )f x f x    x I, 
(ii)  f    . 
 

 3.4.5  :f  µ    µ  , :  
 
(i)     ( )    f f x , 
(ii)     ( )    f f x . 
 

µ  3.4.4  : ,f a b   ,a b .  µ      µ  µ   f 
   > 0    f    (   )   µ  ( , )   

 (  )   µ  ( , ) .  
 

 3.4.6 A   f  µ   µ  ,a b ,  µ  ,a b   µ  
µ   f   f    µ   µ    ( ) 0f . 

 
.   µ   Fermat.   

 
H  3.4.6 µ     µ  µ  µ  µ  2  µ  

   µ ,    µ      
µ   2  . 
 

µ  8     3.4.6  .  µ   
 4( )f x x    (0) 0f ,   µ   = 0   µ  

µ   f. 
 

   : 
 

 3.4.7 E  :[ , ]f a b R  n-  µ   µ  ( ,b).  
( 1) ( )( ) ... ( ) 0,  ( ) 0n nf f f ,  
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(i)  n = , ( )     µ    µ    ( ) 0nf f ,  
( )     µ    µ    ( ) 0nf f , 

 
(ii)    n = ,     µ  µ . 
 
§ 3.5      
 

µ  3.5.1  :f ,  .   L µ   y = a x + b  
µ      µ  µ   z = f(x)  µ  x0,   

 µ   µ       µ   µ  
  µ    x x0, : 

 
0| ( ) ( ) | 0,  f x ax b x x . 

 
E  x0 = + . T   
 

( )| ( ) ( ) | 0,    0,  f x bf x ax b x a x
x x

, 

 
:  

 
( )lim x

f x a
x

, 

 
 

lim ( )x f x ax b . 
µ  : 

 
 3.5.1   µ   y = a x + b  µ     

 µ  µ   z = f(x)  +     µ   
 

( )lim x
f x a

x
                      lim ( )x f x ax b . 

 
 0,   µ    µ .  
 =0,   µ    µ .  

 
  x = x0   µ   µ  ,   µ  

    µ  0 0( ), ( )f x f x    +   - .   
µ      µ    f      µ  

      µ .  
 

µ  µ    µ   x . 
 

  µ        µ    
µ  : 
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(i)   µ    f, 
 
(ii)  µµ    µ  (  ),    ,  

,  , 
 

(iii) µ   µ     µ    µ    
 µ    µ ,    µ   

  ,    µ       
   µ   . 

 
(iv) µ   µ        µ . 

 
(v) µ   µ ,  . 

 
(vi) µ   µ   1     µ   

µ  µ       . 
 

(vii) µ   µ   2     µ   
µ     µ          
 µ  µ . 

 
(viii) µ . 
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1.       ( )

xeef x e . 
 

. ( ) .
x x x xe e x e x e xe e e e e x e e xf x e e e e e e e e e  

 

2.     
2

2

1 , 0
( )

0 0

x x
f x x

x
  µ   ,   

( )f x      . 
 

  0x  µ : 
 

2 2

1 2 1( ) 2  f x x
x x x

. 

E :  
 

2
2

0 0 2

1
1(0) lim lim 0.x x

x
xf x

x x
 

 
A : 
 

2 2

1 2 12  , 0
( )

0 0

x x
f x x x x

x
. 

 
T : 
 

0 2

1lim 2 0x x
x

 (  µ ) 

 
  

 

0 2

2 1lim x x x
 

 
  (  . 2  ). E µ   0lim ( )x f x   ,  

 ( )f x      x = 0.    0x   ( )f x   . 
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19.    1lim ,  0
a

a
x x x a

x
. 

 

. 
2 2

2

1 1lim lim 1
1

a aa
a

x x
x xx x

x x x
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22

22

20
0

2
2

11 11 2lim   lim lim
1

1 1

aa

a

x x xa
a

xx
xx x

xx x
x x

 

 
2

2, 2
0 0 2

a
a

a
. 

 
20.    p > 1  1 1,  0p px x x .  

 
. µ    ( ) 1 1,  0p pf x x x x . : 

 
1 1( ) 1 0p pf x p x x  

 
  x  0 (  p > 1).   f     [0,+ )    

[0,+ ). µ    x  0 µ : 
 

0 (0) ( ) 1 1 1 1.p pp pf f x x x x x  

 
21.    µ       : 

 
( ) ,  0xf x x x . 

 
: E µ  f(x) > 0   x > 0. 

 
µµ :  . 

 
µ : 

0
lim ( ) 1,

x
f x  lim ( ) ,x f x     µ . 

 

1  : 
0 0 1/

( ) 1 ln 0, 1/
0 1/

x

x e
f x x x x e

x e
. 

 

2  : 21( ) 1 ln 0.xf x x x
x
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 (0,1/e) (1/e,+ ) 
f(x) + + 
f (x) - + 

 f   f   
f (x) + + 

 f  f  
 

                                            
 

0.5 1 1.5 2 2.5 3
x'x

1

2

3

4

5

y'y f x xx

 
 

22.   2     y = f(x)    µ  µ  
2 3 2( ) ,  ( ) 2 ,  [0,1]x a t t t y b t t t t .   µ . 

 
. µ   2( ) 2 3 0a t t t    [0,1]t ,   x = a(t)   

,      t=a-1(x)    µ   
µ  µ   µ   y=f(x). E   y=f(x) µ       

 
b(t) =f(a(t)) 

 
   t µ  

( ) ( ) ( ) ( ) ( )
b t

b t f a t a t b t f x a t f x
a t

. 

 
: 

 
2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )b t f a t a t a t f a t a t b t f x a t f x a t  

 
2

3
( ) ( ) ( ) ( )( ) ( ) ( )

( )
b t b t a t b t a tb t f x a t a t f x
a t a t

 

 
 µ   µ :  

 
2 2

3 3 32

2(2 3 ) (2 2)(2 6 ) 4 12 6
(2 3 )2 3

t t t t t tf x
t tt t

. 
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  [0,1] [0, 2]t x ,    µ   f   [0,2].  

2

2 2( ) 0
2 3

tf x
t t

   (0,1]t   20

2 2lim
2 3t

t
t t

,   f  .  

 [0,2)    y = 0   µ      f  
 µ  x(0) = 0. 

 

 
2

3 3

4 12 6
(2 3 )

t tf x
t t

 
0

lim ( ( ))
t

f x t    0f x  

0.290994  2.29099t t ,  f    µ  [0,1],   y(0)=0,  y(1) 
= -1, µ : 
 

0.5 1 1.5 2
x'x

-1

-0.8

-0.6

-0.4

-0.2

y'y

 
 

23. Y     µ  : 
 

3 3

2 2 2

3 0
,  0

x y xy
x y a a

. 

 
  ( ) µ     µ   µ : 

   
     3 3 3 3( 3 ) (0) ( ) ( ) ( 3 ) 0d x y xy d d x d y d xy  
 
                                           2 23 3 3( ) 0x dx y dy ydx xdy  
 

                                           2 23 3 3 0dy dyx y y x
dx dx

 

 

                                           
2

2
3 3
3 3

dy y xy
dx y x

. 

 

( ) 2 2 2 2 2( ) ( ) ( ) ( ) 0d x y d a d x d y 2 2 0xdx ydy dy xy
dx y

. 

 
 

 
 
 


