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Kef�laio 1

Grammikìc Programmatismìc

1.1 Dom  twn problhm�twn grammikoÔ program-
matismoÔ

To genikì prìblhma tou grammikoÔ programmatismoÔ eÐnai h beltistopoÐhsh (megistopoÐ-
hsh   elaqistopoÐhsh) enìc grammikoÔ krithrÐou k�tw apì grammikoÔc periorismoÔc. Gia
par�deigma, an xj, j = 1, 2, . . . , n, eÐnai metablhtèc me timèc stouc pragmatikoÔc arijmoÔc,
zhteÐtai na megistopoihjeÐ to krit rio

max c1x1 + c2x2 + ⋅ ⋅ ⋅+ cnxn
s.t.
a11x1 + a12x2 + ⋅ ⋅ ⋅ + a1jxj ⋅ ⋅ ⋅ + a1nxn ≤ b1
a21x1 + a22x2 + ⋅ ⋅ ⋅ + a2jxj ⋅ ⋅ ⋅ + a2nxn ≤ b2
...

...
ai1x1 + ai2x2 + ⋅ ⋅ ⋅ + aijxj ⋅ ⋅ ⋅ + ainxn ≤ bi
...

...
am1x1 + am2x2 + ⋅ ⋅ ⋅ + amjxj ⋅ ⋅ ⋅ + amnxn ≤ bm

xj ≥ 0, j = 1, 2, . . . , n.

(1.1)

H morf  aut  grammikoÔ progr�mmatoc onom�zetai prìblhma thc paragwg c kai èqei thn
ex c shmasÐa. 'Estw ìti èqoume thn dunatìthta na par�goume n diaforetik� proðìnta,
Pj, j = 1, 2, . . . , n, me thn bo jeia m pr¸twn ul¸n, Mi, i = 1, . . . ,m, kai èstw ìti to
proðìn Pj pwleÐtai me telikì kèrdoc cj. 'Estw epÐshc ìti gia thn paragwg  tou proðìntoc
Pj apaitoÔntai aij mon�dec thc pr¸thc Ôlhc Mi kai ìti sunolik� up�rqoun diajèsimec bi
mon�dec thc pou mporoÔn na qrhsimopoihjoÔn gia ìla ta proðìnta. Tìte to grammikì
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4 KEF�ALAIO 1. GRAMMIK�OS PROGRAMMATISM�OS

prìgramma (1.1) perigr�fei to bèltisto meÐgma paragwg c prokeimènou na megistopoihjeÐ
to kèrdoc. ParathreÐste ton periorismì mh arnhtikìthtac gia thc metablhtèc xj oi opoÐec
perigr�foun ton arijmì twn mon�dwn k�je proðìntoc pou ja paraqjeÐ.

Mia diaforetik  morf  grammikoÔ progr�mmatoc eÐnai h akìloujh

min c1x1 + c2x2 + ⋅ ⋅ ⋅+ cnxn
s.t.
a11x1 + a12x2 + ⋅ ⋅ ⋅ + a1jxj ⋅ ⋅ ⋅ + a1nxn ≥ b1
a21x1 + a22x2 + ⋅ ⋅ ⋅ + a2jxj ⋅ ⋅ ⋅ + a2nxn ≥ b2
...

...
ai1x1 + ai2x2 + ⋅ ⋅ ⋅ + aijxj ⋅ ⋅ ⋅ + ainxn ≥ bi
...

...
am1x1 + am2x2 + ⋅ ⋅ ⋅ + amjxj ⋅ ⋅ ⋅ + amnxn ≥ bm

xj ≥ 0, j = 1, 2, . . . , n.

(1.2)

To parap�nw prìgramma onom�zetai prìgramma thc dÐaitac kai èqei thn ex c shmasÐa. An
èqoume diajèsima n diaforetik� eÐdh trofÐmwn (p.q. rÔzi, makarìnia, kotìpoulo, g�la,
portok�lia k.lp.) me kìstoc an� mon�da cj, j = 1, . . . , n gia to eÐdoc trofÐmou j, kai
m diaforetik� jreptik� sustatik� (p.q. bitamÐnec A, B, C, jermÐdec, iqnostoiqeÐa k.lp.)
gia ta opoÐa up�rqoun el�qistec hmerÐsiec dìseic tic opoÐec prèpei na paÐrnei kaneÐc (bi
gia to jreptikì sustatikì i), tìte to grammikì prìgramma (1.2) perigr�fei thn bèltisth
posìthta apì k�je trìfimo ètsi ¸ste na elaqistopoieÐtai to kìstoc kai tautìqrona na
plhroÔntai oi diatrofikoÐ periorismoÐ. (Sthn pr�xh ja mporoÔse na jèsh kaneÐc kai
anisotikoÔc periorismoÔc thc antÐstrofhc for�c, p.q. gia ton arijmì twn jermÐdwn.)

Oi parap�nw morfèc grammik¸n programm�twn antikatoptrÐzoun diaforetikèc optikèc
gwnÐec se ìti afor� tic efarmogèc kai ìqi majhmatikèc diaforèc. Den up�rqei ousiasti-
k  diafor� metaxÔ thc elaqistopoÐhshc kai thc megistopoÐhshc enìc grammikoÔ krithrÐou
afoÔ, gia par�deigma, h megistopoÐhsh tou x1 + 3x2 − 5x3 eÐnai isodÔnamh me thn elaqi-
stopoÐhsh tou −x1− 3x2 + 5x3 (pou eÐnai to arnhtikì tou arqikoÔ). EpÐshc, den up�rqei
ousiastik  diafor� an�mesa stouc periorismoÔc tou (1.1) kai se ekeÐnouc tou (1.2) afoÔ
p.q. o x1 + x + 2 + 6x3 + x4 ≥ 12 eÐnai isodÔnamoc me ton −x1 − x2 − 6x3 − x4 ≤ 12.
K�ti pou eÐnai ligìtero profanèc eÐnai ìti oi anisotikoÐ periorismoÐ mporoÔn epÐshc na
antikatastajoÔn apì isìthtec. Gia par�deigma to grammikì prìgramma
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max 4x1 + 5x2 + 2x3 + 3x4
s.t.
2x1 + 3x2 + x3 ≤ 25

7x2 + x3 + 5x4 ≤ 45
4x1 + x2 + x3 + 2x4 ≤ 10

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, x4 ≥ 0

mporeÐ na grafeÐ kai me periorismoÔc isìthtac me thn qr sh twn legomènwn metablht¸n
qalarìthtac wc ex c

max 4x1 + 5x2 + 2x3 + 3x4
s.t.
2x1 + 3x2 + x3 + s1 = 25

7x2 + x3 + 5x4 + s2 = 45
4x1 + x2 + x3 + 2x4 + s3 = 10

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, x4 ≥ 0, s1 ≥ 0, s2 ≥ 0, s3 ≥ 0.

ParathreÐste ìti oi anisotikoÐ periorismoÐ sto parap�nw prìblhma paragwg c èqoun
metablhjeÐ se isotikoÔc me thn qr sh twn metablht¸n qalarìthtac si oi opoÐec eÐnai mh
arnhtikèc kai perigr�foun to posì thc pr¸thc Ôlhc i pou mènei aqrhsimopoÐhth.

'Ena opoiod pote prìblhma grammikoÔ programmatismoÔ lègetai ìti èqei tejeÐ se tu-
popoihmènh morf  an èqei thn morf 

min c1x1 + c2x2 + ⋅ ⋅ ⋅+ cnxn
s.t.
a11x1 + a12x2 + ⋅ ⋅ ⋅ + a1jxj ⋅ ⋅ ⋅ + a1nxn = b1
a21x1 + a22x2 + ⋅ ⋅ ⋅ + a2jxj ⋅ ⋅ ⋅ + a2nxn = b2
...

...
ai1x1 + ai2x2 + ⋅ ⋅ ⋅ + aijxj ⋅ ⋅ ⋅ + ainxn = bi
...

...
am1x1 + am2x2 + ⋅ ⋅ ⋅ + amjxj ⋅ ⋅ ⋅ + amnxn = bm

xj ≥ 0, j = 1, 2, . . . , n.

(1.3)

'Opwc eÐdame, opoiod pote grammikì prìgramma mporeÐ na tejeÐ se tupopoihmènh morf 
To grammikì proìblhma (1.1) mporeÐ na tejeÐ se tupopoihmènh morf  me thn bo jeia twn
metablht¸n qalarìthtac kai na p�roume to ex c prìgramma
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max c1x1 + c2x2 + ⋅ ⋅ ⋅+ cnxn
s.t.
a11x1 +a12x2 ⋅ ⋅ ⋅ +a1jxj ⋅ ⋅ ⋅ +a1nxn +xn+1 ≤ b1
a21x1 +a22x2 ⋅ ⋅ ⋅ +a2jxj ⋅ ⋅ ⋅ +a2nxn +xn+2 ≤ b2
...

...
ai1x1 +ai2x2 ⋅ ⋅ ⋅ +aijxj ⋅ ⋅ ⋅ +ainxn +xn+i ≤ bi
...

...
am1x1 +am2x2 ⋅ ⋅ ⋅ +amjxj ⋅ ⋅ ⋅ +amnxn +xn+m ≤ bm

xj ≥ 0, j = 1, 2, . . . , n+m.
(1.4)

1.2 Grafik  epÐlush problhm�twn grammikoÔ pro-
grammatismoÔ

'Estw to prìblhma megistopoÐhshc

max x1 + 2x2
s.t.
3x1 + 5x2 ≤ 15 (a)
5x1 + 4x2 ≤ 20 (b)

x2 ≤ 7 (c)
2x1 − 3x2 ≤ 6 (d)
2x1 + x2 ≥ 2 (e)
x1 ≥ 0 (f)

x2 ≥ 0 (g)

(1.5)

'Opwc mporeÐ na dei kaneÐc apì thn grafik  an�lush tou sq matoc 1 h bèltisth tim 
tou krithrÐou epitugq�netai gia x1 = 0, x2 = 3, kai eÐnai Ðsh me 6. H efikt  perioq  sthn
opoÐa ikanopoioÔntai ìloi oi periorismoÐ tou probl matoc faÐnetai skiasmènh.
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Sq ma 1: Grafik  anapar�stash tou probl matoc megistopoÐhshc (1.5)

Sta akìlouja sq mata parousi�zontai grafik� ìlec oi dunatèc peript¸seic

Sq ma 2: Tupik  PerÐptwsh MegistopoÐhshc
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Sq ma 3: 'Apeirec Enallaktikèc Bèltistec LÔseic

Sq ma 4: Tupik  PerÐptwsh ElaqistopoÐhshc
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Sq ma 5: Mh Peperasmènh LÔsh

Sq ma 6: Mh Peperasmènh LÔsh me Peperasmènec Bèltistec Timèc Orismènwn
Metablht¸n



10 KEF�ALAIO 1. GRAMMIK�OS PROGRAMMATISM�OS

Sq ma 7: Peperasmènh Bèltisth Tim  Antikeimenik c Sun�rthshc me Mh Peperasmènec
Timèc Metablht¸n

Sq ma 8: KamÐa LÔsh - AsumbÐbastoi PeriorismoÐ
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Sq ma 9: KamÐa Bèltisth Dunat  LÔsh



12 KEF�ALAIO 1. GRAMMIK�OS PROGRAMMATISM�OS



Kef�laio 2

H mèjodoc Simplex

2.1 Algorijmik  perigraf  thc mejìdou Simplex

Ja xekin soume thn perigraf  tou algorÐjmou analÔontac leptomer¸c trÐa paradeÐgmata.

2.1.1 Kanonikì prìblhma megistopoÐhshc

'Estw to kanonikì prìblhma megistopoÐhshc

max 4x1 + 5x2 + 2x3 + 3x4
s.t.
2x1 +3x2 +x3 ≤ 25

7x2 +x3 +5x4 ≤ 45
4x1 +x2 +x3 +2x4 ≤ 10
xj ≥ 0, j = 1, . . . , 4.

(2.1)

Eis�goume mia epiplèon metablht , thn z, (qwrÐc periorismì pros mou) kai ènan epiplèon
periorismì, ton z−4x1−5x2−2x3−3x4 = 0 pou perigr�fei to krit rio proc megistopoÐhsh.
Me thn prosj kh twn metablht¸n qalarìthtac èqoume to akìloujo isodÔnamo prìblhma.

max z
s.t.

2x1 +3x2 +x3 +x5 = 25
7x2 +x3 +5x4 +x6 = 45

4x1 +x2 +x3 +2x4 +x7 = 10
z −4x1 −5x2 −2x3 −3x4 = 0
xj ≥ 0, j = 1, . . . , 7.

(2.2)
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14 KEF�ALAIO 2. H M�EJODOS SIMPLEX

H mèjodoc Simplex aposkopeÐ sthn eÔresh thc bèltisthc basik c lÔshc ektel¸ntac
me susthmatikì trìpo apaleifèc sto grammikì sÔsthma pou orÐzetai apì touc isotikoÔc
periorismoÔc. Proc toÔto paradosiak� oi suntelestèc tou sust matoc tÐjentai se morf 
pÐnaka pou onom�zetai tampl¸. Sthn perÐptwsh tou progr�mmatoc (2.2) to tampl¸ eÐnai
to akìloujo

∗ ∗ ∗
x1 x2 x3 x4 x5 x6 x7

x5 2 3 1 0 1 0 0 25

x6 0 7 1 5 0 1 0 45

x7 4 1 1 2 0 0 1 10

Payoff −4 −5 −2 −3 0 0 0 0

Tampl¸ 1.1

ParathreÐste ìti h st lh pou perièqei thn metablht  z den emfanÐzetai kajìlou (diìti den
summetèqei sthn diadikasÐa apaloif c) h de gramm  pou proèkuye apì to krit rio proc
megistopoÐhsh èqei eidikì status. EpÐshc ta dexi� mèlh twn periorism¸n qwrÐzontai apì
ta stoiqeÐa tou pÐnaka kai brÐskontai sthn teleutaÐa gramm . Sto tampl¸ 1 oi metablhtèc
x5, x6, x7, oi opoÐec shmei¸nontai me asterÐsko, perigr�foun thn arqik  b�sh. H basik 
lÔsh eÐnai x5 = 25, x6 = 45, x7 = 10, (autèc eÐnai oi {basikèc metablhtèc}) kai ìlec oi
upìloipec metablhtèc 0, dhlad  x1 = x2 = x3 = x4 = 0 (oi {mh basikèc metablhtèc}). H
antÐstoiqh tim  tou krithrÐou eÐnai 0.

To Tampl¸ 1.1 eÐnai to legìmeno arqikì tampl¸. Autì shmaÐnei ìti a) metaxÔ twn
sthl¸n tou pÐnaka mporoÔme na dialèxoume k�poiec st lec ètsi ¸ste na fti�xoume èna
monadiaÐo pÐnaka (autèc eÐnai oi st lec pou antistoiqoÔn stic basikèc metablhtèc kai ed¸
eÐnai oi st lec 5, 6 kai 7), b) ìti h dexi� st lh eÐnai mh arnhtik  (pr�gmati eÐnai h 25, 45,
10) kai g) ta sqetik� kèrdh pou eÐnai oi arijmoÐ pou brÐskontai sthn teleutaÐa gramm 
eÐnai mhdèn gia tic st lec pou antistoiqoÔn stic basikèc metablhtèc. Sto par�deigma pou
eÐdame ìlec oi parap�nw proôpojèseic isqÔoun. Sto epìmeno tm ma ja doÔme peript¸seic
pou oi proôpojèseic autèc den isqÔoun kaj¸c kai touc metasqhmatismoÔc pou apaitoÔntai
prokeimènou na kataskeu�soume to arqikì tampl¸.

'Opwc eÐdame èna arqikì tampl¸ mac dÐnei mia basik  efikt  lÔsh. Sthn sunèqeia ja
qrhsimopoi soume apaloif  ètsi ¸ste na antikatast soume sthn b�sh mÐa apì tic basikèc
metablhtèc me mia mh basik . Dialègoume ekeÐnh pou èqei ton plèon arnhtikì suntelest 
sqetikoÔ kèrdouc. En prokeimènw eÐnai h x2 me suntelest  −5. Gia na apofasÐsoume
poia metablht  bgaÐnei apì thn b�sh sqhmatÐzoume ta phlÐka twn dexi¸n mel¸n me ta
stoiqeÐa tou pÐnaka thc st lhc x2. Gia ton sqhmatismì twn phlÐkwn qrhsimopoioÔme mìno
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ta jetik� stoiqeÐa thc st lhc x2. Ta phlÐka eÐnai ta 25/3, 45/7 kai 10/1. To mikrìtero
apì ta trÐa eÐnai to 45/7 ki' ètsi to antÐstoiqo stoiqeÐo tou pÐnaka, to 7, gÐnetai o odhgìc
sthn diadikasÐa apaloif c. Kat� sunèpeia ja diairèsoume ìla ta stoiqeÐa thc deÔterhc
gramm c me 7, kai sth sunèqeia ja afairèsoume thn deÔterh gramm  apì thn trÐth, ja
afairèsoume to tripl�siì thc apì thn pr¸th gramm , kai ja prosjèsoume to pentapl�siì
thc sthn teleutaÐa. 'Etsi prokÔptei to epìmeno tampl¸:

∗ ∗ ∗
x1 x2 x3 x4 x5 x6 x7

x5 2 0 4
7
−15

7
1 −3

7
0 40

7

x2 0 1 1
7

5
7

0 1
7

0 45
7

x7 4 0 6
7

9
7

0 −1
7

1 25
7

Payoff −4 0 −9
7

4
7

0 5
7

0 225
7

Tampl¸ 1.2

'Opwc blèpoume, h kainoÔrgia basik  lÔsh eÐnai x2 = 45/7, x5 = 40/7, x7 = 25/7,
x1 = x3 = x6 = 0. ParathreÐste ìti h metablht  x2 eÐnai t¸ra basik  en¸ h x6 eÐnai mh
basik . ('Opwc prin oi asterÐskoi upodhl¸noun tic basikèc metablhtèc.) ParathreÐste
epÐshc ìti ta sqetik� kìsth k�tw apì tic basikèc metablhtèc eÐnai p�nta 0. Efìson
up�rqoun arnhtik� sqetik� kìsth den èqoume akìmh brei thn bèltisth lÔsh. Dialègoume
sunep¸c thn st lh me to plèon arnhtikì sqetikì kìstoc, to −4 kai sqhmatÐzoume ta
phlÐka (40/7)/2 = 20/7 kai (25/7)/4 = 25/28. To mikrìtero apì ta dÔo eÐnai to 25/28
sunep¸c to 4 eÐnai o nèoc odhgìc: H metablht  x7 ja bgei apì thn b�sh kai h metablht 
x1 ja p�rei thn jèsh thc. To kainoÔrgio tampl¸ gÐnetai

∗ ∗ ∗
x1 x2 x3 x4 x5 x6 x7

x5 0 0 1
7
−39

14
1 − 5

14
−1

2
55
14

x2 0 1 1
7

5
7

0 1
7

0 45
7

x1 1 0 3
14

9
28

0 − 1
28

1
4

25
28

Payoff 0 0 −3
7

13
7

0 4
7

1 250
7

Tampl¸ 1.3

Up�rqei akìmh èna arnhtikì sqetikì kìstoc, ekeÐno pou antistoiqeÐ sthn metablht 
x3 kai epomènwc h x3 ja prèpei na gÐnei basik  metablht . Gia na doÔme poia metablht 
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bgaÐnei apì thn b�sh sqhmatÐzoume touc lìgouc (55/14)/7 = 55/98, 45/7/7 = 45/49,
(25/28)/(3/14) = 25/6. AfoÔ o deÔteroc lìgoc eÐnai o mikrìteroc, o odhgìc eÐnai o 1/7
(to deÔtero stoiqeÐo thc trÐthc st lhc). 'Etsi h metablht  x3 gÐnetai basik  en¸ h x5
bgaÐnei apì thn b�sh. To epìmeno tampl¸ eÐnai to

∗ ∗ ∗
x1 x2 x3 x4 x5 x6 x7

x5 −2
3

0 0 −3 1 −1
3
−2

3
10
3

x2 −2
3

1 0 1
2

0 1
6
−1

6
35
6

x3
14
3

0 1 3
2

0 −1
6

7
6

25
6

Payoff 2 0 0 5
2

0 1
2

3
2

75
2

Tampl¸ 1.4

To tampl¸ 4 eÐnai to teleutaÐo. 'Ola ta sqetik� kìsth eÐnai jetik� sunep¸c h basik 
lÔsh x2 = 35/6, x3 = 25/6, x5 = 10/3, x1 = x4 = x6 = x7 = 0. H bèltisth tim  tou
krithrÐou pou antistoiqeÐ s' aut  th lÔsh eÐnai z = 75/2. (ParathreÐste ìti h tim  tou
krithrÐou auxanìtan se k�je b ma tou algorÐjmou. Apì 0 sto tampl¸ 1.1 phgaÐnoume sto
225
7

= 32.14 (tampl¸ 1.2), 250
7

= 35.71 (tampl¸ 1.3) kai tèloc h bèltisth tim  75
2

= 37.5
(taml¸ 1.4).

2.1.2 Kanonikì prìblhma megÐstou me endi�mesh ekfuli-

smènh lÔsh

'Ena deÔtero prìblhma megistopoÐhshc

max 2x1 + 4x2 + 5x3 + 4x4
s.t.
x1 +2x2 +2x3 ≤ 100
x1 +3x3 +5x4 ≤ 120
x1 +3x2 +4x3 +3x4 ≤ 160
xj ≥ 0, j = 1, . . . , 4.

(2.3)

Eis�goume mia epiplèon metablht , thn z, (qwrÐc periorismì pros mou) kai ènan epiplèon
periorismì, ton z−2x1−4x2−5x3−4x4 = 0 pou perigr�fei to krit rio proc megistopoÐhsh.
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Me thn prosj kh twn metablht¸n qalarìthtac èqoume to akìloujo isodÔnamo prìblhma.

max z
s.t.

x1 +2x2 +2x3 +x5 = 100
x1 +3x3 +5x4 +x6 = 120
x1 +3x2 +4x3 +3x4 +x7 = 160

z −2x1 −4x2 −5x3 −4x4 = 0
xj ≥ 0, j = 1, . . . , 7.

(2.4)

Se morf  tampl¸ to prìblhma paÐrnei thn akìloujh arqik  morf  tou tampl¸ 2.1 me
basikèc metablhtèc tic metablhtèc qalarìthtac x5, x6, x7.

∗ ∗ ∗
x1 x2 x3 x4 x5 x6 x7

x5 1 2 2 0 1 0 0 100

x6 1 0 3 5 0 1 0 120

x7 1 3 4 3 0 0 1 160

Payoff −2 −4 −5 −4 0 0 0 0

Tampl¸ 2.1

H eiserqìmenh metablht  sthn b�sh eÐnai h x3 mia kai aut  èqei to plèon arnhtikì sqetikì
kìstoc. H exerqìmenh metablht  prosdiorÐzetai apì ta phlÐka 160/4 = 40, 120/3 = 40,
kai 100/2 = 5. 'Ara odhgìc ja mporoÔse na eÐnai eÐte to 4 eÐte to 3. Ac epilèxoume
aujaÐreta to 4. Sunep¸c h exerqìmenh metablht  eÐnai h x7 kai h apaloif  dÐnei to
epìmeno tampl¸.

∗ ∗ ∗
x1 x2 x3 x4 x5 x6 x7

x5
1
2

1
2

0 −3
2

1 0 −1
2

20

x6
1
4
−9

4
0 11

4
0 1 −3

4
0

x3
1
4

3
4

1 3
4

0 0 1
4

40

Payoff −3
4
−1

4
0 −1

4
0 0 5

4
200

Tampl¸ 2.2

H basik  lÔsh tou tampl¸ 2.2 eÐnai x5 = 20, x6 = 0, x3 = 40, kai x1 = x2 = x4 = 0.
ParathreÐste ìti ed¸ mia basik  metablht , h x6 èqei thn tim  0. Os�kic sumbaÐnei autì h
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basik  lÔsh onom�zetai ekfulismènh. H kainoÔrgia metablht  pou ja eisèljei sth b�sh
eÐnai h x1 (mia kai to −3/4 eÐnai to plèon arnhtikì sqetikì kìstoc). Ta phlÐka thc
pr¸thc st lhc me thn st lh tou dexioÔ mèlouc eÐnai 20/(1/2) = 40, 0/(1/4) = 0, kai
40/(1/4) = 160. Sunep¸c h mikrìterh tim  eÐnai to 0 kai o antÐstoiqoc odhgìc to 1/4. H
apaloif  dÐnei to epìmeno tampl¸ 2.3.

∗ ∗ ∗
x1 x2 x3 x4 x5 x6 x7

x5 0 5 0 −7 1 −2 1 20

x1 1 −9 0 11 0 4 −3 0

x3 0 3 1 −2 0 −1 1 40

Payoff 0 −7 0 8 0 3 −1 200

Tampl¸ 2.3

H kainoÔrgia basik  lÔsh eÐnaix1 = 0, x3 = 40, x5 = 20 kai x2 = x4 = x6 = 0. H
basik  lÔsh exakoloujeÐ na eÐnai ekfulismènh (afoÔ h basik  metablht  x1 eÐnai mhdèn).
Epiplèon, parathreÐste ìti h tim  tou krithrÐou den aux jhke se sqèsh me to prohgoÔmeno
tampl¸. Parèmeine Ðsh me 200. SuneqÐzontac thn diadikasÐa, h kainoÔrgia metablht 
pou ja eisèljei sth b�sh eÐnai h x2 mia kai to −7 eÐnai to plèon arnhtikì kìstoc kai
sqhmatÐzontac ta phlÐka blèpoume ìti metaxÔ twn 20/5 = 4 kai 40/3 = 13.33 to pr¸to
eÐnai to mikrìtero �ra to 5 eÐnai o nèoc odhgìc. (ParathreÐste ìti afoÔ to −9 eÐnai
arnhtikì den sqhmatÐzoume to antÐstoiqo phlÐko. 'Etsi xefeÔgoume apì tic ekfulismènec
lÔseic.) To epìmeno tampl¸ eÐnai to

∗ ∗ ∗
x1 x2 x3 x4 x5 x6 x7

x2 0 1 0 −7
5

1
5
−2

5
1
5

4

x1 1 0 0 −8
5

9
5

2
5
−6

5
36

x3 0 0 1 11
5

−3
5

1
5

2
5

28

Payoff 0 0 0 −9
5

7
5

1
5

2
5

228

Tampl¸ 2.4

H basik  lÔsh eÐnai t¸ra x1 = 36, x2 = 4, x3 = 28, x4 = x5 = x6. H lÔsh aut  den
eÐnai plèon ekfulismènh kai h tim  tou krithrÐou èqei arqÐsei p�li na aux�nei. Peraitèrw
beltÐwsh eÐnai dunat , mia kai up�rqei arnhtikìc suntelest c sqetikoÔ kèrdouc. O nèoc
odhgìc eÐnai o 11/5. (Ed¸ den qrei�zontai phlÐka mia kai eÐnai o mìnoc jetikìc.) H
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apaloif  dÐnei to telikì tampl¸ 2.5 me basik  lÔsh x1 = 620
11
, x2 = 240

11
, x4 = 140

11
kai

x3 = x5 = x6 = 0. H tim  tou antikeimenikoÔ krithrÐou eÐnai 2760
11

= 250.9.

∗ ∗ ∗
x1 x2 x3 x4 x5 x6 x7

x2 0 1 7
11

0 − 2
11
− 3

11
5
11

240
11

x1 1 0 8
11

0 15
11

6
11
−10

11
620
11

x4 0 0 5
11

1 − 3
11

1
11

2
11

140
11

Payoff 0 0 9
11

0 10
11

4
11

8
11

2760
11

Tampl¸ 2.5

2.2 'Ena prìblhma me mh monadik  lÔsh

'Estw to grammikì prìgramma
max 3x1 + 2x2
s.t.
3x1 + 2x2 ≤ 120
x1 + x2 ≤ 50
x1, x2 ≥ 0.

Se morf  tampl¸ me metablhtèc qalarìthtac x3, x4, gia touc dÔo anisotikoÔc periori-
smoÔc èqoume

∗ ∗
x1 x2 x3 x4

x3 3 2 1 0 120

x4 1 1 0 1 50

Payoff −3 −2 0 0 0

B�zontac sth b�sh th metablht  x1 paÐrnoume

∗ ∗
x1 x2 x3 x4

x1 1 2
3

1
3

0 40

x4 0 1
3
−1

3
1 10

Payoff 0 0 1 0 120

Sto shmeÐo autì ja mporoÔsame na stamat soume, mia kai den up�rqei arnhtikìc arijmìc
sthn teleutaÐa gramm . 'Omwc, parathr ste ìti h metablht  x2 den eÐnai sth b�sh kai
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par' ìla aut� èqei mhdenikì anhgmèno kìstoc, sunep¸c an mpei sthn b�sh den prìkeitai
na all�xei to sunolikì kèrdoc. Pr�gmati, an thn b�loume sthn b�sh h kainoÔrgia lÔsh
pou paÐrnoume eÐnai h x1 = 20, x2 = 30, me thn Ðdia tim  tou krithrÐou, 120.

∗ ∗
x1 x2 x3 x4

x1 1 0 1 −2 20

x2 0 1 −1 3 30

Payoff 0 0 1 0 120

2.3 P¸c kai giatÐ douleÔei h mèjodoc Simplex

Xekin�me me èna prìblhma paragwg c mem aniswtikoÔc periorismoÔc kai n−m metablhtèc
(ìpou bebaÐwc n > m). Met� thn qr sh twn metablht¸n qalarìthtac paÐrnoume èna
sÔsthma me m exis¸seic kai n agn¸stouc to opoÐo mporoume na gr�youme wc ex c:

a1 a2 ap am am+1 aq an b

1 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0 y1,m+1 ⋅ ⋅ ⋅ y1q ⋅ ⋅ ⋅ y1n y10
0 1 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0 y2,m+1 ⋅ ⋅ ⋅ y2q ⋅ ⋅ ⋅ y2n y20
...

...
0 0 ⋅ ⋅ ⋅ 1 ⋅ ⋅ ⋅ 0 yp,m+1 ⋅ ⋅ ⋅ ypq ⋅ ⋅ ⋅ ypn yp0
...

...
0 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 1 ym,m+1 ⋅ ⋅ ⋅ ymq ⋅ ⋅ ⋅ ymn ym0

(2.5)

O anwtèrw pÐnakac apoteleÐ suntomografÐa gia to grammikì sÔsthma exis¸sewn

x1 +y1,m+1xm+1+ ⋅ ⋅ ⋅ +y1nxn = y10
x2 +y2,m+1xm+1+ ⋅ ⋅ ⋅ +y2nxn = y20

...
xm +ym,m+1xm+1+ ⋅ ⋅ ⋅ +ymnxn = ym0

(2.6)

To kìstoc thc sugkekrimènhc basik c efikt c lÔshc eÐnai z0 =
∑m

j=1 cjyj0. 'Estw
t¸ra ìti exet�zoume to endeqìmeno na aux soume to epÐpedo miac apì tic mh basikèc
metablhtèc, èstw thc xj, j = m + 1, . . . , n, apì to 0 sto � > 0. H kainoÔrgia lÔsh,
pou den eÐnai basik , gÐnetai xi = yi0 − �yij kai eÐnai efikt  upì thn proôpìjesh ìti
yi0 − �yij ≥ 0   isodÔnama ìti

� ≤ yi0
yij

gia ìla ta i gia ta opoÐa yij > 0 (2.7)
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2.4 O algìrijmoc Simplex me thn morf  pÐnaka

Perigr�foume to grammikì prìgramma se tupopoihmènh morf  wc

max cTx

s.t.

Ax = b,

x ≥ 0

Ac upojèsoume ìti oi pr¸tecm metablhtèc eÐnai basikèc. Tìte mporoÔme na gr�youme ton
pÐnaka A wc A = [B,N ] ìpou B eÐnai ènac pÐnakac m×m kai N ènac pÐnakac m×(n−m).

Sunep¸c an qwrÐsoume to di�nusma x se dÔo tm mata x =
[
xB

xN

]
, di�stashc m kai n−m

antÐstoiqa, èqoume ìti Ax = BxB + NxN = b kai �ra, antistrèfontac ton pÐnaka B, o
opoÐoc jewreÐtai omalìc,

xB = B−1b−B−1NxN . (2.8)

'Otan xN = 0 èqoume mia basik  lÔsh h opoÐa eÐnai epÐshc efikt  upì thn proôpìjesh ìti
B−1b ≥ 0. H tim  tou krithrÐou pou anstistoiqeÐ sthn lÔsh x eÐnai h cTx. QwrÐzontac

to di�nusma c epÐshc se dÔo tm mata, c =
[
cB
cN

]
, ìtan èqoume thn basik  lÔsh

[
xB

0

]
h tim 

tou krithrÐou eÐnai z0 = cTBxB. Sthn genik  perÐptwsh h tim  tou krithrÐou eÐnai

[cTB, c
T
N ]

[
xB
xN

]
= cTBxB + cTNxN

kai antikajist¸ntac thn tim  tou xB apì to (2.8) èqoume

cTBB
−1b +

(
cTN − cTBB

−1N
)
xN . (2.9)

An jewr soume ènan dieurunmèno pÐnaka

B N b
cB cN 0

2.5 An�lush EuaisjhsÐac

Oi timèc twn duðk¸n metablht¸n apokalÔptoun thn oriak  allag  sthn bèltisth tim  tou
antikeimenikoÔ krithrÐou ìtan to dexÐ mèloc tou periorismoÔ, bi metablhjeÐ kat� mia mon�da.
'Otan o periorismìc i eÐnai qalarìc sthn bèltisth lÔsh h antÐstoiqh duðk  metablht  eÐnai
0 (apì tic sunj kec sumplhrwmatik c qalarìthtac) kai sunep¸c h metabol  eÐnai 0.
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2.6 ParadeÐgmata

Par�deigma 1. MÐa kafetèria leitourgeÐ se 24-wrh b�sh kai, an�loga me thn ¸ra thc
hmèrac, qrei�zetai to ex c proswpikì.

Qronik  El�qisto Kìstoc an� 8wro
PerÐodoc Proswpikì an� up�llhlo

02− 06 4 100
06− 10 8 80
10− 14 10 75
14− 18 7 85
18− 22 12 90
22− 02 4 95

K�je up�llhloc erg�zetai 8 suneqeÐc ¸rec. An to kìstoc an� up�llhlo an�loga
me to qrìno pou xekin�ei th b�rdia tou dÐnetai apì ton parap�nw pÐnaka na brejeÐ to
prìgramma pou elaqistopoieÐ to sunolikì kìstoc k�tw apì touc periorismoÔc gia to
el�qisto proswpikì pou dÐdontai ston pÐnaka.

min 100x1 + 80x2 + 75x3 + 85x4 + 90x5 + 95x6

s.t.
x1 +x6 ≥ 4
x1 +x2 ≥ 8

x2 +x3 ≥ 10
x3 +x4 ≥ 7

x4 +x5 ≥ 12
x5 +x6 ≥ 4

xj ≥ 0 j = 1, . . . , 6.

Par�deigma 2. MÐa epiqeÐrhsh prìkeitai na eis�gei èna nèo proðìn sthn agor�. Gia
th diaf mish tou proðìntoc epilègei na qrhsimopoi sei wc diafhmistik� mèsa thleìrash,
radiìfwno, efhmerÐda, periodik� kai tèloc probol  se k�poia web sites. To kìstoc diaf -
mishc an� parousÐash sta pènte aut� diafhmistik� mèsa kai oi deÐktec akroamatikìthtac
parousi�zontai ston akìloujo pÐnaka.

Thl. Rad. Efhm. Period. Internet
Kìstoc 1000 100 550 650 600

DeÐktec Akroamatikìthtac 120 25 60 82 40

PÐnakac 1. Kìstoc diafhmÐsewn kai deÐktec akroamatikìthtac
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H dioÐkhsh thc epiqeÐrhshc den mporeÐ na diajèsei gia th diaf mish p�nw apì 40.000
Eur¸. AkoloujeÐtai h ex c politik . O arijmìc twn diafhmÐsewn pou gÐnontai sta èn-
tupa mèsa den prèpei na uperbaÐnei to 30% aut¸n pou gÐnontai sthn thleìrash kai to
radiìfwno. 'Eqei parathrhjeÐ ìti gia na apod¸sei mÐa diaf mish apaitoÔntai toul�qiston
15 epanal yeic sto radiìfwno kai 10 epanal yeic sthn thleìrash. EpÐshc oi diafhmÐseic
sto Internet epeid  brÐskontai se peiramatikì st�dio den prèpei na xepernoÔn tic 15. Na
prosdioristeÐ o arijmìc twn diafhmÐsewn sta tèssera aut� diafhmistik� mèsa ètsi ¸ste
na megistopoieÐtai h sunolik  akroamatikìthta.

LÔsh. Oi metablhtèc apìfashc tou probl matoc orÐzontai wc ex c

x1: arijmìc diafhmÐsewn sthn thleìrash
x2: arijmìc diafhmÐsewn sto radiìfwno
x3: arijmìc diafhmÐsewn stic efhmerÐdec
x4: arijmìc diafhmÐsewn sta periodik�
x5: arijmìc diafhmÐsewn sto Internet.

Apì ta stoiqeÐa tou pÐnaka 1 prokÔptei ìti h antikeimenik  sun�rthsh pou prìkeitai
na megistopoihjeÐ eÐnai h 120x1 +25x2 +60x3 +82x4 +40x5. Ektìc apì touc periorismoÔc
mh arnhtikìthtac up�rqei o periorismìc twn qrhm�twn, o opoÐoc prokÔptei eÔkola apì
ton pÐnaka 1 ìti eÐnai

1000x1 + 100x2 + 550x3 + 650x4 + 600x5 ≤ 40000.

Diair¸ntac kai ta dÔo mèlh tou periorismoÔ me 50 prokÔptei o isodÔnamoc kai pio aplìc
periorismìc

20x1 + 2x2 + 11x3 + 13x4 + 12x5 ≤ 800.

O arijmìc twn diafhmÐsewn ston tÔpo den xepern� to 30% twn diafhmÐsewn thc thleìra-
shc kai tou radiof¸nou. 'Ara, prèpei na isqÔei h anisìthta

x3 + x4 ≤ 0.3(x1 + x2).

O periorismìc autìc gr�fetai isodÔnama wc ex c

−0.3x1 − 0.3x2 + x3 + x4 ≤ 0.

Tèloc, up�rqoun kai oi periorismoÐ twn el�qistwn arijm¸n diafhmÐsewn sto radiìfwno
thn thleìrash kai to internet oi opoÐoi analutik� gr�fontai san

x1 ≥ 10, x2 ≥ 15, x5 ≤ 15.
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Apì ta parap�nw prokÔptei ìti to prìblhma pou prèpei na epilujeÐ èqei thn morf 

max 120x1 + 25x2 + 60x3 + 82x4 + 40x5
s.t.

20x1 + 2x2 + 11x3 + 13x4 + 12x5 ≤ 800
−0.3x1 − 0.3x2 + x3 + x4 ≤ 0

x1 ≥ 10
x2 ≥ 15

x5 ≤ 15
xj ≥ 0, j = 1, . . . , 5.

Par�deigma 4. Mia tr�peza epiqeireÐ na kajorÐsei pou ja prèpei na ependujoÔn ta kef�-
laia thc kat� thn di�rkeia tou trèqontoc ètouc. Sto parìn $ 500.000 eÐnai diajèsima gia
epèndush se gramm�tia, d�neia agor�c katoikÐac d�neia agor�c autokin tou kai proswpi-
k� d�neia. O et sioc tìkoc se k�je tÔpo daneÐou eÐnai: gramm�tia 10%, d�neia agor�c
katoikÐac 16%, d�neia agor�c autokin tou 13%, proswpik� d�neia 20%. Gia na egguhjeÐ
o m�natzer ependÔsewn thc tr�pezac ìti to qartoful�kio thc tr�pezac den eÐnai tìso
riyokÐnduno, èqei jèsei treic periorismoÔc gia to qartoful�kio thc tr�pezac:

a) To posì pou ja ependujeÐ se proswpik� d�neia den mporeÐ na xeper�sei to posì
pou ja ependujeÐ se gramm�tia.

b) To posì pou ja ependujeÐ se d�neia agor�c katoikÐac den mporeÐ na xeper�sei to
posì pou ja ependujeÐ se d�neia agor�c autokin tou.

g) To mègisto posì pou mporeÐ na ependujeÐ se proswpik� d�neia mporeÐ na eÐnai to
25% tou sunolikoÔ posoÔ twn ependÔsewn.

Stìqoc thc tr�pezac eÐnai na megistopoi sei ton et sio tìko sto qartoful�kio twn
ependÔsewn thc. Diatup¸ste èna grammikì prìblhma, pou ja epitrèyei sthn tr�peza na
epitÔqei to stìqo thc.

Par�deigma 5. 'Estw ìti dÐdontai ta akìlouja dedomèna an�mesa se dÔo megèjh, x kai y
ta opoÐa upojètoume ìti sundèontai me thn sunarthsiak  sqèsh y = ax2 + bx+ c .

x 1 2 3 4 5
y 9.94 18.55 33.02 48.19 71.54

ZhteÐtai na prosdiorisjoÔn ta a, b, c ètsi ¸ste na elaqistopoieÐtai h mègisth apìklish,
max1≤i≤5 ∣−yi + ax2i + bxi + c∣
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2.7 To prìblhma thc metafor�c

JewroÔme ìti èqoume m ergost�sia ta opoÐa par�goun posìthtec ai, i = 1, 2, . . . ,m enìc
proðìntoc k�je m na kai n pìleic oi opoÐec èqoun z thsh bj, j = 1, 2, . . . , n gia to proðìn
autì k�je m na. To kìstoc metafor�c miac mon�dac tou proðìntoc apì thn pìlh i sto
ergost�sio j eÐnai cij. EpÐshc ja jewr soume arqik� ìti to prìblhma eÐnai isostajmismè-
no, dhlad  ìti

∑m
i=1 ai =

∑n
j=1 bj. Sunep¸c, me thn upìjesh aut , h sunolik  paragwg 

isoÔtai me thn sunolik  z thsh.

'Estw ìti xij sumbolÐzei thn posìthta tou proðìntoc pou stèlnoume apì to ergost�sio
i sthn pìlh j. (H posìthta aut  eÐnai bebaÐwc mh arnhtik .) To prìblhma eÐnai epomènwc
h elaqistopoÐhsh tou grammikoÔ krithrÐou

min
m∑
i=1

n∑
j=1

cijxij (2.10)

upì touc periorismoÔc

n∑
j=1

xij = ai i = 1, 2, . . . ,m, (2.11)

m∑
i=1

xij = bj j = 1, 2, . . . , n, (2.12)

xij ≥ 0. (2.13)

ìpou oi periorismoÐ (2.11) anafèrontai sta ergost�sia en¸ oi periorismoÐ (2.12) anafè-
rontai stic pìleic.

'Ena sugkekrimmèno par�deigma faÐnetai sto parak�tw sq ma.

'Eqoume trÐa ergost�sia pou par�goun 25, 20 kai 10 mon�dec antÐstoiqa, kai tèssereic
pìleic pou zhtoÔn 17, 13, 18 kai 7 mon�dec. H sunolik  z thsh isoÔtai me thn sunolik 
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prosfor� kai sunep¸c prìkeitai gia isostajmismèno prìblhma metafor�c. Ta mikr� te-
tr�gwna deÐqnoun ta antÐstoiqa kìsth metafor�c an� mon�da. Gia par�deigma to kìstoc
metafor�c apì to ergost�sio 2 sthn pìlh 2 eÐnai sÔmfwna me ton pÐnaka c22 = 11. To
prìblhma elaqistopoÐhshc gÐnetai sunep¸c

min 12x11 + 14x12 + 16x13 + 15x14 + 5x21 + 11x22 + 9x23 + 4x24 + 3x31 + 8x32 + 6x33 + 7x34

s.t.
x11 +x12 +x13 +x14 = 25

x21 +x22 +x23 +x24 = 20
x31 +x32 +x33 +x34 = 10

x11 +x21 +x31 = 17
x12 +x22 +x32 = 13

x13 +x23 +x33 = 18
x14 +x24 +x34 = 7

xij ≥ 0 ∀i, j.

Se perÐptwsh pou to prìblhma metafor�c den eÐnai isostajmismèno mporeÐ eÔkola na
metatrapeÐ se isostajmismèno me thn prosj kh miac phg c ({ergostasÐou}) se perÐptwsh
pou h prosfor� eÐnai mikrìterh apì thn z thsh   enìc epiplèon proorismoÔ ({pìlhc})
se perÐptwsh pou h prosfor� eÐnai megalÔterh apì thn z thsh. Oi eikonikèc phgèc
kai oi eikonikoÐ proorismoÐ par�goun kai zhtoÔn antÐstoiqa akrib¸c ìso apì to proðìn
apaiteÐtai prokeimènou to prìblhma na gÐnei isostajmismèno. Fusik�, metafor� proiìntoc
apì èna eikonikì ergost�sio se mia pìlh sthn pragmatikìthta shmaÐnei ìti h z thsh
den ikanopoieÐtai kai s' aut  thn perÐptwsh to kìstoc metafor�c eÐnai to kìstoc mh
ikanopoÐhshc thc z thshc.



Kef�laio 3

To L mma tou Farkas kai h JewrÐa
thc Duikìthtac

3.1 Kurtìthta ston ℝn kai to L mma tou Farkas

3.2 Kleist� SÔnola

Xekin�me me k�poiec ènnoiec, gnwstèc apì thn majhmatik  an�lush. 'Ena sÔnolo A ⊂ ℝn

onom�zetai kleistì an perièqei k�je oriakì shmeÐo tou. To sÔnolo onom�zetai sumpagèc an
k�je akoloujÐa stoiqeÐwn tou perièqei upakoloujÐa sugklÐnousa se shmeÐo tou sunìlou.
Ston EukleÐdio q¸ro ℝn èna sÔnolo eÐnai sumpagèc an kai mìno an eÐnai kleistì kai
fragmèno.

Je¸rhma 1. An A ⊂ ℝn èna sumpagèc uposÔnolo tou ℝn kai f : A → ℝm suneq c
sun�rthsh tìte to f(A) eÐnai sumpagèc uposÔnolo tou ℝm.

Apìdeixh 'Estw {f(ak)} mia akoloujÐa shmeÐwn tou f(A) kai {ak} mia apì tic akolou-
jÐec shmeÐwn tou A apì tic opoÐec ja mporoÔse na proèrqetai. (H sun�rthsh f den eÐnai
upoqrewtik� 1�1.) AfoÔ to A eÐnai sumpagèc up�rqei upakoloujÐa {aik} tètoia ¸ste
aik → a ∈ A. Sunep¸c, afoÔ h f eÐnai suneq c, f(aik) → f(a) kai f(a) ∈ f(A). Autì
shmaÐnei ìti to f(A) eÐnai sumpagèc.

Pìrisma 1. An A ⊂ ℝn èna sumpagèc uposÔnolo tou ℝn kai f : A→ ℝ eÐnai suneq c
sun�rthsh tìte up�rqoun a, b ∈ A tètoia ¸ste f(a) = inf{f(x) : x ∈ A} kai f(b) =
sup{f(x) : x ∈ A}.

27
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Apìdeixh To je¸rhma deÐqnei ìti to sÔnolo f(A) = {f(x) : x ∈ A} eÐnai sumpagèc
kai sunep¸c kleistì kai fragmèno. Epomènwc èqei peperasmèno infimum kai supremum.
Epiplèon tìso to infimum ìso kai to supremum an koun sto f(A) mia kai to f(A) eÐnai
kleistì sÔnolo. SumperaÐnoume ìti up�rqoun a, b ∈ A tètoia ¸ste f(a) = inf f(A) kai
f(b) = sup f(A).

Orismìc 1. H apìstash tou shmeÐou x apì to sÔnolo A ston ℝn orÐzetai wc dA(x) =
inf{∥x− y∥ : y ∈ A}.

Prìtash 1. H sun�rthsh apìstashc ikanopoieÐ thn sunj kh Lipschitz

∣ dA(y)− dA(x) ∣≤ ∥x− y∥. (3.1)

H parap�nw sqèsh sunep�getai fusik� ìti h dA(⋅) eÐnai suneq c sun�rthsh.

Apìdeixh 'Estw x, y ∈ ℝn. Gia k�je � > 0 up�rqei a ∈ A tètoio ¸ste ∥x − a∥ <
dA(x) + �. EpÐshc

dA(y) ≤ ∥y − a∥ ≤ ∥y − x∥+ ∥x− a∥ < ∥y − x∥+ dA(x) + �.

AfoÔ h parap�nw sqèsh isqÔei gia k�je � > 0 ja isqÔei epÐshc ìti dA(y) ≤ ∥y−x∥+dA(x)
 

dA(y)− dA(x) ≤ ∥y − x∥.

Enall�ssontac ton rìlo twn x kai y ja èqoume epÐshc ìti

dA(x)− dA(y) ≤ ∥y − x∥.

Apì tic dÔo sqèseic prokÔptei h (3.1).

Prìtash 2. 'Estw A èna mh kenì, kleistì uposÔnolo tou ℝn kai x ∈ ℝn. Tìte up�rqei
a0 ∈ A tètoio ¸ste dA(x) = ∥x− a0∥.

Apìdeixh. Up�rqei akoloujÐa {ak} shmeÐwn tou A tètoia ¸ste ∥x − ak∥ → dA(x). Oi
sugklÐnousec akoloujÐec sto ℝ eÐnai fragmènec kai sunep¸c up�rqei r > 0 tètoio ¸ste
∥x − ak∥ ≤ r gia k�je k ∈ N. Sunep¸c, apì thn trigwnik  idiìthta isqÔei ìti ∥ak∥ ≤
∥ak − x∥ + ∥x∥ ≤ r + ∥x∥. Autì shmaÐnei ìti h akoloujÐa {ak} eÐnai fragmènh kai
epomènwc up�rqei sugklÐnousa upakoloujÐa {aik} tètoia ¸ste aik → a0 ∈ ℝn. Epeid  to
A eÐnai kleistì sÔnolo, a0 ∈ A. 'Eqoume loipìn ìti ∥x− aik∥ → ∥x− a0∥ ìtan k →∞.
EpÐshc, ∥x − aik∥ → dA(x) afoÔ {aik} eÐnai upakoloujÐa thc arqik c akoloujÐac. Apì
thn monadikìthta tou orÐou prokÔptei epÐshc ìti dA(x) = ∥x− a0∥.
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Sq ma 3.1: H kurt  j kh

Je¸rhma 2. 'Estw A,B, mh ken� uposÔnola tou ℝn tètoia ¸ste to A kleistì kai to B
sumpagèc. Tìte up�rqei a0 ∈ A, b0 ∈ B tètoia ¸ste ∥a0 − b0∥ = inf{∥a− b∥ : a ∈ A, b ∈
B}.

Apìdeixh. H sun�rthsh dA(⋅) eÐnai suneq c. An periorÐsoume to pedÐo orismoÔ thc sto
sumpagèc sÔnolo B tìte dA(b0) = inf{dA(b) : b ∈ B} gia k�poio b0 ∈ B. AfoÔ to A
eÐnai kleistì up�rqei a0 ∈ A tètoio ¸ste dA(b0) = ∥a0 − b0∥. Gia k�je a ∈ A, b ∈ B,
∥a− b∥ ≥ dA(b) ≥ dA(b0) = ∥a0− b0∥. Sunep¸c, ∥a0− b0∥ = inf{∥a− b∥ : a ∈ A, b ∈ B}
afou a0 ∈ A, b0 ∈ B.

3.3 Kurt� SÔnola

'Ena uposÔnolo C tou ℝn onom�zetai kurtì an, gia k�je x, y ∈ C kai k�je � ∈ [0, 1],
�x+ (1− �)y ∈ C.

An ai, i = 1, 2, . . . ,m eÐnai dianÔsmata ston ℝn, to di�nusma
∑m

i=1 �iai onom�zetai
kurtìc sunduasmìc twn ai an �i ≥ 0 kai

∑m
i=1 �i = 1.

An {Ai; i ∈ I} eÐnai mia oikogèneia apì kurt� sÔnola, tìte
∩
i∈I Ai eÐnai epÐshc kurtì

sÔnolo. Autì eÐnai eÔkolo na to diapist¸sei kaneÐc afoÔ gia x, y ∈
∩
i∈I Ai ja èqoume

x, y ∈ Ai gia k�je i ∈ I kai afoÔ ta Ai eÐnai kurt� �x + (1 − �)y ∈ Ai gia k�je i �ra
�x+ (1− �)y ∈

∩
i∈I Ai.

H kurt  j kh tou sunìlou A ∈ ℝn thn opoÐa sumbolÐzoume wc convA eÐnai to
mikrìtero kurtì sÔnolo pou perièqei to A dhlad  h tom  ìlwn twn kurt¸n sunìlwn pou
perièqoun to A. (H tom  aut  eÐnai kurt  me b�sh thn prohgoÔmenh parat rhsh.)

K�je kurtìc sunduasmìc stoiqeÐwn enìc kurtoÔ sunìlou A an kei sto sÔnolo A.
Autì mporoÔme na to diatup¸soume wc ex c:
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Je¸rhma 3. 'Estw a1, . . . , am shmeÐa enìc kurtoÔ sunìlou A ∈ ℝn. 'Estw epÐshc
�1, . . . , �m ≥ 0 me �1 + ⋅ ⋅ ⋅+ �m = 1. Tìte

∑m
i=1 �iai ∈ A.

Apìdeixh. Me epagwg  wc proc m. To je¸rhma isqÔei tetrimèna gia m = 1 kai apì ton
orismì thc kurtìthtac gia m = 2. Upojètoume ìti isqÔei gia m = k ≥ 2 kai ja deÐxoume
ìti isqÔei gia m = k + 1, dhlad  ìti x =

∑k+1
j=1 �jaj ∈ A. An � := �1 + ⋅ ⋅ ⋅ + �k = 0

tìte asfal¸c x = ak+1 ∈ A. 'Estw loipìn � > 0. OrÐzoume y = �1
�
a1 + ⋅ ⋅ ⋅ + �k

�
ak. Ja

isqÔei ìti y ∈ A apì thn epagwgik  upìjesh. All� x = �y + (1 − �)ak+1 ∈ A apì thn
kurtìthta tou A.

Je¸rhma 4. 'Estw A èna uposÔnolo tou ℝn. Tìte conv A eÐnai to sÔnolo ìlwn twn
kurt¸n sunduasm¸n twn shmeÐwn tou A.

Apìdeixh. 'Estw B to sÔnolo ìlwn twn kurt¸n sunduasm¸n twn shmeÐwn tou A dhlad 
B = {

∑m
i=1 �iai;m ∈ N, ai ∈ A, �i ≥ 0,

∑m
i=1 �i = 1}. EÐnai polÔ eÔkolo na diapist¸sei

kaneÐc ìti to sÔnolo B eÐnai kurtì. Pr�gmati, an x =
∑m

i=1 �iai, y =
∑m′

i=1 �
′
ia
′
i eÐnai

dÔo kurtoÐ sunduasmoÐ stoiqeÐwn tou A kai � ∈ [0, 1], �′ := 1 − �, tìte �x + �′y =
��1a1+⋅ ⋅ ⋅+��mam+�′�′1a

′
1+⋅ ⋅ ⋅+�′�′m′a′m′ eÐnai epÐshc kurtìc sunduasmìc stoiqeÐwn tou

A kai epomènwc an kei sto B. EpÐshc isqÔei profan¸c ìti A ⊂ B. Sunep¸c afoÔ convA
eÐnai to mikrìtero kurtì sÔnolo pou perièqei to A isqÔei ìti convA ⊂ B. AntÐstrofa,
k�je stoiqeÐo tou B eÐnai kurtìc sunduasmìc stoiqeÐwn tou A kai epomènwc an kei se
k�je kurtì sÔnolo pou perièqei to A, epomènwc kai sthn tom  touc, dhlad  to convA.

Apì to parap�nw èqoume kai ta ex c profan  porÐsmata:

Pìrisma 2. An èna shmeÐo x an kei sthn kurt  j kh tou A tìte up�rqei m ∈ N kai
shmeÐa a1, . . . , am tou A tètoia ¸ste x =

∑m
i=1 �iai, dhlad  to x mporeÐ na grafeÐ wc

kurtìc sunduasmìc stoiqeÐwn tou A.

Pìrisma 3. H kurt  j kh tou sunìlouA = {a1, . . . , am} eÐnai to sÔnolo {
∑m

i=1 �iai, �i ≥
0,
∑m

i=1 �i = 1}.

3.4 To je¸rhma tou diaqwrÐzontoc uperepipèdou

L mma 1. 'Estw x, y ∈ ℝn. An gia k�poio � > 0, ∥x+ �y∥ ≥ ∥x∥ gia k�je 0 < � < �,
tìte xTy ≥ 0.
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Sq ma 3.2: H kurt  j kh tou sunìlou {a1, a2, a3, a4, a5, a6}

Apìdeixh. IsqÔei ìti

∥x∥2 ≤ ∥x+ �y∥2 = ∥x∥2 + 2�xTy + �2∥y∥2

kai sunep¸c, afoÔ � > 0, xTy + 1
2
�∥y∥2 ≥ 0. Af nontac to � → 0 sumperaÐnoume ìti

xTy ≥ 0.

Je¸rhma 5. 'Estw A ⊂ ℝn mh kenì, kurtì, kleistì sÔnolo kai x shmeÐo tou ℝn. Tìte
up�rqei èna monadikì shmeÐo a0 ∈ A tètoio ¸ste ∥x − a0∥ = inf{∥x − z∥ : z ∈ A}.
Epiplèon, (x− a0)T (a− a0) ≤ 0 gia k�je a ∈ A.

Apìdeixh. Apì prohgoÔmena apotelèsmata gia kleist� sÔnola xèroume ìti up�rqei a0 ∈ A
tètoio ¸ste ∥x − a0∥ = inf{∥x − z∥ : z ∈ A}. 'Estw a ∈ A kai 0 ≤ � ≤ 1. H kurtìthc
tou A èqei wc sunèpeia ìti (1− �)a0 + �a ∈ A. IsqÔei ìti

∥x− ((1− �)a0 + �a)∥ = ∥(x− a0) + �(a0 − a)∥2 ≥ ∥x− a0∥,

ìpou, h teleutaÐa anisìthta ofeÐletai ston orismì tou a0 wc tou eggÔterou shmeÐou tou
A sto x. Apì to prohgoÔmeno l mma sumperaÐnoume ìti (x − a0)T (a − a0) ≤ 0. Gia na
apodeÐxoume thn monadikìthta tou a0 èstw a1 ∈ A èna �llo shmeÐo tètoio ¸ste ∥x−a1∥ =
inf{∥x− z∥ : z ∈ A}. Efarmìzontac ton Ðdio sullogismì èqoume (x− a1)T (a− a1) ≤ 0.
Dedomènou ìti to a eÐnai opoiod pote shmeÐo tou A, jètontac a = a0 paÐrnoume

(x− a1)T (a0 − a1) ≤ 0. (3.2)
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Apì thn summetrÐa, enall�ssontac ton rìlo twn a0 kai a1 èqoume

(x− a0)T (a1 − a0) ≤ 0. (3.3)

Prosjètontac kat� mèlh tic anisìthtec (3.2), (3.3), paÐrnoume (a1 − a0)
T (a1 − a0) =

∥a1 − a0∥2 ≤ 0 ap' ìpou prokÔptei ìti a1 = a0.

'Ena uperepÐpedo �T z+� = 0 ston ℝn diaqwrÐzei dÔo uposÔnola tou ℝn an �T z+� ≥ 0
gia k�je z ∈ A kai �T z+� ≤ 0 gia k�je z ∈ B. An oi parap�nw anisìthtec eÐnai austhrèc
tìte to uperepÐpedo diaqwrÐzei austhr� ta dÔo sÔnola.

Je¸rhma 6. 'Estw A, B, xèna, mh ken�, kurt� sÔnola ston ℝn ìpou A kleistì kai B
sumpagèc. Tìte ta A kai B diaqwrÐzontai austhr� apì èna uperepÐpedo sto ℝn.

Apìdeixh. 'Estw a ∈ A, b ∈ B tètoia ¸ste to a na eÐnai to eggÔtero shmeÐo tou A sto
B kai to b to eggÔtero shmeÐo tou B sto A. Autì eÐnai sunèpeia twn prohgoumènwn
jewrhm�twn. AfoÔ A ∩ B = ∅, a ∕= b. An x ∈ A, y ∈ B, tìte apì to prohgoÔmeno
je¸rhma (b− a)T (x− a) ≤ 0 kai (a− b)T (y − b) ≤ 0. Sunep¸c

(a− b)Tx ≥ (a− b)Ta =
1

2

(
∥a∥2 − ∥b∥2 + ∥a− b∥2

)
>

1

2

(
∥a∥2 − ∥b∥2

)
>

1

2

(
∥a∥2 − ∥b∥2 − ∥a− b∥2

)
= (a− b)T b ≥ (a− b)Ty.

Jètoume � = a− b kai  = −1
2
(∥a∥2 − ∥b∥2). Tìte h parap�nw sqèseic mac dÐnoun

�Tx+  > 0 > �Ty + .

Sunep¸c to diaqwrÐzon uperepÐpedo eÐnai to �T z +  = 0.

3.5 To L mma tou Farkas

Je¸rhma 7 (L mma tou Farkas). An A eÐnai ènac pÐnakac m × n kai b èna di�nusma
ston ℝm tìte akrib¸c mÐa apì tic akìloujec dÔo enallaktikèc prot�seic isqÔei

(i) Up�rqei x ∈ ℝn, x ≥ 0 tètoio ¸ste Ax = b.

(ii) Up�rqei y ∈ ℝm tètoio ¸ste yTA ≥ 0 kai yT b < 0.
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Sq ma 3.3: Sto aristerì sq ma blèpoume thn pr¸th perÐptwsh tou l mmatoc tou Farkas.
To di�nusma b an kei ston k¸no pou sqhmatÐzoun ta a1, a2, a3. Sto dexiì sq ma blèpoume
thn deÔterh perÐptwsh tou l mmatoc. Ta b1, b2 den an koun ston k¸no twn a1, a2, a3 kai
epomènwc up�rqoun y1, y2 tètoia ¸ste yTai ≥ 0 kai yT b < 0.

Apìdeixh. Pr¸ta ap' ìla diapist¸noume ìti den mporoun an isqÔsoun ta (i) kai (ii) tau-
tìqrona. Pr�gmati, s' aut  thn perÐptwsh, gia k�poio x ≥ 0 Ax = b en¸ tautìqrona
up�rqei y pou na ikanopoieÐ thn (ii). Gi' autì to y èqoume yTAx = yT b. To dexÐ mèloc
aut c thc teleutaÐac sqèshc eÐnai apì thn (ii) austhr� arnhtikì en¸ to aristerì eÐnai to
eswterikì ginìmeno dÔo mh arnhtik¸n dianusm�twn, tou ATy kai tou x.

Gia na apodeÐxoume to je¸rhma arkeÐ na deÐxoume ìti an den isqÔei h (i) tìte ja isqÔei
upoqrewtik� h (ii). An den isqÔei h (i) tìte to b brÐsketai èxw apì ton kurtì kleistì k¸no
C := {Ax : x ≥ 0}. Sunep¸c up�rqei diaqwrÐzon uperepÐpedo dhlad  èna uperepÐpedo
T z + � = 0 ìpou  ∈ ℝm kai � ∈ ℝ tètoio ¸ste

T z + � > 0 ∀z ∈ C, (3.4)

T b+ � < 0. (3.5)

An z ∈ C kai r > 0 tìte kai rz ∈ C, sunep¸c apì thn (3.4) rT z+� > 0 gia k�je z ∈ C
kai r > 0   T z + �/r > 0. Af nontac r →∞ blèpoume ìti T z ≥ 0 gia ìla ta z ∈ C.
Autì isqÔei en prokeimènw kai gia tic st lec a1, . . . , an tou pÐnaka A. Sunep¸c Tai ≥
kai mporoÔme na dialèxoume to di�nusma y pou prèpei na broÔme gia na ikanopoi soume
thn (ii) Ðso me to . Akìmh, jètwntac z = 0 sthn (3.4) blèpoume ìti � > 0. Sunep¸c
apì thn (3.5) èqoume yT b = −� < 0.

Up�rqoun pollèc enallaktikèc diatup¸seic tou l mmatoc tou tou Farkas. Anafèroume
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endeiktik� tic akìloujec dÔo:

Je¸rhma 8 (Farkas, 1h Enallaktik  diatÔpwsh). An A eÐnai ènac pÐnakac m × n kai
b èna di�nusma ston ℝm tìte akrib¸c mÐa apì tic akìloujec dÔo enallaktikèc prot�seic
isqÔei

(i) Up�rqei x ∈ ℝn, x ≥ 0 tètoio ¸ste Ax ≥ b.

(ii) Up�rqei y ∈ ℝm, y ≥ 0 tètoio ¸ste yTA ≤ 0 kai yT b > 0.

Apìdeixh. Ja deÐxoume ìti h diatÔpwsh aut  eÐnai isodÔnamh me thn arqik  diatÔpwsh
tou l mmatoc tou Farkas. Gia to skopì autì pr¸ta ja deÐxoume ìti h arqik  diatÔpwsh
sunep�getai thn paroÔsa. An isqÔei to i) thc paroÔsac tìte isqÔei kai ìti up�rqei x ≥ 0,
s ≥ 0 tètoia ¸ste [A, I]

[
x
s

]
= b. EÐnai safèc t¸ra pou h sunj kh eÐnai grammènh sth

logikh thc arqik c diatÔpwshc ìti h enallaktik  prìtash eÐnai ìti up�rqei y tètoio ¸ste
yT [A, I] ≥ 0 kai yT b < 0. All� h pr¸th sqèsh gr�fetai kai wc yTA ≥ 0 kai yT ≥ 0.
'Ara h deÔterh diatÔpwsh eÐnai sunèpeia thc pr¸thc.

Ja deÐxoume t¸ra kai to antÐstrofo. An h deÔterh diatÔpwsh eÐnai alhj c kai gr�you-
me thn Ax = b wc Ax ≤ b kai −Ax ≤ −b   isodÔnama

[
A
−A

]
x ≤

[
b
−b

]
tìte h enallaktik 

prìtash sÔmfwna me thn deÔterh diatÔpwsh eÐnai ìti up�rqei di�nusma
[
u
v

]
tètoio ¸ste

u ≥ 0, v ≥ 0, kai
[
uT , vT

] [
A
−A

]
≥ 0, [uT , vT ]b > 0. Oi sqèseic autèc xanagr�fontai wc

(u − v)TA ≥ 0, kai (u − v)T b < 0. An jèsoume y = u − v blèpoume ìti h prìtash aut 
eÐnai h deÔterh enallaktik  prìtash thc pr¸thc diatÔpwshc mia kai to y den eÐnai plèon
upoqrewtik� jetikì.

Mia akìmh isodÔnamh diatÔpwsh twn dÔo enallaktik¸n prot�sewn, thn opoÐa anafè-
roume qwrÐc apìdeixh mia kai eÐnai Ðdia ousiastik� me thn apìdeixh pou  dh d¸same eÐnai h
akìloujh.

Je¸rhma 9 (2h Enallaktik  diatÔpwsh). Me ton Ðdio sumbolismì mÐa apì tic akìloujec
dÔo enallaktikèc prot�seic isqÔei

(i) Up�rqei x ∈ ℝn, x ≥ 0 tètoio ¸ste Ax ≤ b.

(ii) Up�rqei y ∈ ℝm, y ≥ 0 tètoio ¸ste yTA ≥ 0 kai yT b < 0.

Oi efarmogèc tou l mmatoc tou Farkas eÐnai p�ra pollèc. Ja d¸soume merikèc �mesa
en¸ �llec ja doÔme sthn sunèqeia.

Je¸rhma 10 (Je¸rhma enallaktik¸n tou Fredholm). An A eÐnai ènac pÐnakac m× n
kai b ∈ ℝm tìte akrib¸c mÐa apì tic dÔo enallaktikèc prot�seic isqÔei
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(i) Up�rqei x ∈ ℝn tètoio ¸ste Ax = b.

(ii) Up�rqei y ∈ ℝm tètoio ¸ste yTA = 0 kai yT b ∕= 0.

Apìdeixh. Sthn pr¸th enallaktik  prìtash to x mporeÐ na paÐrnei tìso jetikèc ìso kai
arnhtikèc timèc. Gia na efarmìsoume to L mma tou Farkas prèpei na metatrèyoume to
prìblhma se èna prìblhma anaz thshc jetik¸n lÔsewn. Autì gÐnetai eÔkola jètontac
x = u−v ìpou u, v ≥ 0. (Autì to tèqnasma èqei eurÔtath efarmog  ìpwc ja gÐnei safèc
sth sunèqeia.) H pr¸th enallaktik  prìtash gÐnetai tìte [A ∣ −A][u

v
] = b me u, v ≥ 0

kai eÐnai sth morf  tou L mmatoc tou Farkas. H enallaktik  prìtash tou L mmatoc tou
Farkas eÐnai ìti up�rqei y ∈ ℝm tètoio ¸ste yT [A ∣ −A] ≥ 0 kai yT b < 0. All� autì
shmaÐnei yTA ≥ 0 kai yTA ≤ 0   yTA = 0. H deÔterh sunj kh, mporeÐ apl� na grafeÐ
yT b ∕= 0. (ParathreÐste ìti an gia k�poio y, yTA = 0, tìte kai (−y)TA = 0 kai sunep¸c
to prìshmo den paÐzei rìlo.)

To akìloujo je¸rhma exasfalÐzei thn Ôparxh st�simhc katanom c se mia alusÐda
Markov me peperasmèno arijmì katast�sewn. UpenjumÐzoume ìti o pÐnakac n × n, P ,
onom�zetai stoqastikìc an Pij ≥ 0 kai

∑n
j=1 Pij = 1 gia k�je i = 1, . . . , n.

Je¸rhma 11. An P eÐnai stoqastikìc pÐnakac up�rqei di�nusma gramm c � = (�1, . . . , �n)
tètoio ¸ste �i ≥ 0 kai

∑n
i=1 �i = 1 to opoÐo na ikanopoieÐ tic exis¸seic isorropÐac

�j =
n∑
i=1

�iPij, j = 1, . . . , n. (3.6)

Apìdeixh. ArkeÐ na deÐxoume ìti up�rqei di�nusma x ∈ ℝn me x ≥ 0 tètoio ¸ste P Tx = x
kai uTx = 1 ìpou uT = [1, 1, . . . , 1]. IsodÔnama arkei na deÐxoume ìti h Ax = b èqei lÔsh
x ≥ 0 me

A =

[
P T − I
uT

]
, kai b =

⎡⎢⎢⎢⎣
0
...
0
1

⎤⎥⎥⎥⎦ .
Pr�gmati an up�rqei tètoia lÔsh tìte èqoume apl¸c xT = �. An den up�rqei tètoia
lÔsh tìte ja prèpei na isqÔei h deÔterh enallaktik  protash tou Farkas h opoÐa sthn
perÐptws  mac lèei ìti ja prèpei na up�rqei y ∈ ℝn+1 tètoio ¸ste yTA ≥ 0 kai yT b < 0.
ArqÐzontac apì thn deÔterh sqèsh gr�foume yT = [z1, . . . , zn,−�] kai parathroÔme ìti
yT b = −� < 0, sunep¸c � > 0. (Autì dikaiologeÐ kai thn perÐergh epilog  mac gia ton
sumbolismì twn sunistws¸n tou dianÔsmatoc y.) Strèfoume t¸ra thn prosoq  mac sthn
yTA ≥ 0 h opoÐa shmaÐnei ìti

yT
[
P T − I
uT

]
≥ 0.
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H parap�nw sqèsh gr�fetai kai wc

n∑
j=1

Pijzj − zi − � > 0, i = 1, . . . , n. (3.7)

'Estw m ekeÐnoc o deÐkthc gia ton opoÐo zm = maxj=1,...,n zj. Efìson zm ≥ zj gia k�je
j ja isqÔei kai ìti

zm ≥
n∑
j=1

Pmjzj. (3.8)

Efarmìzontac thn (3.7) gia i = m paÐrnoume thn

n∑
j=1

Pmjzj > zm + � > zm. (3.9)

H antÐfash metaxÔ twn (3.8) kai (3.9) deÐqnei ìti h deÔterh enallaktik  prìtash tou
Farkas den mporeÐ na isqÔei kai sunep¸c anagkastik� isqÔei h pr¸th.

Tèloc ja d¸soume mia enallaktik  diatÔpwsh tou L mmatoc tou Farkas.

Je¸rhma 12 (L mma Farkas�DeÔterh diatÔpwsh). 'Estw A = (aij) m × n pÐnakac.
Tìte eÐte to i) eÐte to ii) all� ìqi kai ta dÔo isqÔoun

i) To shmeÐo 0 ∈ ℝm perièqetai sthn kurt  j kh twn m+ n shmeÐwn

a1 =

⎛⎜⎝ a11
...
am1

⎞⎟⎠ , . . . , an =

⎛⎜⎝ a1n
...

amn

⎞⎟⎠ , e1 =

⎛⎜⎜⎜⎝
1
0
...
0

⎞⎟⎟⎟⎠ , . . . , em =

⎛⎜⎜⎜⎝
0
...
0
1

⎞⎟⎟⎟⎠ ,

(ìpou ei to monadiaÐo di�nusma sthn kateÔjunsh i ston ℝm).

ii) Up�rqoun arijmoÐ x1, . . . , xm tètoioi ¸ste xi > 0,
∑m

i=1 xi = 1 kai
∑m

i=1 xiaij > 0
gia j = 1, 2, . . . , n.

Apìdeixh To 0 an kei sthn kurt  j kh twn dianusm�twn thc (i) an up�rqoun sj ≥ 0
tètoia ¸ste

∑n
j=1 sjaj +

∑m
i=1 sm+iei = 0 kai

∑m+n
j=1 sj = 1. An A = [a1 ∣ ⋅ ⋅ ⋅ ∣ an], h

pr¸th prìtash gr�fetai epÐshc wc

[
A , Im
eT

]
s =

⎡⎢⎢⎢⎣
0
...
0
1

⎤⎥⎥⎥⎦ =: b, s ≥ 0. (3.10)
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Im eÐnai o m×m monadiaÐoc pÐnakac kai eT = (1, 1, . . . , 1) eÐnai di�nusma me m+ n stoi-
qeÐa Ðsa me thn mon�da. Akìmh, s := (s1, s2, . . . , sm+n)T en¸ to dexÐ mèloc thc parap�nw
exÐswshc eÐnai èna di�nusma me m+ 1 stoiqeÐa, ta pr¸ta m apì ta opoÐa eÐnai 0. Parath-
reÐste ìti h sunj kh

∑n+m
j=1 sj = 1 exasfalÐzetai apo thn teleutaÐa gramm  tou pÐnaka thc

(3.10). An den isqÔei h pr¸th prìtash tìte apì to l mma tou Farkas up�rqei y ∈ ℝm+1

tètoio ¸ste

yT
[
A , Im
eT

]
≥ 0 (3.11)

kai yT b < 0. Jètoume yT := (y1, . . . , ym,−�). Dedomènhc thc morf c tou b h sqèsh
yT b < 0 sunep�getai ìti � > 0. Sunep¸c, h (3.11) sunep�getai ìti

m∑
i=1

yiaij − � ≥ 0, j = 1, 2, . . . , n, (3.12)

yi − � ≥ 0, i = 1, 2, . . . ,m. (3.13)

All� aut  h teleutaÐa sqèsh sunep�getai ìti
∑m

i=1 yiaij ≥ � > 0 gia k�je j = 1, . . . , n,
kai yi ≥ � > 0 gia k�je i = 1, 2, . . . ,m. MporoÔme sunep¸c na jèsoume

xi =
yi∑m
k=1 yk

, i = 1, 2, . . . ,m.

Sunep¸c, an den isqÔei h prìtash (i) tìte upoqrewtik� isqÔei h prìtash (ii).

3.6 To Je¸rhma Arbitrage

'Eqoume diajèsimec n dunatèc ependÔseic kai up�rqei to endeqìmeno m diaforetik¸n sena-
rÐwn (states of nature). An epilèxoume na ependÔsoume 1 eur¸ sthn epèndush j kai sumbeÐ
to sen�rio i tìte h apìdosh eÐnai rij. 'Ena ependutikì qartoful�kio eÐnai èna di�nusma
x ∈ ℝn, x = (x1, . . . , xj, . . . , xn)T . To �jroisma

∑n
j=1 rijxj perigr�fei thn apìdosh tou

qartofulakÐou x ìtan to sen�rio pou sumbaÐnei eÐnai to i. 'Estw epÐshc p = (p1, . . . , pn)T

èna di�nusma tim¸n twn diafìrwn ependÔsewn. Oi timèc autèc den eÐnai ìlec upoqrewti-
k� jetikèc. Tìte to kìstoc enìc qartofulakÐou eÐnai pTx en¸ h apìdos  tou eÐnai to
di�nusma Rx ston ℝm.

Je¸rhma 13. Akrib¸c èna apì ta akìlouja dÔo sumbaÐnoun:

i) Up�rqei qartoful�kio x gia to opoÐo pTx < 0 kai Rx ≥ 0. Aut  eÐnai h perÐptwsh
tou arbitrage.

ii) Up�rqei di�nusma pijanot twn q ∈ ℝm, q ≥ 0,
∑m

i=1 qi = 1, tètoio ¸ste qTR = cpT ,
ìpou c > 0 dhlad  oi timèc twn apodìsewn eÐnai an�logec proc tic mèsec timèc wc
proc mia katanom  pijanot twn p�nw sta di�fora sen�ria.
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Apìdeixh. 'Efarmìzoume to L mma tou Farkas ston pÐnaka RT . H mÐa enallaktik  du-
natìthta eÐnai na up�rqei lÔsh sto sÔsthma RTv = p me v ≥ 0. IsqÔei anagkastik�
ìti

∑m
i=1 vi > 0 ektìc apì thn tetrimmènh perÐptwsh pou p = 0. Sunep¸c, jètwntac

c−1 =
∑m

i=1 vi, kai q = c−1v èqoume qTR = cpT . Aut  eÐnai h perÐptwsh (ii) tou jewr -
matoc.

An den isqÔei h pr¸th enallaktik  dunatìthta tìte upoqrewtik� ja up�rqei x tètoio
¸ste xTRT ≥ 0 kai xTp < 0, dhlad  up�rqei qartoful�kio tou opoÐou to kìstoc eÐnai
arnhtikì (afoÔ xTp < 0) all� h apìdoseic eÐnai mh arnhtikèc se k�je sen�rio (afoÔ
Rx ≥ 0).

3.7 To duðkì prìblhma

3.7.1 To duðkì prìblhma enìc probl matoc paragwg c

kai h oikonomik  shmasÐa tou

Ac jewr soume to akìloujo prìblhma paragwg c. 'Enac kataskeuast c mporeÐ na pa-
r�gei n diaforetik� proðìnta, P1, . . . , Pn qrhsimopoi¸ntac m pr¸tec Ôlec, Y1, . . . Ym. Gia
thn paragwg  miac mon�dac tou proðìntoc Pj apaitoÔntai aij mon�dec thc pr¸thc Ôlhc Yi
kai h sunolik  diajèsimh posìthta thc Yi èstw ìti eÐnai bi. 'Estw epÐshc ìti h p¸lhsh
miac mon�dac tou Pj apofèrei kèrdoc cj ston kataskeuast . Sunep¸c o kataskeuast c,
prokeimènou na megistopoi sei to kèrdoc tou ja kataskeu�sei xj mon�dec tou proðìntoc
Pj ètsi ¸ste

max c1x1 + c2x2 + ⋅ ⋅ ⋅+ cnxn
s.t.
a11x1 + a12x2 + ⋅ ⋅ ⋅ + a1jxj ⋅ ⋅ ⋅ + a1nxn ≤ b1
a21x1 + a22x2 + ⋅ ⋅ ⋅ + a2jxj ⋅ ⋅ ⋅ + a2nxn ≤ b2
...

...
ai1x1 + ai2x2 + ⋅ ⋅ ⋅ + aijxj ⋅ ⋅ ⋅ + ainxn ≤ bi
...

...
am1x1 + am2x2 + ⋅ ⋅ ⋅ + amjxj ⋅ ⋅ ⋅ + amnxn ≤ bm

xj ≥ 0, j = 1, 2, . . . , n.

(3.14)

'Estw t¸ra ìti ènac epiqeirhmatÐac emfanÐzetai kai protÐjetai na agor�sei tic pr¸tec
Ôlec tou kataskeuast . An proteÐnei tic timèc yi, i = 1, 2, . . . ,m autèc ja prèpei na
eÐnai arket� uyhlèc ¸ste na sumfèrei ton kataskeuast  na tou pwl sei tic pr¸tec Ôlec
antÐ na kataskeu�sei opoiod pote apì ta n proðìnta. Ja prèpei sunep¸c na isqÔei ìti
y1a1j +y2a2j + ⋅ ⋅ ⋅+ymamj ≥ cj dhlad  to kèrdoc tou kataskeuast  apì thn p¸lhsh twn
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pr¸twn ul¸n pou apaitoÔntai gia thn kataskeu  miac mon�dac tou proðìntoc Pj na eÐnai
megalÔtero   Ðso me to kèrdoc pou apofèrei h kataskeu  kai p¸lhsh miac mon�dac tou
Pj. Autì bebaÐwc ja prèpei na isqÔei gia ìla ta j. Dedomènwn aut¸n twn periorism¸n o
epiqeirhmatÐac pou protÐjetai na agor�sei tic pr¸tec Ôlec ja prospaj sei na elaqisto-
poi sei to posì pou ja d¸sei gia thn agor� touc pou eÐnai y1b1 + ⋅ ⋅ ⋅ + ymbm. Sunep¸c
o epiqeirhmatÐac jèlei na èqei

min b1y1 + b2y2 + ⋅ ⋅ ⋅+ bmym
s.t.
y1a11 + y2a21 + ⋅ ⋅ ⋅ + yiai1 ⋅ ⋅ ⋅ + ymam1 ≥ c1
y1a12 + y2a22 + ⋅ ⋅ ⋅ + yiai2 ⋅ ⋅ ⋅ + ymam2 ≥ c2
...

...
y1a1j + y2a2j + ⋅ ⋅ ⋅ + yiaij ⋅ ⋅ ⋅ + ymamj ≥ cj
...

...
y1a1n + y2a2n + ⋅ ⋅ ⋅ + yiain ⋅ ⋅ ⋅ + ymamn ≥ cn

yi ≥ 0, i = 1, 2, . . . ,m.

(3.15)

To grammikì prìblhma (3.14) ja onom�zetai arqikì en¸ to (3.15) ja onom�zetai duðkì.
ParathreÐste ìti sto duðkì prìblhma èqoume mia metablht  gia k�je periorismì tou ar-
qikoÔ kai ènan periorismì gia k�je metablht  tou arqikoÔ.

'Estw mia efikt  lÔsh tou arqikoÔ probl matoc xj ≥ 0, j = 1, 2, . . . , n. AfoÔ eÐnai
efikt  ja ikanopoieÐ touc periorismoÔc

bi −
n∑
j=1

aijxj ≥ 0, i = 1, 2, . . . ,m. (3.16)

'Estw epÐshc mia efikt  lÔsh tou duðkoÔ, yi ≥ 0, i = 1, 2, . . . ,m h opoÐa ikanopoieÐ touc
m∑
i=1

yiaij − cj ≥ 0, j = 1, 2, . . . , n. (3.17)

Pollaplasi�zontac tic anisìthtec (3.16) me yi ≥ 0 kai prosjètwntac gia ìla ta i èqoume

m∑
i=1

yi

(
bi −

n∑
j=1

aijxj

)
≥ 0 (3.18)

 
m∑
i=1

yibi ≥
m∑
i=1

n∑
j=1

yiaijxj. (3.19)

Parìmoia, pollaplasi�zontac tic anisìthtec (3.17) me xj ≥ 0 kai prosjètwntac gia ìla
ta j èqoume

n∑
j=1

xj

(
m∑
i=1

yiaij − cj

)
≥ 0 (3.20)
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n∑
j=1

xjcj ≤
n∑
j=1

m∑
i=1

yiaijxj. (3.21)

Apì tic (3.19) kai (3.21) sumperaÐnoume ìti
n∑
j=1

xjcj ≤
n∑
j=1

m∑
i=1

yiaijxj ≤
m∑
i=1

yibi. (3.22)

Sunep¸c h tim  tou krithrÐou k�je efikt c lÔshc tou arqikoÔ probl matoc eÐnai mi-
krìterh   Ðsh apì thn tim  tou krithrÐou k�je efikt c lÔshc tou duðkoÔ probl matoc.
MporeÐ na apodeiqjeÐ ìti an x∗j eÐnai h bèltisth lÔsh tou arqikoÔ kai y∗i h bèltisth lÔsh
tou duðkoÔ tìte h (3.22) isqÔei wc isìthta, dhlad 

n∑
j=1

x∗jcj ≤
n∑
j=1

m∑
i=1

y∗i aijx
∗
j ≤

m∑
i=1

y∗i bi. (3.23)

'Amesh sunèpeia twn anwtèrw eÐnai ìti gia thn bèltisth lÔsh tou arqikoÔ probl matoc
kai gia thn bèltisth lÔsh tou duðkoÔ isqÔoun oi sunj kec sumplhrwmatik c qalarìthtac.

Gia k�je i = 1, . . . ,m y∗i > 0 ⇐⇒
n∑
j=1

aijx
∗
j = bi, (3.24)

Gia k�je j = 1, . . . , n x∗j > 0 ⇐⇒
m∑
i=1

y∗i aij = cj. (3.25)

3.8 BrÐskontac to duðkì prìblhma apì to arqikì

Sthn genik  perÐptwsh, prokeimènou na metasqhmatÐsoume to arqikì prìblhma sto antÐ-
stoiqo duðkì efarmìzoume touc akìloujouc kanìnec. JewroÔme ìti to arqikì prìblhma
èqei thn akìloujh morf {max

min
}

c1x1 + c2x2 + ⋅ ⋅ ⋅+ cnxn
s.t.
a11x1 + a12x2 + ⋅ ⋅ ⋅ + a1jxj ⋅ ⋅ ⋅ + a1nxn ≤ b1
...

...
ak1x1 + ak2x2 + ⋅ ⋅ ⋅ + akjxj ⋅ ⋅ ⋅ + aknxn ≤ bk
ak+1,1x1 + ak+1,2x2 + ⋅ ⋅ ⋅ + ak+1,jxj ⋅ ⋅ ⋅ + ak+1,nxn = bk+1

...
...

am1x1 + am2x2 + ⋅ ⋅ ⋅ + amjxj ⋅ ⋅ ⋅ + amnxn = bm

xj ≥ 0, j = 1, 2, . . . , l, xj eleÔjero j = l + 1, . . . , n.

(3.26)
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ParathreÐste ìti to anwtèrw prìblhma èqei k anisotikoÔc kai m − k isotikoÔc perio-
rismoÔc. Opoiod pote prìblhma, pollaplasi�zontac en an�gkh me −1 touc anisotikoÔc
periorismoÔc tou pou èqoun thn antÐjeth for� mporeÐ na tejeÐ sthn morf  aut . Para-
threÐste epÐshc ìti to arqikì èqei l ≤ n metablhtèc me periorismì mh arnhtikìthtac kai
n− l eleÔjerec metablhtèc.

1. H megistopoÐhsh gÐnetai elaqistopoÐhsh kai antÐstrofa.

2. Se k�je periorismì tou arqikoÔ antistoiqeÐ mia metablht  tou duðkoÔ kai se k�je me-
tablht  tou arqikoÔ antistoiqeÐ ènac periorismìc tou duðkoÔ. (Stouc periorismoÔc
autoÔc den perilamb�nontai oi periorismoÐ mh arnhtikìthtac.)

3. Oi suntelestèc tou krithrÐou proc belistopoÐhsh tou duðkoÔ eÐnai to dexÐ mèloc
twn periorism¸n tou arqikoÔ. To dexÐ mèloc twn periorism¸n tou duðkoÔ eÐnai oi
suntelestèc tou krithrÐou tou arqikoÔ.

4. Se k�je st lh tou arqikoÔ antistoiqeÐ ènac periorismìc tou duðkoÔ. O periorismìc
autìc eÐnai anisotikìc (≥) an h antÐstoiqh metablht  tou duðkoÔ eÐnai mh arnhtik 
kai eÐnai isotikìc an h antÐstoiqh metablht  tou arqikoÔ eÐnai eleÔjerh.

Me b�sh touc parap�nw kanìnec to duðkì tou (3.26) gÐnetai

{
min
max

}
b1y1 + b2y2 + ⋅ ⋅ ⋅+ bmym

s.t.
y1a11 + y2a21 + ⋅ ⋅ ⋅ + yiai1 ⋅ ⋅ ⋅ + ymam1 ≥ c1
...

...
y1a1l + y2a2l + ⋅ ⋅ ⋅ + yiail ⋅ ⋅ ⋅ + ymaml ≥ cl
y1a1,l+1 + y2a2,l+1 + ⋅ ⋅ ⋅ + yiai,l+1 ⋅ ⋅ ⋅ + ymam,l+1 = cl+1

...
...

y1a1m + y2a2m + ⋅ ⋅ ⋅ + yiaim ⋅ ⋅ ⋅ + ymamn = cm

yi ≥ 0, j = 1, 2, . . . , k, yi eleÔjero i = k + 1, . . . ,m.

(3.27)

Gia na gÐnoun safèstera ta parap�nw ac doÔme merik� paradeÐgmata:

1. To duðkì tou
max x1 + 4x2 − 3x3
s.t.
x1 + x2 + x3 ≤ 10
x1 + 2x2 + 4x3 ≤ 100

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.
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eÐnai to
min 10y1 + 100y2
s.t.
y1 + y2 ≥ 1
y1 + 2y2 ≥ 4
y1 + 4y3 ≥ −3

y1 ≥ 0, y2 ≥ 0.

2. To duðkì tou
min 2x1 − 5x2 − 8x3 + x4
s.t.
2x1 − 3x2 + 11x3 − 14x4 ≤ 13
5x1 + 7x2 + 12x3 ≥ 17
8x1 + 4x2 + x3 + 5x4 = 19

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, x4 eleÔjero.

eÐnai to
max 13y1 − 17y2 + 19y3
s.t.

2y1 − 5y2 + 8y3 ≥ 2
−3y1 − 7y2 + 4y3 ≥ −5
11y1 − 12y2 + y3 ≥ −8
−14y1 + 5y3 = 1

y1 ≥ 0, y2 ≥ 0, y3 eleÔjero.

3. To duðkì tou paradeÐgmatoc 1 eÐnai to akìloujo

max 4y1 + 8y2 + 10y3 + 7y4 + 12y5 + 4y6

s.t.
y1 +y2 ≤ 95

y2 +y3 ≤ 80
y3 +y4 ≤ 75

y4 +y5 ≤ 85
y5 +y6 ≤ 90

y1 +y6 ≤ 100

yi ≥ 0 i = 1, . . . , 6.

4. 'Estw to prìblhma metafor�c me 2 ergost�sia kai 3 pìleic. To ergost�sio i = 1, 2,
èqei dunamikìthta ai to opoÐo shmaÐnei ìti mporeÐ na par�gei to polÔ èwc ai mon�dec tou
proðìntoc. H pìlh j apaiteÐ kat� el�qiston bj mon�dec tou proðìntoc. Sunep¸c autì
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eÐnai èna mh isostajmismèno prìblhma kai èqei efiktèc lÔseic upì thn proôpìjesh ìti
a1 + a2 ≥ b1 + b2 + b3. To kìstoc metafor�c enìc proðìntoc apì to ergost�sio i sthn
pìlh j èstw ìti eÐnai cij. To grammikì prìgramma pou to perigr�fei eÐnai to

max c11x11 + c12x12 + c13x13 + c11x21 + c12x22 + c13x23
s.t.
x11 + x12 + x13 ≤ a1

x21 + x22 + x23 ≤ a2
x11 + x21 ≥ b1

x12 + x22 ≥ b2
x13 + x23 ≥ b3

xij ≥ 0, i = 1, 2, j = 1, 2, 3.

Gia na broÔme to duðkì prìblhma onom�zoume u1, u2, tic duðkèc metablhtèc pou antistoi-
qoÔn stouc dÔo pr¸touc periorismoÔc pou apoteloÔn to �nw ìrio thc dunamikìthtac twn
dÔo ergostasÐwn kai v1, v2, v3 tic metablhtèc pou antistoiqoÔn sthn el�qisth katan�lwsh
thc k�je mÐac apì tic treic pìleic. 'Eqoume

min −a1u1 − a2u2 + v1b1 + v2b2 + v3b3
s.t.
− u1 + v1 ≥ c11
− u1 + v2 ≥ c12
− u1 + v3 ≥ c13

− u2 + v1 ≥ c21
− u2 + v2 ≥ c22
− u2 + v3 ≥ c23

ui ≥ 0, i = 1, 2, vj ≥ 0, j = 1, 2, 3.

To duðkì tou duðkoÔ enìc grammikoÔ progr�mmatoc eÐnai to arqikì. Autì mporeÐ na
apodeiqjeÐ genik� all� eÐnai exÐsou apotelesmatikì na katadeiqjeÐ me dÔo apl� paradeÐ-
gmata

4a. 'Estw to grammikì prìgramma

max 3x1 + 4x2 − 5x3
s.t.
x1 −10x2 +7x3 ≤ 30

15x2 −8x3 ≤ 40
3x1 +4x3 ≤ 20
5x1 +8x2 ≤ 25

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

(3.28)



44 KEF�ALAIO 3. L�HMMA TOU FARKAS KAI DUIK�OTHTA

To duðkì tou probl matoc autoÔ eÐnai to

min 30y1 + 40y2 + 20y3 + 25y4
s.t.

y1 +3y3 +5y4 ≥ 3
−10y1 +15y2 +8y4 ≥ 4

7y1 −8y2 +4y3 ≥ −5

y1 ≥ 0, y2 ≥ 0, y3 ≥ 0.

To parap�nw prìgramma gr�fetai isodÔnama wc

max −30y1 − 40y2 − 20y3 − 25y4
s.t.
−y1 −3y3 −5y4 ≤ −3
10y1 −15y2 −8y4 ≤ −4
−7y1 8y2 −4y3 ≤ 5

y1 ≥ 0, y2 ≥ 0, y3 ≥ 0.

kai to duðkì autoÔ tou teleutaÐou eÐnai to arqikì prìgramma (3.28).

4b. 'Estw to arqikì prìblhma

max 3x1 − 2x2 − 7x3
s.t.
x1 +x2 +x3 = 10
x1 +2x2 +8x3 ≤ 100

2x3 ≥ 5

x1 ≥ 0, x2 eleÔjerh, x3 ≥ 0.

(3.29)

Gia thn eÔresh tou duðkoÔ gr�foume thn trÐth anisìthta se kanonik  morf  wc
−2x3 ≤ −5 kai, lamb�nontac up' ìyin ìti h x2 eÐnai eleÔjerh metablht , pr�gma
pou shmaÐnei ìti o deÔteroc periorismìc tou duðkoÔ progr�mmatoc ja eÐnai isotikìc,
èqoume

min 10y1 + 100y2 − 5y3
s.t.
y1 +y2 ≥ 3
y1 +2y2 = −2
y1 +8y2 −2y3 ≥ −7

y1 eleÔjerh, y2 ≥ 0, y3 ≥ 0.
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To prìblhma autì gr�fetai isodÔnama wc

max −10y1 − 100y2 + 5y3
s.t.
−y1 −y2 ≤ −3
y1 +2y2 = −2
−y1 −8y2 +2y3 ≤ 7

y1 eleÔjerh, y2 ≥ 0, y3 ≥ 0.

(3.30)

To duðkì tou (3.30) eÐnai to

min −3x1 − 2x2 + 7x3
s.t.
−x1 +x2 −x3 = −10
−x1 +2x2 −8x3 ≥ −100

2x3 ≥ 5

x1 ≥ 0 , x2 eleÔjerh, x3 ≥ 0.

To parap�nw prìgramma gr�fetai isodÔnama wc

max 3x1 + 2x2 − 7x3
s.t.
x1 −x2 +x3 = 10
x1 −2x2 +8x3 ≤ 100

2x3 ≥ 5

x1 ≥ 0 , x2 eleÔjerh, x3 ≥ 0.

(3.31)

SugkrÐnontac to (3.31) me to (3.28) blèpoume ìti tautÐzontai apìluta me thn exaÐ-
resh ìti ìpou sto (3.28) up�rqei h metablht  x2, sto (3.31) up�rqei h −x2. An
orÐsoume thn x′2 = −x2 kai ekfr�soume to (3.31) wc proc tic metablhtèc x1, x′2 kai
x3 tìte blèpoume ìti ta (3.28) kai (3.31) tautÐzontai. Autì eÐnai dunatì epeid  h
x2 eÐnai eleÔjerh metablht . An upìkeito se periorismì mh arnhtikìthtac tìte o
metasqhmatismìc autìc den ja odhgoÔse se isodÔnamo prìgramma.
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Kef�laio 4

Grammikìc Akèraioc
Programmatismìc

Ta probl mata grammikoÔ akèraiou programmatismoÔ eÐnai probl mata grammikoÔ pro-
grammatismoÔ me ton epiplèon periorismì ìti oi metablhtèc prèpei na paÐrnoun apoklei-
stik� akèraiec timèc. En gènei ta probl mata aut� eÐnai pio dÔskola mia kai h mèjodoc
Simplex den eÐnai egguhmèno ìti ja katal xei sthn bèltisth lÔsh   akìma kai se mia
proseggistik� ikanopoihtik  lÔsh. EmeÐc ja exet�soume dÔo apl� probl mata grammikoÔ
akèraiou programmatismoÔ, to {prìblhma tou sakkidÐou} kai to prìblhma thc antistoÐ-
qhshc.

4.1 To prìblhma tou sakkidÐou (knapsack pro-

blem)

'Estw ìti èqoume n diaforetikoÔc tÔpouc antikeimènwn. Ta antikeÐmena tÔpou j èqoun
axÐa vj kai b�roc wj, j = 1, 2, . . . , n. 'Estw ìti èqoume epÐshc èna sakÐdio sunolik c
qwrhtikìthtac W to opoÐo jèloume na gemÐsoume me antikeÐmena ètsi ¸ste na megisto-
poi soume thn sunolik  axÐa twn antikeimènwn sto sakÐdio qwrÐc to sunolikì touc b�roc
na uperbaÐnei to W . An sumbolÐsoume me xj ton arijmì twn antikeimènwn tÔpou i pou
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topojetoÔme sto sakÐdio èqoume to prìblhma megistopoÐhshc upì periorismoÔc

max
n∑
j=1

xjvj (4.1)

s.t.
n∑
j=1

xjwj ≤ W, (4.2)

xj ≥ 0, j = 1, 2, . . . , n, xj akèraioi.

An den up rqe o epiplèon periorismìc thc akeraiìthtac twn xj to prìblhma autì ja
 tan èna aplì prìblhma grammikoÔ programmatismoÔ. 'Estw ìti èqoume arijm sei touc
tÔpouc twn antikeimènwn ètsi ¸ste

� :=
v1
w1

≥ v2
w2

≥ ⋅ ⋅ ⋅ ≥ vn
wn
. (4.3)

Sunep¸c o tÔpoc 1 antikeimènwn èqei ton kalÔtero lìgo axÐac proc b�roc. An jèsoume
x∗1 = W/w1, x∗j = 0 gia j = 2, 3, . . . , n dhlad  na gemÐsoume to sakkÐdio apokleistik� me
antikeÐmena tÔpou 1 h tim  thc antikeimenik c sun�rthshc gÐnetai v1x1 = W v1

w1
= W�.

AntÐjeta, gia opoiad pote �llh efikt  lÔsh xj, ef� ìson isqÔei h �wj ≥ vj san sunèpeia
thc (4.3), antikajist¸ntac sthn (4.2) èqoume

n∑
j=1

xjvj ≤ �W

dhlad  h tim  thc antikeimenik c sun�rthshc eÐnai mikrìterh apì ekeÐnh pou epitugq�netai
apì thn lÔsh x∗.

H parap�nw lÔsh eÐnai efikt  mìno an o lìgoc W/w1 eÐnai akèraioc arijmìc   an
mporoÔme na b�loume sto sakkÐdio klasmatikì arijmì antikeimènwn. Genik� o periorismìc
thc akeraiìthtac all�zei ousiastik� thn fÔsh tou probl matoc. Se pollèc peript¸seic
h bèltisth lÔsh tou akeraÐou probl matoc eÐnai rizik� diaforetik . Ac exet�soume èna
par�deigma me treic tÔpouc antikeimènwn, W = 100, kai

w1 = 49 v1 = 20 v1/w1 = 0.408
w2 = 50 v2 = 75 v2/w2 = 1.5
w3 = 51 v3 = 102 v3/w3 = 2

Blèpoume apì ta parap�nw dedomèna ìti ta antikeÐmena tou tÔpou 3 eÐnai ta plèon polÔti-
ma. Sunep¸c, qwrÐc ton periorismì akeraiìthtac ja b�zameW/w3 = 100/51 = 1.96 mon�-
dec tou tÔpou 3 sto sakkÐdio kai h sunolik  axÐa twn antikeimènwn ja  tan v3×(W/w3) =
200. Me touc periorismoÔc akeraiìthtac, ja skeptìtan kaneÐc na epilèxei thn plhsièste-
rh dunat  akèraia lÔsh sthn bèltisth mh akèraia. AfoÔ den eÐnai dunatìn na b�loume
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2 antikeÐmena tÔpou 3 sto sakkÐdio ja mporoÔsame na stroggulèyoume proc ta k�tw to
1.96 kai na b�loume èna, sumplhr¸nontac me èna epiplèon antikeÐmeno tou tÔpou 1. H
sunolik  axÐa s' aut  thn perÐptwsh ja  tan 102 + 20 = 122. 'Omwc, ìpwc mporeÐ eÔ-
kola na dei kaneÐc, me ton akèraio periorismì, h bèltisth lÔsh eÐnai na b�lei kaneÐc dÔo
antikeÐmena tÔpou 2 sto sakkÐdio me sunolikì b�roc 100 kai sunolik  axÐa 150.

4.2 To prìblhma thc antistoÐqhshc

To prìblhma thc antistoÐqhshc eÐnai eidik  perÐptwsh tou probl matoc thc metafor�c.
'Estw ìti èqoume n ergasÐec tic opoÐec jèloume na antistoiqÐsoume (  na anajèsoume) se
n mhqanèc. To kìstoc thc an�jeshc thc ergasÐac i sth mhqan  j eÐnai cij kai o skopìc
mac eÐnai na anajèsoume k�je ergasÐa se mia diaforetik  mhqan  me tètoio trìpo ¸ste na
elaqistopoihjeÐ to sunolikì (ajroistikì) kìstoc. Genik� ja prèpei na exet�soume tic n!
diaforetikèc metajèseic pou antistoiqoÔn stic dunatèc anajèseic kai epomènwc akìmh kai
gia sqetik� mikr� probl mata (p.q. 10 ergasÐec kai 10 mhqanèc) h apl  exètash ìlwn twn
dunatot twn eÐnai upologistik� epÐponh. To prìblhma thc antistoÐqhshc eÐnai prìblhma
grammikoÔ programmatismoÔ dedomènou ìti mporeÐ na grafeÐ wc

min
n∑
i=1

n∑
i=1

cijxij (4.4)

s.t.
n∑
i=1

xij = 1, j = 1, 2, . . . , n (4.5)

n∑
j=1

xij = 1, i = 1, 2, . . . , n (4.6)

Sto parap�nw grammikì prìgramma h metablht  xij eÐnai 1 an h ergasÐa i antistoiqÐzetai
sthn mhqan  j kai 0 diaforetik�. Sunep¸c ed¸ èqoume to epiplèon qarakthristikì ìti
oi metablhtèc xij ektìc apì mh arnhtikèc prèpei na eÐnai kai akèraiec. MporeÐ na deÐxei
kaneÐc ìti an qrhsimopoi sei thn mèjodo Simplex agno¸ntac ton teleutaÐo autì periorismì
h lÔsh ja eÐnai p�nta akèraia. Up�rqei p�ntwc aploÔsteroc kai apotelesmatikìteroc
algìrijmoc s' aut  thn perÐptwsh, h legìmenh Ouggrik  mèjodoc.

Xekin�me me thn parat rhsh ìti, an afairèsoume thn Ðdia posìthta apì ìla ta stoiqeÐa
miac gramm c to kìstoc thc bèltisthc an�jeshc mporeÐ na all�zei all� h Ðdia h bèltisth
an�jesh den all�zei. Gia ton Ðdio lìgo, an afairèsoume thn Ðdia posìthta apì ìla ta
stoiqeÐa miac st lhc h bèltisth an�jesh den all�zei. Genik�, an exet�soume to prìblhma
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antistoÐqishc me kìstoc c′ij = cij − pi − pj gia k�poia sugkekrimènh an�jesh xij èqoume

m∑
i=1

n∑
j=1

c′ijxij =
m∑
i=1

n∑
j=1

cijxij +
n∑
j=1

pj

m∑
i=1

xij +
m∑
i=1

pi

n∑
j=1

xij

=
m∑
i=1

n∑
j=1

cijxij +
n∑
j=1

pj +
m∑
i=1

pi.

EÐnai safèc apì thn parap�nw exÐswsh ìti h antistoÐqish pou elaqistopoieÐ to
∑n

i=1

∑n
i=1 cijxij

elaqistopoieÐ kai to
∑n

i=1

∑n
i=1 c

′
ijxij afoÔ oi dÔo posìthtec diafèroun kat� mia stajer�

pou den exart�tai apì ta xij.

Sunep¸c mporoÔme na epilÔsoume èna prìblhma antistoÐqhshc afair¸ntac apì k�je
gramm  to mikrìtero kìstoc thc gramm c (dhmiourg¸ntac ètsi n mhdenik� ston pÐnaka)
kai sthn sunèqeia an eÐnai anagkaÐo to el�qisto stoiqeÐo k�je st lhc apì ìla ta stoiqeÐa
thc st lhc. Gia par�deigma, an èqoume ton pÐnaka me kìsth

5 7 9
14 10 12
15 13 16

afair¸ntac apì k�je gramm  to el�qisto kìstoc thc gramm c èqoume

0 2 4
4 0 2
2 0 3

.

Afair¸ntac apì k�je st lh to el�qisto thc st lhc paÐrnoume ton pÐnaka

0 2 2
4 0 0
2 0 1

.

Ston parap�nw pÐnaka mporoÔme na antistoiqÐsoume tic ergasÐec se mhqanèc ètsi ¸ste na
èqoume mhdenikì kìstoc

0 2 2

4 0 0

2 0 1

.

To pragmatikì kìstoc aut c thc antistoÐqhshc eÐnai bebaÐwc 5 + 13 + 12 = 30.

H parap�nw diadikasÐa den eÐnai bèbaia upoqrewtikì na odhg sei se pÐnaka kost¸n
pou na epidèqetai antistoÐqish me mhdenikì kìstoc. Gia par�deigma ac jewr soume to
akìloujo prìblhma me 4 ergasÐec kai 4 mhqanèc.

1 4 6 3
9 7 10 9
4 5 11 7
8 7 8 5

.
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Afair¸ntac ta el�qista twn gramm¸n èqoume

0 3 5 2
2 0 3 2
0 1 7 3
3 2 3 0

.

Epanalamb�nontac me tic st lec èqoume

0 3 2 2
2 0 0 2
0 1 4 3
3 2 0 0

.

Par' ìti o teleutaÐoc pÐnakac èqei èxi mhdenik� den eÐnai dunatìn na broÔme antistoÐqhsh
me mhdenikì kìstoc. O kanìnac s� aut  thn perÐptwsh eÐnai o ex c:

1. Diagr�foume ìla ta mhdenik� me ton el�qisto dunatì arijmì orizontÐwn kai kajètwn
gramm¸n.

2. AfairoÔme ton el�qisto mh diagegrammeno arijmì apì ìlouc touc m  diagegrammè-
nouc arijmoÔc kai ton prosjètoume stic diastaur¸seic twn orizontÐwn kai kajètwn
gramm¸n.

3. EpiqeiroÔme na broÔme antistoÐqhsh me mhdenikì kìstoc ston kainoÔrgio pÐnaka. An
h prosp�jeia eÐnai epituq c èqoume brei antistoÐqish me el�qisto kìstoc. 'Allwc
diagr�foume p�li ìla ta mhdenik� me ton el�qisto arijmì orizontÐwn kai kajètwn
gramm¸n kai epanalamb�noume thn ìlh diadikasÐa.
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Kef�laio 5

Probl mata DiktÔwn

5.1 Gr�foi

'Enac gr�foc eÐnai èna aplì majhmatikì antikeÐmeno pou perigr�fei èna dÐktuo. O gr�foc
apoteleÐtai apì èna sÔnolo koruf¸n, V , kai èna sÔnolo akm¸n E pou apoteleÐtai apì
zeÔgh koruf¸n tou V . An�loga me to an ta zeÔgh aut� eÐnai diatetagmèna   ìqi èqoume
prosanatolismènouc gr�fouc   mh. Sto parak�tw sq ma blèpoume dÔo gr�fouc. O ènac
eÐnai mh prosanatolismènoc me sÔnolo koruf¸n V = {1, 2, 3, 4, 5, 6, 7} kai sÔnolo akm¸n
E = {{1, 2}, {1, 3}, {1, 4}, {2, 4}, {2, 5}, {3, 4}, {3, 6}, {4, 5}, {4, 7}, {5, 6}, {5, 7}, {6, 7}}
oi opoÐec parist�nontai wc grammèc pou en¸noun tic antÐstoiqec korufèc. O deÔteroc
eÐnai prosanatolismènoc, me sÔnolo koruf¸n V = {1, 2, 3, 4, 5, 6, 7, 8} kai sÔnolo akm¸n
E = {(1, 2), (3, 1), (3, 2), (3, 5), (3, 6), (4, 3), (5, 4), (5, 7), (5, 8), (6, 7), (7, 3), (8, 7)}. Ed¸
oi akmèc parist�nontai wc bèlh pou en¸noun tic antÐstoiqec korufèc gia na upodhl¸-
soun thn for� (  ton prosanatolismì) thc k�je akm c. Apì majhmatik  �poyh sth mÐa
perÐptwsh èqoume dusÔnola (  apl� zeÔgh {i, j}) kai sth deÔterh diatetagmèna zeÔgh
(i, j).
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'Estw (V,E ) ènac mh prosanatolismènoc gr�foc. Mia allhlouqÐa apì korufèc tou
gr�fou v1, v2, v3, . . . , vk−1, vk onom�zetai monop�ti an {v1, v2}, {v2, v3}, . . . , {vk−1, vk} ∈
E , an dhlad  oi diadoqikèc korufèc sundèontai metaxÔ touc me akmèc. To monop�ti o-
nom�zetai aplì an vi ∕= vj gia i ∕= j, an dhlad  kammÐa koruf  den epanalamb�netai
(dhlad  k�je koruf  eÐnai diaforetik  apì k�je �llh). 'Enac gr�foc onom�zetai sun-
ektikìc an k�je zeÔgoc koruf¸n tou gr�fou sundèetai me k�poio aplì monop�ti. 'Ena
monop�ti onom�zetai kÔkloc an k�je koruf  tou eÐnai diaforetik  apì k�je �llh ektìc
apì thn pr¸th kai thn teleutaÐa. 'Enac gr�foc onom�zetai dèndro an eÐnai sunektikìc kai
den perilamb�nei kanèna kÔklo. MporeÐ na dei kaneÐc ìti èna dèndro qarakthrÐzetai apì
thn idiìthta ìti an tou afairèsoume mia opoiad pote akm  tìte paÔei na eÐnai sunektikìc
gr�foc, qwrÐzetai dhlad  se dÔo tm mata.

'Enac upogr�foc enìc gr�fou eÐnai ènac gr�foc pou èqei ìlec tic korufèc tou arqikoÔ
gr�fou kai èna uposÔnolo twn akm¸n tou. Dèndro epik�luyhc (spanning tree) enìc
gr�fou eÐnai ènac upogr�foc tou gr�fou pou eÐnai tautìqrona kai dèndro.

5.2 El�qista dèndra epik�luyhc

'Estw ìti èqoume èna gr�fo (V,E ) tou opoÐou oi akmèc qarakthrÐzontai apì arijmoÔc.
Gia par�deigma oi korufèc tou gr�fou ja mporoÔsan na eÐnai ktÐria mèsa se èna p�rko,
oi akmèc drìmoi pou en¸noun ta ktÐria metaxÔ touc, kai oi arijmoÐ pou qarakthrÐzoun tic
akmèc ta m kh twn drìmwn. 'Etsi, sto parak�tw sq ma, wij eÐnai to m koc tou drìmou
pou en¸nei to ktÐrio i kai to ktÐrio j. 'Estw ìti jèloume na en¸soume ìla ta ktÐria me
optikèc Ðnec (topojet¸ntac tic upogeÐwc kai sk�bontac kat� m koc tou drìmou). Tìte mac
endiafèrei na broÔme èna dèndro epik�luyhc to opoÐo na èqei el�qisto sunolikì m koc.
Autì mporeÐ na gÐnei qrhsimopoi¸ntac èna �plhsto algìrijmo (greedy algorithm) wc ex c.



5.2. EL�AQISTA D�ENDRA EPIK�ALUYHS 55

'Estw S to sÔnolo twn koruf¸n tic opoÐec èqw sundèsei metaxÔ touc (arqik� S = ∅).
Se k�je b ma dialègw apì to V ∖ S (dhlad  apì to sÔnolo twn koruf¸n tou gr�fou
pou den an kei sto S) thn koruf  ekeÐnh pou apèqei el�qisth apìstash apì to S. Thn
prosjètw sto S kai epilègw kai thn akm  ekeÐnh pou exasfalÐzei thn el�qisth apìstash.
H diadikasÐa epanalamb�netai mèqric ìtou to S na peril�bei ìlec tic korufèc tou gr�fou.
Gia na xekin sei o algìrijmoc arkeÐ na dialèxoume mia opoiad pote koruf  kai na thn
topojet soume sto S to opoÐo arqik� eÐnai kenì.

O algìrijmoc autìc (gnwstìc kai wc algìrijmoc tou Prim) eÐnai èna klassikì deÐgma
�plhstou algorÐjmou o opoÐoc sumperifèretai muwpik� (dhlad  epilègei an� p�sa stigm 
to braquprìjesmo bèltisto) all� brÐskei thn sunolik� bèltisth lÔsh.

To akìloujo par�deigma aposafhnÐzei thn efarmog  tou algorÐjmou. Ept� ktÐria
(O, A, B, C, D, E, T,) brÐskontai diesparmèna se èna p�rko kai sundèontai me drìmouc
ìpwc faÐnetai sto akìloujo sq ma. Oi akmèc tou gr�fou apeikonÐzoun touc drìmouc
kai oi arijmoÐ dÐpla stic akmèc tic antÐstoiqec apost�seic. Sto epìmeno sq ma blèpoume
thn efarmog  tou algorÐjmou tou Prim. Arqik� S = ∅ kai topojet¸ntac thn koruf 
O èqoume S = {O}. Sto pr¸to b ma blèpoume ìti apì tic akmèc pou sundèontai me
stoiqeÐa tou S kai pou eÐnai oi OA, OB, OC, ekeÐnh pou èqei to mikrìtero m koc eÐnai h
OA. 'Ara S = {O,A} kai h akm  OA prostÐjetai sto el�qisto dèndro epik�luyhc. Sto
deÔtero b ma parathroÔme ìti oi akmèc pou sundèoun stoiqeÐa pou den an koun sto S me
stoiqeÐa pou an koun sto S eÐnai oi OB, OC, AB kai AD. Apì autèc h AB èqei el�qisto
m koc kai epomènwc to S gÐnetai S = {O,A,B} kai h AB prostÐjetai sto el�qisto dèndro
epik�luyhc. Sto b ma 3 parathroÔme ìti oi akmèc pou sundèoun stoiqeÐa pou den an koun
sto S me stoiqeÐa pou an koun sto S eÐnai oi OC, BC, BE, BD kai AD. Apì autèc
to el�qisto m koc to èqei h BC. 'Etsi h koruf  C prostÐjetai sto S to opoÐo gÐnetai
S = {O,A,B,C} kai h akm  BC sto el�qisto dèndro epik�luyhc. Sta b mata 4, 5 kai 6
prosjètoume diadoqik� thn koruf  E kai thn akm  BE, thn koruf  D kai thn akm  ED,
kai thn koruf  T kai thn akm  DT antÐstoiqa sumplhr¸nontac ètsi to dèndro el�qisthc
epik�luyhc.
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5.3 Prìblhma mègisthc ro c se prosanatolismè-
nouc gr�fouc

Sto parìn 'Enac prosanatolismènoc gr�foc mporeÐ na perigrafeÐ apì ton legìmeno pÐnaka
prìsptwshc o opoÐoc kataskeu�zetai wc ex c. An upojèsoume ìti V = {1, 2, . . . ,m}
dhlad  ìti èqoume arijm sei tic korufèc tou gr�fou tìte oi akmèc eÐnai èna uposÔnolo
tou V ×V . An e1, e2, . . . , en eÐnai oi akmèc tou gr�fou tìte èqoume èna pÐnaka m×n tou
opoÐou k�je gramm  antistoiqeÐ se mia koruf  (  kìmbo) kai k�je st lh se mia akm . H
st lh pou antistoiqeÐ sthn akm  (k, l) eÐnai h⎡⎢⎢⎢⎢⎢⎢⎣

...
−1
...
1
...

⎤⎥⎥⎥⎥⎥⎥⎦
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ìpou ìla ta stoiqeÐa eÐnai mhdèn ektìc apì to stoiqeÐo k pou eÐnai −1 kai to stoiqeÐo
l pou eÐnai +1. Gia par�deigma o pÐnakac prìsptwshc pou antistoiqeÐ ston gr�fo tou
sq matoc eÐnai o

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 −1
1 −1 −1

1 −1 −1
1 1 −1 −1

1 1 −1 −1
1 1 −1

1 1 −1
1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

An upojèsoume ìti oi qwrhtikìthtec twn agwg¸n eÐnai uj gia thn akm  j tìte èqoume to
grammikì prìgramma pou lÔnei to prìblhma thc mègisthc ro c.
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To prìblhma thc mègisthc ro c

max f (5.1)

s.t.

−x12 −x13 = −f
x12 −x24 −x25 = 0

x13 −x34 −x35 = 0
x24 +x34 −x46 −x47 = 0

x25 +x35 −x56 −x57 = 0
x46 +x56 −x68 = 0

x47 +x57 −x78 = 0
x68 +x78 = f

x12 ≤ 3
x13 ≤ 5

x24 ≤ 4
x25 ≤ 8

x34 ≤ 9
x35 ≤ 6

x46 ≤ 7
x47 ≤ 3

x56 ≤ 2
x57 ≤ 4

x68 ≤ 8
x78 ≤ 6

xj ≥ 0 j = 1, 2, . . . , 12.

Sth sunèqeia dÐnoume èna deÔtero par�deigma
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max f (5.2)

s.t.
x01 +x02 +x03 = −f
−x01 +x12 +x13 +x14 = 0

−x02 −x12 +x23 +x24 = 0
−x03 −x13 −x23 +x34 = 0

−x14 −x24 −x34 = 0
x01 ≤ 2

x02 ≤ 3
x03 ≤ 1

x12 ≤ 4
x13 ≤ 1

x14 ≤ 3
x23 ≤ 1

x24 ≤ 2
x34 ≤ 2

xij ≥ 0.

5.4 To prìblhma thc ro c elaqÐstou kìstouc

Ac jewr soume ìti to kìstoc ro c miac mon�dac sthn akm  j eÐnai cj. Tìte h bèltisth
ro  pou elaqistopoieÐ to kìstoc k�tw apì touc periorismoÔc ìti h sunolik  ro  prèpei
na eÐnai Ðsh me mia dedomènh posìthta f eÐnai
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min
12∑
j=1

cjxj (5.3)

s.t.
−x1 −x2 = −f
x1 −x3 −x4 = 0

x2 −x5 −x6 = 0
x3 x5 −x7 −x8 = 0

x4 x6 −x9 −x10 = 0
x7 x9 −x11 = 0

x8 x10 −x12 = 0
x11 x12 = f

x1 ≤ 3
x2 ≤ 5

x3 ≤ 4
x4 ≤ 8

x5 ≤ 9
x6 ≤ 6

x7 ≤ 7
x8 ≤ 3

x9 ≤ 2
x10 ≤ 4

x11 ≤ 8
x12 ≤ 6

xj ≥ 0 j = 1, 2, . . . , 12.



Kef�laio 6

Perib�llousa An�lush
Dedomènwn

6.1 Eisagwg  kai Basikèc Arqèc

'Estw n epiqeir seic tic opoÐec exet�zoume apì thn skopi� thc paragwgikìthtoc wc maÔra
kouti�. H epiqeÐrhsh i èqei eisro  (input) xi kai ekro  (output) yi. MporoÔme na
orÐsoume wc paragwgikìthta thc epiqeÐrhshc i ton lìgo �i = yi

xi
kai na katat�xoume tic

epiqeir seic wc proc thn paragwgikìthta. An t¸ra upojèsoume ìti k�je epiqeÐrhsh èqei

mia eisro  xi kai dÔo ekroèc, (y1i , y
2
i ) tìte, jètontac (�1i , �

2
i ) = (

y1i
xi
,
y2i
xi

) se k�je epiqeÐrhsh
antistoiqeÐ èna shmeÐo sto epÐpedo. 'Ara den eÐmaste se jèsh na sugkrÐnoume apìluta
ìlec tic epiqeir seic, mporoÔme ìmwc na tic katat�xoume me b�sh thn apodotikìtht� touc
kai na sumper�noume ìti merikèc apì autèc brÐskontai sto sÔnoro thc apodotikìthtac
(efficient frontier) en¸ �llec eÐnai kat¸terec. H basik  idèa kai h oikonomik  jewrÐa pÐsw
apì aut n brÐskontai sto �rjro tou Farrell (1957).

Genikìtera, ja jewr soume epiqeir seic me k eisroèc kai m ekroèc. An upojèsoume
ìti oi eisroèc thc epiqeÐrhshc i eÐnai oi (xi1, . . . , x

i
k) kai oi ekroèc thc eÐnai oi (yi1, . . . , y

i
m)

tìte an apotim soume tic eiroèc me timèc (u1, . . . , uk) kai tic ekroèc me (v1, . . . , vm) h
paragwgikìthta thc epiqeÐrhshc i dÐdetai apì thn sqèsh

∑m
r=1 vry

i
r∑k

l=1 uly
i
l

.

O parap�nw orismìc eÐnai aujaÐretoc kai exart�tai apì thn epilog  twn tim¸n.
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max

∑m
r=1 vry

i
r∑k

l=1 uly
i
l

(6.1)

s.t.∑m
r=1 vry

j
r∑k

l=1 uly
j
l

≤ 1 j = 1, . . . , n, j ∕= i

vr ≥ 0, r = 1, . . . ,m, ul ≥ 0, l = 1, . . . , k.

To parap�nw prìblhma den eÐnai grammikì prìgramma, eÐnai ìmwc isodÔnamo me to
akìloujo grammikì prìgramma

max
m∑
r=1

vry
i
r (6.2)

s.t.

k∑
l=1

uly
i
l = 1

m∑
r=1

vry
j
r −

k∑
l=1

uly
j
l ≤ 0 j = 1, . . . , n, j ∕= i

vr ≥ 0, r = 1, . . . ,m, ul ≥ 0, l = 1, . . . , k.



Kef�laio 7

JewrÐa PaignÐwn

7.1 PaÐgnia mhdenikoÔ ajroÐsmatoc se kanonik 
morf 

Sto kef�laio autì exet�zoume paÐgnia mhdenikoÔ ajroÐsmatoc se kanonik  morf  (zero
sum games in canonical form). Ta paÐgnia aut� mporoÔn na perigrafoÔn apì èna pÐnaka
o opoÐoc prosdiorÐzei thn amoib  pou dÐdei o paÐkthc II ston paÐkth I. Gia par�deigma,
ston akìloujo pÐnaka

paÐkthc II: ElaqistopoieÐ

paÐkthc I: MegistopoieÐ

⎛⎝ 5 1 3
3 2 4
−3 0 1

⎞⎠ (7.1)

o paÐkthc I epilègei gramm  en¸ o paÐkthc II st lh, kai apì ton sunduasmì twn dÔo
apof�sewn prokÔptei h amoib  pou ja prèpei na plhr¸sei o II ston I (h opoÐa bebaÐwc
mporeÐ na eÐnai kai arnhtik ). 'Estw A = [aij], i = 1, . . . ,m, j = 1, . . . , n o pÐnakac tou
paignÐou. An aij ≤ ai′j gia k�je j = 1, . . . , n tìte h strathgik  i kuriarqeÐtai apì thn
strathgik  i′ gia ton paÐkth I afoÔ o paÐkthc autìc den èqei potè lìgo na protim sei
thn i se sÔgkrish me thn i′, asqètwc twn energei¸n tou paÐkth II. Sunep¸c mporoÔme
na diagr�youme thn gramm  i apì ton pÐnaka kai na analÔsoume èna paÐgnio me mikrìtero
pÐnaka amoib¸n. Parìmoia, an aij ≥ aij′ gia k�je i = 1, . . . ,m, tìte h strathgik  j
kuriarqeÐtai apì thn j′, dhlad  o paÐkthc II den èqei potè lìgo na protim sei thn j se
sÔgkrish me thn j′. Epomènwc mporoÔme s' aut  thn perÐptwsh na diagr�youme th st lh
j.

Sto par�deigma thc (7.1) o paÐkthc I, an paÐxei pr¸toc, ja prèpei na epilèxei thn 2h
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gramm  giatÐ aut  èqei to megalÔtero el�qisto. O paÐkthc II pou paÐzei deÔteroc anagka-
stik� ja epilèxei tìte thn deÔterh st lh kai ja plhr¸sei 2 mon�dec ston I. Opoiad pote
�llh epilog  apì thn pleur� tou I odhgeÐ se mikrìterh amoib  gia ton I. AntÐstoiqa, an
o paÐkhc II paÐzei pr¸toc, tìte ja prèpei na epilèxei thn st lh me to mikrìtero mègisto,
dhlad  thn st lh 2. Tìte o paÐkthc I pou paÐzei deÔteroc ja prèpei anagkastik� na
epilèxei thn gramm  2 kai ja p�rei amoib  kai p�li 2 mon�dec. Sthn perÐptwsh aut  den
èqei shmasÐa poiìc apì touc dÔo paÐktec paÐzei pr¸toc. Up�rqoun ìmwc �lla paÐgnia sta
opoÐa to poiìc paÐzei pr¸toc (dhlad  h plhroforÐa pou mporeÐ na èqei ènac paÐkthc gia
tic apof�seic tou �llou) èqei shmasÐa. Gia par�deigma, sthn perÐptwsh tou paignÐou me
ton akìloujo pÐnaka

paÐkthc II: ElaqistopoieÐ

paÐkthc I: MegistopoieÐ

⎛⎝ −3 −2 4
2 3 1
4 0 −2

⎞⎠ (7.2)

ìtan o paÐkthc I paÐzei pr¸toc tìte ja epilèxei thn gramm  2 h opoÐa èqei to megalÔtero
el�qisto pou eÐnai Ðso me 1. O paÐkthc II dialègei tìte thn st lh 3 kai dÐnei amoib  1 ston
I. 'Otan o paÐkthc II paÐzei pr¸toc tìte ja epilèxei thn st lh me to mikrìtero mègisto,
dhlad  thn st lh 2, opìte o I dialègei thn gramm  2 kai paÐrnei 3 mon�dec apì ton II.

L mma 2. An X, Y , dÔo sÔnola kai f : X × Y → ℝ tìte

supx∈X infy∈Y f(x, y) ≤ infy∈Y supx∈X f(x, y).

Apìdeixh IsqÔei ìti infy∈Y f(x, y) ≤ f(x, y) gia k�je (x, y) ∈ X × Y . Sunep¸c,
paÐrnwntac supremum wc proc x ∈ X, supx∈X infy∈Y f(x, y) ≤ supx∈X f(x, y) gia ìla ta
y ∈ Y . PaÐrnontac t¸ra to infimum wc proc y ∈ Y sthn teleutaÐa sqèsh sumplhr¸nei
thn apìdeixh.

Orismìc 2. An ènac pÐnakac A = (aij) ikanopoieÐ thn maxi minj aij = mini maxj aij
tìte ja lème ìti èqei sagmatikì shmeÐo. An antijètwc maxi minj aij < mini maxj aij tìte
o pÐnakac den èqei sagmatikì shmeÐo.

Apì thn parap�nw suz thsh eÐnai safèc ìti, an o pÐnakac tou paignÐou èqei sagmatikì
shmeÐo tìte opoiad pote plhroforÐa èqei ènac paÐkthc gia thn apìfash tou �llou den
ephre�zei thn dik  tou strathgik . S' aut  thn perÐptwsh to paÐgnio èqei lÔsh me kajarèc
strathgikèc. An o pÐnakac den èqei sagmatikì shmeÐo tìte h plhroforÐa pou mporeÐ na
èqei o ènac paÐkthc gia thn strathgik  tou �llou ephre�zei kai thn dik  tou strathgik .
To paÐgnio den èqei lÔsh me kajarèc strathgikèc.
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7.2 Meiktèc strathgikèc kai to jemeli¸dec je¸-
rhma

Mia meikt  strathgik  (  tuqaiopoihmènh strathgik ) eÐnai mia katanom  pijanìthtac
p�nw sto sÔnolo twn strathgik¸n enìc paÐkth. O paÐkthc dhlad  apofasÐzei ìqi poia
strathgik  ja epilèxei all� poia katanom  sto q¸ro twn strathgik¸n ja epilèxei. O
lìgoc gia ton opoÐo ènac paÐkthc ja mporoÔse na apofasÐsei na epilèxei mia meikt  stra-
thgik  eÐnai epeid  anagk�zetai na paÐxei pr¸toc. Gia par�deigma, ston pÐnaka (7.2) o
opoÐoc den èqei sagmatikì shmeÐo ìtan o I paÐzei pr¸toc kerdÐzei 1 mon�da en¸ ìtan paÐzei
deÔteroc 3 mon�dec. An o paÐkthc I dhl¸sei ìti ja epilèxei tic treic dunatèc enèrgeièc
tou me antÐstoiqec pijanìthtec x1, x2, x3, tìte o paÐkthc II anagk�zetai na epilèxei ètsi
¸ste na elaqistopoi sei thn mèsh amoib  pou ja d¸sei ston I dhlad  kaleÐtai na epilèxei
to el�qisto an�mesa sta

(−3x1 + 2x2 + 4x3 , −2x1 + 3x2 , 4x1 + x2 − 2x3) .

Gia par�deigma, an x1 = 1/10, x2 = 9/10, x3 = 0 tìte o II èqei na epilèxei to el�qisto
an�mesa sta (1.5, 2.5, 1.3), sunep¸c epilègei thn trÐth st lh, kai dÐnei amoib  1.3 ston
I. 'Ara, ìtan o paÐkthc I {paÐzei pr¸toc}, ìtan dhlad  èqei lìgouc na pisteÔei ìti o II
gnwrÐzei thn strathgik  tou ja protim sei mia meikt  (tuqaiopoihmènh) strathgik  ¸ste
na aux sei ta èsod� tou. To Ðdio bèbaia isqÔei kai gia ton paÐkth II pou mporeÐ na èqei
epÐshc kÐnhtro na uiojet sei mia meikt  strathgik .

Se èna genikì paÐgnio pou perigr�fetai apì èna pÐnaka m×n, A = (aij), an o paÐkthc
I uiojet sei thn meikt  strathgik  xi, i = 1, . . . ,m kai o II thn yj, j = 1, . . . , n tìte h
mèsh tim  thc amoib c tou II proc ton I eÐnai xTAy =

∑n
j=1

∑m
i=1 xiaijyj.

'Opwc eÐdame maxi minj aij ≤ minj maxi aij me isìthta ìtan o pÐnakac èqei sagma-
tikì shmeÐo. O q¸roc ìlwn twn meikt¸n strathgik¸n tou I eÐnai to simplex X :=
{(x1, . . . , xm) : xi ≥ 0,

∑m
i=1 xi = 1}. Parìmoia o q¸roc twn meikt¸n strathgik¸n

tou II eÐnai o Y := {(y1, . . . , yn) : xi ≥ 0,
∑n

j=1 yj = 1}.

Je¸rhma 14 (Von Neumann). K�je paÐgnio thc anwtèrw morf c èqei lÔsh me meiktèc
strathgikèc, dhlad 

max
x∈X

min
y∈Y

xTAy = min
y∈Y

max
x∈X

xTAy. (7.3)

Apìdeixh Jètoume vI = maxx∈X miny∈Y x
TAy kai vII = miny∈Y maxx∈X x

TAy me sko-
pì na deÐxoume ìti vI = vII . Apì to l mma 2 isqÔei ìti vI ≤ vII , sunep¸c arkeÐ na
deÐxoume ìti h sqèsh aut  ikanopoieÐtai me isìthta.

'Estw A = [a1 ∣ a2 ∣ ⋅ ⋅ ⋅ ∣ an] oi st lec tou pÐnaka A. Gia thn apìdeixh tou jewr matoc
ja qrhsimopoi soume thn deÔterh diatÔpwsh tou L mmatoc tou Farkas. An to 0 an kei
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sthn kurt  j kh twn shmeÐwn a1, . . . , an, e1, . . . , em ston ℝm tìte up�rqoun pragmatikoÐ
sj ≥ 0, j = 1, 2, . . . ,m+ n, tètoioi ¸ste

n∑
j=1

aijsj + sn+i = 0, i = 1, 2, . . . ,m,

m+n∑
j=1

sj = 1.

All� den eÐnai dunatìn na èqoume sj = 0 gia k�je j = 1, . . . , n giatÐ tìte ta monadiaÐa
dianÔsmata ei ja  tan grammik� exarthmèna. Sunep¸c

∑n
j=1 sj > 0 kai mporoÔme na

orÐsoume tic posìthtec

yj :=
sj∑n
j=1 sj

≥ 0

gia tic opoÐec isqÔei ìti
∑n

j=1 yj = 1. Sunep¸c, apì ta parap�nw èqoume ìti

n∑
j=1

aijyj = − sn+i∑n
j=1 sj

≤ 0 ∀i.

'Ara, gia thn sugkekrimmènh epilog  twn yj apì ton paÐkth II, xTAy ≤ 0 gia opoiad pote
epilog  twn xi apì ton I, sunep¸c maxx∈X x

TAy ≤ 0 gia to sugkekrimèno y ∈ Y kai
vII = miny∈Y maxx∈X x

TAy ≤ 0 kat� meÐzona lìgo. 'Ara èqoume

vI ≤ vII ≤ 0. (7.4)

'Estw t¸ra ìti h pr¸th perÐptwsh tou l mmatoc tou Farkas den isqÔei. Tìte ja isqÔei
upoqrewtik� h deÔterh. Autì shmaÐnei ìti up�rqei x = (x1, . . . , xm) tètoio ¸ste xi > 0
gia k�je i = 1, . . . ,m,

∑m
i=1 xi = 1, kai

∑m
i=1 xiaij > 0 gia j = 1, . . . , n. Sunep¸c gia

to sugkekrimèno x èqoume xTAy > 0 gia k�je y kai epomènwc, epanalamb�nontac ton
prohgoÔmeno sullogismì èqoume vI > 0 kai

0 < vI ≤ vII . (7.5)

Efìson upoqrewtik� prèpei na isqÔei eÐte h (7.4) eÐte h (7.5) sumperaÐnoume ìti eÐnai
adÔnaton na isqÔei h vI ≤ 0 < vII .

'Estw t¸ra to paÐgnio pou antistoiqeÐ ston pÐnaka B := (bij) ìpou bij = aij + k ∀i, j.
Profan¸c xTBy = xTAy + k gia k�je x, y kai sunep¸c vI(B) = vI(A) + k, vII(B) =
vII(A) + k. AfoÔ vI(B) ≤ 0 < vII(B) eÐnai adÔnaton, vI(B) ≤ −k < vII(B) eÐnai
adÔnaton gia k�je k ∈ ℝ pou sunep�getai ìti vI < vII eÐnai adÔnaton. 'Ara, anagkastik�,
vI = vII .
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7.3 Grafikìc upologismìc thc tim c

Gia na katano soume kalÔtera merikèc apì tic ènnoiec exet�zoume peript¸seic pou o ènac
toul�qiston apì touc dÔo paÐktec èqei mìno dÔo epilogèc. S' aut  thn perÐptwsh eÐnai
dunatì na epilÔsoume grafik� to paÐgnio. Ja exet�soume to ex c par�deigma. O paÐkthc
II krÔbei sto qèri tou èna nìmisma eÐte tou enìc eÐte twn dÔo eur¸. O paÐkthc I manteÔei
ti nìmisma èqei krÔyei o II kai an to petÔqei paÐrnei to nìmisma alli¸c plhr¸nei ston I 1.5
eur¸. To paiqnÐdi paÐzetai pollèc forèc. Poi� eÐnai h bèltisth strathgik  k�je paÐkth
kai poi� eÐnai h axÐa tou paiqnidioÔ?

O pÐnakac tou paignÐou (pou deÐqnei ta pos� pou plhr¸nei o II ston I) eÐnai

paÐkthc II

paÐkthc I

[
1 −1.5

−1.5 2

]
EÐnai safèc ìti o pÐnakac tou paignÐou autoÔ den èqei sagmatikì shmeÐo. An o paÐkthc
I dhl¸sei pr¸toc ti pisteÔei ìti eÐnai to nìmisma kai o paÐkthc II mporeÐ na krÔyei to
nìmisma met� thn d lwsh tìte asfal¸c ja dialèxei to antÐjeto kai ja kerdÐsei apì ton
paÐkth I 1.5 eur¸. An o paÐkthc II dhl¸sei pr¸toc ti nìmisma èqei krÔyei tìte o I ja to
p�rei. O II to gnwrÐzei kai gi�utì ja krÔyei èna eur¸.

Ac poÔme loipìn ìti o II qrhsimopoi sei meiktèc strathgikèc. Dhl¸nei ìti ja krÔyei
1 eur¸ me pijanìthta y1 kai 2 eur¸ me pijanìthta y2 = 1 − y1. (Akìmh kai an den to
dhl¸sei, afoÔ to paiqnÐdi paÐzetai sunèqeia o I ja to katal�bei an sullèxei statistik�
stoiqeÐa.) An o I mantèyei 1 eur¸ tìte h mèsh tim  thc amoib c pou ja p�rei apì ton II
eÐnai y1− 1.5(1− y1). An o I mantèyei 2 eur¸ tìte h mèsh amoib  pou ja p�rei apì ton II
eÐnai −1.5y1 + 2(1 − y1). O paÐkthc I den xèrei ti nìmisma èqei krÔyei o II, mporeÐ ìmwc
na ektim sei thn pijanìthta y1 sunep¸c ja pei

1 eur¸ an y1 − 1.5(1− y1) > −1.5y1 + 2(1− y1)
2 eur¸ an y1 − 1.5(1− y1) ≤ −1.5y1 + 2(1− y1)

kai h mèsh amoib  pou ja p�rei ja eÐnai

max(y1 − 1.5(1− y1) , −1.5y1 + 2(1− y1)) (7.6)

Autì to gnwrÐzei o II (pou elaqistopoieÐ) sunep¸c ja epilèxei to y1 ètsi ¸ste na elaqi-
stopoi sei thn (7.6). H mèsh tim  thc amoib c pou plhr¸nei eÐnai

min
0≤y1≤1

max(y1 − 1.5(1− y1) , −1.5y1 + 2(1− y1)).

Epomènwc o II dialègei to y1 ètsi ¸ste y1 − 1.5(1− y1) = −1.5y1 + 2(1− y1)   y1 = 7
12

kai h axÐa tou paignÐou eÐnai 2 − 3.5y1 = −1/24. Autì shmaÐnei ìti o II plhr¸nei kat�
mèso ìro ston I −1/24 eur¸. Sunep¸c to paiqnÐdi eÐnai epikerdèc gia ton II an paÐzetai
bèltista kai tou apofèrei mèso kèrdoc 1/24 eur¸ k�je for�.
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Sq ma 7.1: Sto sq ma blèpoume th mèsh tim  thc amoib c pou plhr¸nei o II ston I ìtan
o II qrhsimopoieÐ meikt  strathgik  me pijanìthtec y1 kai y2 = 1− y1. H paqei� gramm 
eÐnai h max(y1 − 1.5(1 − y1) , −1.5y1 + 2(1 − y1)). Sunep¸c o II dialègei y1=to shmeÐo
tom c kai plhr¸nei kata mèso ìro 1/24 eur¸ ston I.
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7.4 EpÐlush me thn bo jeia tou grammikoÔ pro-
grammatismoÔ

'Estw ènac pÐnakac A m×n. O paÐkthc I, o opoÐoc dialègei grammèc megistopoieÐ kai èqei
m epilogèc, en¸ o paÐkthc II o opoÐoc dialègei st lec elaqistopoieÐ kai èqei n epilogèc.
An o paikthc I dialèxei thn gramm  i kai o II thn st lh j tìte o II plhr¸nei ston I to
posì aij pou dÐnei o pÐnakac

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

a11 a12 ⋅ ⋅ ⋅ a1j ⋅ ⋅ ⋅ a1n
a21 a22 ⋅ ⋅ ⋅ a2j ⋅ ⋅ ⋅ a2n

...
ai1 ai2 ⋅ ⋅ ⋅ aij ⋅ ⋅ ⋅ ain

...
am1 am2 ⋅ ⋅ ⋅ amj ⋅ ⋅ ⋅ amn

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

. Ac upojèsoume ìti o II epilègei thn tuqaiopoihmènh strathgik  (y1, y2, . . . , yj, . . . , yn)T

thn opoÐa kai anakoin¸nei ston I. An o I epilèxei thn gramm  i tìte to mèso posì pou ja
eispr�xei apì ton II eÐnai ai1y1 + ai2y2 + ⋅ ⋅ ⋅ + aijyj + ⋅ ⋅ ⋅ + ainyn. Dedomènou ìti jèlei
na megistopoi sei ta èsod� tou ja dialèxei to i an�loga. Sunep¸c h axÐa tou paiqnidioÔ
eÐnai

v = max
i=1,2,...,m

ai1y1 + ai2y2 + ⋅ ⋅ ⋅+ aijyj + ⋅ ⋅ ⋅+ ainyn

O paÐkthc II ja dialèxei tic pijanìthtec yj ètsi ¸ste na elaqistopoieÐ to v. Sunep¸c h
axÐa tou paiqnidioÔ dÐnetai apì th lÔsh tou grammikoÔ progr�mmatoc

min v

u.p.

y1 + ⋅ ⋅ ⋅+ yj + ⋅ ⋅ ⋅ yn = 1

a11y1 + a12y2 ⋅ ⋅ ⋅+ a1jyj ⋅ ⋅ ⋅+ a1nyn ≤ v

ai1y1 + ai2y2 ⋅ ⋅ ⋅+ aijyj ⋅ ⋅ ⋅+ ainyn ≤ v

am1y1 + am2y2 ⋅ ⋅ ⋅+ amjyj ⋅ ⋅ ⋅+ amnyn ≤ v

yj ≥ 0, j = 1, 2, . . . , n, v eleÔjerh.

To sÔsthma autì gr�fetai isodÔnama wc
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min v

u.p.

y1 + ⋅ ⋅ ⋅+ yj + ⋅ ⋅ ⋅ yn = 1

v − a11y1 − a12y2 ⋅ ⋅ ⋅ − a1jyj ⋅ ⋅ ⋅ − a1nyn ≥ 0

v − ai1y1 − ai2y2 ⋅ ⋅ ⋅ − aijyj ⋅ ⋅ ⋅ − ainyn ≥ 0

v − am1y1 − am2y2 ⋅ ⋅ ⋅ − amjyj ⋅ ⋅ ⋅ − amnyn ≥ 0

yj ≥ 0, j = 1, 2, . . . , n, v eleÔjerh.

To duðkì grammikì prìgramma eÐnai to

maxu

u.p.

x1 + ⋅ ⋅ ⋅+ xi + ⋅ ⋅ ⋅xm = 1

u− a11x1 − a12x2 − ⋅ ⋅ ⋅+ a1jxi − ⋅ ⋅ ⋅ − a1nxm ≤ 0

u− ai1x1 − ai2x2 − ⋅ ⋅ ⋅+ aijxi − ⋅ ⋅ ⋅ − ainxm ≤ 0

u− an1x1 − an2x2 − ⋅ ⋅ ⋅+ anjxi − ⋅ ⋅ ⋅+ anmxm ≤ 0

xi ≥ 0, i = 1, 2, . . . ,m, u eleÔjerh.

H jewrÐa thc duðkìthtac exasfalÐzei ìti h bèltisth tim  tou v pou prokÔptei apì thn
lÔsh tou prwteÔontoc probl matoc isoÔtai me thn bèltisth tim  pou prokÔptei apì th
lÔsh tou duðkoÔ. Aut  eÐnai h axÐa tou paignÐou.

7.5 Ask seic

Prìblhma 1. Sto paÐgnio mhdenikoÔ ajroÐsmatoc me pÐnaka

A =

[
1 3
5 2

]
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o paÐkthc I dialègei grammèc en¸ o II dialègei st lec. An epilegeÐ h gramm  i kai h st lh
j tìte o paÐkthc II ja d¸sei ston I aij eur¸. Sunep¸c o I jèlei na megistopoi sei to posì
pou ja l�bei en¸ o paÐkthc II jèlei na elastopoi sei to posì pou ja d¸sei. Na breÐte
tic bèltistec strathgikèc (kajarèc   meiktèc), thn axÐa tou paignÐou, kai na exhg sete
thn shmasÐa touc.

Prìblhma 2. Gia poia dianÔsmata b èqei to sÔsthma

Ax =

[
4 1 −2
1 0 5

] [
x1
x2

]
=

[
b1
b2

]
lÔsh x ≥ 0?

Prìblhma 3. BreÐte thn enallaktik  prìtash (kat� Farkas) thc ex c prìtashc: To
sÔsthma ⎡⎣ 1 2 3

4 5 6
7 8 9

⎤⎦ ⎡⎣ x1
x2
x3

⎤⎦ =

⎡⎣ b1
b2
b3

⎤⎦
èqei lÔsh x me x1 ≥ 0, x3 ≥ 0. (Upìdeixh: Jèste x2 = u2 − v2 me u2 ≥ 0, v2 ≥ 0.)

Prìblhma 4. 'Estw P = (Pij) i = 1, . . . , n, j = 1, . . . , n, stoqastikìc pÐnakac n× n,
dhlad  Pij ≥ 0 kai

∑n
j=1 Pij = 1 gia k�je i. QrhsimopoieÐste to l mma tou Farkas gia na

deÐxete ìti den up�rqei y ∈ ℝn tètoio ¸ste
∑n

i=1 yiPij ≥ 0 gia k�je j kai
∑n

i=1 yi < 0.

Prìblhma 5. Gia to paÐgnio

paÐkthc II
minimizer

paÐkthc I
maximizer

[
2 −1
−2 3

]
na breÐte tic bèltistec strathgikèc gia touc dÔo paÐktec kaj¸c kai thn axÐa tou paignÐou.
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Kef�laio 8

Par�rthma: Sust mata grammik¸n
exis¸sewn

Grammik� sust mata m exis¸sewn me n agn¸stouc eÐnai sust mata thc morf c

a11x1 + a12x2 + ⋅ ⋅ ⋅ + a1nxn = b1
a21x1 + a22x2 + ⋅ ⋅ ⋅ + a2nxn = b2

...
am1x1 + am2x2 + ⋅ ⋅ ⋅ + amnxn = bm

(8.1)

An

A =

⎡⎢⎢⎣
a11 a12 ⋅ ⋅ ⋅ a1n
a21 a22 ⋅ ⋅ ⋅ a2n

am1 am2 ⋅ ⋅ ⋅ amn

⎤⎥⎥⎦ , x =

⎡⎢⎢⎢⎣
x1
x2
...
xn

⎤⎥⎥⎥⎦ , b =

⎡⎢⎢⎢⎣
b1
b2
...
bm

⎤⎥⎥⎥⎦ , (8.2)

tìte h exÐswsh (8.1) gr�fetai sthn morf 

Ax = b. (8.3)

Sthn perÐptwsh pou m = n dhlad  o pÐnakac eÐnai tetragwnikìc   isodÔnama èqoume ton
Ðdio arijmì exis¸sewn kai agn¸stwn. S' aut  thn perÐptwsh to sÔsthma èqei monadik 
lÔsh upì thn proôpìjesh ìti o pÐnakac A eÐnai antistrèyimoc pr�gma pou sumbaÐnei an
kai mìno an h orÐzousa tou pÐnaka, det(A), eÐnai di�forh tou mhdenìc.

Endiaferìmaste na melet soume genikìtera grammik� sust mata, ìpou o arijmìc twn
agn¸stwn den eÐnai upoqrewtik� Ðsoc me ton arijmì twn exis¸sewn. Ja xekin soume me
èna idiaÐter aplì par�deigma. Ac exet�soume to sÔsthma

x1 − 2x2 + 6x3 + 5x4 = 10
3x1 + x2 + 4x3 − x4 = 5

(8.4)
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To sugkekrimèno sÔsthma den èqei monadik  lÔsh. Gia na peisjoÔme, ac pollaplasi�soume
thn pr¸th exÐswsh me 3 kai ac thn afairèsoume apì thn deÔterh. Tìte paÐrnoume to
sÔsthma

x1 − 2x2 + 6x3 + 5x4 = 10
7x2 − 14x3 − 16x4 = −25

. (8.5)

An t¸ra pollaplasi�soume th deÔterh exÐswsh me 2/7 kai thn afairèsoume apì thn pr¸th
(kai sth sunèqeia diairèsoume thn deÔterh exÐswsh me 7) paÐrnoume to sÔsthma

x1 + 2x3 + 3
7
x4 = 20

7

x2 − 2x3 − 16
7
x4 = −25

7

. (8.6)

Apì thn parap�nw morf  tou sust matoc blèpoume ìti up�rqoun �peirec lÔseic pou eÐnai
thc morf c

x1 = 20
7
−2x3 −3

7
x4

x2 = −25
7

+2x3 +16
7
x4

x3, x4 aujaÐreta. (8.7)

Sthn lÔsh (8.7) oi metablhtèc x1, x2, onom�zontai basikèc metablhtèc kai oi x3 kai x4
mh basikèc. Apì tic �peirec lÔseic thc (8.7) xeqwrÐzoume thn basik  lÔsh (me b�sh tic
metablhtèc x1, x2) pou prokÔptei an jèsoume tic mh basikèc metablhtèc Ðsec me to mhdèn.
H lÔsh aut  eÐnai h x∗1 = 20

7
, x∗2 = −25

7
, x∗3 = 0, x∗4 = 0.

Ja mporoÔsame na eÐqame epilÔsei wc proc diaforetikèc metablhtèc. An, gia par�-
deigma, sto sÔsthma (8.5) eÐqame diairèsei thn deÔterh exÐswsh me −14 kai sthn sunèqeia
eÐqame afairèsei −6 epÐ thn deÔterh exÐswsh apì thn pr¸th ja paÐrname to sÔsthma

x1 + x2 − 13
7
x4 = −5

7

− 1
2
x2 + x3 + 8

7
x4 = 25

14

(8.8)

apì to opoÐo prokÔptei h lÔsh

x1 = −5
7
−x2 +13

7
x4

x3 = 25
14

+1
2
x2 −8

7
x4

x2, x4 aujaÐreta. (8.9)

Sthn parap�nw lÔsh oi basikèc metablhtèc eÐnai oi x1 kai x3 en¸ mh basikèc eÐnai oi x2
kai x4. H antÐstoiqh basik  lÔsh eÐnai h x∗1 = −5

7
, x∗2 = 0, x∗3 = 25

14
, x∗4 = 0.

Sunep¸c oi basikèc lÔseic (pou prokÔptoun jètontac tic mh basikèc metablhtèc Ðsec
me to mhdèn) diafèroun an�loga me thn epilog  thc b�sewc. Tautìqrona, eÐnai shmantikì
na suneidhtopoi soume ìti oi exis¸seic (8.7) kai (8.9) den eÐnai diaforetikèc lÔseic all�
diaforetikèc perigrafèc tou sunìlou twn lÔsewn tou grammikoÔ sust matoc (8.4).
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'Enac deÔteroc, isodÔnamoc trìpoc gia na dei kaneic to grammikì sÔsthma eÐnai o
akìloujoc. To sÔsthma gr�fetai se morf  pin�kwn wc

[
1 −2 6 5
3 1 4 −1

]⎡⎢⎢⎣
x1
x2
x3
x4

⎤⎥⎥⎦ =

[
10
5

]

 , isodÔnama,

x1

[
1
3

]
+ x2

[
−2

1

]
+ x3

[
6
4

]
+ x4

[
5
−1

]
=

[
10
5

]
. (8.10)

Y�qnoume dhlad  na broÔme pragmatikoÔc arijmoÔc x1, x2, x3, x4 tètoiouc ¸ste na

ekfr�soume to di�nusma b =

[
5
−1

]
san grammikì sundiasmì twn dianusm�twn a1 =[

1
3

]
, a2 =

[
−2

1

]
, a3 =

[
6
4

]
, kai a4 =

[
5
−1

]
.

Basikèc lÔseic eÐnai ekeÐnec oi lÔseic stic opoÐec dialègei kaneÐc dÔo apì tic tèssereic
st lec tou pÐnaka A kai ekfr�zei to b wc grammikì touc sundiasmì. (Autì sumbaÐnei giatÐ
sto sugkekrimèno par�deigma to b eÐnai didi�stato di�nusma.) Gia par�deigma mporoÔme
na prospaj soume na ekfr�soume to b wc grammikì sundiasmì twn dÔo pr¸twn sthl¸n.
Autì bebaÐwc isodunameÐ me to na jèsoume x3 = x4 = 0 sthn exÐswsh (8.10) kai na
epilÔsoume to sÔsthma pou prokÔpei wc proc x1 kai x2. Me �lla lìgia jèloume na
epilÔsoume to sÔsthma

x1

[
1
3

]
+ x2

[
−2

1

]
=

[
10
5

]
h isodÔnama to

x1 − 2x2 = 10

3x1 + x2 = 5

H lÔsh pou paÐrnoume apì autì to sÔsthma eÐnai h x1 = 20
7
, x2 = −25

7
, x3 = 0, x4 = 0 h

opoÐa eÐnai bebaÐwc h basik  lÔsh thc (8.7).


