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(a− b)Tx ≥ (a− b)Ta =
1

2

(

‖a‖2 − ‖b‖2 + ‖a− b‖2
)

>
1

2

(

‖a‖2 − ‖b‖2
)

>
1

2

(

‖a‖2 − ‖b‖2 − ‖a− b‖2
)

= (a− b)T b ≥ (a− b)Ty.

E%&":,1 θ = a− b *(/ γ = −1

2
(‖a‖2 − ‖b‖2)4 F0&1 . 8(!(8+'A #G%#1/) ,() >9'":'
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m

+2+7!7 A*+( yTA ≥ 0 5"! yT b < 0=
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/#/0E<'!(+  !"#$ !%&'( (# Pij ≥ 0 *(+

∑n

j=1
Pij = 1 @+( *E2' i = 1, . . . , n5

($)*'+, -. )* P +,*$%  !"#$ !%&'( -,*$&$( .-/0#+% 1%/*. 2$ 30$224( π = (π1, . . . , πn)
!5!"%" 6 !+ πi ≥ 0 &$%
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i=1
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n

∑
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n
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!3!/+/ &.!' yTA ≥ 0 *(+ yT b < 05
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]
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∑
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∑
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i=1
xi = 1 )(3

∑m
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xiaij > 0

B3( j = 1, 2, . . . , n+

)*+,!-.$ G) L /(E&%. "#,( &@<#E 5E&, #$( +./(@"=4#$( #,* 8i; /( @04<6)@( sj ≥ 0
#H#)./ F"#%

∑n

j=1
sjaj +

∑m
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m
∑
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∑m

i=1
yiaij ≥ λ > 0 @$. ;4E# j = 1, . . . , nB

;.$ yi ≥ λ > 0 @$. ;4E# i = 1, 2, . . . ,m8 F)/*/'2# %3!#)+> !. E5%/32#

xi =
yi

∑m

k=1
yk

, i = 1, 2, . . . ,m.

A3!#)+>B .! "#! $%&'#$ ( )*-,.%( 6i: ,-,# 3)/&*#G,$;4 $%&'#$ ( )*-,.%( 6ii:8
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 !"#$%&' (

)!*+,% -%&./,*/

 !" #$%&'($ )*+,'(-./ $01.%2)$3.4 2, -$'.'(-5

).165

 !" #$%&'()" (*!+ $,$!&-"*.$ /(012)( .34$2)#"5 (67"08.(!"9 8$ #(2"2)#: ."7%: ;zero
sum games in canonical form<= >( /(012)( (*!& ./"7"52 2( /$7)17(%"52 (/+ ?2( /02(#(
" "/"0"9 /7"84)"70-$) !32 (.")@: /"* 404$) " /(0#!39 II 8!"2 /(0#!3 I= A)( /(7&4$)1.(B
8!"2 (#+'"*6" /02(#(

/(0#!39 CCD E'(F)8!"/")$0

/(0#!39 CD G$1)8!"/")$0





5 1 3
3 2 4

−3 0 1





;H=I<

" /(0#!39 C $/)'?1$) 17(..: $2J " /(0#!39 CC 8!:'3B #() (/+ !"2 8*24*(8.+ !K2 45"

(/"%&8$K2 /7"#5/!$) 3 (.")@: /"* 6( /7?/$) 2( /'37J8$) " CC 8!"2 C ;3 "/"0( @$@(0K9

./"7$0 2( $02() #() (723!)#:<= LE8!K A = [aij]B i = 1, . . . ,mB j = 1, . . . , n " /02(#(9 !"*
/()120"*= M2 aij ≤ ai′j 1)( #&6$ j = 1, . . . , n !+!$ 3 8!7(!31)#: i #*7)(7F$0!() (/+ !32
8!7(!31)#: i′ 1)( !"2 /(0#!3 C (%"5 " /(0#!39 (*!+9 4$2 ?F$) /"!? '+1" 2( /7"!).:8$)
!32 i 8$ 851#7)83 .$ !32 i′B (8F?!K9 !K2 $2$71$)J2 !"* /(0#!3 CC=  *2$/J9 ./"7"5.$
2( 4)(17&N"*.$ !32 17(..: i (/+ !"2 /02(#( #() 2( (2('58"*.$ ?2( /(012)" .$ .)#7+!$7"
/02(#( (.")@J2= O(7+.")(B (2 aij ≥ aij′ 1)( #&6$ i = 1, . . . ,mB !+!$ 3 8!7(!31)#: j
#*7)(7F$0!() (/+ !32 j′B 43'(4: " /(0#!39 CC 4$2 ?F$) /"!? '+1" 2( /7"!).:8$) !32 j 8$
851#7)83 .$ !32 j′= E/".?2K9 ./"7"5.$ 8L (*!: !32 /$70/!K83 2( 4)(17&N"*.$ !3 8!:'3
j=

 !" /(7&4$)1.( !39 ;H=I< " /(0#!39 CB (2 /(0,$) /7J!"9B 6( /7?/$) 2( $/)'?,$) !32 H3

17(..: 1)(!0 (*!: ?F$) !"  !"#$%&!'( !$)*+,&(= P /(0#!39 CC /"* /(0-$) 4$5!$7"9 (2(1#(Q

8!)#& 6( $/)'?,$) !+!$ !32 4$5!$73 8!:'3 #() 6( /'37J8$) H ."2&4$9 8!"2 C= P/")(4:/"!$

II



 !!" #$%!&'( )$* +", $!#-. +&- / &0"'#1 2# 3%4.*+#." )3&%5( '%) +&, /6 7,+12+&%8)9 ),

& $)14": // $)1;#% $.<+&:9 +*+# =) $.>$#% ,) #$%!>?#% +", 2+(!" 3# +&  !"#$%&#'  ()!*%'9

0"!)0( +", 2+(!" @6 A*+# & $)14+": / $&- $)1;#% 0#B+#.&: =) $.>$#% ),)'4)2+%4 ,)

#$%!>?#% +", '.)33( @ 4)% =) $ .#% )3&%5( 4)% $ !% @ 3&, 0#:6 C+", $#.1$+D2" )-+( 0#,

>8#% 2"3)21) $&%*: )$* +&-: 0B& $)14+#: $)1;#% $.<+&:6 E$ .8&-, *3D:  !!) $)1',%) 2+)

&$&1) +& $&%*: $)1;#% $.<+&: F0"!)0( + ,-+#'.'#/0 ,'1  ,'#&/ 20 (3&! (204 ,0/"%+4 )!0

%!4 0,'.5*&!4 %'1 5--'1G >8#% 2"3)21)6 H%) $). 0#%'3)9 2+", $#.1$+D2" +&- $)%',1&- 3#

+&, )4*!&-=& $1,)4)

$)14+": //I J!)8%2+&$&%#1

$)14+": /I K#'%2+&$&%#1





−3 −2 4
2 3 1
4 0 −2





F@6@G

*+), & $)14+": / $)1;#% $.<+&: +*+# =) #$%!>?#% +", '.)33( @ " &$&1) >8#% +& 3#')!B+#.&

#! 8%2+& $&- #1,)% 12& 3# L6 M $)14+": // 0%)!>'#% +*+# +", 2+(!" N 4)% 01,#% )3&%5( L 2+&,

/6 OM+), & $)14+": // $)1;#% $.<+&: +*+# =) #$%!>?#% +", 2+(!" 3# +& 3%4.*+#.& 3>'%2+&9

0"!)0( +", 2+(!" @9 &$*+# & / 0%)!>'#% +", '.)33( @ 4)% $)1.,#% N 3&, 0#: )$* +&, //6

 !""# $% 62 X7 Y 7 89' *92'-0 "0! f : X × Y → R %$%&

supx∈X infy∈Y f(x, y) ≤ infy∈Y supx∈X f(x, y).

&'()*+,- /28B#% *+% infy∈Y f(x, y) ≤ f(x, y) '%) 4 =# (x, y) ∈ X × Y 6 C-,#$<:9

$)1.,D,+): supremum D: $.&: x ∈ X9 supx∈X infy∈Y f(x, y) ≤ supx∈X f(x, y) '%) *!) +)

y ∈ Y 6 P)1.,&,+): +<.) +& infimum D: $.&: y ∈ Y 2+", +#!#-+)1) 28>2" 2-3$!".<,#%

+", )$*0#%?"6

./+0"(1 2% 62 (204 ,/20"04 A = (aij) !"02','!&/ %+2 maxi minj aij = mini maxj aij
%$%& :0 -( & $%! (3&! *0) 0%!"$ *+ &/'; 62 02%!:(%<4 maxi minj aij < mini maxj aij %$%&
' ,/20"04 8&2 (3&! *0) 0%!"$ *+ &/';

7$* +", $).)$ ,D 2-;(+"2" #1,)% 2)Q>: *+%9 ), & $1,)4): +&- $)%',1&- >8#% 2)'3)+%4*

2"3#1& +*+# &$&%)0($&+# $!".&Q&.1) >8#% >,): $)14+": '%) +", )$*Q)2" +&-  !!&- 0#,

#$".# ;#% +", 0%4( +&- 2+.)+"'%4(6 CO )-+( +", $#.1$+D2" +& $)1',%& >8#% !B2" 3# "0:0#(4

*%#0%+)!"(46 7, & $1,)4): 0#, >8#% 2)'3)+%4* 2"3#1& +*+# " $!".&Q&.1) $&- 3$&.#1 ,)

>8#% & >,): $)14+": '%) +", 2+.)+"'%4( +&-  !!&- #$".# ;#% 4)% +", 0%4( +&- 2+.)+"'%4(6

A& $)1',%& 0#, >8#% !B2" 3# "0:0#(4 *%#0%+)!"(46

 ! "#$%&'( )&*+&,-$%'( %+$ &. /#0#1$23#( /#24

*,0+

K%) 3#%4+( 2+.)+"'%4( F( +-8)%&$&%"3>," 2+.)+"'%4(G #1,)% 3%) 4)+),&3( $%=),*+"+):

$ ,D 2+& 2B,&!& +D, 2+.)+"'%4<, #,*: $)14+"6 M $)14+": 0"!)0( )$&Q)21;#% *8% $&%)

L@



 !"#!$%&'( )# *+&,-.*& #,,/ +0&# '#!#102(  !0 34"0 !51  !"#!$%&'41 )# *+&,-.*&6 7

,8%09 %&# !01 0+0:0 -1#9 +#:'!$9 )# 2+0"0; * 1# #+0<# : *& 1# *+&,-.*& 2&# 2*&'!(  !"#=

!$%&'( *:1#& *+*&>( #1#%'/?*!#& 1# +#:.*& +"4!096 @&# +#"/>*&%2#A  !01 +:1#'# BC6CD 0

0+0:09 >*1 -3*&  #%2#!&'8  $2*:0 8!#1 0 E +#:?*& +"4!09 '*">:?*& F 201/># *14 8!#1 +#:?*&

>*;!*"09 G 201/>*96 H1 0 +#:'!$9 E >$,4 *& 8!& )# *+&,-.*& !&9 !"*&9 >I1#!-9 *1-"%*&-9

!0I 2* #1!: !0&3*9 +&)#18!$!*9 x1A x2A x3A !8!* 0 +#:'!$9 EE #1#%'/?*!#& 1# *+&,-.*& -! &

4 !* 1# *,#3& !0+0&( *& !$1 2- $ #20&J( +0I )# >4 *&  !01 E >$,#>( '#,*:!#& 1# *+&,-.*&

!0 *,/3& !0 #1/2* #  !#

(−3x1 + 2x2 + 4x3 , −2x1 + 3x2 , 4x1 + x2 − 2x3) .

@&# +#"/>*&%2#A #1 x1 = 1/10A x2 = 9/10A x3 = 0 !8!* 0 EE -3*& 1# *+&,-.*& !0 *,/3& !0

#1/2* #  !# (1.5, 2.5, 1.3)A  I1*+49 *+&,-%*& !$1 !":!$  !(,$A '#& >:1*& #20&J( F6G  !01

E6 KH"#A 8!#1 0 +#:'!$9 E L+#:?*& +"4!09MA 8!#1 >$,#>( -3*& ,8%0I9 1# +& !*;*& 8!& 0 EE

%15":?*& !$1  !"#!$%&'( !0I )# +"0!&2( *& 2&# 2*&'!( B!I3#&0+0&$2-1$D  !"#!$%&'( 4 !*

1# #I.( *& !# - 0>/ !0I6 N0 :>&0 J-J#&# & 3;*& '#& %&# !01 +#:'!$ EE +0I 2+0"*: 1# -3*&

*+: $9 ':1$!"0 1# I&0)*!( *& 2&# 2*&'!(  !"#!$%&'(6

O* -1# %*1&'8 +#:%1&0 +0I +*"&%"/<*!#& #+8 -1# +:1#'# m×nA A = (aij)A #1 0 +#:'!$9
E I&0)*!( *& !$1 2*&'!(  !"#!$%&'( xiA i = 1, . . . ,m '#& 0 EE !$1 yjA j = 1, . . . , n !8!* $

2- $ !&2( !$9 #20&J(9 !0I EE +"09 !01 E *:1#& xTAy =
∑n

j=1

∑m

i=1
xiaijyj6

K7+59 *:>#2* maxi minj aij ≤ minj maxi aij 2* & 8!$!# 8!#1 0 +:1#'#9 -3*&  #%2#=

!&'8  $2*:06 7 34"09 8,51 !51 2*&'!41  !"#!$%&'41 !0I E *:1#& !0 simplex X :=
{(x1, . . . , xm) : xi ≥ 0,

∑m

i=1
xi = 1}6 P#"820&# 0 34"09 !51 2*&'!41  !"#!$%&'41

!0I EE *:1#& 0 Y := {(y1, . . . , yn) : xi ≥ 0,
∑n

j=1
yj = 1}6

 !"#$%& ' BVon NeumannD(  !"# $%&'()* +,- %(.+/0. 1*023- /4#) 567, 1# 1#)8+/-
7+0%+,')8/-9 :,5%:3

max
x∈X

min
y∈Y

xTAy = min
y∈Y

max
x∈X

xTAy. BC6GD

)*+,!-.$ Q-!0I2* vI = maxx∈X miny∈Y xTAy '#& vII = miny∈Y maxx∈X xTAy 2*  '0=

+8 1# >*:.0I2* 8!& vI = vII 6 H+8 !0 ,(22# C & 3;*& 8!& vI ≤ vII A  I1*+49 #"'*: 1#

>*:.0I2* 8!& $  3- $ #I!( &'#10+0&*:!#& 2* & 8!$!#6

KR !5 A = [a1 | a2 | · · · | an] 0&  !(,*9 !0I +:1#'# A6 @&# !$1 #+8>*&.$ !0I )*5"(2#!09
)# 3"$ &20+0&( 0I2* !$1 >*;!*"$ >&#!;+5 $ !0I S(22#!09 !0I Farkas6 H1 !0 T #1('*&

 !$1 'I"!( )('$ !51  $2*:51 a1, . . . , an, e1, . . . , em  !01 R
m
!8!* I+/"30I1 +"#%2#!&'0:

sj ≥ 0A j = 1, 2, . . . ,m+ nA !-!0&0& 4 !*

n
∑

j=1

aijsj + sn+i = 0, i = 1, 2, . . . ,m,

m+n
∑

j=1

sj = 1.

FG



 !!" #$% $&%'( #)%'*+% %' ,-.)/$ sj = 0 0(' 1"2$ j = 1, . . . , n 0('*& *+*$ *' /.%'#('&'
#('%34/'*' ei 2' 5*'% 06'//(1" $7'6*8/,%'9 :)%$;<=

∑n

j=1
sj > 0 1'( /;.6.3/$ %'

.6&4.)/$ *(= ;.4+*8*$=

yj :=
sj

∑n

j=1
sj

≥ 0

0(' *(= .;.&$= (4-3$( +*(

∑n

j=1
yj = 19 :)%$;<=> ';+ *' ;'6';"%? ,-.)/$ +*(

n
∑

j=1

aijyj = −
sn+i

∑n

j=1
sj

≤ 0 ∀i.

@ 6'> 0(' *8% 4)01$16(//,%8 $;(!.05 *?% yj ';+ *.% ;'&1*8 AA> x
TAy ≤ 0 0(' .;.('#5;.*$

$;(!.05 *?% xi ';+ *.% A> 4)%$;<= maxx∈X xTAy ≤ 0 0(' *. 4)01$16(/,%. y ∈ Y 1'(

vII = miny∈Y maxx∈X xTAy ≤ 0 1'*" /$&B.%' !+0.9 @ 6' ,-.)/$

vI ≤ vII ≤ 0. CD9EF

@G4*? *<6' +*( 8 ;6<*8 ;$6&;*?48 *.) !5//'*.= *.) Farkas #$% (4-3$(9 H+*$ 2' (4-3$(
);.-6$?*(1" 8 #$3*$689  )*+ 48/'&%$( +*( );"6-$( x = (x1, . . . , xm) *,*.(. <4*$ xi > 0
0(' 1"2$ i = 1, . . . ,m>

∑m

i=1
xi = 1> 1'(

∑m

i=1
xiaij > 0 0(' j = 1, . . . , n9 :)%$;<= 0('

*. 4)01$16(/,%. x ,-.)/$ xTAy > 0 0(' 1"2$ y 1'( $;./,%?=> $;'%'!'/I"%.%*'= *.%
;6.80.3/$%. 4)!!.0(4/+ ,-.)/$ vI > 0 1'(

0 < vI ≤ vII . CD9JF

GK+4.% );.-6$?*(1" ;6,;$( %' (4-3$( $&*$ 8 CD9EF $&*$ 8 CD9JF 4)/;$6'&%.)/$ +*( $&%'(

'#3%'*.% %' (4-3$( 8 vI ≤ 0 < vII 9

@G4*? *<6' *. ;'&0%(. ;.) '%*(4*.(-$& 4*.% ;&%'1' B := (bij) +;.) bij = aij + k ∀i, j9
L6.K'%<= xTBy = xTAy + k 0(' 1"2$ x, y 1'( 4)%$;<= vI(B) = vI(A) + k> vII(B) =
vII(A) + k9  K.3 vI(B) ≤ 0 < vII(B) $&%'( '#3%'*.%> vI(B) ≤ −k < vII(B) $&%'(
'#3%'*.% 0(' 1"2$ k ∈ R ;.) 4)%$;"0$*'( +*( vI < vII $&%'( '#3%'*.%9 @ 6'> '%'01'4*(1">
vI = vII 9

 !" #$%&'()* +,-.-/'01)* 23* 2'14*

M(' %' 1'*'%.54.)/$ 1'!3*$6' /$6(1,= ';+ *(= ,%%.($= $7$*"B.)/$ ;$6(;*<4$(= ;.) . ,%'=

*.)!"-(4*.% ';+ *.)= #3. ;'&1*$= ,-$( /+%. #3. $;(!.0,=9 :@ ')*5 *8% ;$6&;*?48 $&%'(

#)%'*+ %' $;(!34.)/$ 06'K(1" *. ;'&0%(.9 N' $7$*"4.)/$ *. $75= ;'6"#$(0/'9 O ;'&1*8=

AA 163I$( 4*. -,6( *.) ,%' %+/(4/' $&*$ *.)  !"# $&*$ *?% $%& $)6<9 O ;'&1*8= A /'%*$3$(

*( %+/(4/' ,-$( 163P$( . AA 1'( '% *. ;$*3-$( ;'&6%$( *. %+/(4/' '!!(<= ;!86<%$( 4*.% A Q9J

QE



 !"#$ %& '()*+,-) '(,. /() '&0012 3&"12$ 4&)5  ,+() 6 710/)8/6 8/"(/69):; :5< '(,:/6

:() '&)5  ,+() 6 (=,( /&! '()*+)-)&>?

@ ',+(:(2 /&! '()9+,&! A'&! - ,*+ ) /( '&85 '&! '06"#+ ) & BB 8/&+ BC  ,+()

'(,:/62 BB

'(,:/62 B

[

1 −1.5
−1.5 2

]

D,+() 8(312 E/) & ',+(:(2 /&! '()9+,&! (!/&> - + 1* ) 8(9F(/):E 86F ,&$ G+ & '(,:/62

B -60#8 ) '"#/&2 /) ')8/ > ) E/)  ,+() /& +EF)8F( :() & '(,:/62 BB F'&" , +( :">H ) /&

+EF)8F( F /5 /6+ -;0I86 /E/ (83(0#2 <( -)(01= ) /& (+/,< /& :() <( : "-,8 ) ('E /&+

'(,:/6 B J$K  !"#$ G+ & '(,:/62 BB -60#8 ) '"#/&2 /) +EF)8F( 1* ) :">H ) /E/ & B <( /&

'5" )$ @ BB /& 9+I",. ) :() 9)5!/E <( :">H ) 1+(  !"#$

G2 '&>F 0&)'E+ E/) & BB *"68)F&'&);8 ) F ):/12 8/"(/69):12$ L60#+ ) E/) <( :">H )

J  !"# F ')<(+E/6/( y1 :() M  !"# F ')<(+E/6/( y2 = 1 − y1$ AG:EF6 :() (+ - + /&

-60#8 )N (3&> /& '()*+,-) '(,. /() 8!+1* )( & B <( /& :(/(057 ) (+ 8!001= ) 8/(/)8/):5

8/&)* ,($C G+ & B F(+/1H ) J  !"# /E/ 6 F186 /)F; /62 (F&)7;2 '&! <( '5" ) ('E /&+ BB

 ,+() y1 − 1.5(1− y1)$ G+ & B F(+/1H ) M  !"# /E/ 6 F186 (F&)7; '&! <( '5" ) ('E /&+ BB

 ,+() −1.5y1 + 2(1 − y1)$ @ '(,:/62 B - + =1" ) /) +EF)8F( 1* ) :">H ) & BBN F'&" , EFI2

+(  :/)F;8 ) /6+ ')<(+E/6/( y1 8!+ '#2 <( ' )

J  !"# (+ y1 − 1.5(1− y1) > −1.5y1 + 2(1− y1)
M  !"# (+ y1 − 1.5(1− y1) ≤ −1.5y1 + 2(1− y1)

:() 6 F186 (F&)7; '&! <( '5" ) <(  ,+()

max(y1 − 1.5(1− y1) , −1.5y1 + 2(1− y1)) AM$OC

G!/E /& 9+I",. ) & BB A'&!  0(*)8/&'&) ,C 8!+ '#2 <(  ')01= ) /& y1 1/8) #8/ +(  0(*)P

8/&'&);8 ) /6+ AM$OC$ Q F186 /)F; /62 (F&)7;2 '&! '06"#+ )  ,+()

min
0≤y1≤1

max(y1 − 1.5(1− y1) , −1.5y1 + 2(1− y1)).

D'&F1+I2 & BB -)(019 ) /& y1 1/8) #8/ y1 − 1.5(1− y1) = −1.5y1 + 2(1− y1) ; y1 =
7

12

:() 6 (=,( /&! '()9+,&!  ,+() 2 − 3.5y1 = −1/24$ G!/E 86F(,+ ) E/) & BB '06"#+ ) :(/5

F18& E"& 8/&+ B −1/24  !"#$ R!+ '#2 /& '()*+,-)  ,+()  '): "-12 9)( /&+ BB (+ '(,. /()

710/)8/( :() /&! ('&31" ) F18& :1"-&2 JSMT  !"# :5< 3&"5$

JK



 !"#$ %&'(  )* +!"#$ ,-./*0#1 )2 #.+2 )3#" )24 $#*3,"4 /*0 /-256713 * 88 +)*7 8 9)$7

* 88 !52+3#*/*31: #13;)" +)5$)2<3;" #1 /3=$79)2)14 y1 ;$3 y2 = 1− y1& > /$!13? <5$##"

1:7$3 2 max(y1 − 1.5(1 − y1) , −1.5y1 + 2(1 − y1))&  071/64 * 88 @3$-.<13 y1A)* +2#1:*
)*#"4 ;$3 /-256713 ;$)$ #.+* 95* 'B%C 1056 +)*7 8&

'D



 !" #$%&'() *+ ,)- ./01+23 ,/' 453**26/7 $5/8

453**3,2(*/7

 !"#$ %&'( )*&'+'( A m×n, - )'*+#.( /0 1 1)1*1( 23'4%563 57'88%( 8653"#1)136* +'3 %963

m 6)3415%(0 6&: 1 )'*+#.( // 1 1)1*1( 23'4%563 "#;46( 64'93"#1)136* +'3 %963 n 6)3415%(,

<& 1 )'3+#.( / 23'4%=63 #.& 57'88; i +'3 1 // #.& "#;4. j #>#6 1 // )4.7:&63 "#1& / #1

)1"> aij )1? 2*&63 1 )*&'+'(

A =



















a11 a12 · · · a1j · · · a1n
a21 a22 · · · a2j · · · a2n

,

,

,

ai1 ai2 · · · aij · · · ain
,

,

,

am1 am2 · · · amj · · · amn



















.

<( ?)1@%"1?86 >#3 1 // 6)34%563 #.& #?9'31)13.8%&. "#7'#.53+; (y1, y2, . . . , yj, . . . , yn)
T

#.& 1)1*' +'3 '&'+13&:&63 "#1& /, <& 1 / 6)34%=63 #.& 57'88; i #>#6 #1 8%"1 )1"> )1? @'

63")7A=63 ')> #1& // 6*&'3 ai1y1 + ai2y2 + · · · + aijyj + · · · + ainyn, B6218%&1? >#3 @%463

&' 8653"#1)13;"63 #' %"12A #1? @' 23'4%=63 #1 i '&A415', C?&6):( . '=*' #1? )'39&3231D

6*&'3

v = max
i=1,2,...,m

ai1y1 + ai2y2 + · · ·+ aijyj + · · ·+ ainyn
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min v

?,),

y1 + · · ·+ yj + · · · yn = 1

a11y1 + a12y2 · · ·+ a1jyj · · ·+ a1nyn ≤ v

ai1y1 + ai2y2 · · ·+ aijyj · · ·+ ainyn ≤ v

am1y1 + am2y2 · · ·+ amjyj · · ·+ amnyn ≤ v

yj ≥ 0, j = 1, 2, . . . , n, v 646D@67..
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min v

 !"!

y1 + · · ·+ yj + · · · yn = 1

v − a11y1 − a12y2 · · · − a1jyj · · · − a1nyn ≥ 0

v − ai1y1 − ai2y2 · · · − aijyj · · · − ainyn ≥ 0

v − am1y1 − am2y2 · · · − amjyj · · · − amnyn ≥ 0

yj ≥ 0, j = 1, 2, . . . , n, v #$#%&#'(.
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max u

 !"!

x1 + · · ·+ xi + · · · xm = 1

u− a11x1 − a21x2 − · · ·+ ai1xi − · · · − am1xm ≤ 0

u− a1ix1 − a2ix2 − · · ·+ aiixi − · · · − amixm ≤ 0

u− a1nx1 − a2nx2 − · · ·+ ainxi − · · ·+ amnxm ≤ 0

xi ≥ 0, i = 1, 2, . . . ,m, u #$#%&#'(.
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Xi =
xi

u
, Yj =

yj
v
.

C)  <=(&9)"  </>16%#; 8*#*<2"(#3 ().3  &<*)<*'%)93 %& v :!"&(#* (/(&

min v

., ,

Y1 + · · ·+ Yj + · · ·Yn =
1

v
1− b11Y1 − b12Y2 · · · − b1jYj · · · − b1nYn ≥ 0

1− bi1Y1 − bi2Y2 · · · − bijYj · · · − binYn ≥ 0

1− bm1Y1 − bm2Y2 · · · − bmjYj · · · − bmnYn ≥ 0

Yj ≥ 0, j = 1, 2, . . . , n.

() ) )!) :<40&(#* *')89"#%# =3

maxY1 + · · ·+ Yj + · · ·+ Yn

., ,

b11Y1 + b12Y2 · · ·+ b1jYj · · ·+ b1nYn ≤ 1

bi1Y1 + bi2Y2 · · ·+ bijYj · · ·+ binYn ≤ 1

bm1Y1 + bm2Y2 · · ·+ bmjYj · · ·+ bmnYn ≤ 1

Yj ≥ 0, j = 1, 2, . . . , n.
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minX1 + · · ·+Xi + · · ·+Xm

+3.3

b11X1 + b21X2 · · ·+ bi1Xi · · ·+ bm1Xm ≥ 1

b12X1 + b22X2 · · ·+ bi2Xi · · ·+ bm2Xm ≥ 1

b1nX1 + b2nX2 · · ·+ binXi · · ·+ bmnXm ≤ 1

Xi ≥ 0, i = 1, 2, . . . ,m.
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Y1 + · · ·+ Yn
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yj =
Yj

Y1 + · · ·+ Yn

, j = 1, . . . , n.
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xi =
Xi

X1 + · · ·+Xm

, i = 1, . . . ,m.
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Y1+···+Yn
3

HI


