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1. Na brejoÔn ta pedÐa orismoÔ kai oi isostajmikèc kampÔlec (h epif�neiec) twn sunart sewn:

f(x, y) =
√

4− x2 − y2, g(x, y) =
2x

x2 + y2
, h(x, y, z) = 2x + 3y − 6z,

k(x, y) =
{ √

x2 + y2, x ∈ [0, +∞)
| y |, x ∈ (−∞, 0)

Ap�nthsh Df : x2 + y2 ≤ 4, isostajmikèc: x2 + y2 = 4− c2, 0 ≤ c ≤ 2
Dg : (x, y) 6= (0, 0), isostajmikèc: (x− 1

c )2 + y2 = 1
c2

Dh : (x, y, z) ∈ R3, isostajmikèc ta epÐpeda pou sqhmatÐzontai.
Dk : (x, y) ∈ R2, isostajmikèc: gia x ≥ 0, x2 + y2 = c2, hmikÔklia.
Gia x < 0, y = ±c, par�llhlec eujeÐec.

2. Na exet�sete an up�rqoun ta ìria:

lim
(x,y,z)→(0,0,0)

xy − z2

x2 + y2 + z2
, lim

(x,y)→(0,0)

x2

y
e
− x4

y2

Ap�nthsh
a) PaÐrnoume akoloujÐec (xn, yn, zn) = ( 1

n , 1
n , 1

n ) kai (xn, yn, zn) = ( 2
n , 1

n , 1
n ). Ta ìria eÐnai diaforetik�.

b) Me polikèc suntetagmènec, pijanì ìrio to 0. P�nw sthn kampÔlh y = x2, to ìrio eÐnai e−1. Den up�rqei
ìrio.
g) Kata m koc thc y = kx teÐnei sto 9, kata m koc thc y = kx2 exart�tai apo to k. Den up�rqei ìrio.

3. Na melethjeÐ wc proc thn sunèqeia sto shmeÐo R (0,0) oi sun�rthseic

k(x, y) =

{
(x−y)2

x2−y2 , (x, y) 6= (0, 0)
0, x = y = 0

f(x, y) =
{ 2xy

x2+y2 , (x, y) 6= (0, 0)
0, x = y = 0

Ap�nthsh
a)Kata m koc thc y = kx exart�tai apo to k. Den up�rqei ìrio.
b) Me ep�llhla ìria, pijanì to 0. Ean jèsw y = x, teÐnei sto 1. Den up�rqei ìrio.

4. Na apodeÐxete oti to ìrio:

lim
(x,y)→(0,0)

x2 − y2

1 + x2 + y2
,

eÐnai Ðso me to 0.
Ap�nthsh
Gia x <

√
ε
2 , y <

√
ε
2 èqoume x2−y2

1+x2+y2 < ε

1



5. DÐnetai h sun�rthsh

f(x, y) =
{ 2xy

x2+y2 , (x, y) 6= (0, 0)
0, x = y = 0

Na brejoÔn oi merikèc par�gwgoi 1hc t�xhc sto shmeÐo O(0,0). Se sunduasmì me to apotèlesma thc
�skhshc 3b, ti sumpèrasma bgaÐnei?
Ap�nthsh
Me ton orismì sto shmeÐo O(0,0) eÐnai Ðsec me 0. Apo thn �skhsh 3b, br kame oti to ìrio den up�rqei se
autì to shmeÐo. Epomènwc, mporeÐ na up�rqoun oi merikèc par�gwgoi ∂f

∂x
∂f
∂y qwrÐc thn Ôparxh tou orÐou.

6. DÐnetai h sun�rthsh (Peano 1884).

f(x, y) =

{
xy x2−y2

x2+y2 , (x, y) 6= (0, 0)
0, x = y = 0

Na brejoÔn oi merikèc par�gwgoi ∂2f
∂x∂y

∂2f
∂y∂x sto shmeÐo O(0,0).

Ti mporoÔme na sumper�noume?
Ap�nthsh
Me ton orismì sto shmeÐo O(0,0) èqoume ∂2f

∂x∂y = 1, ∂2f
∂y∂x = −1. Epomènwc den isqÔei p�nta ∂2f

∂x∂y = ∂2f
∂y∂x

7. Na brejoÔn oi merikèc par�gwgoi thc parak�tw sun�rthshc mèqri 2hc t�xhc :

f(x, y) = xyln(x + y)

Ap�nthsh
∂f
∂x = yln(x + y) + xy

x+y
∂f
∂y = xln(x + y) + xy

x+y
∂2f

∂x∂y = ∂2f
∂y∂x = ln(x + y) + x2+xy+y2

(x+y)2

∂2f
∂x2 = 2y2+xy

(x+y)2

∂2f
∂y2 = 2x2+xy

(x+y)2

2


