
Majhmatikìc Logismìc II
Full�dio ask sewn 4

Ask seic sthn omoiìmorfh sÔgklish

3 MartÐou 2010

1. DeÐxte oti fn(x) →→ f(x) gia x ∈ I ⊂ R, an kai mìno an

lim
n→∞

(
sup
x∈I

| fn(x)− f(x) |
)

= 0

Ap�nthsh:

fn(x) →→ f(x) ⇐⇒ ∀ε > 0∃N∀n ≥ N, x ∈ I : | fn(x)− f(x) |< ε

⇐⇒ ∀ε > 0∃N∀n ≥ N, : sup
x∈I

| fn(x)− f(x) |< ε

⇐⇒ lim
n→∞

sup
x∈I

| fn(x)− f(x) |= 0

2. DÐnetai h akoloujÐa sunart sewn fn(x) = max(n− n2 | x− 1
n |, 0), fn(x) : [0, 1] → R, n ≥ 2.

(a) Sqedi�ste touc pr¸touc n ìrouc thc akoloujÐac.
(b) DeÐxte ìti h akoloujÐa sugklÐnei sthn f(x) = 0.
(g) EÐnai h sÔgklish omoiìmorfh, nai   ìqi kai giatÐ.

Ap�nthsh: (b) Apo ton orismì fn(0) = 0 gia k�je n. Gia 0 < x ≤ 1 up�rqei N me 2
N ≥ x ètsi

¸ste gia n ≥ N na èqoume fn(x) = 0 sunep¸c fn(x) → 0 shmeiak�.
(g) H sÔgklish den eÐnai omoiìmorfh. Gia na to deÐte autì p�rete thn akoloujÐa xn = 1

n kai efarmìste
to krit rio thc �skhshc 1.

3. DÐnetai h akoloujÐa sunart sewn

fn(x) =





2 nx x ∈ [0, 1
2n ]

2− 2 nx x ∈ [ 1
2n , 1

n ]
0 x ∈ [ 1

n , 1]

DeÐxte ìti h akoloujÐa sugklÐnei sthn f(x) = 0 all� h sÔgklish den eÐnai omoiìmorfh.

Ap�nthsh: P�rete thn akoloujÐa xn = 1
2n kai efarmìste to krit rio thc �skhshc 1.

4. DÐnetai h akoloujÐa sunart sewn

fn(x) =
{

1
n+1 x ∈ [n, n + 1)
0 alli¸c

Deixte oti fn(x) →→ 0.

Ap�nthsh: Efarmìste to krit rio thc �skhshc 1.

5. Dèixte oti h seir� sunart sewn
∑∞

j=1
sin(j x)

j2 sugklÐnei apìluta gia x ∈ R.

Ap�nthsh: An fj(x) = sin(j x)
j2 èqoume ìti | fj(x) |< Mj := 1

j2 gia k�je x ∈ R. Epeid 
∑∞

j=1 Mj < ∞
apo to krit rio tou Weierstrass sumperaÐnoume ìti h seir� sugklÐnei omoiìmorfa.
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6. 'Estw h kampÔlh r(t) = (tcost, tsint). Na brejeÐ ena efaptìmeno di�nusma kai h exÐswsh thc efaptomènhc
gia t = π

3 .
Ap�nthsh: r′(t) = (cost− tsint, sint + tcost) kai gia t = π

3 , èqoume r′(π
3 ) = ( 3−3π

√
3

6 , 3
√

3+π
6 )

Efaptomènh: y − π
√

3
2 = ( 3

√
3+π

3−3π
√

3
)(x− π

6 )

7. Na lujeÐ to prìblhma arqik¸n tim¸n

dr

dt
=

1
t2 + 1

i +
t√

t2 + 1
j, r(0) = i + j

Ap�nthsh: Oloklhr¸noume kata mèlh kai paÐrnoume r(t) = (Arctant + 1,
√

t2 + 1)

8. Ena s¸ma kineÐtai panw sthn kampÔlh r(t) = (1 − cost, t − sint). Na brejeÐ h apìstash pou dianÔei to
s¸ma apo t = 0 èwc t = 2π

3 .
Ap�nthsh:Qrhsimopoiìntac ton tÔpo tou m kouc tìxou, paÐrnoume l =

∫ 2π
3

0

√
2− 2costdt = . . . = 2

9. Ean isqÔei |r(t)| = c na deÐxete oti r(t)r′(t) = 0
Ap�nthsh:|r(t)| = c ⇔ |r(t)|2 = c2 ⇔ (r(t))2 = c2 ParagwgÐzw: r′(t)r(t) = 0
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