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OPA

1 Eisagwg 

Sth di�lexh aut  ja melet soume thn ènnoia thc sÔgklishc akoloujÐwn sunart sewn kai sugkekrimèna thn ènnoia
thc omoiìmorfhc sÔgklishc.

H omoiìmorfh sÔgklish eÐnai polÔ qr simh ènnoia giatÐ mac epitrèpei na metafèroume idiìthtec ìpwc p.q. h
sunèqeia apo k�je ìro thc akoloujÐac sto ìrio thc akoloujÐac.

EpÐshc, h omoiìmorfh sÔgklish mac epitrèpei na paragwgÐzoume kai na oloklhr¸noume sunart seic pou orÐ-
zontai me thn morf  seir�c, ìro kat� ìro, dieukolÔnontac ètsi, ìpote isqÔei, to qeirismì aut¸n twn sunart sewn.

2 AkoloujÐec sunart sewn kai shmeiak  sÔgklish

Ac jewr soume mÐa akoloujÐa o k�je ìroc thc opoÐac exart�tai apo mÐa par�metro x. MporoÔme na jewr soume
dhlad  thn akoloujÐa {fn(x)}n∈N o k�je ìroc thc opoÐac eÐnai mÐa sun�rthsh tou x ∈ I ⊂ R. Sunep¸c, gia k�je
n ∈ N paÐrnoume kai mÐa sun�rthsh fn(x), x ∈ I ⊂ R.

Par�deigma 2.1 Ac p�roume thn oikogèneia sunart sewn fn(x) = xn, x ∈ [0, 1], gia k�je n ∈ N. P.q.
gia n = 1 h f1(x) = x, gia n = 2 h f2(x) = x2, k.o.k. Metab�llontac loipìn to n paÐrnoume thn akoloujÐa
sunart sewn {fn(x)}n∈N = {xn}n∈N. Oi pr¸tec 8 apo tic sunart seic autèc faÐnontai sta sq mata ?? kai ??.

Orismìc 2.1 Leme ìti h akoloujÐa {fn(x)}n∈N sugklÐnei sthn sun�rthsh f(x) (shmeiak�) an gia k�je
ε > 0 up�rqei N ∈ N (en gènei N = N(x, ε)) tètoio ¸ste | fn(x)− f(x) |< ε gia n > N .

Par�deigma 2.2 H akoloujÐa fn(x) = xn, x ∈ [0, 1] sugklÐnei sthn sun�rthsh

f(x) =
{

0 0 ≤ x < 1
1 x = 1

Par�deigma 2.3 H akoloujÐa fn(x) = xn

n , x ∈ [0, 1] sugklÐnei sthn sun�rthsh f(x) = 0, x ∈ [0, 1]. Oi
pr¸tec 8 apo tic sunart seic autèc faÐnontai sta sq mata ?? kai ??.

GiatÐ qreiazìmaste tic akoloujÐec sunart sewn? Gia polloÔc lìgouc, ìpwc ja deÐte sto sÔntomo mèllon,
all� ac arkestoÔme ed¸ na d¸soume ènan apo autoÔc.

'Opwc èqete deÐ pollèc sunart seic mporoÔn na grafoÔn san dunamoseirèc k�nontac qr sh p.q. tou anaptÔg-

matoc Taylor. P.q. f(x) = ex = 1+x+ x2

2 + · · · =
∑∞

j=0
xj

j! . 'Enac trìpoc na deÐte aut  th seir� eÐnai na orÐsete

ta merik� ajroÐsmata fn(x) =
∑n

j=0
xj

j! kai tìte h seir� mporeÐ na grafeÐ wc f(x) = limn→ fn(x). Sunep¸c to
�jroisma thc seir�c mporeÐ na ekfrasteÐ san to ìrio miac akoloujÐac sunart sewn.
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Sq ma 1: Oi sunart seic fn(x) = xn, n=1,2,3,4
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Sq ma 2: Oi sunart seic fn(x) = xn, n=5,6,7,8
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Sq ma 3: Oi sunart seic fn(x) = xn/n, n=1,2,3,4
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Sq ma 4: Oi sunart seic fn(x) = xn/n, n=5,6,7,8
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3 Probl mata thc shmeiak c sÔgklishc

Ac paroume to par�deigma ??. ParathroÔme ìti en¸ oi sunart seic fn(x) = xn eÐnai suneqeÐc sunart seic tou x,
gia x ∈ [0, 1], h sun�rthsh f(x) = limn→ fn(x) den eÐnai suneq c sun�rthsh sto x = 1! Sunep¸c, h idiìthta
thc sunèqeiac den metafèretai sto ìrio!

Autì eÐnai mÐa enoqlhtik  parat rhsh h opoÐa dustuq¸c sumbaÐnei arket� suqn�.

Par�deigma 3.1 JewreÐste thn akoloujÐa sunart sewn fn(x) = (1− x2)n, x ∈ [−1, 1]. Blèpoume ìti

lim
n→∞

fn(x) =
{

0 x 6= 0
1 x = 0

ParathroÔme loipìn p�li to Ðdio fainìmeno.

H shmeiak  sÔgklish den eÐnai epark c gia na diathr sei thn idiìthta thc sunè-
qeiac.

Ta probl mata ìmwc den stamatoÔn ed¸!

Par�deigma 3.2 Ac jewr soume thn akoloujÐa sunart sewn fn(x) = xn

n , x ∈ [0, 1]. ParathroÔme ìti f(x) =
limn→∞ fn(x) = 0, x ∈ [0, 1]. Ac p�roume t¸ra tic parag ģouc twn fn(x),

f ′n(x) = xn−1

Blèpoume ìti

lim
n→∞

f ′n(x) =
{

0 0 ≤ x < 1
1 x = 1 6= f ′(x) = 0, x ∈ [0, 1]

Sunep¸c, blèpoume kai ìti

H shmeiak  sÔgklish den eÐnai epark c gia na mac epitrèyei thn enallag  thc
pr�xhc tou orÐou me thn pr�xh thc parag¸gishc.

Kai dustuq¸c ta probl mata den stamatoÔn ed¸!

Par�deigma 3.3 Ac jewr soume thn akoloujÐa sunart sewn

fn(x) =

 4 n2 x 0 ≤ x < 1
2n

−4 n2 x + 4 n 1
2n ≤ x < 1

n
0 1

n ≤ x ≤ 1

Prospaj ste na sqedi�sete tic 4 pr¸tec apo tic sunart seic autèc.
MporoÔme na doÔme met� apo pr�xeic ìti∫ 1

0

fn(x) dx = 1, n ∈ N

Gia k�je x ∈ [0, 1] èqoume ìti f(x) = limn→∞ fn(x) = 0 (efìson fn(x) = 0 sto x = 0 gia k�je n, kai fn(x) = 0
gia n arket� meg�lo ¸ste 1

n < x).
Sunep¸c,

1 = lim
n→∞

∫ 1

0

fn(x) dx 6=
∫ 1

0

lim
n→∞

fn(x) dx =
∫ 1

0

0 dx = 0

Autì eÐnai idiaÐtera enoqlhtikì, giatÐ p.q oi fn(x) mporeÐ na ermhneujoÔn san mÐa akoloujÐa sunart sewn
katanom¸n k�poiac akoloujÐac tuqaÐwn metablht¸n, all� to ìrio touc ìqi!

Sunep¸c, blèpoume kai ìti

H shmeiak  sÔgklish den eÐnai epark c gia na mac epitrèyei thn enallag  thc
pr�xhc tou orÐou me thn pr�xh thc olokl rwshc.

Prèpei loipìn na orÐsoume mÐa pio isqur  morf  sÔgklishc h opoÐa kai ja mac epitrèpei na epilÔsoume ta
probl mata aut�.
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4 Omoiìmorfh sÔgklish

Sthn shmeiak  sÔglish eÐdame ìti to N = N(x, ε). Ta probl mata mac mporeÐ na lujoun an upojèsoume ìti to
N exart�tai apo to ε all� ìqi apo to x! Dhlad  N = N(ε) kai sunep¸c mporoÔme na dialèxoume to Ðdio N gia
k�je x ∈ I. Efìson sumbaÐnei autì lème ìti h akoloujÐa fn(x) sugklÐnei omoiìmorfa sthn f(x).

Orismìc 4.1 H akoloujÐa fn(x) : I → R, I ⊂ R sugklÐnei omoiìmorfa sthn sun�rthsh f(x) kai
sumbolÐzoume fn(x) →→ f(x) an gia k�je ε > 0 up�rqei N ∈ N tètoio ¸ste gia k�je n > N kai gia k�je x ∈ I na
isqÔei | fn(x)− f(x) |< ε.

Par�deigma 4.1 H akoloujÐa fn(x) = xn den sugklÐnei omoiìmorfa sth

f(x) =
{

0 0 ≤ x < 1
1 x = 1

sto I = [0, 1]. Autì giatÐ gia na isqÔei ìti | fn(x)− f(x) |< ε gia dedomèno ε ja prèpei na isqÔei

n >
ln

(
1
ε

)
ln

(
1
x

)
. EÐnai profanèc ìti den mporoÔme na broÔme èna N to opoÐo na eÐnai tètoio ¸ste | fn(x)− f(x) |< ε gia n > N
kai to N autì na exart�tai mìno apo to ε, an to x paÐrnei timèc kont� sto x = 1.

Par�deigma 4.2 H akoloujÐa fn = xn

n sugklÐnei omoiìmorfa sthn f(x) = 0 sto [0, 1]. ParathroÔme ìti∣∣∣∣xn

n

∣∣∣∣ ≤ 1
n

, ∀x ∈ [0, 1], n ∈ N

sunep¸c gia k�je x ∈ [0, 1] mporoÔme na epilèxoume to Ðdio N > 1
ε .

Prìtash 4.1 H akoloujÐa fn(x) sugklÐnei omoiìmorfa sthn f(x) an kai mìno an isqÔei

lim
n→∞

(
sup
x∈I

| fn(x)− f(x) |
)

= 0

Par�deigma 4.3 H akoloujÐa sunart sewn

fn(x) =

 2 n x 0 ≤ x ≤ 1
2n

2− 2 n x 1
2n ≤ x < 1

n
0 1

n ≤ x ≤ 1

sugklÐnei shmeiak� sthn f(x) = 0 sto I = [0, 1] all� ìqi omoiìmorfa. Gia na to deÐte autì p�rete thn xn = 1
2n ,

n ∈ N. ParathroÔme ìti | fn(xn) − f(xn) |= 1 gia k�je n ∈ N sunep¸c h fn(x) den mporeÐ na sugklÐnei
omoiìmorfa.

Par�deigma 4.4 Ac p�roume thn akoloujÐa fn(x) = xn. 'Enac trìpoc na deÐte ìti h akoloujÐa aut  den
sugklÐnei omoiìmorfa sthn sun�rthsh f(x) = 0 eÐnai na epilèxete thn akoloujÐa xn = n+1

n kai na deÐte oti to
parap�nw krit rio den isqÔei.

5 Omoiìmorfh sÔgklish kai sunèqeia

H omoiìmorfh sÔgklish mac exasfalÐzei thn diat rhsh thc idiìthtac thc sunèqeiac sto ìrio

Prìtash 5.1 'Estw fn(x) : I → R mÐa akoloujÐa suneqwn sunart sewn h opoÐa sugklÐnei omoiìmorfa sthn
f(x) : I → R. Tìte, h f(x) eÐnai suneq c sto I.

Me �lla lìgia mac epitrèpetai na gr�youme

lim
n→∞

lim
x→x0

fn(x) = lim
x→x0

lim
n→∞

fn(x)
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Apìdeixh: Auto pou zht�me na deÐxoume eÐnai ìti gia k�je x ∈ I, kai gia k�je ε > 0 up�rqei δ > 0 tètoio ¸ste

| f(y)− f(x) |< ε an | x− y |< δ.
Ac epilèxoume èna opoiod pote x ∈ I kai èna opoiod pote ε > 0.
Efìson h fn(x) sugklÐnei omoiìmorfa sthn f(x) isqÔei ìti mporoÔme na broÔme N ∈ N tètoio ¸ste gia k�je

z ∈ I an n ≥ N na isqÔei

| fn(z)− f(z) |< ε

3
H fN (x) eÐnai suneq c sto I, sunep¸c, mporoÔme na broÔme èna δ > 0 tètoio ¸ste gia k�je y ∈ I na isqÔei

| fN (x)− fN (y) |< ε

3

gia kaje y ∈ I tètoio ¸ste | x− y |< δ.
'Ara, gia k�je y ∈ I tètoio ¸ste | x− y |< δ isqÔei

| f(x)− f(y) | ≤ | f(x)− fN (x) | + | fN (x)− fN (y) | + | fN (y)− f(y) |

≤ ε

3
+

ε

3
+

ε

3
= ε

opìte apodeÐqjhke kai h sunèqeia thc f . �

6 Omoiìmorfh sunèqeia kai olokl rwsh

Prìtash 6.1 'Estw fn(x) mÐa akoloujÐa sunart sewn pou sugklÐnei omoiìmorfa sthn f(x) gia x ∈ I = [a, b].
An k�je ìroc thc akoloujÐac fn(x) eÐnai oloklhr¸simoc sto I tìte kai h f(x) eÐnai oloklhr¸simh sto I kai
isqÔei

lim
n→∞

∫ b

a

fn(x) dx =
∫ b

a

lim
n→∞

fn(x) dx =
∫ b

a

f(x) dx

Apìdeixh: Af netai san �skhsh. �

7 Omoiìmorfh sunèqeia kai parag¸gish

Prìtash 7.1 'Estw ìti to I eÐnai èna kleistì kai fragmèno di�sthma I = [a, b] kai fn(x) mÐa akoloujÐa suneq¸c
diaforÐsimwn sunart sewn.
Ac upojèsoume ìti

1. Up�rqei k�poio z ∈ I tètoio ¸ste h fn(z) na sugklÐnei

2. H akoloujÐa f ′n(x) sugklÐnei omoiìmorfa sto I

Tìte, h akoloujÐa fn(x) sugklÐnei omoiìmorfa sto I se mÐa suneq¸c diaforÐsimh sun�rthsh f(x) kai èqoume ìti

f ′(x) = lim
n→∞

f ′n(x), ∀x ∈ I

Apìdeixh: H apodeixh paraleÐpetai. �

8 Seirèc sunart sewn kai omoiìmorfh sÔgklish

Ja asqolhjoÔme t¸ra me seirèc sunart sewn thc morf c

∞∑
j=1

fj(x)

EÐdame ìti an p�roume ta merik� ajroÐsmata Sn(x) =
∑n

j=1 fj(x) mporoÔme na doÔme to prìblhma thc sÔgklishc
thc seir�c aut c san to prìblhma thc sÔgklishc thc akoloujiac sunart sewn Sn(x) kaj¸c n →∞.
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Orismìc 8.1 Ja lème ìti h seir� sunart sewn
∑∞

j=1 fj sugklÐnei omoiìmorfa sthn sun�rthsh f(x) gia x ∈ I

an h akoloujÐa sunart sewn Sn(x) :=
∑n

j=1 fj(x) sugklÐnei omoiìmorfa sthn f(x).

'Ena apo ta erwt mata pou ja mac apasqol soun ja eÐnai na broÔme sunj kec k�tw apo tic opoÐec h seir�
aut  sugklÐnei omoiìmorfa.

Prìtash 8.1 (To krit rio omoiìmorfhc sÔgklishc tou Weierstrass )
Ac upojèsoume oti up�rqei mÐa akoloujÐa pragmatik¸n arijm¸n Mj tètoiwn ¸ste | fj(x) |≤ Mj gia k�je j ∈ N
kai k�je x ∈ I kai h seir�

∑∞
j=1 Mj sugklÐnei.

Tìte, h seir�
∑∞

j=1 fj(x) sugklÐnei omoiìmorfa sto I.

Apìdeixh: 'Estw opoiod pote ε > 0. Efìson h seir�
∑∞

j=1 Mj sugklÐnei, up�rqei N ∈ N tètoio ¸ste gia
n > m ≥ N na isqÔei

Mm+1 + Mm+2 + · · ·Mn <
ε

2

Gia k�je x ∈ I isqÔei tìte ìti

| fm+1(x) + · · ·+ fn(x) |≤| fm+1(x) | + · · ·+ | fn(x) |≤ Mm+1 + · · ·+ Mn <
ε

2
(1)

Ja deÐxoume t¸ra ìti h sunj kh aut  exasfalÐzei thn omoiìmorfh sÔgklish thc
∑∞

j=1 fj(x) sto I.
ParathreÐste ìti

fm+1(x) + · · ·+ fn(x) = Sn(x)− Sm(x)

opìte h (??) mac exasfalÐzei ìti h Sn(x) eÐnai Cauchy gia k�je x ∈ I, sunep¸c up�rqei sun�rthsh f(x) tètoia
¸ste limn→∞ Sn(x) = f(x) shmeiak�. Ja deixoume ìti h sÔgklish thc Sn(x) eÐnai kai omoiìmorfh sto I.
'Estw x ∈ I kai m ≥ N . Tìte,

| Sm(x)− f(x) |=|
m∑

j=1

fj(x)−
∞∑

j=1

fj(x) |=|
∞∑

j=m+1

fj(x) |= lim
n→∞

|
n∑

j=m+1

fj(x) |≤ ε

2
< ε

Sunep¸c, gia k�je x ∈ I up�rqei N ∈ N (anex�rthto tou x) tètoio ¸ste an m ≥ N na isqÔei | Sm(x)−f(x) |< ε
�ra h Sn(x) sugklÐnei omoiìmorfa sthn f(x) sto I. �

Par�deigma 8.1 H seir�
∑∞

j=0 xj sugklÐnei omoiìmorfa sthn sun�rthsh f(x) = 1
1−x sto di�sthma −a ≤

x ≤ a an 0 < a < 1.

Pragmatik�, h seir� aut  ikanopoieÐ to krit rio tou Weierstrass me Mj = aj . Met� arkeÐ na qrhsimopoi soume
ta gnwst� mac apotelèsmata apo tic gewmetrikèc seirèc.

Par�deigma 8.2 H seir�
∑∞

j=1
cos(j x)

j2 sugklÐnei omoiìmorfa gia x sto di�sthma [−R,R] gia k�je R ∈ R.

Pragmatik�, h seir� aut  ikanopoieÐ to krit rio tou Weierstrass me Mj = 1
j2 .

H omoiìmorfh sÔgklish seir¸n sunart sewn mac epitrèpei to na tic oloklhr¸soume ìro proc ìro.

Prìtash 8.2 'Estw fn(x) mÐa akoloujÐa sunart sewn pou eÐnai oloklhr¸simec sto di�sthma I = [a, b].
An h seir�

∑∞
j=1 fj(x) sugklÐnei omoiìmorfa se mÐa sun�rthsh f(x) sto I tìte h f(x) eÐnai oloklhr¸simh sto

I kai ∫ b

a

f(x) dx =
∞∑

j=1

∫ b

a

fj(x) dx

Apìdeixh: H apìdeixh gÐnetai me thn qr sh thc Prìtashc ??. �
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Par�deigma 8.3 K�nontac qr sh thc Protashc ?? upologÐste to olokl rwma
∫ 1

0
ex dx.

DeÐxte pr¸ta ìti h seir�
∑∞

j=0
xj

j! sugklÐnei omoiìmorfa sto di�sthma [0, 1]. Met� oloklhr¸ste thn seir�
ìro proc ìro kai xanaajroÐsete.

Prìtash 8.3 'Estw fn(x) mÐa seir� diaforÐsimwn sunart sewn sto I = (a, b).
Upojèste ìti

1. f ′n(x) suneqeÐc sto (a, b)

2. H seir�
∑∞

j=1 fj(x) sugklÐnei shmeiak� se mÐa sun�rthsh f(x) sto (a, b)

3. H seir�
∑∞

j=1 f ′j(x) sugklÐnei omoiìmorfa sto (a, b).

Tìte, h f(x) eÐnai diaforÐsimh sto (a, b) kai

f ′(x) =
∞∑

j=1

f ′j(x)

gia k�je x ∈ (a, b).

9 Efarmogèc stic dunamoseirèc

Orismìc 9.1 MÐa seir� thc morf c
∑∞

j=0 aj (x− t)j onom�zetai dunamoseir�.

GnwrÐzoume ìti gia tic dunamoseirèc up�rqei ènac pragmatikìc arijmìc R tètoioc ¸ste h seir� na sugklÐnei
apìluta an | x − t |< R kai na apoklÐnei an | x − t |> R. O arijmìc R onom�zetai aktÐna sÔgklishc thc
dunamoseir�c.

Prìtash 9.1 'Estw
∑∞

j=0 aj(x− t)j mÐa dunamoseir� kai R h aktÐna sÔgklishc thc.

An f(x) =
∑∞

j=0 aj(x− t)j gia | x− t |< R tìte

1. An 0 < S < R h sÔgklish thc dunamoseir�c sthn f(x) eÐnai omoiìmorfh sto di�sthma [t− S, t + S]

2. H f(x) eÐnai suneq c sto [t− S, t + S]

3. An a, b ∈ (t−R, t+R) tìte h f(x) eÐnai oloklhr¸simh sto [a, b], h seir�
∑∞

j=0 aj bj ìpou bj =
∫ b

a
(x−t)j dx

sugklÐnei kai ∫ b

a

f(x) dx =
∞∑

j=0

aj

∫ b

a

(x− t)j dx

4. H f(x) eÐnai diaforÐsimh sto (t−R, t + R), h
∑∞

j=1 j aj (x− t)j−1 sugklÐnei apìluta an | x− t |< R kai

f ′(x) =
∞∑

j=1

j aj (x− t)j−1, | x− t |< R

Par�deigma 9.1 Ac jewr soume thn gewmetrik  seir�

1− x + x2 − x3 + x4 − · · · = 1
1 + x

, | x |< 1

An f(x) = 1
1+x , t = 0 kai aj = (−1)j h parap�nw prìtash mac dÐnei ìti

−1 + 2 x− 3 x2 + · · · = f ′(x) = − 1
(1 + x)2

, | x |< 1

kaj¸c kai ìti ∫ b

0

f(x) dx = ln(1 + b) = b− b2

2
+

b3

3
− · · · =

∞∑
j=1

(−1)j+1 bj

j
, | b | 1
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Prìtash 9.2 (Seirèc Taylor)
Ac upojèsoume ìti h dunamoseir�

∑∞
j=0 aj (x − t)j èqei aktÐna sÔgklishc R kai èstw f(x) =

∑∞
j=0 aj (x − t)j ,

| x− t |< R.
Tìte,

aj =
f (j)(t)

j!

kai sunep¸c

f(x) =
∞∑

j=0

f (j)(t)
j!

(x− t)j , | x− t |< R

ìpou me f (j)(t) sumbolÐzoume thn j par�gwgo thc f(x) upologismènh sto x = t, dhlad  f (j)(t) = djf
dxj (x = t).

Apìdeixh: QrhsimopoioÔme m forèc thn Protash ?? (4) kai katal goume sto ìti

f (m)(x) =
∞∑

j=m

j (j − 1) (j − 2) · · · (j −m + 1) aj (x− t)j−m, | x− t |< R

Jètoume t¸ra x = t kai blèpoume ìti sto �jroisma autì suneisfèrei mìno o ìroc j = m, sunep¸c

f (m)(t) = aj m!

apo ìpou kai katal goume sto zhtoÔmeno apotèlesma.�

Par�deigma 9.2 DeÐxte ìti ex =
∑∞

j=0
xj

j! qrhsimopoi¸ntac to an�ptugma Taylor.
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