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1 O arijmìc tou Euler

Je¸rhma 1. H akoloujÐa

an :=

(
1 +

1

n

)n
, n = 1, 2, . . . (1)

eÐnai aÔxousa kai fragmènh kai sunep¸c sugklÐnei se k�poion pragmatikì arijmì.

Apìdeixh. Ja deÐxoume pr¸ta ìti an−1 ≤ an gia k�je n. Xekin�me me thn anisìthta gia ton
gewmetrikì kai arijmhtikì mèso

(x1x2 · · ·xn)1/n ≤ x1 + x2 + · · ·+ xn
n

. (2)

Jètontac x1 = x2 = · · · = xn−1 = 1 + 1
n−1 kai xn = 1 sthn (2) èqoume

(
1 +

1

n− 1

)n−1
n

≤
(n− 1)(1 + 1

n−1) + 1

n
= 1 +

1

n
.

Uy¸nontac ta mèlh thc parap�nw anisìthtac sthn n�ost  dÔnamh èqoume(
1 +

1

n− 1

)n−1
≤
(

1 +
1

n

)n
kai sunep¸c apodeÐxame ìti h akoloujÐa eÐnai aÔxousa.

Gia na apodeÐxoume ìti eÐnai fragmènh ja qrhsimopoi soume to diwnumikì je¸rhma:(
1 +

1

n

)n
=

n∑
k=0

(n
k

) 1

nk
. (3)

O diwnumikìc suntelest c gr�fetai wc(n
k

)
=

n!

k!(n− k)!
=

n · (n− 1) · (n− 2) · · · (n− k + 1) · (n− k) · · · 2 · 1
k!(n− k) · · · 2 · 1

=
n · (n− 1) · (n− 2) · · · (n− k + 1)

k!
.
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Sunep¸c o genikìc ìroc tou ajroÐsmatoc sthn (3) gr�fetai wc

(n
k

) 1

nk
=

k ìroi︷ ︸︸ ︷
n · (n− 1) · (n− 2) · · · (n− k + 1)

n · n · n · · ·n︸ ︷︷ ︸
k ìroi

1

k!

= 1 ·
(

1− 1

n

)(
1− 2

n

)
· · ·
(

1− k − 1

n

)
· 1

k!

≤ 1

k!

Qrhsimopoi¸ntac thn anisìthta aut  sthn (3) èqoume

an ≤
n∑
k=0

1

k!
= 1 + 1 +

1

2!
+ · · ·+ 1

k!
.

IsqÔei ìmwc ìti n! = 1 · 2 · 3 · · ·n ≥ 2n−1 gia n ≥ 1 kai 1
n! ≤ 2−(n−1). Epomènwc

an ≤ 1 + 1 + 2−1 + 2−2 + · · ·+ 2−n+1 = 1 +
1− 2−n

1− 2−1
≤ 3.

Sunepwc h akoloujÐa {an} eÐnai aÔxousa kai fragmènh kai kat� sunèpeia sugklÐnei se k�poio
pragmatikì arijmì (mikrìtero tou 3).

To ìrio thc akoloujÐac onom�zetai arijmìc tou Euler kai sumbolÐzetai me e = 2.718281828 . . ..
EÐnai h b�sh twn fusik¸n logarÐjmwn, ènac �rrhtoc arijmìc kai m�lista uperbatikìc, dhlad  den
eÐnai rÐza poluwnÔmou me akèraiouc suntelestèc. (Mia endiafèrousa af ghsh thc istorÐac kai thc
shmasÐac tou arijmoÔ up�rqei p.q. sto biblÐo tou Eli Maor, e: H istorÐa enìc arijmoÔ, ekdìseic
K�toptro.)

2 To je¸rhma tou egkibwtismoÔ

Je¸rhma 2. 'Estw akoloujÐec {xn}, {yn}, {zn} tètoiec ¸ste yn → L kai zn → L ìtan n → ∞
kai, gia k�je n, yn ≤ xn ≤ zn. Tìte isqÔei kai ìti xn → L.

Apìdeixh. 'Estw ε dedoèno. Tìte up�rqoun n1 kai n2 tètoia ¸ste

−ε+ L < yn < L+ ε ∀n ≥ n1, (4)

−ε+ L < zn < L+ ε ∀n ≥ n2. (5)

Qrhsimopoi¸ntac to aristerì tm ma thc pr¸thc dipl c anisìthtac kai to dexiì tm ma thc deÔterhc,
kaj¸c kai to gegonìc ìti yn ≤ xn ≤ zn, èqoume

−ε+ L < yn ≤ xn ≤ zn < L+ ε ∀n ≥ max{n1, n2}.

Sunep¸c |xn − L| < ε ìtan n ≥ max{n1, n2}.
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3 El�qisto �nw fr�gma kai mègisto k�tw fr�gma

'Estw A èna uposÔnolo tou sunìlou twn pragmatik¸n arijm¸n. O pragmatikìc arijmìc b onom�zetai
�nw fr�gma tou sunìlou A �n, gia k�je x ∈ A, x ≤ b. AntÐstoiqa, o a ∈ R onom�zetai k�tw
fr�gma tou A an x ≥ a gia k�je x ∈ A. 'Ena sÔnolo to opoÐo èqei �nw kai k�tw fr�gma onom�zetai
fragmèno.

Orismìc 1. 'Enac pragmatikìc arijmìc s onom�zetai el�qisto �nw fr�gma   supremum enìc
sunìlou pragmatik¸n arijm¸n, A, an to s eÐnai �nw fr�gma tou A kai gia opoiod pote �llo �nw
fr�gma tou A, èstw b isqÔei ìti s ≤ b. OmoÐwc, o l ∈ R onom�zetai mègisto k�tw fr�gma   infimun
tou sunìlou A an, gia k�je o l eÐnai k�tw fr�gma tou A kai gia opoiod pote �llo k�tw fr�gma tou
A, èstw a, isqÔei ìti a ≤ l.

H akìloujh prìtash apoteleÐ axÐwma twn pragmatik¸n arijm¸n.

Prìtash 1 (AxÐwma thc Plhrìthtac). K�je �nw fragmèno sÔnolo pragmatik¸n arijm¸n
èqei èna el�qisto �nw fr�gma.

'Amesh sunèpeia thc prìtashc aut c eÐnai ìti k�je k�tw fragmèno sÔnolo pragmatik¸n arijm¸n,
èstw A, èqei èna mègisto k�tw fr�gma. Autì prokÔptei an efarmìsoume to axÐwma thc plhrìthtac
sto sÔnolo −A := {−x : x ∈ A}. To el�qisto �nw fr�gma enìc sunìlou A sumbolÐzetai wc supA
en¸ to mègisto k�tw fr�gma me inf A.

Orismìc 2. To stoiqeÐo m enìc sunìlou A ⊂ R onom�zetai mègisto an m ≥ x gia k�je x ∈ A
(kai bebaÐwc m ∈ A). To stoiqeÐo h ∈ A onom�zetai el�qisto stoiqeÐo tou A an h ≤ x gia k�je
x ∈ A.

To el�qisto stoiqeÐo enìc sunìlou A sumbolÐzetai me minA en¸ to mègisto me maxA. Gia
par�deigma, to sÔnolo A = (0, 1] èqei mègisto stoiqeÐo maxA = 1 all� ìqi el�qisto stoiqeÐo, afoÔ
to 0 den an kei sto A. Akìmh supA = 1 kai inf A = 0.

4 AkoloujÐec Cauchy

Orismìc 3. Mia akoloujÐa pragmatik¸n arijm¸n onom�zetai Cauchy an, gia k�je ε > 0 up�rqei
n0 ∈ N tètoio ¸ste

|an − am| < ε, gia k�je n,m > n0.

Je¸rhma 3. K�je akoloujÐa Cauchy eÐnai fragmènh.

Apìdeixh. 'Estw {an} akoloujÐa Cauchy. Up�rqei tìte N tètoio ¸ste |an − aN | < 1 gia k�je
n ≥ N kai epomènwc |an| < 1 + |aN | gia n ≥ N . Sunep¸c, isqÔei ìti

|an| ≤ max{|a1|, |a2|, . . . , |aN−1|, |aN |+ 1} ∀n ∈ N.
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To epìmeno je¸rhma apokalÔptei thn shmasÐa tou orismoÔ miac akoloujÐac Cauchy.

Je¸rhma 4. Mia akoloujÐa {an} eÐnai Cauchy an kai mìno an up�rqei pragmatikìc arijmìc l
tètoioc ¸ste limn→∞ an = l.
Apìdeixh. Ja deÐxoume pr¸ta ìti, an h {an} sugklÐnei tìte eÐnai akoloujÐa Cauchy. Pr�gmati, an
h akoloujÐa sugklÐnei, èstw sto l, tìte gia k�je ε > 0 up�rqei n0 ∈ N tètoio ¸ste |an − l| < ε/2
kai |am − l| < ε/2 gia k�je m > n0 kai n > n0. Sunep¸c

|am − an| = |am − l − (an − l)| ≤ |am − l|+ |an − l| <
ε

2
+
ε

2
= ε, gia k�je m,n > n0.

Sth sunèqeia ja deÐxoume to deÔtero skèloc, dhlad  ìti an mia akoloujÐa eÐnai Cauchy tìte
anagkastik� sugklÐnei se k�poio pragmatikì arijmì. Dedomènou ìti k�je akoloujÐa Cauchy eÐ-
nai fragmènh, apì to je¸rhma Bolzano–Weirstrass prokÔptei ìti h {an} èqei mia sugklÐnousa up-
akoloujÐa, èstw thn {ank

}, h opoÐa teÐnei sto l ∈ R. Epomènwc up�rqei k0 tètoio ¸ste na èqoume
|ank
− l| < ε/2 gia k�je k ≥ k0. OmoÐwc, up�rqei n0 tètoio ¸ste na isqÔei ìti |an− am| < ε/2 ìtan

m,n > n0. Sunep¸c èqontac dialèxei k ≥ max{k0, n0}, èqoume ìti

|an − l| = |an − ank
+ ank

− l| < |an − ank
|+ |ank

− l| < ε/2 + ε/2 = ε gia k�je n ≥ n0.

Sunep¸c h arqik  akoloujÐa teÐnei epÐshc sto l.

Par�deigma 1. H akoloujÐa thc opoÐac o n�ostìc ìroc dÐdetai apì thn an = ρn ìpou |ρ| < 1
eÐnai Cauchy. Pr�gmati, an upojèsoume ìti n > m, an − am = ρn − ρm = ρm(ρn−m − 1). Sunep¸c

|an − am| ≤ |ρ|m kai epomènwc, an mou dojeÐ ε > 0 kai dialèxw N > | log ε|
| log ρ| tìte |an − am| < ε ìtan

n > m > N .

Par�deigma 2. H akoloujÐa sn := 1 + 1
1! + 1

2! + · · ·+ 1
n! eÐnai Cauchy. Pr�gmati, an n > m tìte

sn − sm =
1

(m+ 1)!
+ · · ·+ 1

n!

=
1

(m+ 1)!

(
1 +

1

m+ 2
+

1

(m+ 2)(m+ 3)
+ · · ·+ 1

(m+ 2)(m+ 3) · · ·n

)
≤ 1

(m+ 1)!

(
1 +

1

m+ 2
+

1

(m+ 2)2
+ · · ·+ 1

(m+ 2)n−m−1

)

=
1

(m+ 1)!

1−
(

1
m+2

)n−m
1− 1

m+2

≤ 2

(m+ 1)!

'Ara to |sn− sm| mporeÐ na gÐnei osod pote mikrì an n > m > N kai to N eÐnai kat�llhla meg�lo.

Par�deigma 3. H akoloujÐa Hn = 1 + 1
2 + · · ·+ 1

n den eÐnai Cauchy. Pr�gmati, an n > m, tìte

Hn −Hm =
1

m+ 1
+

1

m+ 2
+ · · ·+ 1

n
>
n−m
n

.

Epomènwc, ìso meg�lo N ki an p�roume, me n > m > N , an p.q. n = 2m tìte Hn −Hm > 1
2 . An

ε < 1/2 tìte h anisìthta |Hn −Hm| < ε den ikanopoieÐtai.

Je¸rhma 5. 'Estw {an}, {bn} akoloujÐec, kai n0 fusikìc arijmìc, ètsi ¸ste, an ≤ bn gia k�je
n ≥ n0. An oi akoloujÐec sugklÐnoun sta ìria an → l, bn → l′ tìte isqÔei ìti l ≤ l′ .
Apìdeixh. AfoÔ oi akoloujÐec sugklÐnoun, gia k�je ε > 0 ja up�rqei n1 tètoio ¸ste an > l − ε/2
gia n ≥ n1, kai n2 tètoio ¸ste bn < l′ + ε/2 ìtan n ≥ n2. Sunep¸c, an N = max{n0, n1, n2}, tìte
gia k�je n ≥ N ja isqÔei ìti l − ε/2 < an ≤ bn < l′ + ε/2. Sunep¸c l < l′ + ε, kai autì isqÔei gia
k�je ε > 0. Sunep¸c l ≤ l′.
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5 Perissìtera gia ton arijmì e

EÐdame ìti h akoloujÐa {tn} me genikì ìro tn =
(
1 + 1

n

)n
eÐnai aÔxousa kai fragmènh kai �ra

sugklÐnei se èna ìrio to opoÐo onom�same e. (Prìkeitai bebaÐwc, ìpwc ja doÔme, gia thn b�sh twn
fusik¸n logarÐjmwn.) EÐdame epÐshc ìti h akoloujÐa {sn} me genikì ìro sn = 1 + 1

1! + 1
2! + · · ·+ 1

n!
eÐnai Cauchy kai epomènwc sugklÐnei. Ja doÔme t¸ra ìti ta dÔo aut� ìria eÐnai o Ðdioc arijmìc.
'Opwc eÐdame, apì to diwnumikì je¸rhma, h tn gr�fetai wc

tn =
n∑
k=0

(n
k

) 1

nk
=

n∑
k=0

[
1 ·
(
1− 1

n

) (
1− 2

n

)
· · ·
(
1− k−1

n

)]
· 1

k!
≤

n∑
k=0

1

k!
= sn. (6)

Sunep¸c, me b�sh to prohgoÔmeno je¸rhma èqoume ìti

e = lim
n→∞

tn ≤ lim
n→∞

sn. (7)

Ja deÐxoume t¸ra thn antÐstrofh anisìthta. Gia ton skopì autì jewroÔme m < n kai gr�foume

tn = 1 + 1 + (1− 1
n)

1

2!
+ · · ·+

[(
1− 1

n

)
· · ·
(
1− m−1

n

)] 1

m!
+ · · ·+

[(
1− 1

n

)
· · ·
(
1− n−1

n

)] 1

n!

≥ 1 + 1 + (1− 1
n)

1

2!
+ · · ·+

[(
1− 1

n

)
· · ·
(
1− m−1

n

)] 1

m!

ìpou h teleutaÐa anisìthta proèkuye epeid  paraleÐyame jetikoÔc ìrouc. Af nontac to n na p�ei
sto �peiro sthn anisìthta

tn ≤ 1 + 1 + (1− 1
n)

1

2!
+ · · ·+

[(
1− 1

n

)
· · ·
(
1− m−1

n

)] 1

m!

paÐrnoume

e = lim
n→∞

tn ≤ 1 + 1 +
1

2!
+ · · ·+ 1

m!
= sm.

Af nontac t¸ra to m na p�ei sto �peiro paÐrnoume

lim
m→∞

sm ≥ e. (8)

Apì tic (7) kai (8) prokÔptei ìti to ìrio thc {sn} eÐnai epÐshc o arijmìc e, dhlad  èqoume

e = ≤ 1 +
1

1!
+

1

2!
+ · · ·+ 1

n!
+ · · · . (9)

Je¸rhma 6. O arijmìc e eÐnai �rrhtoc.

Apìdeixh. 'Estw ìti eÐnai rhtìc. Tìte up�rqoun fusikoÐ p kai q ètsi ¸ste e = p
q . IsqÔei ìmwc lìgw

thc (9) ìti, gia k�je n,

0 < e− sn =
1

(n+ 1)!
+

1

(n+ 2)!
+ · · · .

Epomènwc, an n = q èqoume

0 < q!(e− sq) =
1

q + 1

(
1 +

1

q + 2
+

1

(q + 2)(q + 3)
+

1

(q + 2)(q + 3)(q + 4)
+ · · ·

)
<

1

q + 1

(
1 +

1

q + 2
+

1

(q + 2)2
+

1

(q + 2)3
+ · · ·

)
=

1

q + 1

1

1− 1
q+2

=
q + 2

(q + 1)2
< 1.
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Katal goume loipìn sto sumpèrasma ìti 0 < q!(e − sq) < 1. 'Omwc o q!e eÐnai fusikìc arijmìc
kai to Ðdio eÐnai kai ì q!sq = q!(1 + 1 + 1

2! + · · ·+ 1
(q−1)! + 1

q!). Sunep¸c o q!(e− sq) eÐnai akèraioc
arijmìc, megalÔteroc apì to mhdèn kai mikrìteroc apì to èna, pou eÐnai �topo.

6


