
Addendure OF
Rate and Limiting Distribution when
Do lies in the interior of 0.

when Do lies in the interior of Do

- e.g .
this is trivially true when
K

= IR
,
and On is creawly) consistent,

as well asIn is differentiable in

an open neighborhood of Go , for
almost every sample value , then On
satisfies first order conditions with
Probability tending to one :
* suppose thatElo exists FoeB
with Boo an open set containing toexists
since to is interior) for almost every sample



value. (In several cases Boo= 1R*)
* One Boo with probability converging
to one

,
since on%o

,
andGo Boo.

* One
argain (y(0) [suppose for sixplia

of that the optimization error is zero]

ThenCon) = Dax with probabilityo
converging to one

(A)

* If furthermore an is also two-

times continuously differentiable on
Boo for almost every sample value,
and Boo is Convex ED FoeBoo

,
there is a

line in Boo that connectso with 80



they due to the Mean Value Theorem,

C- Boo,+Do18-to
↓

Can this be used
this is the Hessian

in order to obtain of Cy evaluated

an asgaptotic
at 8 that belongs

approximation ofOn ?
in the line thout

Connects & with to
inside Boo.

* Since OneBoo with probability conver-
ging to one

,
then the above Mean value

expansion also holds with suchlike

probability withOn in place of 0
,
i . e.



With probability converging to one :

& (On)=Cod+ COO-

where oh is stochastic
,
and lies

in the line that connectsOn with to

⑳0 GD
Boo

·

An Boo
Y ↓

for some sample value for some other
with sufficiently high prob. sampl vophe.

with sufficiently high prob.
* Notice thost OIF-Foll-118n-foll by
definition. Hence

,
since Ilon-follo , then



lout-foll-0
,
i
.
e. since on500 then

by construction o 500 /yet Out is generally
latent)

* Combining (A) with (B) it is obtained

that with probability converging to one

-EXP - #x1

①1 (o) (On-00
Toda
-

↓ Beware of the dimensional-
#th lities of those vandods

elements

* In the previous we can identify
the following compared to our general
theory :



-In(00) :=&C100 , and
- In(0) = 1CO
* If we utilize the relevant assumption

parts from the general theory , i.e.
-

⑪ in o (ood zo this is then

-D inthereL
②on which

supposeda to be a positive definite

Matrix
.
Then:



⑪and imply that

& is positive definite ando

thereby invertible with probability

converging to one. Combining this

withG it is obtained those :

Or-to-otO
with probability converging to one

① is essentially ai latent



asgaptoticopproximation of the

forme of the estimator [it is also

reminiscent of the iteration form of

the agporimation of optimizers by some
naerical optimization algorithms

,
live

the Newton-Ralphson].

Multiplying by therate in ⑪

it is obtained that with probabilitya
converging to one: tot

*In (on-old



Using then D,Q,B, Slutsiry's
herness and the CLT

,
it is obtained

thort :

In(tu-to)us.⑪

* D) derives simultaneously the
rate in

,
and the limit in distribution

- Zoo of Mn(On-00)
.

* In several cases in=mn and

zo-N(O
, Voo)

,
for some-generally



latent-covariance Exe Matrix Voo.

Then -50 200-N/TET)Gl
= NO

, ToVoot)due to cust,

To
, and thereby to"

,
must be symmetric,

as a limit of a sequence of Hessian
Matrices (those are symmetric due to the

continuityof the second order parcial deri-

ratives)
.

Hence Elon-80)Nam,Too Vo
.
To
!)

* there are cases where in is not in
and /or Zoo is not Gaussian.



* this is a special case of our

general theory ; it can be proven that

since to is interior
,
H = IR

* Given (E) , the asymptotic variance

of the estimator is lotent,
Partially due to its dependence on 80 :
if for all Otto,I
then since Ano
,din (onTo,



and due to the CMT,

(cou
If① furthermore

,
VeI for
,

i.e
. the sample dependent U is a

consistent estimator of Vo (for lower
level details

, look at the examples for

brevity)
,
then due to the CUST :

Un(TV



:.e . Ms is a consistent estilator

of the asymptotic variance.

* The latter could be useful for

the construction of Wold tests for

theStypotheses Structure :

Ho : Vo = #X
He : PoO*

since under to the world statistic

n(tn-8%Un"(on-ovXI

/given this, the testiny procedure and its prope-
ities are explained in the Main text).



Are there cases whereUn is not
Il

classical, (i.e . ~) and or the

limiting distribution not Gaussion

Tracing the proofs of the determination
of the rouse and the limiting distribution

of the M-estimators shows that-

given consistency- the rate
and the limiting

distribution of the estimator depend :

2. Smoothness ofamanifested as

twice continuous differentiability) , 6.
the rate and the limiting distribution
of100) , C Continuous convergence

80



lat to) of the Hessian of c to a limiting
deterministic Matrix

,
and d. the inverti-

bility of the louter limit.

Any deviation in x
.

-d. could

imply deviation from classical rates
and/or asymptotic Gaussinity.
For example

,
if in (00) as No,Vol

with Unfn'k (see for example the CLT
in the Stochastic Convergence Notes where

in=), yet the other conditions
hold

,
then Unlon-Oo) would be asgolp to

tically Gaussian, albeit with a non-



classical route. Different rates thanis

are also compatible with non-Gaussianity
in similar contexts

, involving frameworks
of stationarity and ergodicity , where

for example 100)= 100
,
Xi,

for some appropriate function a , but

E(9100 ,X1)(9) = too , for some pe2 .

Different roctes for Ocy (00) , can
also appear in contexts of non-stationarity
If time permits we will examine such line

behaviours for the LS case in non-star

tionary versions of the ARCA) Model.



Furthermore
,
and if for example c . fails due

to that theHessian converges in distribution to a

stochastic (yet non-singulour) limit , this
can affect both the rate and the

limiting discribation of the estimator ;
this can happen in both lineou and

non linear models due to issues regarding
absence of stationarity , and /or the non-

existence of neededMoments for the random

element involved.

Finally ,
ifd. fails

,
and the Hessian

has an asymptotically degenerate limit,



Asymptotic representations like*

for the estimator would seace to be

valib
,
the estimator could essentially

be represented as a solution ofMore

complicated asymptotically polynomial
equations , thereby affecting the formof
the rate and the limiting distribution.
The above could also affect the ford

of the testing procedures based on On
and/or the criterion, as well as their

limiting describations under the associated

null-hypotheses. This mores important



the identification of such-like deviations
and the analogous modifications ofthe
procedures ,

and/or the design of procedu-
res flat remain robust to (some of such

devictions from the classical theory.


