
Elements of Livelihood Theory

We will now examine elements of the

livelihood theory , regarding properties
of the resulting Maximum livelihood estima

for IMLE)
,
and testing procedures based

on the livelihood functions live the

livelihood ratio test (CR) , and the

Score test.

The livelihood function is definable

in parametric statistical models

leven though the Empirical Livelihood



function
,
briefly considered in the

notes regarding GMM , is a non-parametric

adaptation)
Hence in this framework

,
the sample

Eu
,
is poured with a parametric Model,

3 Po , 003 ,
where Do is a distribution

related to the sample at scenario de0.

The Mapping O-1pp is 1-1
,
hence the

Parameter value o completely specifies
the distribution in the model that indexes:



3.g .
1 zm = (EE) , ..., Eim) is iid

and zin - Exp(10) distribution

with so unknown.

Remember that the Exp(1) distribution-

30 - is the one with density
Acz) =Ezo

① natural parallefric Model emerging

from the above information is :

SExp(1) , 303
There O=1

,
0 = Co, too),=1 , and each

value ofI uniquely determines the



relevant exponential distribution.

E .g .

2.

zm = (ED , E() , ... , Ein) is iid

and En -N(u) distribution
with 00 := (uo,

vo) unknown. This

information uniquely determines the

following Gaussian model:

[Em ~ ((Y) , vInx) ,
Yer, v>0]

There f = (yr)
,
F= IRXR+t, =2 andeah

value ofo uniquely determines the relevant



Gaussire distribution
. E

E
.g. 3 [Gaussian (S]

zu = [In, n],

Yn/o(*) N(n80, Exn),
with OoEIRP unknown. This information

uniquely determines the model

& Mn/c(*) vN(*G
, Inxn) ,

OcR*]
where O= IR*

, etc. E

In what follows we will investigate further
examples]



Note: Remember that we work under the
universal assumption of correct specifi-
cation ; /Po

.
E Model

.

We will provide
Some disspecification considerations
later

.

Question: Is it possible to construct a criterion
In that fully and fathfully represent
the information that appears in the

model jointly with the sample ?

Brevity Assumption We will asscale

that for any OCO , 1Po has a density

function (it should be areal function that
depends on $ ,

z) , say f(0,2).



The constructions that follow are easily
extendable to losses where densities donot

exist. E

Kallback-Liebler Divergence from Poss
and the livelihood function.

Given the Brevity Assumption ,
for any

8eo
,
the KI divergence between

the locent Poo and Po , is defined
this lies

inthe

QS : space
where
Er

"assumes its
values

with prob
.1

kL(Pro , Po) = (h



It is not difficult to prove that

argain kL (1P0o
,
IPo) = Poo

,
hence

IPocModel

the latent distribution has a variational

characterization. It is however impossible

to recoverDoo
, by minimizing KL/P,

IPa)
since this depends on Poo. If however

the empiricalpoint distribution of the

sample IPh
* (remember iPh

*
is the discrete

distribution that places probability mass at
Zn)



oppoximoces , Por ,
and the integral

that definesKL(10
,
IPO) is approxima

fed by an empiricalmean c .r ..
). In we

obtocin Intof I

&20,zu)

=

= In flo
, zu)

4) this can be perceived as an

empirical approximation of

kL(loo
,
Mo) for any OeG.

Hence
,
we day hope that we can

Approximate 80 CandMence PPoo)
,
via



Minimizing (w
.r .
E

. 8) the empirical

approxidation .

Notice that minimizing this is equivalent
toMaximizing its opposive,

whereas Maxi
zation is covariant toMultiplying this by
In "for averaging purposes, . Hence we

arrive at the concept of the laverage log)
livelihood function /following the

general convention we will denote it with

In instead of G).



Definition Given theModel
,
the Brevity

Assumption ,
and if f(t

,
zn) so

at the support of Po (the"smallest,
closed subset of the space out which zn
attains its values of probability one

the overage log-likelihood funcion
is : h (0)= In (f(0

,zn)

E
.g. We have that f(1 , z) =

= &0 ,
Ji : Zi

Texp() ,
Exofi

X
[the supportofEn is to ,toopy

Vo



hence be (5
,zn]=/]exp(zi)

=(5) + bu (exp (1z(x)))
=((j) =It z4)

.

E .g. 2 We have that
-4/2

f(0
, zn) vinuxu expf(zn =1)Inn(ii)=

1
And thereby

h(0) = - then - zhv = ((z- ())'(zu - (2)
= -Eh2π - Ehu - 112(z()) - 4)2



E.g. 3. We have that

&(,n 16(m) =expFEC
And thereby
In(0

,Xn/) = - Elnz-Et (n-0)(n-*)

&
the LS criterion -

The MLE

Jetting cn :=-In and following
the general theory the OE Maximum

Livelihood Estimator is established :



En e argain c = argmax (10)
↓ DEO GEO
MLE

orMore generally fallowing for the
existence of optimization error)

h (On) > sup he 10 - en

BeQ
↳ optimi
zation error

Note : the existence
arguments for the

QULE fold into the ones of our
general theory : e

.g. O convex
,
and

In (0) concave
,
or e .g. O compact , andIn (0) continuous, suffice for existence



-D 0=- here !
E

.g. I Remember that 0= Co
, too)

and er() = In(y)-JZil
h is smooth

,-
And(3) = -10yet ,

hee

the function is strictly concave with

convex
.
The Maximizer would be unique

and Kuhr-Tucker conditions are not
needed to locate it as it is an interior

point
, as we will see :

fo
. c . Phot



-> the unique critical point.
In

= Notice that this is
Ziil

almost surely well-defined
as Xin>0 with Prob .

1 Fi.

So .C Oozi
with Prob

.
1

,
Hence the MLE is

In=
zi

> the recipro-
col of the

sample Mean
* It is easily proven that if X-Exp(r)
then IE(X) = "o .

We have that

E (n) = E) = nE"#



~ (Ezi))" = n((zun))i= 1

Xil Exp(d ,
fi

=
n(0)"= nutdo =do

Hence the MLE of So is biosed
,
which

implies those the MLE in general is not
unbiased (Unbiasedness is a difficult to

hold and fragile property !) E
E

.g.2. Remember that O: IRXIR ++

0 = (2) , (10) =-Cht-flu-li
The function is again smooth with

_(h)



hes

-Ill
[Second order derivatives are continuous
in G , Young's Th. implies thatoo
check !]

=
=



(0)
= 1 -f2v2

We have that :

f. 0.
c

. O = (8)

= (Ini -4) =0

SEEl

O
Mm = In Zil
Un = In(zi-un)]= On =(

is the critical
Point



Notice that :

&(o) 0 with Prob f iceare

if zi) vN(ato) , IP(zii =0) =0

↓

the distribution has

a density

=
=-I (in -) =0

=Vn

·herm-ti-u
= Re-e0 with Proba



Thereby

fo frea (
- Wu

the Hessionatfoisdiagonal ; hence its eigenvalues
are its diagonal elements ; hence it is negative
definite (remember that we dually defined the
MLE v2 Maximization) iff its diagonal
elements are negative ; they one with Prob1

-

Hence
,
with Probf

,
the NLE for Go
,

On = (in) =(I
In -un))

It is eouy to show (do it ! ) that
EYu)= Yo , TE(r) = AlVo , hence lE/On) =



= (T) =( %)
,

hande

the ME is biased also in this example :

Notice however that sincehim,

tim I(on) = (time) = (),
ne tw Latro

hence inthis example it is asymptotically unbiased.
Note: In this example no Kahn-Tucker type

conditions to enforce the restriction vso

were needed ; the optionizer is on interior

Point with Prob
.

1
.

E



E
.g.
3 Remember that

hu(0) =
- &M2n -E (Yn-**)CXn- *20)

and due to Monotonicity and duality

arguax luc Mon Arguax (-Enc-(0)) 'G-*Of)
Fe OeO

mon
= argaox(- ↑(In-E)(n-*5)

GEO
dual
= argain in (Un-E)Cue 0)

GEO

Hence MLECOO) = OLSE (00) in this

setup .
We will try to figure out the

reason of this coincidence later. E



General Note 1
.

Remember that in the construction
of the livelihood function

f(0
,
zn) denotes the density ,

of

the (faint distribution of En ,
at

Powmeter Scenario 8. This con be

factored as a produce of conditional
densities (times a marginal) as

f(0
,zn) = f(0

, zin/z-1
,zu ,...

zul
xf(0

, zen -2)/zcn
-2

, zmn)
, ... ,
zx)x

...x f(0,zx)



where +10
, z5)/zw-1

, zin--a)
,...., Ex)

is the density of the conditional distri-
bation of the sample element En-w)
given Zin-wal

, zp-E-2), ..., Eis , and
f(0
,zi) is the marginal density of

the first sample element
,
both at

Parameter scenario E
. Hence :

(10) = th (f(0,2) =

(, Zay/zu-i)
...., zu f(0, zx)

=Info ,z(zif0



Then the port

If( , zafite(zi,
is termed as the conditional (part of
the livelihood

,
white the term

- In flo
, zc) is termed as theMargi-

not part of the livelihood. In several

Models (see e.g. the GARCH (1 , 1) below
the marginal part is unspecified , while
the conditional part is only used for
the construction of the estimator

.

It is expected that as ne too the marginal part
becomes in any case negligible.



- When En isiid then

f (0
, 2-i +1)/z(

-i)
, . . .,
z(is) = f(0

, ze)i+
ti =

1, ..., n . 2 and thereby
h(0) = Info,z

As is essentially the case with Eg .
1

and Eg .
2 (what about E.g. 3 ?).

General Note 2.

The construction of the livelihood

function is possible when density functions
do not exist ; e.g. En is comprised by



discrete random variables
, using the

at the time probabilistic Machinery
available.

Example. In isid
,
and

~ Ber(90) with unwnown peo,
1).

The natural choice for the statistical

Model is & Br(a) , ge (o , 2)3.
Remember that if zpuBer(a) then

its probability mass function is

Pop : 50
,
23-10A

,potA



Using an argument based on the defini-
tion of the Wullback-Liebler divergence
it is provable that in this case the
Mass functions are usable in place
of the non-existent densities

. Hence

hn(q) = In =

= hatzith(4)

= [Ing· =1 , ..., n, zi =1) +halta)#E,
zc =03] = eng · Sample free of 1)

+ In (1-a) (t-sample frepot 1).


