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1. General Framework of Likelihood
As established, parametric models assign a unique distribution p(zn, β) to each β. The joint
density for a sample zn is decomposed as:

p(zn, β) =p(zn|zn−1, . . . , z1, β)·
p(zn−1|zn−2, . . . , z1, β) · · · p(z1, β)

In the case of independence, this simplifies to the product of marginal distributions:

p(zn, β) =
n∏

i=1

p(zi, β)

The average log-likelihood function used for estimation is:

ln(β, zn) =
1

n

n∑
i=1

ln p(zi, β)

2. Linear Model with t-distributed Errors
We consider the linear model where the error terms ε(i) follow a Student’s t-distribution
with ν degrees of freedom (ν > 0):

ε(i)|Xn ∼ tν

The probability density function (PDF) is given by:

f(x) =
Γ
(
ν+1
2

)
√
νπΓ

(
ν
2

) (1 + x2

ν

)− ν+1
2
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For an observation y(i) = x(i)β + ε(i), the density is:

p(y(i), β) =
Γ
(
ν+1
2

)
√
νπΓ

(
ν
2

) (1 + (y(i) − x(i)β)
2

ν

)− ν+1
2

The average log-likelihood for this model is:

L(β, yn) = ln
(

Γ
(
ν+1
2

)
√
νπΓ

(
ν
2

))− ν + 1

2n

n∑
i=1

ln
(
1 +

(y(i) − x(i)β)
2

ν

)

3. The Probit Model
The Probit model is used for binary outcomes Y ∈ {0, 1}. It is founded on a latent utility
difference Y ∗:

Y ∗
(i) = X(i)β + ε(i), Y (i) = ⊮{Y ∗

(i) > 0}

Identification and Probabilities
Due to scale invariance, we normalize the error variance to 1 (Var(ε|X) = 1). Assuming
ε(i)|Xn ∼ N(0, 1), the probability of success is:

P (Y (i) = 1|Xn) = P (X(i)β + ε(i) > 0)

= 1− Φ(−X(i)β) = Φ(X(i)β)

where Φ(z) =
∫ z

−∞
1√
2π
e−

x2

2 dx. The sample log-likelihood is:

ℓn(β) =
1

n

n∑
i=1

[
Y (i) lnΦ(X(i)β) + (1− Y (i)) ln(1− Φ(X(i)β))

]
4. Numerical Optimization
Since β̂MLE lacks a closed-form solution, we use iterative methods. The score vector
(gradient) is defined as:

∇ℓn(β) =
1

n

n∑
i=1

(Y (i)− Φ(X(i)β))ϕ(X(i)β)

Φ(X(i)β)(1− Φ(X(i)β))
X ′

(i)

Standard algorithms include Newton-Raphson and Fisher Scoring (which replaces the
Hessian with the Information Matrix).
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