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1. Setup: Score and Hessian of the IV Objective Func-
tion

Recall from Lecture 14 that for the IV objective function with weighting matrix w:
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2. Asymptotic Behavior of (x)

Regarding the asymptotic behavior of (), we assume for reasons of simplicity that (X, Zu), €))
are i.i.d. with respect to 7.

LLN Term

Since E(Z{; X)) exists, then because of Kolmogorov’s Law of Large Numbers:

—ZX E(X{(yZu) = Qyx
where from the derivation of consistency we had that @), has rank p.
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CLT Term
If furthermore it holds that:

2 Pyp—
E(Ziew(Zinew)) = B(Ziyei Za) = Ve

exists and is non-singular, then because of the Central Limit Theorem we have:
1 < Y.
% ; ZiEw) —> L7~ (qu1, Vzre)

Combining via Slutsky

Therefore, since:
l; X0 Zw 2 Qyy and L;Z‘aiZ*
n & (1) %) z \/ﬁ - (1)< (3)

we consequently have:

(*) i) —QQ/Z/XWZ* NN(Opxl, 4Q/Z/XWVZ’5(UQZ’X)

3. Hessian Convergence

Finally we deal with the asymptotic behavior of the Hessian at the intermediate point 3}
from the Taylor expansion:
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where:
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This limit is positive definite when w is positive definite and rank(Qz x) = p. We
therefore set:

2QxwQzx = H(f)

4. Final Result

Consequently, and since:

L. (X4, Z@), €@4)) are i.i.d. with respect to i

2



2. Qux = E(Zéi)X(i)) exists and has rank p
3. Ve = E(Z;0y Z)) exists and is invertible
then:

\/ﬁ(bn - ﬁo) i> N(Oth (QIZ/X w QZ’X)il Q/Z/X wVzewQzx (Q’Z/X w QZ/X)il)

5. Observations on the Asymptotic Variance

o The rate of convergence of 3, is v/n and is independent of w.
o The asymptotic distribution is Gaussian (Normal), which is independent of w.

« The Asymptotic Variance (AsyVar) depends on w.

Question: Can the AsyVar be independent of w?

When p = ¢ (Exact Identification):
The matrix )z x becomes square p X p.
The matrix w becomes square p X p.
The matrix V. becomes square p X p.

And all of them are invertible, therefore:

AsyVar = (Qx wQzx) "' QpxwVz:w Qux (Qx wQzx) ™
=Qrxw ' (Qyx) ' QuxwVzewQyx Qyyw  (Qyx) ™
= QE}X VZ’E (Q/Z’X)_l

When p = ¢ and §y € Int(©) then:
The estimator becomes asymptotically independent of w.
(This does not hold when By is a boundary point.)

When ¢ > p (Over-Identification):
The asymptotic variance depends on w. Therefore, the question of the optimal choice of w
arises in order to achieve the smallest possible AsyVar.



