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Lecture 9: LAD, Linear Programming
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These notes cover the handwritten material from the lecture session. They are supplementary
to the official slides of Prof. S. Arvanitis, available at:

Official LAD Slides (eClass)

1. Why the Conditional Median? (Comments)

(Comments made by the professor during the lecture.)
The question is: why should we care about finding Med(Y{;) | X,,)? Two reasons were
given:

1. It may interest us independently, for example in questions that concern income
distributions.

2. Statistical difficulties related to the properties of the distribution of ¢(;) | X,,. For
example, if the conditional distribution behaves “as towards extreme values”, in the
sense that as © — 4-00:

Pleg| >z | X,) ~ x—ca, c>0, ac(0,a)

When a < 2: the Var(e(;) | X,,) does not exist.
When a < 1: neither does E(eq) | X,,).

Consequently, problems can arise in the interpretation of X, 5y (when 0 < o < 1, it will
not be the conditional mean of Y,, given X,,), and difficulties arise with the asymptotic
properties of the OLSE:

(a) When a < 1 = the OLSE is not consistent.


https://eclass.aueb.gr/modules/document/file.php/OIK507/%CE%A3%CE%B7%CE%BC%CE%B5%CE%B9%CF%8E%CF%83%CE%B5%CE%B9%CF%82/lad_slides.pdf

(b) When 1 < a < 2 = the OLSE will have a slower rate of convergence to
Bo than the classical \/n, and will not be asymptotically normal. (The relevant
limiting theorems are the Central Limit Theorems and the Limit Theorems for
a-stable distributions, specifically the Central & Boundary Theorems.)

(Note: Under some assumptions, even when o < 1, the LADE can still be consistent,
with rate \/n and asymptotically normal.)

2. Property of Absolute Value

We recall the decomposition of the absolute value, which will be needed for the LP reformu-
lation below.

-z, <0
H {a:, x>0 <0 =0

Define the indicator functions:

L _fue<o o a<o
<0 — 0, >0 x>0 —

Therefore any real number = can be written as:
r=x 10+ 1,00

i.e., decomposed into its positive part 1 := x-1,59 > 0 and negative part = := —x-1,9 > 0,
sothat r =27 — 2~ and |z| =2t + 2.

3. From LAD to Linear Programming (Part I)

(Continuation from the slides, cf. the official slides for the full formal statement.)
We showed in the slides that:

Yy = X@yBl = Yoy — X 8) - Iy =x8 + (X8 — Yio) - Ly <x)8
Now introduce auxiliary variables:
uly = Yo — X0B) Lyvyzxmp: U = Yo — X@B) Lyv,y<x,s

(Note: using the notation from the slides, u; = (X8 — Y)) L, <x8)-)

Then we have Y(;) — X, = ua) — UG With u?;), Uy > 0, and therefore:
Yoy — X Bl = ufyy + ug,
By defining § = " — 3~ where 87, 3~ > 0, this gives us:
Brap € arggleigz Yy — X8| = arg min (uz) + u(’z))
i=1
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=1
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subject to:

Yy = Xo)B" + XwB™ = ujy —ug, Uy Uy =0

This is a Linear Programming problem (T’ IT ).
4. Canonical Form of a Linear Program

A linear program in canonical form is:

min c'x subject to Az =0b, x>0
zeR™

where the inequalities between vectors are interpreted componentwise.
In the LAD case with © = RP, we set m = 2p + 2n and:

6+ 0p><1

= |7 =% A= (Xy Xy Lo L), b=
ut | ]-n><1 , n n nxn nxn) s n
u - 1,41

5. Monte Carlo Setup

(As described in the handwritten notes and elaborated in the slides.)
We consider the model:

Yoy = X@B + e = (L 2w)(Bo, i) + g
Single-valued (generic) design:
2@ ~ N(0,1), @) ~ Laplace(0, o), iid
Multi-valued (degenerate) design:
2w €{-1,0,1}, #{i:z2p =k}~%, eu€{—0, +o}, Plegy=0)=Pley =—0)= %

(Note: In the degenerate design the median of €y is not unique, see slides for a full
discussion of the consequences for identification and for why the two solvers, highs-ds and
highs—ipm, may return different solutions.)



