Econometrics 2 — AUEB Spring 2026 Lecture 7

Lecture 7: The Just-Identified Case &
Introduction to LAD

Econometrics 2 — When q = p: Simplifications and Constraints

Instructor: Prof. S. Arvanitis | Digitisation of notes by: T. Kourtalis

> Amber boxes = Handwritten Notes (professor’s words) ‘

’<> Teal boxes = Student’s Notes‘

Recall from Lecture 6

In Lecture 6 we established the IV estimator framework:
B = (X' ZWZ' X)X Z,WZ'Y,

where Z,, is an n X ¢ matrix of instruments, W is a ¢ X g positive definite weighting
matrix, and we require g > p for identification. Key questions remained: How does the
estimator depend on W 2 When can we ignore W ?

1 Recap: The IV Estimator and Moment Conditions

> Handwritten Notes (what the professor said)

The linear model with instrumental variables supports the system of moment conditions:
1
E [EZ;(YH — Xnﬁ)} =0gx1 (%)

Provided the relevant identification conditions hold, (x) is satisfied if and only if 5 = S,.
Choosing to work with Mahalanobis-type squared distances and independently of the
weighting matrix W, we arrived at the usual version of the Instrumental Variables Esti-
mator (IVE):

B, € arg min(V, — XoB) ZuW Z,(Y = X )

We previously questioned how the properties of Bn depend on the choice of W. By
examining the case where ©® = R?, the optimization is solved analytically:
B = (X, Z, W2, X)X, Z, W ZLY,,
Since Y,, = X,,00 + €,, we substituted this to find:
B = Bo+ (X Z,WZ. X,) X! Z, W Z. e,

This led to the conclusion that Bn is not generally unbiased.
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¢ Student’s Notes

The central question for today: X
We established that in the over-identified case (¢ > p), the estimator (3, generally
depends on W—different weighting matrices give different estimates.

But what about the just-identified case (¢ = p)?

This turns out to be special. When we have exactly as many instruments as parameters,
something remarkable happens: the weighting matrix W cancels out, and all positive
definite W give the same estimator!

Under-identified
q<p
No solution

(infinite B’s work)

Just-identified
q=p
Unique solution

(W irrelevant)

Over-identified
q>p
GMM needed
(W matters)

Today’s focus

Figure 1: The three identification regimes. Today we focus on the just-identified case, where
q = p leads to major simplifications.

2 The Just-Identified Case (¢ = p)

> Handwritten Notes (what the professor said)

Let us investigate what happens to our estimator when ¢ = p. This means the number
of instrumental variables (q) perfectly coincides with the number of regressors (p).
Consider the matrix X/ Z,:

o Generally, it has dimensions p X q.

e When ¢ = p, it becomes a square p X p matrix.

By our general rank condition assumption, rank(X/ Z,) = p. Therefore, when ¢ = p, the
square matrix X/ Z, is invertible. Consequently, its transpose Z/ X, is also invertible.
Furthermore, the weighting matrix W is now p X p. Since it is positive definite, it is also
invertible.

These properties allow us to expand the inverse of the matrix product. Using the matrix
property (ABC)™' = C7'!B71A™ L

(XL Z)W(ZL X)) = (ZLX) " WYX, Z,)
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(Note: Each of these individual separated matrices is p X p and invertible).

¢ Student’s Notes

Why invertibility changes everything:

When ¢ > p, the matrix X'Z is p x ¢ (wide), and Z'X is ¢ x p (tall). Neither is square,
so neither is invertible on its own. We must use the product X'ZW Z'X (which is p X p)
and cannot simplify further.

When ¢ = p, both X'Z and Z'X are p x p and (under our rank condition) invertible.
This allows algebraic manipulation that was previously impossible.

Over-identified (¢ > p) Just-identified (¢ = p)
X'Z 7'X X'Z 7'X
pXq qxXp pXp pXp
(wide) (tall) (square) (square)

Not square = not invertible Square + full rank = invertible!

Figure 2: Matriz dimensions in the over-identified vs. just-identified cases. When q > p, X'Z
is wide (p rows, q columns) and Z'X is tall (q rows, p columns)—neither is invertible. When
q = p, both are square and invertible.

3 Simplification of the Estimator

> Handwritten Notes (what the professor said)

We can now substitute this expanded inverse back into the analytical formula for Bo:

A~

B = (2. X)W X Z,)" N X Z,)WZY,

(.

Inverse part
Notice the immediate cancellations via identity matrices (Ipxp):
o (X0Z,)" 1 (X0Z,) = Tpxp
e WIW =Ly,
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This perfectly collapses the estimator down to:
Bn = (Z;LXn)_:lZ;LYn

Conclusion for ¢ = p:

When ¢ = p and © = R?, we find that 3, = (Z.X,)"'Z.Y,. Therefore, our estimator—
and consequently the properties of the IVE—become completely independent of the
choice of the weighting matrix W.

The Just-Identified IV Estimator
When ¢ = p (number of instruments equals number of parameters) and © = R?:

b = (2,X.) ' Z, Y,

Key property: This estimator is independent of WW. Any positive definite weighting
matrix gives exactly the same result.

Derivation summary:

By = (X'ZWZ'X)'X'ZWZ'Y
=(ZX)y""WNX'Z2) X' Z)WZ'Y
_ / —1 -1 /
= (7'X) W_IW Z'Y

=(Z' X)) 7Y

¢ Student’s Notes

Intuition for why W disappears:
When ¢ = p, we have exactly as many moment conditions as parameters. This means
there is a unique § that sets all sample moments to exactly zero:

1
~Z(Y-XB)=0 = ZY=7ZXB8 = B=2'X)'ZY
n

Since we can achieve ezxact zero for the sample moments, we don’t need to “trade oft”
between fitting different moments better or worse. The weighting matrix W determines
how to make such trade-offs, but when no trade-off is needed, W becomes irrelevant.
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93

Over-id: (/(9) # 0

(must minimise distance)

92

Y

~

Just-id: ¢(5) = 0 exactly

(unique solution, W irrelevant)

Figure 8: Geometric difference between over- and just-identified cases. In the over-identified
case, we cannot achieve g(8) = 0 and must minimise distance (which depends on W ). In the

just-identified case, we achieve exact zero.

g1

4 OLS as a Special Case of IV

> Handwritten Notes (what the professor said)

What if, additionally, the instrumental variables simply coincide with the regressors
themselves? (i.e., Z, = X,,).
(Note: This relies on the core exogeneity assumption E(e,]X,) = Opx1 ).

Substituting Z,, = X,, into our simplified just-identified estimator yields:

Bn = (X;an)_lelYn

This is exactly the Ordinary Least Squares Estimator (OLSE). Therefore, for © = RP, we
see that the Least Squares estimator becomes a special case of the instrumental variables
estimator.
Caveat: If we restrict the parameter space such that © C RP (i.e., we operate in some
smaller, constrained space), we can no longer guarantee this exact analytical outcome,
as we do not know what happens with the inverse at the boundaries.

Key Result

OLS is a Special Case of IV
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When instruments equal regressors (Z = X) and ¢ = p:
BIV _ (Z/X)—lz/y _ (X/X)_IXIY _ BOLS

Interpretation: Under exogeneity (E[e|X]| = 0), the regressors X serve as their own
instruments. IV with Z = X reduces to OLS.

¢ Student’s Notes

The hierarchy of estimators:

GMM Most general
q > p, general W Weighting matters
set g =p
IV (just-id) Weighting irrelevant
qg=p,any W Unique solution
set Z =X
OLS Exogeneity required
7 =X Standard regression

Figure 4: The nesting structure of estimators. OLS is a special case of just-identified IV,
which is a special case of GMM.

When to use which:

Situation q vs. p | Estimator | W matters?
Exogenous regressors q=7p OLS No
Endogenous, exact ID | ¢g=1p v No

Endogenous, over-1D q>p | GMM/2SLS | Yes

Endogenous, under-ID | ¢ <p — Not identified
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5 The Just-Identified Case in a Constrained Space

> Handwritten Notes (what the professor said)

When g = p but the parameter space is constrained (6 C RP), does the independence of
the IV estimator from the choice of W still hold?
Let’s define the unconstrained estimator as:

B(un) = (Z;LXn)_lz;LYn

n

The residuals based on this unconstrained estimator are:
en =Y, — X80 = (Iwn — Xu(Z,X,) ' Z,) Y,
Now, let’s examine the sample moment conditions evaluated at these residuals:

1 1

—Zen = (2, — 2} Xn(Z,X,) ' Z) Y,
n n

Since Z! X,,(Z! X,,)"' = I,x,, this simplifies to:

1 1
—Zlen=—(Z. - Z' )Y, =0
n n€ ?’L( n n) px1

(Note: The sample property %Z{len = 0 perfectly mirrors our theoretical moment condition
LE(Z)ey) = Opx1. Emercise: Does this exact zero hold if ¢ > p?)

¢ Student’s Notes

Key insight: The unconstrained IV estimator 3" = (Z'X)"1Z'Y satisfies the sample
moment conditions exactly:

Z'(Y — Xy =0
This is analogous to how OLS residuals are orthogonal to the regressors: X' (Y —
XBOLS) = 0.

What happens when 3" ¢ 07
If the unconstrained solution lies outside our parameter space, we cannot use it directly.
We must find the constrained optimum, which will generally not set moments to zero.

> Exercise

Does Z'e = 0 hold when g > p?
Answer: No! When ¢ > p:

« We have more moment conditions (¢) than parameters (p)

o We cannot find g that sets all ¢ moments to exactly zero
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e The GMM estimator minimises a weighted sum of squared moments
o At the optimum, Z’e # 0 in general (only approximately zero)

This is precisely why the over-identified case requires a weighting matrix W-—to deter-
mine how to “trade off” fitting different moments.

6 Reformulating the Objective Function

> Handwritten Notes (what the professor said)

In the case we are examining, we have Bn € argmingeo M, (8). Let’s substitute Y,, — X,, 0
in the objective function using our unconstrained estimator:

Z! (Y — Xuf) = Z0 (Y — X + X, 8™ — X,,5)
= Z! (en + X (B4 — 8))
= quzen + quan(Br(Lun) - 5)

Since Z) e, = 0, we are left with:
2, (Yo = XaB) = Z, X0 (B0 = B)  (+)

Consequently, because of (x), our objective function becomes:

—_

~ ~

Ma(B) = — (B — BY X, ZuW Z, X (B1™ — B)

S

Let A, = %W% Since W is positive definite, we can use the Cholesky decompo-
sition (W = LL’), which helps us prove that A, is also a positive definite matrix.
Therefore, for ¢ = p, the estimator Bn can equivalently be expressed as minimizing a
quadratic form of the Mahalanobis distance with respect to A, over the set O:

B € argmin(B1™ — B) An(BL™ = B)  (x%)

Key Result

Equivalent Formulation of Constrained IV
When ¢ = p and © C RP, the IV estimator solves:

By € angmin (5 — B A,(3 — 5)
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where:
e Bl — (Z'X)~1Z'Y is the unconstrained IV estimator
« A, = 5X'ZWZ'X is positive definite (depends on W)

Interpretation: Find the point in © closest to the unconstrained solution, using Maha-
lanobis distance with matrix A,,.

¢ Student’s Notes

Geometric visualisation:

82

Level sets of

(B — BY A, (B4 — B)

C point

Figure 5: Constrained IV optimisation. The ellipses are level sets of the Mahalanobis distance
centered at the unconstrained solution B("’"). The constrained estimator Bn is the point where
the smallest ellipse is exactly tangent to the boundary of © —any smaller ellipse would not
intersect © at all.

When does the unconstrained solution suffice?
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If 3" € © (the unconstrained solution happens to satisfy the constraints), then 3, =
B@n) regardless of A, (and hence regardless of W).

Otherwise, the constrained estimator depends on the shape of the ellipses (determined
by A,), which in turn depends on W.

6.1 Dependence on W in the Constrained Case

> Handwritten Notes (what the professor said)

From (xx), we observe that the objective function strictly depends on W (through A,).
Consequently, the estimator is generally expected to depend on W.

It will only be independent of W when the unconstrained minimum happens to fall inside
our parameter space: S5 € ©. (For example, when © = RP, which we already proved).
(Ezxercise: Show if we can form the Mahalanobis distance if p > q).

! Watch Out

Constrained IV: W can matter even when ¢ = p!
The simple result “WW doesn’t matter when ¢ = p” only holds for © = RP.
With constraints (© C RP):

e If ") € ©: W still irrelevant (use unconstrained solution)

o If Blum) ¢ ©: W matters! Different W give different constrained estimates

Practical example: Estimating a production function with non-negativity constraints
on coefficients. If IV without constraints gives a negative coefficient, imposing 3; > 0
creates a constrained problem where W affects the result.

¢ Student’s Notes

Summary table for the just-identified case:

Parameter space | /") € ©7 | W matters?

0 =R? Always No
© CR? Yes No
© CR? No Yes
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7 Introduction to the LAD Estimator

> Handwritten Notes (what the professor said)

LAD = Least Absolute Deviations
Recall that in the usual version of the Least Squares estimator, the objective function is:

n

1 1
Mn(ﬁ) = E(Yn - Xnﬁ)/(Yn - Xnﬁ) = E Z(Yv(z) - A)((z')ﬂ)2
i=1
Let our matrices be defined as:
X X2 - Xy
oo [ e
an XnZ e an

Where X;) = (X1, Xig, ..., Xjp) is the i-th row of X,,, and Y{;) is the i-th element of
Y, =(Yi,...,Y.).
Questions to ponder:

1. What would result if, as our objective function, we chose:
1 n
- 21: Yy — Xy
1=

2. From what statistical model structure could such a choice be justified?

Definition: Least Absolute Deviations (LAD) Estimator

The LAD estimator minimises the sum of absolute residuals:

R 1 <&
LAD - . ,
c " — — Y; - X
B € axgmin My, (/) = argmin - ;:1 Y = X
Compare with OLS, which minimises squared residuals:

n

R 1
OLS . 1 2\ 2
€ argmin — E Y, — X]
B s — ( iB)

=1

¢ Student’s Notes

OLS vs. LAD: The loss functions

11
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Loss

— OLS: ¢?
— LAD: |¢|

4

OLS penalises
outliers more

Residual e

Figure 6: Squared loss (OLS) vs. absolute loss (LAD). For large residuals, squared loss grows
much faster, making OLS more sensitive to outliers.

Key differences:

Property OLS LAD

Loss function e? (quadratic) le| (linear)
Sensitivity to outliers High Low (robust)
Differentiability Smooth Kink at 0
Optimisation Closed-form | Linear programming
Target parameter E[Y|X] (mean) Median (Y| X)

% Intuition

Why does LAD estimate the conditional median?
Consider the problem: find m that minimises E[|Y — m|].
Taking the derivative (using the fact that -%|y — m| = —sign(y — m)):

%EHY _m|] = —Esiga(Y — m)] = P(Y <m) — P(Y > m)

Setting this to zero: P(Y <m) = P(Y > m) = 0.5, which defines m = Median(Y").
For regression: LAD finds 8 such that X’/ equals the conditional median of Y given

12
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X:
X'BEAP = Median(Y | X)

In contrast, OLS targets the conditional mean:

X/BOLS _ E[Y | X]

¢ Student’s Notes

When to use LAD over OLS:

« Heavy-tailed distributions: When errors have heavier tails than normal (e.g.,
Cauchy, ¢t with low df)

e Outliers: When data contains outliers that would unduly influence OLS

o Median is of interest: When the policy question concerns the median rather than
the mean

o Asymmetric distributions: When mean # median

® outlier

Figure 7: Effect of an outlier on OLS vs. LAD. The OLS line is pulled toward the outlier; the
LAD line is much less affected because absolute deviations penalise large errors less severely
than squared deviations.

¢ Student’s Notes

Statistical justification: The Laplace distribution
Just as OLS can be derived from MLE under normal errors, LAD can be derived from

13
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MLE under Laplace (double-exponential) errors.
The Laplace distribution has pdf:

16 = g (-19)

If Y; = X[p + ¢; with ¢; ~ Laplace(0, b), the log-likelihood is:

n

((8) = ~nlog(2b) — 7 3" IV — XI5

=1

Maximising ¢((3) is equivalent to minimising _ |Y; — X/3|, which is exactly the LAD
criterion!

0.5 f(€) — Normal (OLS)
— Laplace (LAD)

Figure 8: Normal vs. Laplace distributions. The Laplace has heavier tails (higher kurtosis)
and a sharper peak at zero. LAD is the MLE under Laplace errors.

Computational challenges with LAD
The absolute value function |e| is not differentiable at e = 0. This means:

» Standard gradient-based methods (Newton—Raphson, BFGS) don’t directly apply
o LAD is typically solved via linear programming (simplex algorithm)

» Software reformulates the problem using auxiliary variables

The LP reformulation:

14
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Introduce u;,u; > 0 such that ¥; — X/ = v — u; . Then:

mﬁinZ}|Y}—X{B| = uJIrItln/BZl:(u:r—i-uz) st. ;- XB=u —u;, uF>0

This is a linear program, solvable by standard LP algorithms.

Quick-Reference Summary

¢ Student’s Notes

Lecture 7 narrative arc:

Topic What was accomplished

Just-identified IV When ¢ = p, the estimator simplifies to
(Z'X)~'Z'Y, independent of W

OLS as special case Setting Z = X recovers OLS: (X'X)" ' XY

Constrained spaces If B(“”) ¢ O, then W matters even when g = p

Objective reformulation | Constrained IV minimises Mahalanobis dis-
tance from unconstrained solution

LAD introduction Minimise Y |e;| instead of > €?; targets median,
robust to outliers

Key formulas:

Estimator Formula / Definition

Just-identified IV (¢ =p) | = (Z'X)"'Z2'Y

OLS (special case: Z = X) | f = (X'X)"'X'Y
Constrained IV minﬂee(ﬁ(un) — B) An( Blun) _ B)
LAD ming My (6) = 5 351V — Xip|

Figures in this lecture:

15
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Content

=
o

Three identification cases (focus on just-identified)

Matrix dimensions: when X’Z becomes invertible

Geometry: over-id vs. just-id moment conditions

Estimator hierarchy: GMM D IV D OLS

Constrained optimisation as projection onto ©

Squared vs. absolute loss functions

Outlier robustness: OLS vs. LAD

0 ||| W [N

Normal vs. Laplace error distributions
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