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1 Find the solution of the following differential equations, and determine the arbitrary constants:
a) 2y"(t) = 3y'(t) +y = (£ + 1)e’, y(0) =5, y'(0) =14
The solution of the homogeneous equations is:

y"(t) = Arel + Ayedt

Next, apply the Lagrange’s method of variation of parameters. Let the following function with time varying
coefficients A; (t) and As(¢) be a solution of the non-homogeneous equation:

y(t) = Ay(t)e! + Ag(t)e

Condition 1 : A} (t)e' + AL (t)e®? =0

2 t
Condition 2 - A/l(t)(et)/ + A;(t)(eo“r’t)' — %
Aty =t +1
Ay(t) = =(t + 1)

1
Ai(t) = gt3+t

Ay(t) = —e"51(2t% — 8t + 18)

Hence, the particular solution is:

1
yt) = (§t3 +t)et + (=52t — 8t 4 18))e"!

Finding a different particular solution (by a different method) merely results in different constants A; and A,
in the form of the general solution. We still get the same general solution.

The general solution is:
y(t) = 3e' (t3 — 6t + 27t + 15)

b) y"(t) +2y/(t) +y =1, y(0) =0, y'(0) =1
The solution of the homogeneous equations is:
y"(t) = Are ™t 4 Agte™?

The particular solution is:
g(t) =t — 4t +6

The general solution is:
y(t) = —6e "t —te 4+ 1? — 4t +6

2 Solve the following linear autonomous differential equations systems and construct their phase diagrams:
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3 Solve the equilibrium for the following control problem. Linearise the system about the equilibrium and

establish its stability properties:

maxJ :/ (20lnx — 0.1u?)dt
{u} 0

st. T=u—0.1x

The Hamiltonian for this problem is:
H = 20lnz — 0.1u? 4+ \(u — 0.12)

with first-order conditions:

8_H =—02u+A=0
ou
. oOH 20

T=u—01lz

which can be reduced to two differential equations in terms of x and A:

= —0.1z + 5\

: 2
A= _ +0.1A
x

The fixed point of this system is found by setting & = and A =0, giving «* = 100 and A\* = 2. Furthermore,
the two isoclines are found to be:
A =0.02z (z=0)

g

A (A=0)

Considering a linearisation about the fixed point (z*, A*) = (100, 2).
The Jacobian matrix of the system:
7o { -0.1 5 ]
L& o1

evaluated at the equilibrium point (z*, \*) = (100, 2).

[ =01 5
Ja002) = | 902 0.1



This gives the linear equations:
z=-01(x—2")+ 5N =X\

A=0,002(z — 2*) + 0.1(A — A\*)

The eigenvalues of matrix J is:
As = —0.14142 Ay = 0.14142

Which indicate a saddle point solution since the Hartman—Grobman theorem states that the behaviour of a
dynamical system in a domain near a hyperbolic equilibrium point is qualitatively the same as the behaviour of its
linearisation near this equilibrium point.
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