LECTURE II:
The Stochastic Neoclassical Growth Model
in Discrete Time

A. Model

We consider again the Neoclassical Growth Model, introduced in Lecture I. It will be
convenient to work with the social planner’s version of this model. Recall that in this case
the problem is:

max Y Bt U[(-0)k+Af (k) (14+9,)1+0, )K,..]
ke dzg 0

subject to:

0<k (1 5)k +Af (k) k given.
1 (1rg, )0+, )

But, in this lecture, we will substitute the assumption that total factor productivity is
given by a constant parameter, A, with the assumption that, in any given period, t, total
factor productivity is characterized by an exogenous random variable, 6 . We assume

that (9t is observed by economic agents at the beginning of period t. Therefore, based on

6)t and since capital (per efficient household) at the beginning of period t, k,, is given,

output in period t:

=0 f (k) (11.1)

is also known. Then, economic agents choose capital at the beginning of next period,

k..,. This observation has two important implications. That is, there are two important

t+1 °

differences from the deterministic case. First, the objective function of the representative

household can no longer be the same with the deterministic case, because, now, lifetime

utility is a random variable based on the future values of the random variable (9t (i.e,



(91,92,....). Second, the plan in the deterministic problem is a sequence of numbers.
But, now, capital at the beginning of every period of every future period, t+1, in the

future depends on the sequence of values of the random variable, (9t from the present

period up to period t. For that matter, we assume that the objective function is the

expectation of the lifetime utility of the representative household, conditioned on the

current value of the total factor productivity, 90, where expectations are taken with

respect to the probability distribution of all future values of o , given (90. And, we seek

a plan of future capital stocks, such that capital at the beginning of every future period

t+1 is a function of the past realizations of random variable o up to period t. That is,

the problem we consider is the following:

© ot t—1 t—1 t
max E( ? B u{@-6)k (@ )+6,flk (6 )]-A+9,)A+9, ki 1(6 )}‘«90)
@y

(1.2)
subject to:
t-1 t-1
Oskt+1(0t)s(1_5)kt(e )+6, flk (0 )] 13)
1+9,)A+9; )
(kO, 90) given (1.4)

where: E(O) denotes the mathematical expectations operator and E(° 90) denotes that

expectations are with respect to the probability distribution of {49,[ conditioned on

o0
+1h:O
490; A E{Q ""’Ht—l’ Q{}is called the history generated by the random variable 6

up to the beginning of period t and characterizes the information available to economic

agents at the time k., ., must be chosen. Note, that klis a number and k,_ . is a sequence
t+1 t+1

of functions of the information that will be available at the beginning of period, 6t For



that matter, {kt+1(<9t)},?iois called a contingency plan, as the information on which

decisions will be made is not as yet determined.

Before introducing the probability distribution of Qt, it will be convenient to introduce

the stochastic equivalent of the deterministic Basic Problem, we considered in Lecture I.

B. The Basic Dynamic Stochastic Problem

Note that the preceding problem is a problem of the form:

e, ECS B Px (07), %, (0),0,1/6,} (11.5)
X1 (6" -0 t=0

subject to:

X, (0") €T[x(0"),6]1 Vt>0 (11.6)
(xo, 90) € (X xO) given (1.7)
where:

x endogenous state variable

X set with the possible values of the endogenous state variable
f exogenous state variable
O set of possible values of the exogenous state variable

(xt : et) describes the state of the system the beginning of period t

[ T':X xX x®— X correspondence that describes the constraints in the transition of the
endogenous state variable from one time period to the next (i.e., V(x,0) € X x ©, P(x,e) is the

set of all feasible values of the endogenous state variable at the beginning of the next period, if
the value of the state variable at the beginning of the current period is (x,0))



6 €(0,1) time discount factor

A:{(x, y,0)€ X x X xO: yeF(x,H)} set of all possible combinations of the state of the
system and next period’s endogenous state variable

@ : A — R temporal objective function

We shall refer to (11.5) — (11.7) as the Basic Dynamic Stochastic Problem or simply as the
Basic Stochastic Problem. Clearly then, the social planner’s problem is an example of the

Basic Stochastic Problem, where: x = kt (Ht_l) , X=R,,06=R_,

- f
r(x,0)={yeR,:0< ysw}

(1+9,)A+9; )

and

(x,3,0)=ul(1-0)x+0f(9- (I+g )(1+g, W]

C. Probabilities

In general, the specification of probabilities in this context, requires measurability issues
that are beyond the scope of this course. However, we can consider some special cases
that are indicative both of the problems involved as well as how these problems are

resolved in the more general cases.

(i) Finite state space and iid random variables

Suppose that random variable 6,'s can take a limited number of constant values,

0={Y,79,,..,9,} and that the ¢, 'sare independent to each other and identically

distributed (iid) random variables:

N
Pr(0, =9,)=m,20<7, <1&> m =1 (1.8)
j=1



t
In this case, ¢' € ©' =X ©and for any 0'=(3,, %, %),

!

t
m, =Pr(0")=Pr(®, .9, ,...0,)]=]]x, . The objective function of the Basic
i=1

Stochastic Problem is:

QS Bx (072), %1(6).0.1 63 ECS " 8o (6, %, (6), 613 =

> 3 Holx (67, %, (0,01, =

t=0 ¢'ce

D%, %, 014 B D%, %, (09),6]m, +..+ B3 0[x (61, %1 (6), 6,1, +

free! g'eo!

ﬁtH Z ¢[X1+1(0t)'Xt+2(0t+l)'0t+1]7rgt+1 +...

6[+1 eetJrl

It follows as in Remark of Lecture 1, that if x.,(6")is part of the solution to the Basic

Stochastic Problem, it must be a solution to:

ma)S){Z D% (07), %2 (0).01m, + 8 D D%y (0'), %5 (07), 601, }

+1 Qt Eet 9t+16@t+l

Since,
D DX (0, % (0 0] = >y > D% (0'), %, (0",60,,1), 0], |
oHeottt 't 0,10

t
it follows that if X1 (0") is part of the solution to the Basic Stochastic Problem, it must be

a solution to:

max | > 7 {e[x (0°), %, (0'),0]+8 > P[x1(0),%.,(0",60,,).6, 7, 3}

t
%1(67) oteot 6,1€0



t
Hence, if %.(0) is part of the solution to the Basic Stochastic Problem, it must be a

solution to the preceding problem for the particular value of ¢'that will be known in the

beginning of period t,

n;(‘ax{®(xt'xt+119t) +0 Z 2 AR A (0t+1)10t+1]77(9[+1 }or

t+1 91-16(_)

Max{( X, X ,1,6) + 0 E @[X 11, %5 (011), 6,41} (11.9)

t+1

(ii) Infinite state space and iid random variables

Suppose that random variable 6,'s take values in the interval of real numbers

©=[0 ,9], so that:
Pr(6, g@):w(ﬁ):]@b(ﬁ)dﬂ (11.10)

where (19) is a strictly positive real valued function, such that W (« ) is continuous and
strictly increasing in ©,¥(J)e[0,1], ¥(9¥)—0asy —dand ¥(¥)—lasy — 0.
(Throughout these notes integrals are assumed to exist.) Recall that ¢(¢#)and W(:} )are

called probability density and cumulative probability distribution function, respectively.

Recall that for a continuous random variable, like 6,, its expected value is defined as:

E@,) = ]www - j“ﬁd ()

where the first and second integrals above are the simple Riemann and the Riemann-
Stieltjes integral, respectively (See, e.g., Bartle ( 1976), Section 29). Throughout these
notes these integrals are assumed to exist (i.e., the integrating functions are integrable in
the above sense.. Also, recall that for any collection of continuous random variables like

', the joint distribution function is defined by:



U(0')=Pr(d' <9')=Pr(6, <9

o !

0,<9,,..0<9,), where:  6'=(6,6,,..6),

t
6" e®t=2(1® and 9=(4,.9,,..9,). The components of ¢"are independently

distributed. This means that:
(') =Pr(0' <0')=Pr(6, <4, .0, <9, ,...0, <1, )=
Pr(6, < 19@1) Pr(0, < vJ,, )-.Pr(6, < 19&‘) = \11(19%)\11(19&2 )...\I/(z?at) = (1.11)

fw(ﬁ)dﬁjqp(ﬁ)dﬂ...fww)dﬁ

Now, as in Case (i), the objective function of the Basic Stochastic Problem is:

EQS Bx (0°2), %1(6).0.1 63 ECS 8ol (0, %, (6), 613 =

S [ B )00, 1P <900 =

=0 yicet

i
D%, %, 01+ 3 [ @1, %, (0,0, ),9, J6(9, )0, +...+
9

8 [ Bl )%, (01,9, 1Pr(e" < 0")dv!

V' ee!
+ﬁt+l f ¢[Xt+1 (ﬂt), Xt+2 (19I+1)’ 19at+l] Pr(0t+1 S ,L9t+l)dq9'[+l _|_
191+1€®I+1

It follows as in Remark of Lecture 1, that if x.,(6")is part of the solution to the Basic

Stochastic Problem, it must be a solution to:

max{ f B[x (071, %4 (91), 9, 1Pr(6" < 9")do" +

t
X41(0°) seot

ﬁ f (D[Xt+1 (ﬁt)’ Xt+2 (19“1), 9 ] PI‘(QtH < 19t+l)d19t+1}

Ay
l9l+1 EeH»l

Since,



QD[XIJrl ('19t), Xt+2 (19’(+1)’ /190‘”1] Pr(9I+l S /19I+1)d19t+1 _

19I+l E(_)Prl

i
1l [ [ oIx @)%, (0,9, )9, 1P, ém)dﬂ%}w(et <9')dv!
Ve

Q1
0

t
it follows that if %.(0) is part of the solution to the Basic Stochastic Problem, it must be

a solution to:

B[x (97), %, ("), 9, 1+ ﬁ{ f O[% (97, %, (9,9, )0, 1Pr(6,, <9,.,)dV, H Pr(¢' <¢')dv'}

INEC)

t
Hence, if %.1(0) is part of the solution to the Basic Stochastic Problem, it must be a
solution to the preceding problem for the particular value of 6" that will be known in the

beginning of period t,

Qg
X1

]
max{®[x, (0" ), ><t+1(0t),0t]+ﬁfd5[xt(0t‘l), le(Ht,q?aM),q? 1Pr(0,,, <9,.,)d9,
A

or

X1

max{&[x, (0 "), %.,(6"), 6]+ 8 f D% (0°), %1 (0, 9), 91 (9)d T} (1.12)

or

n;?aX{@(Xt, Xt+l’ et) + /8 E QS[XFH’ Xt+2 (QtJrl)’ 0I+l]}

t+1

(iii)_Finite state space and Markov chains

Suppose that random variable 6,'s take their values on © ={¥,,9,,...,9,} and that for

any given value of 6, say ,, the conditional probability of 6, is given by:



N
Pr(6,., =0,[0, =v,) =m; 50<m; <1&) m; =1 (11.13)
j=1

Recall from basic probability theory that for any random variable, w, that takes its values
on the finite set 2, and any two events A and B (i.e., subsets of €2), the conditional
probability of A, given B, is given by:

Pr(ANB) , provided that Pr(B) =0 (11.14)

Pr(A|B) = Pr(E)

Applying this property of conditional probability on the sequence of random variables 6",

we have:
Pr(0"*]0) = Pr(0' M6,,,) = Pr(d,., |0") Pr(6") = Pr(6,,|0,) Pr(6")
( (11.15)
= .= Pr(6,,|0) Pr(6,[6, ,)...Pr(6,|65) = [ [ 7., .0, = 7,0
v=0
where, we have used the fact that Pr(¢,) =1. In this case, the objective function of the

Basic Stochastic Problem, is given by:

EQ Fx (071), %, (6). 6,1} =

S 5 B0 (6,540, 01PH0 8)

t=0 ¢'ce

f: > B'elx (01), %,,(0),6,]r, =

t=0 p'co

ﬁ X, X 91 ’9 1 ﬁt D 9’(717 + et ,91 t
oty )+ 2 PR ONOIs 8 SR XA

+3 Z ¢[Xt+1(9t)1Xt+2(9t+1),9t+1]7791-1+---

€I+1€(_)t+1

Since,

Z @[XtH (et)’ Xit2 (9t+l)’ 9t+l]7r6t+1 = Z T ot Z q')[xtH(Qt), Xii2 (0t J 0t+1]' 0t+1] Pr(etﬂ |9t)

g*leott 6'cet 0.,1€0

t
it follows as in Case (i) that if if X1 (0 )is part of the solution to the Basic Stochastic

Problem, it must be a solution to:



Max{P( X, X.1,0) + 8 D PlX.1(0), %, (0"),0,,1Pr(0,,4[0)}

t+1 0, €0
or
MaX{D( X, X.1,0,) + 5 E P[X 1 X 15 (0.1). 0,110} (11.16)

t+1

(iv) Infinite state space and Markov chains:

Remark 1:

In Cases (i) — (iv), if there exists a solution to the Basic Stochastic Problem and
is such a solution. Then, Vt>0, x ,(6,) must be a

contingency plan {x;l(et)}zo
solution to the following problem:

max{e(X (0, 1).%.1.0) + 6 E 9%, X, (0,.). 0116} (11.17)
subject to:

X1 €1 (6,,),6,] (11.18)
X2 (011) €TTX,1,6,.4] (11.19)

Then, the following follows by the linearity of conditional expectations.

Theorem 1 (Necessary Conditions):

If ®:A— R is continuously differentiable in the interior of 4 and {x;l(«?t)}zo is an
interior  solution to the Basic Stochastic  Problem,  (I1.5)-(11.7)(i.e.,
X, (0') e int{F(xf(&‘*l,et)] ¥t > 0), then the contingency plan {x’,(¢")} " must satisfy
the following:

®, (X (01, % 1(6),6,)+ 8 E{®, (X1 (60), X ,,(6).6,,,) |63 =0 vt >0
(11.20)

10



Condition (1.27) is the, so called, Stochastic Euler Condition.

Theorem 2 (Sufficient Conditions):

Suppose that ®: A— Ris continuously differentiable in the interior of 4 and concave
and {x;l(@t)}zo is an interior solution to the Basic Stochastic Problem, (I1.5)-
(1.7)(i.e., x,,(0") € int[l“(xf(&“,&t)] vt >0), then if the contingency plan {x;l(et)}
satisfies the Euler Condition (11.18), the Initial condition, as well as the following:

00
t=0

lim BE€@, (.07, x1.(07), 0; ) (%, (0) = x;(67)) = 0, (11.22)

for any feasible contingency plan, is a solution to the Basic Stochastic Problem.
Proof: Left as an exercise for the students

Remark 2:
Condition (11.19) is the stochastic Transversality condition. If @l(xT(O“l),xm(et)),

X;,, (") >0, (11.19) can be replaced by the easily verifiable condition:

lim 6"E{®, (X307, %34 (0Y))(x:.(6Y)) =0 (11.22)

Remark 3: The Euler and Transversality conditions associated with the Stochastic
Neoclassical Growth Model are:

U, (€ (0)) [+ 0,)A+ 9,01+ B EQu, (¢(6,.)))[(L—6) + a0, k(8 )I|oy = 0; "L E N
(11.23)
BTE U, (cr (0)) Ky 5 (0,) |0 | — 0 as T — o0 (IV.23)

Note, that given the strict concavity of the temporal utility function and the non-
negativity of consumption, these conditions are sufficient.

Exercise 2: Suppose that x, € R" ,6, € RT , and :

11



o(x,y,0)=@,0"x,yYALO ,x,y)

where “denotes transposition of a vector or matrix. Then, the Euler condition has
the form:

BB X1.2)+BE X))+ BE x,)= C+DE 6,,)+ DA 0,)

for appropriately defined matrices, 5,,5,,5,,C,D,,D,.

Exercise 3: (a) Show that the solution to the Stochastic Neoclassical Growth Model with:

uc)=Inc; f (k) =k*, o €(0,1); 6 =1and i.i.d.#"is given by:

kH—l = aﬂ&t kta

(b) Suppose that Ind, ~ N(u,0%). Find the probability distribution of the optimal
contingency plan {k,.,}.°, and show that:

kt+1 ~N (Htvatz)
for appropriately defined means i, and variances o;.

(c) Calculate the limiting values of these means and variances as t — oo .variables

12



