
hectare 4
Balls and Relations

Second Countability

Boundedness



Given an arbitrary dleerie space CX
,
d)

,

XE X
,
ESO :

Open Ball centered at x of radices e ,
Odcx,e) = { gex : dcx,y>se}

Closed Ball centered at x of radius E
,

Oa Ex ,E]= { GEX : dex,g) Ee}
* Never empty though in some case "peculiar?

obey inclusion relations for fixed x .

* Separate points (⇒ uniqueness of limits )
⇒ CI

.

Balls and dominance

consider CX ,
, CX.dz) , X , E>O and

ED . Suppose there f-¥0 :

desc dz Ifunctional inequality]
✓ Go 4¥47 )⇒died

Lee y da ⇐ dye SEED cdzcx.sk
✓✓¥95 '

y c-Od
,
ex e) ⇒ Odz.CA?7EOdefxaCE7 .

Hence Vxeye ,@da⇒acx,cD E)
anti tone
transformation .

Ft



- Notice that CAS is equivalent to °
.

I C>o : da
.
E C da ⇒ As>o

,
AxeX

odzcx.se/DEOdaCx#T r
E

simply see in the previous ⇐Sk and notice
that since c>0 the transformation s→Sk
is bijective Kofoed → Qt D equivalence

- Furthermore
,

if I c0 : E¥ed¥
then Axed , f Odzcx, 8D e Oa,ex ,87side

{ oa.ca,Ee) E Oda E) ✓

and seeing E-8k we obtain-
feed, ¥0 :/Od±cEEE0d±C¥¥EY
IE

Ex
.

Show that the above also hold for closed balls

Hencea functional inequality relations between Metrics

imply inclusion relations between corresponding
balls of the same center.



A simple geometric example :
for X-1122 we already know (see lecture 2)

Efird C

suppose that
A-02×1

,
E-h
(r rand ""

.

OdI@OzxhEfE0daeocILQxhIfEOd.Ih⑨zxe ,E]
←D

regaining
Ex

. Depict the analogous geometry for every pair
of equivalencies between de , daeax, du .

C±
.

Neighborhoods of Balls and local
countable information



For x€X consider eye conflation :

o,
[dually E

E.g . in a discrete space this is finite

¥,X3
Jride:÷÷:::::÷÷÷÷

...is a neighborhood system of balls centered at £
In any case the sub

- collection (always countable)
I v

①n¥EBLdually EE Nig
retains in some sense the Saale information since

He>0
,
In*CD e IN

*
: Odcx,Yn*oD EGG,E)
To
.
for Ezo see NEED the smallest positednatural
greater that or equal to ME

.

⇒ Texas ← E



Hence the local information included in the

neighborhood systems to be Made precise later
in the course) is reducible to countable sub -collections[Second Countability of Metric Spaced

#

We are Now ready to discuss potential
properties of Metric spaces :
-

£
. /Baendedr

Remember ( lecture 1) that Otelthisbonded
off it has an indie and a Supreme⇒
A e [int A

, Supt] ⑦ IadR , eso A E G-Gxte)
= =

i.e
.

if I can be covered by an open leg .
closed)

interval of finite radius Cie. an open Cdosed)
ball in the usual metric)

.



Hence the notion is generalisable in every
Metric space:

Definition
. ④ is a Metric space and TEX .

A is called!%¥%d¥.iefw÷¥¥.-d-bounded)
iff ex.ee#zOdEx..E7 . ⇐

↳ existential quantifier
, zxexihfeaex.es

*
a.

An equivalent definition can be expressed via
- sodEXES

dosed-baks.tt Eee, teaches the
A E OdEx , due to inclusion . It axed ,£0 :

→②Cx,
SHI

AIODIE] then Asdacastes due to inclusion
-Cremealber the ball inclusion properties)
*b

.

The center of the covering ball need not reside(when A-1-0)

in A .
However A is bounded ⇐ FYEA, e>O :

AEO = = =

Proof
.⇐) obvious from thedefinition
-



ED) if IEEE, ego : Ae Odcxoe? choose
yet and consider 0dC¥etdx±s
It y=x (hence xet) ⇒ AeQ Cy ,d .

it it .
in

÷.

dcyiEsedcqNtEaQz5qdiwx3tE@ehetr.ineg .

T E
"
near,

since z.CA ball
ford

⇒zeodcx,

⇒ 2- e Odcy, dog ,x) te) ⇒ AEQcg.dcy.DE) .
€

Hence if A is bounded the center of the covering.
ball can be chosen to lie in A Cpossibly adjusting
radius)

←
fallenivereally)

*c .

0 is always bounded . Every open or closed
ball is d - bounded Coboious)



*a . CX
,
d) is bounded iff X is a Cd-7

bounded subset of itself .

*e. It BEA and A Cd- I bounded then

B is also Cd -7 bounded ( Bette Odense)
- Hereditary)

*
f . Deny the definition) A is not Cd-3 bounded

itf FXEX
,
e>O : A ¢ Odcx,e) ⇒ r

④EX
,
e>0

,
7- yet : get Odcx,E)-

=transformed to the universal =

gheantit-ere.gr§ ,
du) is not bounded since AxelR , e>O
- -

g :-¢Cx-e,xte ✓

¥ AXEX
,
E>O

,
Od CX ,e) , OdEx ,E] are

d-bounded

since they are Beef-covered ,



*
g .
( Metrics Comparison) Suppose that I :

t
da EEda and A

,
is da - bounded .

Then A is also de- bounded#

We know that facts E> 0
, Odzcx,e) EQ

,

Cx
,

- - =

Since A is da - bounded
,
FxEX, Eso

o

.

-
= =

AE OdaCx,e) E Od ,Cx,cod , hence it is de-
- -
-

bounded .

-

[Boundedness cont . the dominant Metric =D

boundedness air.E . the dominated Metric]
equivalence

It Moreover I
,
Cso : Edes descda

then obviously from the above :

Boundedness co .it . de ⇐ Boundedness war .E. dz

e.g . in IR
" A is da-bounded iff it is dxx-bounded

where It
, AA = I ,Max , l l Ff



This is a first example of "properties, similarity:
two equivalent Metrics identify the same subsets
of X as bounded ( it could be useful : e.g .

Maybe easier to show that A is de - bounded)
** if t is finite⇒ it is d-bounded Ad (universally)
suppose Ato .

Set S : = dtyaxydcxy .V Since A finite 08400

Then AE Oacx,Stef fact sinceit yet ,dcxisk.dk#.e.dc2h7hSttI
fExamples as yeOdCasta

t
. Every discrete space is bounded : ⇒ Asod castes

CX
,des ,

AxeX and est Od
,
ex,D=XZX .

Canother peculiarity for discrete spaces; it also

shows that boundedness depends on the Metric:
112
,
de
. is boarded bat IR,du is not .

I
. 112"

,
dmax is not bounded

.
Consider

=

XEIR '
,
Edo and Odua×Cx,E) .

Let
= =
-



EXE Cxi,xz3

year (Ig!!Egg) rana notice that

daeaxc-xip-esdf.sn/xi-yil=dlo:xnl2el--2eE
-

=

⇒ get 0dm God .

So 112"
,
de and 112yd , , are not bounded

Follows directly from 2 and Ag and equivalence .

4 . Consider Rn
,
du and let A- Ex.dk " : Xi --Oort

,

-
-

it
.
. . . ,n3 Fraueaeber Aid , is the Handling]

Then Od
, ,E0nxa , B covers A since it xet :

- IF ⇐A

=

=
Xi=L
=

di , ⑥nxe , x) = # E ish . .
.

.n : Xi to} In
=

=D Xe Odi,[00hAM] .

-



Hence the Handling space is bounded .

⇒

Ts. For Yt% consider CBCHkd , dsaid .

Let A e Bai ,

DefinitionTAisuniforaelgbocendediffsEI.s@gttEa.lstar#thisholdsfor every
f-↳

this is stronger j it requires
a Joint property for the A

→lanf
family .

Lemma
.

A#is @sap -) boarded⇒ A is uniformly
bounded

.

=
==

Proof
. Suptpose -Chae§¥§%HcDl



Set Ss¥f¥yl. If 8=0 ⇒
f-exo - O fact , AteA ⇒ A : = E •3

(adhere @ :X→ IR
,
0cm =O Hae Y - obviously

• e Bal
, IRI- why?) hence A bounded as finite .

if Seo then consider %p '

⇒
Then it felt

,
d
supCE, -

sgp, Hans
-0cal -
-→

- syep, if Is sg.us?as.y.dzlgcxol--E--nteOa..paI.
-
-

Hence A is deep- bounded .

⇐D Suppose now ohoce disbanded. Hence

7-get , e>o : AE Odsape915 t
=

= =
=

=

=

Baig
.

s:*. sexyC-



= speedy sheep,
I tgcxsles.y.pgyepfl.cn-scale

↳cab i¥Iaen
.

feodsiep
'S

→
GEBGHR) off

= ftp..su#g tgx7 Goo , hence
#E Tsao

T ve
←
IEEE t qq.pe/scnt=eIseqplgix4A is uniformly bounded . End of Lecture 4 .

* Uniform boundedness : an analytically convenient

way to characterize Cdsup-7 boundedness .

Subexamples:

t
. HIN

,
BUN

,
IR) space of bounded real

sequences equipped with theuniform
Metric

.



Let A :{e; -10,0, . . . , 1,0, . . .
o
,
.
. .)

↳ imposition
sick}

Then qq.ps.gg,
Hank sheep,nleinl

-

siege snuepn HE III. I
- signs:*

'
-
Hao

hence A uniformly bounden⇒ dsup bounded
subset of BGN

,112)
.

2. X - Eats , BLAH, 1127 , dsup
L>O , AE Ef :[913-0112, Koko, FayeEAI ,
If - keys ) SL Ix-yl)

We have proven that 0 #ALE BGods , IR)
Is it uniformly bounded?

Ha
.

""" se:¥s÷%
,

Hex. -hole



→
70

sup sup LIX-01
- Leep x = Lt =Lcxoo .

f-chxc.at]-
-

XEEOAI

independent
off

Hence A is uniformly bounded deep - bounded
subset of

"

BGoi.HR) .


