
Lecture 2

- Further Examples
- Dominance Relations



Further Examples
* Remember that:

- A Metric space is a pair Cbd) where
→ Metric

X ¥0
,
d : XXXI 112 such that :

k i
.
Hay EX, dcx,9730 Cp. d-7
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iii thisEX
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dcxip-dcy.io Gym .

)
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Ayy,zeX, dcxiskdcxszs-dcz.gs
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- When only ¥) in ii then *pseudo-metric
pseudo metricspace

- Every Hd can be equipped with the
discrete Metric ⇒ the collection ofmetricspaces
is
"

vasty

Exe: CHR
,
define decay, = { 9*9 ✓
-

=
C
, x#g

for what c is do a (pseudo)-Metric ?
- Is de related to de ?



- It is possible that the same carrier can beequippedwith More than one Metric
. -w

Example :tazza Information Theory

NEIN
*

,
X -- { 0,13

"
= { Casa, . . . .Xu) , Xie Lo,E3
= Tisa n-dimension

firkin , 43 bits ofTnfordeoction nah vectors

E. g . u--2,
X - {0,07, co,D, 407, Gil)) etc
- --

dit : Xxx -0112 is defined by :

EyeX , dacx.gs :-# lE¥no. xi±yi}
a
'

da ( cool, CH)
-
-2 " number of disagreements

dal Coo) , =L l between

x.gg#tcx,yssnV-x,yEX
hence da is a well defined real function
and pod. holds



- D= da Gip ⇒ x and y nowhere- -

disagree ⇒ x=y Thence separation holds)
- da = # fish. . . .,n : xi=yi3= # fiction ,yitxi)
- = -

==dHIhence symmetry holdsJ
- if a,y,zeX then

#§ it . . . ., n : Kitai} u { it , . . ,n : Eityi}]J
torsion

-

I# { is , . . ., n : xifzi) t # Either, n: zitgi} =
-=dHCx

,
Es t da Cray) CD

Qed
#

→
since it can be that

✓
xitziandenityi but Xi --yi

" { it
,
...ir : xi-tyc.IE -{it

,
. . .,n :Xit?Do-
- r- edified
{it,.- in : zitgi3 =D # fit, n'- xi-ty.gr-
=
-

I #@ it, .in : xi-tzi3uli-fr.sn:2#yi3 Cb)
--

r

6) ⇒ditd9#
[hence tr. ineq . holds since xiy,2- are arbitraged



-is da Useful in error correction in Message
transmissions

,
etc

. 0

Example : Metrics via P.d. Matrices

nN* , ¥12
"

,
A is an nxn strictly

positive definite (symmetric) dloctrix ⇐ s

f-xc.IR
" xowith equality iffa.com ,↳ Colleen or row vector

⇒ all the
,
eigenvalues of A are strictly positoe

readdue to symmetry
e.g . A = cidnxn.co , idnxn- (÷%÷¥)
t.a.tl#22 is defined by
da Cay) : = ( Cx-g)

'

tcx.gs)
"

# EID"

- since n is finite and A is positive
definite of daCay) 2-100 Ax

,ye 1129



hence da is a well-defined real valued
function and 9.d .

holds
.

- O = da Cx ,97 ⇒ D= (ex-g) 'A ex-YDK
- -

⇒ O = Cx-g)
'

A ex-y) X-y= @nxt
-_ A is=

=

strictly⇐ tEE¥a. .
⇐I x=y hence separation holds .

-

- dacy,x) = f@xItcy-xDk.fEcx.yB'A
-
-

=

EfxisDJk_CEIcx.yitcx.yDk-t@x.y)
'
A ex-y))

"
I da ayy)
-
-

hence symmetry holds

- Exogenous: Cauchy - Schwarz inequality
if tis then ¥tyfs④Hx¥(y*Hy¥, fxgyac.ir"

not ntecessowilly#
Strictly positvedefinite .
-



how it x.gf-c.IR
"

then

dhacx.gs = @y)'t Cx-y) = Cx±z -g)
'
AGH -g)

- -

=

= sit't CE-⇒tot-⇒FEE:insp. I= 1)A.GE#ea-tsD=rr--gE-zIAEDtE-zHuEag?IEyItcx-e7ty
⇐N' ta -od -- - ¥7::

'i

④
'
'④ but are 1×1 ⇒ coz

*"
"⇐"

✓ r

= E-E)
'

A ex-⇒ t Cz-yl
'
Aca-yl t 2ex-a)

'

Acey)

-daIdaEEyiAEr/
2- datxihtdatzipt2lcxasttcz-yJKI.cn?eg .

-
=
-

Es
. ineq.tn?cMEtdAIzisst2&LEEgjJx*=x-#

y
*ez-y Iacx.as data,up



r r u r
= dahCx ,⇒ tdacz ,g) t 2 dacx ,⇒ data,g)

=@ACx,⇒ tdaCED)
-

hence we have shown :

dA2cxisIE@n.ca ,atdace , TED
'

- Monotonicity
✓

of f.

da Cx,g) E DA KAI tdacz.DEhence the

triangle inequality holds]

* Show that when it is "only" positive definite
then da is a pseudometric .

I

* When A- idnxnd.exipn_f@yI.Ix.yD
'
k

I

=

'

ex-a)
"
a Kx . - is. . . . .

.
*as y

'"

-
-

= fcxi-yipe)
"
Z
- Euclidean distance

fsquared deviations



and 1423 de) is the
"

Usual , Euclideandletric
Space .

-

* When A- e idnxu
,
c>0 then

dAcxiD-f@y3kIcx.y ))
"
2
=

= rcC@yIcx.y))
"
Z re da ex ,y?

Ihence it is possible that different Metrics-
on the Soane X- can obey relations between
them]
* When nah

,
1121112

,
A = C with a0

an:¥÷:÷¥÷i" Iwhen ⇐¥ (and thereby A- idea)
de ex,go = IX-yl =dyCx,y)
- -



and thereby the Euclidean Metric is our
"extension , , of du ou

"

higher dimensions

Example : dhetric defined by the scene of
absolute deviations

X -- IR
" (as before)

,
consider

=D
, ,
: 112342" -2112 defined by
=

x
,go.IR

"

,
di , ex,go = Izki-yik

-
-

÷?duCxi
- Obviously osdmcxisse-ootfx.y.dk"

hence dm is a well defined real function and

g. d .
holds

.
•
fish"M

- O -- dueggs⇒0=7,2 lxiifil ⇒
-

-

Hi -yiko fish, n ⇒ Xinyi fish, n A-y .

- - =

hence separation holds .↳dacxiisi1=0 fine . . .., n



ski-billfish
. .,
n

- du Cy,D= t.Z.lyi-xil-I.nl xi-bit =
I

t =

- di , Cay) hence symmetry
holds

=

- if x.yozelth
"

,
dncx.gs = lxi-Yi)
f
- n

= !¥lxi±Zi-Gil = cxi-fisttti-y.is)
- r

= ,
←

-0k€again useTriangle ineq .

We "interpolate,,Z for absolutevalue

1- Cixi -zit tlziryil) Ki -zit Ki -gil
tr . ineq .

=
=

=

for absolute = di
,K¥4 , Ca,y)

value hence the triangle inequality holds

* When not di , ex,y7= lx-yt-ducx.gg
hence d

, ,
is also an extension of die to

"higher dimensions .



* e.g . A-2 d
" ( C?#H) -

o
' " '

0
= 12-1 It 11-21
=2d±CCD , Ck) ) -HEH't GET =

henceda
=

"

J

Example : Metric defined via the Maximum
absolute deviation

¥12
"

Las before)

daiax a 1124112
"
-HR defined by

NEARY daeax Cay) := ftp.xnlxi-yil-df.ae?...nduExiisD
- Since n finite

,
of ftp.q?,nlxi-yilLtoo

hence duo, is a well defined real function
that also satisfies p.d .



qofi-hgnr.in
→

- O = dmaxcx,b) ⇐ o -- ftp.x.mxi-yil#D→ ductiisie-lxi-yikc.se
.
. .

.

,n

←

lxi-Gil -O fit, n ⇐, ay
hence

separation holds . →autosome symmetric
- daeocxcy ,xD =ftp.y?,nlyi-Xil--dlocxlxi-yili=tiif--ddlocxCxis) hence symmetry

holds
- ifx.y.zetrgdmaxlxoyt-d.gg?.nlxiIfil--ftp.?,nlxiIZi-Yilt-dlocxCxi-Eiltlzi-yil)F- remember intr

" theproperties
¥7?.nl Hi-ai) t Gi-Sill ofsup

+ trained .
for the abs .rake

± dfo.nu?.nlxi-ziltiff..a.,xnlZi-gil--daaExihtdmoeE497again
propertyofsllp hence the triangle inequality holds .

* When nth , dosaxcx,g) = dtaxlx-yl-lx.gl
= decay) hence daeax is yet
another extension of da



* A-A
,
duo# (Gtf'd) =

= Max {12-11,11-21} = Max411,1113
- t t dull? ) , l'D)" f
=

* a.ec#kD--fE-t-
More generally for n> k

u
n

CR , da) F CIR,d, ,)
X n

* ✓
④ dmocx)

r

However Notice : Hayek"

ca) = dakxxcx.yt-dlaxlxi-yilt.FI/xi-yil--d,,lxiy5
- -

as - dncx.yk.tn?lxi-yilsI2dl.q.?.nlxi-yil
"÷,- I

got( = n.i.no#ntxi-yil--ndoeocxCx,y3 ,
co) - dkeaxcx.yt-fdlocxlxiryilf-dlaxfxi-y.cl)

=

"
=

e- II. cxi-yit-d-fcxiy3-bdaeaxcx.ykdzcx.es)
← Monotonicity =
of r.



d.) - d?cays = cxi -site deocxcxi-yi5
-

-

⇐ n . dlocxcxi-y.DZ = n @axlxi-y.cl/--ndaeocxCx,y3--bdICx,g7ErnduaxLx,g)
Mon . -
off

Hence byod.co#jduaxeduFde*duaxEdnrChengtiggafi.nge)
T du E n

duocxvbyco2.SIhence the three
daeax s de Metrics obey

d.. t.EE/t:i:::n:du En dI
¢ bycatCD

I die rn dm
Indu Edrndn



* More generally for de
..de Metrics defined

on X :

i
. des dominoes de ith r
3- Cso : des G'da [functional inequality
F - ⇒ die

,ykcidzcx.es#yeXg
ii. da is equivalent to da itt

✓

da dominates de. and de dominates dz

Exercise : da
. is equivalent to drift SegCFO
- -

:edes
-

Hence de
,
dm

,
and douax are pairwise

equivalent
* i.e

.

different Metrics on the same X can obey
dominance relations [based on functional

inequalities
→ We will boater on the course see what
this implies in terms of properties

end of Lecture 2
.



Example : function Space
For K¥0 consider Bct, 1127 and let

dsap : BLURT XBCY , 1123 →R be defined

BY? f.go.BG/dR3,dsapCfg7-.--geupylfcxs-gcx2l
Notice that 8
* sheep,

then -gustssy.gg?CfcxdHgcxol7yt00foo

t.su?yHcxoltsxeuqlgcx4e+ootigEBCb.lR3
Hence dsup is a well defined real function .
* Obviously qq.pe,

Iha -g 130 Ffg
hence pd .

holds

A O = dsupctg7-eo-sge.dz, lfcxs -geol
⇒ If -gaol =D Axel

' ¥=g they



⇒ f-g hence separation holds

* deep Cg,f) = steep, lgcxo-fcnlgf.ae#rysuplfcxs-gcxol
of l . - ol

=D
sup Cfg) , hence symmetry holds .

* if fog,be Based

deep Ct,g) = s¥g,
lfcxo -gcxst-sq.pl feathers-yeah

=

gyp,
I cha -head - Chen -gcxslzsapftfcxs-hcxdix.cl

+ thus - g DE sup thx-hcxsltsup, then -g I
XEY

= dsap Ct,b) tdscsp Cls,g) hence the triangle
inequality holds .

To BE CONTINUED . . .


