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Course description

The course is essentially an introduction to notions of mathematical analysis appearing in the
theory of metric spaces with applications in economic theory and/or econometrics.

A metric space is a non-empty set paired with a distance function. This structure enables the
generalization of analytical notions that are available in the real line like boundedness and con-
vergence into more general frameworks—e.g. in sets of functions. Thus, topological notions like
sequential convergence and function continuity, as well as non-topological notions like (total)
boundedness, uniformities and completeness, as well as their interplay, are examined.

Via the vocabulary constructed several applications are considered. Examples involve the issue
of approximation of optimization problems and its subsequent applications in economics and/or
econometrics. Some fixed-point theorems are also derived. They are used to establish existence,
and occasionally uniqueness and approximability, of solutions of general systems of equations.
They are applied to problems in a wide scope of areas like dynamic macroeconomics, game
theory, general equilibrium, etc.

Remark (e-Class): The course’s e-class contains the course’s blog, notes, exercises, further readings, and
information concerning the lectures, corrections, announcements, etc. The relevant material could be
updated during the course. Students must consult the e-class systematically and are strongly encouraged
to upload questions, answers, comments, etc.
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Outline

The following consists of a synopsis of the course material. It is understood that any partial
modification, rearrangement, etc., is in the instructor’s facility.

A.1 Sets, cardinality, sequences, structures, and morphisms. Metric and metrizable spaces,
metrics, open and closed balls. Topological notions enabled by the existence of open balls:
open and closed subsets, convergence and separation properties, continuity and characteriza-
tion by convergent sequences, continuous mapping theorem. Compactness and connected-
ness. Non-topological notions: bounded and totally bounded metric spaces, metric entropy,
metric completeness, Cauchy sequences, Lipschitz, and uniform continuity. Topological com-
parison and general comparison between metrics defined on the same set. Examples: dis-
crete spaces, Euclidean spaces, spaces of bounded and continuous functions, etc. Self-maps,
contractions and the Banach fixed-point theorem. Approximation of the unique fixed point.
Generalizations and the fixed point theorem of Matkowski. Retractions, the Lemma of Borsuk
and Ulam, Brouwer'’s fixed-point theorem and generalizations.

A.2 Applications: Convergence of sequences of minimizers and approximation of optimiza-
tion problems. Parametric optimization. Existence and uniqueness of solutions to functional
equations such as the Bellman equation in dynamic programming, or the Fredholm integral
equation. Differential equations and Picard’s Theorem. Existence of Nash equilibria in games.
Sequences of games, notions of limit games and convergence of sequences of Nash equilibria.

B (if time permits) Probability theory on metric spaces. Borel algebras and measures. Mea-
surability and random elements with values on metric spaces. Polish spaces, measurability
of suprema, the argmax theorem and consistency of M-estimators. Examples. Wasserstein
distances on spaces of probability measures with applications in economics.

Indicative readings

The following references are merely indicative. During the lectures this catalogue can be en-
riched with further readings. In any case the students are strongly advised to study from more
available sources and try to solve a plethora of exercises.
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