’uﬁuaem economic. ,tHEOV‘\L’l ormcxibm vandom _yedtors uthose (go:ndjtimwo_,z

on _some imformabon set  or uwccmd:ﬁowoﬂ expectabion s _2exo L?!’ At

is_formed uith weppect to the ralonant. _untnaun _distrbution. (identification
Coﬂout\mﬂ This dzﬁj'nm o 6emi-mmmetﬁ(_ stahsatical mode! unth e’nouc(;/h

stnyctuxe 50 on ab fast one cutetion Junchon con be construcked _upon

A _simpfe  exommple 15 _the Insttumentol Variablen _estmator in the entext

of the semiporometie fimeow anodef _when the odhoadnmﬁﬁ:g conolitions

inwolye  Ahe  vepiduals _ond @ matnx —of _iretrumentol _vanabien

(onsidexr _the prowon (fu\ doﬂmed bru 3 = %, b, €, J'a) f,_;B ana o vedoy

(1%q)

B A Jor whidn_ u&_.!.me_.xhe,tmE(ng\ Q_, V(e/2) =T _uwhere (eh Leapia QL a’tﬁdﬂi{

(1xe)
5+ahmaxu amd pmocbc white Noise  proed

Given__a_samply (1J{,x.”;z)“‘_ ~..5uppose._that Oux mitexest.. cemtern on e/\_/hmo,tma

the unimoun vedtor o) paxameters B,

(l—n mony Ame - senen moddn the 5et o? vaso 3’)’\5‘1'V‘um€7\’tf) to  choone fvom

[7) mo\cawu mO,m.tg 5Drwohﬂq imto _an QO:ﬂ noni

variobfe omol oos@nbﬁu e:'mhmoﬂg their Mﬂmoﬂ%ﬂ

Givers _thot  E(elD=0 _aond e=Y-Rb, _ Jrom the structile of_oux
mmodel we have that :
BiQxe =B Mloe) -t 7(J4-x6)

_and o
Fo (M (w0 [2) = E[J;_;;(wx@ /g] = %,,—:7’,&@’/:13—,0.

gt

_Atoo

A N CE ISR VAR 2 (xeere-xe)/2)
- ®




. L 2E (% (6B [7) & L 2'€le]2)

’-jLT"' :fE(‘Al?) (60—63 : 0 = lﬂl

gsr THY q®ri

which is_equal #0 O, il and only if 6=bo

[n order to emsure that the above (imeav velotion is I-1, it_must hofdl :

romb 26X/ =q © {bsq, vant 2 ¥ q mmKF(x/;ﬂ:o,}’

b= by & Eéo(JJT (w,63)= 0PI

L o |

The aforementioned is equuvallent 4o I E%,MT(w,(b\":o iff #:=60

Thus | c())jve—n Athe (C OLQO'Y\S with _the a—nafaag prmdiple amal the propertien

o] _morms on ueckDr épacen  urt com defime the objective Jumchion :

O (we) = [ M, (w b')ﬂ?, = (1T_, :)’(\/fxm)’u}r (iq :)’(v,xfz,))

Q
wheae W, 0% = R™ ia a wao()Mh‘ng matris_which ia oppropriotely

measuxoble ond ¥ b Wy (m,eaMS‘L»a R > a B - afmost 6(1&0}/) ¥ w

poaitive definite

Wence _tne W eptimodor ie denoted by -

b, = QIO MM [/LQ’(v—x@\le [ Q’(v-m\\]
I e [\ T /]

Jesymption L2 O= R (= we com obton an o'naﬂblt)roﬂ exprennion o)

the eoh antor\

Fo.C

00: (wh) _ 0, = -2 X2 w L (Y _ %) =0 < Xaw, (2'Y-2%6) =0

b

(AN Wwe @V = D w. @b = A& = [ (x2) w. (;?’xﬂd(x';ﬁ w, (2v)
P ——— ' L 1

A




sine A is mon - ﬁmgu!lar 3,ive'n ihe_identification condibion (romiX:q,
yomb 2 %q\ and _the fad that U3, is positive defrnile

5.0.C
00:(we) _ 9 %2 ), :h( _ 2 (xDw, (ZK)
b8’ T T

which is a_quadrakic form ond sine romt-2%q  vomtX=q
anol_W. is PD. it is PD.

Asymptotic Properhen

__(ongiatency
b = r(x;?\ We (:7'><3—| (X2) W (2%
r(m Wy (2 xﬂ (£ Wy 2 (xema
. B, + f(x:n uof(gxﬂ (XD Wy 2e

_____':;b%((' IT ' (J_T;'n\j-‘/li ':z\u)(' ‘32'5
LR Rl A W B =Ry A W

) Hon 2 : {:zé,xﬂ i5 joifnwj: 5tﬁ(ﬂbj stationary ond dﬁootic
wiere (2,), omd (xQ) are  vector procesned
__Tnun, the_above impfien studiy stafondrity andl exooobwtu Jor evety of

tne imuolued yedor procenned (the'n e efemnent 00 the vmmr forms

Mumiqmie.ﬁna%”ﬁmomgzapmuﬂomc proces - the comverne | houterer
i5_mot  true)

___Assumption 3 Elxlal 24

ela'e] 24+




Henee , by  Bidhoffr UN -
J q

-
-—-——'—="r"-—iz—ﬁ«'—2r - &( x;:t) P as

T T ] '
LT /X, =2 T (x/2) — E[(x;:?:\]" £lax) P as
4=

{ e

‘_gr;ztﬁe{____e(gt L« efe(ale) ] = €[ €S JD]-0  Pas

Assumphion 4 : We = W P _as.
' exe

Chun, due 10 the CMT :

"—L(*T”L’j )JQT(JT- 3':2 X \\ — [F (%2 W E(:e'xt\]" P as

-

(',l__rs,je_,_(ﬂp( .l:?c\ — 0__P as

T{;v

Thexefore,
Y S N fE(x 2.) mn,f,“(aex\—l P as

He by P _as

hene __ the GMM aV)  evhmoalor i 5tv0ﬂgfb: @nsistent




_Amdm'\ptch'r_ Distnbrtion

_Given _the comsistency o) the GHME we com mow deuve

ikn opyrnD totic diathbution

Pememben _that

be = by + [/..L_j'xl:.h
L\ T e

~_7
=
\
X...
KA
u\
L
En
)
o
R
7
e
\

T (o) <[ (4 Tz 1 T2 (T w1 Toe,
LU T e / \T &= T UT & Jj WA |

e

Given __Assumptions 1-4 and the |dentificaion condibion in order to Dimd

Ahe anumptotic cistnbution o) the esbmator | we need to 6treﬂ8:fheﬂ the.

Oﬁhoao‘noﬂ}#b! conobons

ssumpbon_5: {71 is a martingale diffixenico vectnr procns wit. o
figtraton  f, a2 2. __ 2., e, €, )
< 7 7 Ty AT GT ¥ +=7F +=a 7 7

unth El&f:)t':)%l < teo

(which _implien that . (ze) (co & adopted 40 (£ en - E(ela/z )20 $te2

- E(g/e, /ﬂ)sO’ ¥ te 3  s0ut i5 aduaﬂﬂg a_squoe ma:utiﬂcjaﬂ diflorence

520#1 Z‘Y’l(ﬂ\/

A suflicient condition for the oforementioned ansumption is thot

Ele, [f)=0 ¥ t € 7  hich meoma nat beniden (e), . being o 7.0

U &

sequenw it munt alpo _bhe o-dhogmwoﬂ not o*n@g to _dhe cwrent but olno 4o

the popt matruments .

\(he}mﬁg, by dhe (IT Jor amd.  procennes (ootuomb: a_mulbivarnaty uewsion 6f
Ahe CLT\)
I J 2)e
T

.2 . w0 5) wheeo 5= e(e?22,)




Thun bg ‘)0:112)!(101'/) Theorem :

ST (pe-t) -2 2~ N(a_av, )

: -t - — -1
where AU, = { E(x/2) w E( g;xﬂj e(x 2w Fle2a/2,) w E( :zi’xb[ EC/2) W e(:;xtﬂj

= (a5 _u 5. Do WS U Doy (5@“’523—,

Ns e con see  dhe ooumoinhc VO amMco 00 the GMME dependn on Uy 50 the

M%WMWW pmptotic eﬁ!;r;mcu ?

—Atro,the osympiotic vavance depenols em &, _and_,MM__ihoi_cmﬁm_cL_

it may be mﬁmﬂghrnﬂﬂ\ljj uninoum 50 4he isaue of consiastent” entimation of

Ane mgmotoﬁc VOO ocCux)

Howenex _in our cone we have avumed thot the exzors axe cmwobtvowoﬂu ~

homoaledlantic  whieh imnlien zhat

6=F(€:3;Qt\ = E(E(e‘-f :1{"2:/2)\, = E(F(ef/ ' - €(3/2) -5,

thup _ 4he onbmwptotic variome of the GUMHE s
-t -1
A, = (5, w5, ) 6., WL ws,, (5,ws,)

which deen mot depend on b so the epbmabion 16 amuch  eanier




Dptmal (_Aﬁqmpto{—ia Weightime
[ L) QrunD

In_the woy we defined the GHM entimator in oux cope of a fmear model

Wwith inefrumental vanablen an b, = arq-mm /—/JT—- 7'(y-x6)) m.rf..'_.z’(v—xzhﬂ
‘ ! J e W / Ut /1

we_obsewed thot the eptimotor dependd en  the morm we have (omsideredl

(in_this come it is the mnorm_#hot axieen fram the velevent quadvatic form

ie. irnex pmduom, ;thejmbbl bg the eefouiant we,i%héj'na matrx__( Howewex ushen

¢=q vemember that the GMME do mat depend on dhe um’z,hﬁﬂa Mot

since B = (:J’x\;';?'\/).

Co'naidex'mg - the 8@1\210!2 cane where (vq we obsewe hot in contront 20

the issue o coﬂf)isfmcg i the~0/)3'rnptoﬁc yarianc  dependnd on the choiw of

the iw%hhﬂg matix  hence the quenkion o optimal aefection of this matrix

axisen motuxally with o views fowards ihe ongmptoﬁc Q,%j()é‘htbl of the GMME

We uill advenn #nhia ua‘mg o Gounn- Marfoy araumeﬂt

Remember thal

-1 . | .
Ay, = (F(xgaﬁ'u}r(zgxﬁ] E(xt’:»g\ui 5 w £C2/%) [E(x:’:@ u}E(j;xtﬂJ o b

°—(6,2 w 629-' Sea WS W S, (502 wszl\"

[ermma = When {ro omd W: 5" then AV 1a mimimaol

Proal : Firat motice thot when W= 5" then

W, (5= (5,578,055 5'65" 55, (5,575,

(5,578, 5,59, (5,975

it

(5,.5"'59,)"

it

7

we oncduole 1o on e_xprmoion simifar 1o the cone whexx £=q

whidh 15 on _indication thol fthe varomC i5 fruﬂi; the oPﬁmo]

Hence, it aufficon to0 Show that

-1 -1 -
(5 135,0) 5ua WS WS (5,0 WD) - (B,wS )  is positve

semidefimite in ordex 10 prove that (6,,36"63,3—' is_the -minimal

®



letn wnte the D»reuvmm dn@ﬂaoﬂa aon

(5,.W5,) 5. W5 W5, (5,w5.Y - (5, 6"5 R ‘)"65 "5 (508" 5.0

Since S 15 positive 5emideﬂi'nit2 bu ihe Chnﬂa/)lu decomposibion [ decomposi-

bon n(’ Q. ooﬁqhue (fmnﬁdoﬂmvfa mgfnx imto_the omdurt 00 a_ flower b’)anguﬂor

otk omd itn cm:uﬂgzg_imapm_l we com write 5 on H= 1L where

L_ia a sguare Motz

Henee  thne ohove dijW'ﬂ(y com o um‘ﬂm an : :
_ -1
(5,5 meq,) a,. wi'wa,, (5,.ws, Y - (5.9 5, 5,457 854 (5,5 'S,

In_ovder 10 prove thot it i5 positive Semi definite it sulficen 4o prove

thot it con be wntiten an pB (sme euery positive (ser) delinite matrx

han o Chofenty dermrpoaiﬁo*rﬁ

tssertion - [(5.ewS8,) 6w = (5, 55 Y '5,, 5"] L= B

BP = [( 5, W52 Dep Ut = (5,575, 5 5 ]u f 'S (5 urS) -
= 5—‘5qv (‘)v: C) 5‘\\(3

P} -
= (4., W5, Y 5wt uss,, ( ’:L.mi.) (5.w5. )5, wit's™s, ( 505 5ax)

(5,555 5711 ' Sae (G ws.) + (5, 6"5‘.3 '8 5 S 8y (555 Sax)

- W () - (805750 [ (505752, T ¢y (5

A
- AV, (W) = 2 v, (57) « _A\/éT(n—q.

3 j\\!g () = AV (6‘3

\&z——_a'g

Thezdow when l‘ro Hhe _ophmaol mejo}nh'n% matnx _ia the cmbrmofoﬁc VOO

09 the vedor 09 momentn (ihw 'mmh{ be alno cother onhmui waahhno

matvicen _but dhe one ux Pou*r»d 1% dd;m;G:L&J ooh*maﬁ)

A -t

Hemco, the efficient GMM estimator: ‘raouﬂ,t/) fiom _setting W,:=5 such

A p .
thot & — 9 and  the rwuﬂ,hﬂng Owgmptotic variom¢ce _wzolucen 40

Mg (6")= (525" 653". i o& which o _omasigtent estirmator would be




~

v - (3.5 ) - (& 5&';){\) & [ T

which requiven o comsistent estrmator of 6.

_In oux cone  we have ansumed that the extors o conditionalty

homosledantic thexe by the ophmal us- 697; = ( E(2,2,) \/\"l ( imdepenclent
of £) and

A (57) = (500 52 50"

- TN\ T
a_consistent  entimator of which s t(_l_.jx{':,): /..'....51:73 /l gzx




GMM undex  senal  covrelation

Remember that in oux cmoﬁbm'as 5o for

hat i) €, 's wex
are correloted © i ‘
The.  GHMM_entimator - vemains _comsistent _and: agympiotically ~armal.

0 in_ord ‘ totic normality e ot ector

procens (;7:'691.’;7 5 o amd. prowss  which Ooen mot offow Jov serial

{ at'eﬁ sofisfien Gordin's condition. tr fong -vun varamc

_motnx {5 mo'n—smgular

Pemember that  this nplien  Ahat  the pro@an C :z:'e) asotiafien

The stochantic vector procsd (2e) ez 19 5tabcm0r3 @z%odjc. 19

L E(ela/2) <40 o
2
2. livn E(E(:zje.k ///Jrﬁ\/ =0 fJor off t wher [=6(€é_i 2 L?:O}

7 T—=%F=T7

+

J»OO

- C— : ‘/3
% for w, . =Elae )L )-elale, [/ ) Je(r?) <
* o d : =] b ’-é'J" ? J:O <]

then E(:?c’ef)=0, Py 1!}’<+m and
J=° )

W

L T3, = J\Y'(O, If';)

v =1 J-=-oo~‘ o




Zbgggﬂzﬂ Qiven thg Q[zgu ouNn M(;_mp ng gglng(gtg[z b;‘ QQHEKHA Th? -
VT (-6 5 20 wlo_ay, )

@™

wherte AV !F(x D\MF(:.? xﬂ F(x;ﬂ u}(j r’.\ u F(:Q_K\[F(KL?J(U F(:z xﬂ

\J,_w J 7

[ o]

"(E(xL;ﬂu} E(g, x.\‘\ E(&:ID wfmz‘l r.] (1t E(:I,x\[ﬁ(mﬂ u}E(QLxﬁﬂ

T

AL the venultn we aobtaimed im the aeumoinﬁaomo@;aﬁ oi GMM without
soutad coyvelotion

co-ncwqu the onh'moﬂ cmuvnr)tobc woalf:hfng and _ dhe.

consistent mbmobon o) _1ne aaumndohc vaanc

(orrbl ouer pmmded Ihort

5=+ 2 _ZI" 5 (oﬂ%t%tﬁ’hﬂ\lj/ e/shmatod .

Obtammg such om eptimate s mot coany e/)pedoé,’z’i)/ when _outocolanancs

do ot vomish oftex O,i'nite Qoo/).

,A_mgﬁmgi__mﬁ_mr o _the 'matnx 09 alitacovorianen  would be

A

PN

| i A
| : '=4-:j .:,7,':2.; whexe 41 xL!) 5% 5
| Y RS L3l A A ,

> Pavarmetnc eptimotes requiven up 1o 5nacj?u a_model Jor e, . Do if we [now

thot [ =0 fov Jrq whem q i5 noum omol Jinite  then
9

S rt I(r+r) 2.
= j-q Y

> _A comsistert _ephmete o] S may e obtoined using on- paroometric metnodn

A poputar entimator s the J\raa}e\z)hu}wt «ueic(jzhtzd autocovarianc estimator

whi 2 o

r ith ed




(hexefore, the M'z_ug”f Weat _estimador unen a ggm'%htzd sum of the

autocovanancen 1o estimaote 6 whexe  the waolrvts ane _determined

by #he _ nel J d- ln,,\’ £0rl||4 q(M-1
- q(™M

o, for ljlrq(n) -1
omol_the bomdusialth pavoometer  g(T)

(See ]ohmshi, Sechion 66)




