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Tupik† morf† p.g.p.

E–nai:

max c1x1 + c2x2 + · · · + cnxn

upÏ a11x1 + a12x2 + · · · + a1nxn  b1
a21x1 + a22x2 + · · · + a2nxn  b2

...
am1x1 + am2x2 + · · · + amnxn  bm
x1, x2, . . . , xn � 0.

Megistopo–hsh thc antikeimenik†c,
'Oloi oi periorismo– t‘pou ,
'Olec oi metablhtËc � 0.
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Trop† p.g.p. se tupik† morf† I

An prÏkeitai gia prÏblhma elaqistopo–hshc tÏte ant–
gia

min ⇣ = c1x1 + c2x2 + · · ·+ cnxn

jËtoume

�max�⇣ = �c1x1 � c2x2 � · · ·� cnxn.

An kàpoioc periorismÏc e–nai t‘pou

a1x1 + a2x2 + · · ·+ anxn � b

tÏte pollaplasiàzoume me �1, opÏte antikajisto‘me me

�a1x1 � a2x2 � · · ·� anxn  �b
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Trop† p.g.p. se tupik† morf† II

An kàpoioc periorismÏc e–nai t‘pou

a1x1 + a2x2 + · · ·+ anxn = b

tÏte ton antikajisto‘me me duo periorismo‘c

a1x1 + a2x2 + · · ·+ anxn  b

kai
�a1x1 � a2x2 � · · ·� anxn  �b.
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Trop† p.g.p. se tupik† morf† III

An kàpoia metablht† e–nai t‘pou

xj  0

tÏte thn antikajisto‘me me thn ant–jet† thc, dhlad†
jËtoume xj = �x0

j kai Ëqoume

x0
j � 0.

An kàpoia metablht† e–nai t‘pou

xj 2 R (qwr–c periorismÏ)

tÏte thn antikajisto‘me me th diaforà duo mh arnhtik∏n
metablht∏n, dhlad† jËtoume xj = x0

j � x00
j kai Ëqoume

x0
j, x

00
j � 0.
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Paràdeigma

Na teje– se tupik† morf† to p.g.p.

min x1 � 2x2 + 4x3

upÏ x1 � 3x2  10
x1 � x2 � 2x3 � 3
x1 � x3 = 2
x1 � 0, x2  0, x3 2 R.

JËtoume x2 = �x0
2 kai x3 = x0

3 � x00
3 me x

0
2, x

0
3, x

00
3 � 0.

'Eqoume:

min x1 + 2x0
2 + 4x0

3 � 4x00
3

upÏ x1 + 3x0
2  10

x1 + x0
2 � 2x0

3 + 2x00
3 � 3

x1 � x0
3 + x00

3 = 2
x1x0

2, x
0
3, x

00
3 � 0.
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Paràdeigma

Na teje– se tupik† morf† to p.g.p.

min x1 � 2x2 + 4x3

upÏ x1 � 3x2  10
x1 � x2 � 2x3 � 3
x1 � x3 = 2
x1 � 0, x2  0, x3 2 R.

JËtoume x2 = �x0
2 kai x3 = x0

3 � x00
3 me x

0
2, x

0
3, x

00
3 � 0.

'Eqoume:

min x1 + 2x0
2 + 4x0

3 � 4x00
3

upÏ x1 + 3x0
2  10

x1 + x0
2 � 2x0

3 + 2x00
3 � 3

x1 � x0
3 + x00

3 = 2
x1x0

2, x
0
3, x

00
3 � 0.
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Paràdeigma (sunËqeia)

'Eqoume:

min x1 + 2x0
2 + 4x0

3 � 4x00
3

upÏ x1 + 3x0
2  10

x1 + x0
2 � 2x0

3 + 2x00
3 � 3

x1 � x0
3 + x00

3 = 2
x1x0

2, x
0
3, x

00
3 � 0.

Pollaplasiàzoume thn antikeimenik† kai ton 2o
periorismÏ me �1 kai antikajisto‘me ton 3o periorismÏ
me duo nËouc periorismo‘c:
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Paràdeigma (sunËqeia)

ApÏ

min x1 + 2x0
2 + 4x0

3 � 4x00
3

upÏ x1 + 3x0
2  10

x1 + x0
2 � 2x0

3 + 2x00
3 � 3

x1 � x0
3 + x00

3 = 2
x1x0

2, x
0
3, x

00
3 � 0

g–netai

�max � x1 � 2x0
2 � 4x0

3 + 4x00
3

upÏ x1 + 3x0
2  10

� x1 � x0
2 + 2x0

3 � 2x00
3  �3

x1 � x0
3 + x00

3  2
� x1 + x0

3 � x00
3  �2

x1x0
2, x

0
3, x

00
3 � 0.
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ApÏ thn tupik† morf† sth morf† Simplex

Gia na efarmoste– o algÏrijmoc ep–lushc Simplex
trËpoume touc periorismo‘c se exiswtiko‘c
prosjËtontac perij∏riec metablhtËc:

ai1x1 + ai2x2 + · · ·+ ainxn  bi
#

ai1x1 + ai2x2 + · · ·+ ainxn + wi = bi
wi � 0.

KatÏpin l‘noume wc proc tic perij∏riec touc nËouc
periorismo‘c:

wi = bi � ai1x1 � ai2x2 � · · ·� ainxn.

To prok‘pton sq†ma anafËretai wc lexikÏ.
A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Paràdeigma

Na teje– to p.g.p. se morf† lexiko‘ Simplex:

max 5x1 � 4x2

upÏ x1 � x2  6
3x1 � 2x2  24

�2x1 + 3x2  9
x1, x2 � 0.

'Eqoume to lexikÏ:

max ⇣ = 0 + 5x1 � 4x2

upÏ w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

x1, x2, w1, w2, w3 � 0.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Paràdeigma

Na teje– to p.g.p. se morf† lexiko‘ Simplex:

max 5x1 � 4x2

upÏ x1 � x2  6
3x1 � 2x2  24

�2x1 + 3x2  9
x1, x2 � 0.

'Eqoume to lexikÏ:

max ⇣ = 0 + 5x1 � 4x2

upÏ w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

x1, x2, w1, w2, w3 � 0.
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Paràdeigma (sunËqeia)

To lexikÏ

max ⇣ = 0 + 5x1 � 4x2

upÏ w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

x1, x2, w1, w2, w3 � 0.

to gràfoume sun†jwc se aplopoihmËnh morf†,
parale–pontac to max kai touc periorismo‘c
mh-arnhtikÏthtac twn metablht∏n:

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



LexikÏ kai orismo– I

'Estw Ëna lexikÏ, p.q. to

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

H onomas–a <<lexikÏ>> parapËmpei sto Ïti metafràzei tic
metablhtËc sta aristerà mËlh me Ïrouc twn metablht∏n
sta dexià mËlh.
To gràmma ⇣ qrhsimopoie–tai gia thn antikeimenik†
sunàrthsh.
Oi exarthmËnec metablhtËc, sta aristerà, lËgontai
basikËc metablhtËc. Ed∏ e–nai oi w1, w2, w3 (pou
taut–zontai me tic perij∏riec).

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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LexikÏ kai orismo– II

'Estw pàli to lexikÏ

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

Oi anexàrthtec metablhtËc, sta dexià, lËgontai
mh-basikËc metablhtËc. Ed∏ e–nai oi x1, x2 (pou
taut–zontai me tic arqikËc metablhtËc).
JËtontac tic mh-basikËc metablhtËc –sec me 0 pa–rnoume
mia l‘sh tou sust†matoc twn periorism∏n pou lËgetai
basik† l‘sh. Ed∏ (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9) me
tim† antikeimenik†c sunàrthshc ⇣ = 0.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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LexikÏ kai orismo– III - L‘seic I

'Estw pàli to lexikÏ

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

L‘sh = Diànusma pou ikanopoie– touc periorismo‘c pou
emfan–zontai sto lexikÏ.
P.q. ed∏ (x1, x2, w1, w2, w3) = (1, 1, 6, 23, 8) me ⇣ = 1.
Efikt† l‘sh = L‘sh pou ikanopoie– kai touc <<krufo‘c>>
periorismo‘c thc mh-arnhtikÏthtac twn metablht∏n.
P.q. (x1, x2, w1, w2, w3) = (1, 1, 6, 23, 8) efikt† l‘sh.
'Omwc (x1, x2, w1, w2, w3) = (�1, 0, 7, 27, 7) l‘sh, Ïqi
efikt†.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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LexikÏ kai orismo– IV - L‘seic II

'Estw pàli to lexikÏ

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

Basik† l‘sh = L‘sh pou oi mh-bas. metablhtËc e–nai 0.
P.q. ed∏ (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9) me ⇣ = 0.
Mpore– mia l‘sh na e–nai basik† allà Ïqi efikt†.
Basik† efikt† l‘sh (b.e.l.) = Basik† l‘sh pou e–nai
kai efikt†.
BËltisth l‘sh = Efikt† l‘sh pou megistopoie– thn
antikeimenik† sunàrthsh.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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H idËa thc mejÏdou Simplex

Arq–zoume apÏ kàpoio lexikÏ pou mac d–nei b.e.l.
Exetàzoume an h nËa b.e.l. e–nai bËltisth l‘sh. An nai
stamatàme, alli∏c ...
Metasqhmat–zoume to lexikÏ allàzontac tic basikËc
metablhtËc ∏ste na pàroume nËa b.e.l. pou belti∏nei
thn antikeimenik† sunàrthsh.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Paràdeigma Simplex - 'Enarxh
Na luje– to p.g.p. :

max 5x1 � 4x2

upÏ x1 � x2  6
3x1 � 2x2  24

�2x1 + 3x2  9
x1, x2 � 0.

'Eqoume to arqikÏ lexikÏ:

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

me basik† l‘sh (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9).
E–nai kai efikt† (b.e.l.).

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Paràdeigma Simplex - 'Enarxh
Na luje– to p.g.p. :

max 5x1 � 4x2

upÏ x1 � x2  6
3x1 � 2x2  24

�2x1 + 3x2  9
x1, x2 � 0.

'Eqoume to arqikÏ lexikÏ:

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

me basik† l‘sh (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9).
E–nai kai efikt† (b.e.l.).
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Paràdeigma Simplex- 1h epanàlhyh

Parathro‘me to arqikÏ lexikÏ

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

(antist. sth b.e.l. (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9)).
An h x1 auxhje– h ⇣ auxànei.
Kaj∏c h x1 auxànetai oi w1, w2 mei∏nontai.
Kaj∏c h x1 auxànetai h w3 auxànetai.
PÏso mpore– na auxhje– h x1;
MËqri kàpoia apÏ tic w1, w2 na g–nei 0.
H w1 g–netai 0 gia x1 = 6/1.
H w2 g–netai 0 gia x1 = 24/3 = 8.
'Ara pr∏ta ja g–nei 0 h w1.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Paràdeigma Simplex - 1h epanàlhyh (sunËqeia)

EpomËnwc sto arqikÏ lexikÏ

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

h x1 g–netai basik† (auxànetai mËqri x1 = 6),
h w1 g–netai mh-basik† (mei∏netai mËqri w1 = 0).
Metasqhmat–zoume to lexikÏ <<pern∏ntac>> thn x1 sto
aristerÏ mËloc, sth jËsh thc w1 kai ekfràzontac tic
w2, w3 sunart†sei twn nËwn mh-basik∏n metablht∏n
w1, x2 (diadikas–a od†ghshc).
O suntelest†c sthn tom† thc eiserqÏmenhc kai thc
exerqÏmenhc metablht†c (ed∏ to �1) lËgetai odhgÏc.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Paràdeigma Simplex - 1h epanàlhyh (sunËqeia)
Jewro‘me to arqikÏ lexikÏ

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

Apale–foume thn metablht† x1 pou mpa–nei sth bàsh
apÏ thn antikeimenik† sunàrthsh kai touc periorismo‘c,
ektÏc tou periorismo‘ pou aforà th metablht† w1 pou
bga–nei apÏ th bàsh, ektel∏ntac grammopràxeic.
Gia thn antikeimenik† sunàrthsh ⇣ Ëqoume

⇣ + 5⇥ w1 = 0 + 5⇥ 6 + (�4 + 5⇥ 1)x2.

Omo–wc gia tic w2, w3.
TËloc metakino‘me th metablht† w1 pou bga–nei apÏ th
bàsh sto dexiÏ mËloc.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Paràdeigma Simplex - 1h epanàlhyh (sunËqeia)

To arqikÏ lexikÏ

⇣ = 0 + 5x1 � 4x2

w1 = 6 � x1 + x2

w2 = 24 � 3x1 + 2x2

w3 = 9 + 2x1 � 3x2

(antist. sth b.e.l. (x1, x2, w1, w2, w3) = (0, 0, 6, 24, 9))
g–netai

⇣ = 30 � 5w1 + x2

x1 = 6 � w1 + x2

w2 = 6 + 3w1 � x2

w3 = 21 � 2w1 � x2

(antist. sth b.e.l. (x1, x2, w1, w2, w3) = (6, 0, 0, 6, 21)).

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Paràdeigma Simplex - 2h epanàlhyh

To de‘tero lexikÏ

⇣ = 30 � 5w1 + x2

x1 = 6 � w1 + x2

w2 = 6 + 3w1 � x2

w3 = 21 � 2w1 � x2

(antist. sth b.e.l. (x1, x2, w1, w2, w3) = (6, 0, 0, 6, 21))
e–nai bËltisto;
'Oqi, giat– upàrqei jetikÏc suntelest†c mh-basik†c
metablht†c sthn ⇣, o suntelest†c thc x2.
Kaj∏c h x2 auxànetai oi w2, w3 mei∏nontai.
H x2 mpore– na auxhje– mËqri w2 = 0 † w3 = 0.
H w2 g–netai 0 gia x2 = 6/1.
H w3 g–netai 0 gia x2 = 21/1 = 21.
'Ara pr∏ta ja g–nei 0 h w2.
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Paràdeigma Simplex - 2h epanàlhyh (sunËqeia)

EpomËnwc sto de‘tero lexikÏ

⇣ = 30 � 5w1 + x2

x1 = 6 � w1 + x2

w2 = 6 + 3w1 � x2

w3 = 21 � 2w1 � x2

h x2 g–netai basik† (auxànetai mËqri x2 = 6),
h w2 g–netai mh-basik† (mei∏netai mËqri w2 = 0).
Metasqhmat–zoume to lexikÏ <<pern∏ntac>> thn x2 sto
aristerÏ mËloc, sth jËsh thc w2 kai ekfràzontac tic
x1, w3 sunart†sei twn nËwn mh-basik∏n metablht∏n w1,
w2 (diadikas–a od†ghshc).
O odhgÏc sthn tom† thc st†lhc thc x2 kai thc gramm†c
thc w2 e–nai �1.
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Paràdeigma Simplex - 2h epanàlhyh (sunËqeia)

Gia to de‘tero lexikÏ Ëqoume

⇣ = 30 � 5w1 + x2

x1 = 6 � w1 + x2

w2 = 6 + 3w1 � x2

w3 = 21 � 2w1 � x2

Apale–foume thn metablht† x2 pou mpa–nei sth bàsh
apÏ thn antikeimenik† sunàrthsh kai touc periorismo‘c,
ektÏc tou periorismo‘ pou aforà th metablht† w2 pou
bga–nei apÏ th bàsh, ektel∏ntac grammopràxeic.
TËloc metakino‘me th metablht† w2 pou bga–nei apÏ th
bàsh sto dexiÏ mËloc.
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Paràdeigma Simplex - 2h epanàlhyh (sunËqeia)

To de‘tero lexikÏ

⇣ = 30 � 5w1 + x2

x1 = 6 � w1 + x2

w2 = 6 + 3w1 � x2

w3 = 21 � 2w1 � x2

(antist. sth b.e.l. (x1, x2, w1, w2, w3) = (6, 0, 0, 6, 21))
g–netai

⇣ = 36 � 2w1 � w2

x1 = 12 + 2w1 � w2

x2 = 6 + 3w1 � w2

w3 = 15 � 5w1 + w2

(ant. sth b.e.l. (x1, x2, w1, w2, w3) = (12, 6, 0, 0, 15)).
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Paràdeigma Simplex - 3h epalàlhyh

To tr–to lexikÏ

⇣ = 36 � 2w1 � w2

x1 = 12 + 2w1 � w2

x2 = 6 + 3w1 � w2

w3 = 15 � 5w1 + w2

(ant. sth b.e.l. (x1, x2, w1, w2, w3) = (12, 6, 0, 0, 15))
e–nai bËltisto;
Nai, giat– Ïloi oi suntelestËc mh-basik∏n metablht∏n
sthn ⇣ e–nai mh-jetiko–.
EpomËnwc to 36 e–nai Ëna ànw fràgma gia thn tim† thc
antikeimenik†c sunàrthshc.
Allà to 36 <<piànetai>> gia thn
(x1, x2, w1, w2, w3) = (12, 6, 0, 0, 15), pou apotele–
epomËnwc bËltisth l‘sh.
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S‘noyh thc basik†c Simplex

Xekinàme me lexikÏ pou antistoiqe– se b.e.l.
An Ïloi oi suntelestËc twn mh-basik∏n metablht∏n
sthn ⇣ e–nai mh-jetiko– Ëqoume brei th bËltisth l‘sh.
An upàrqoun mh-basikËc metablhtËc twn opo–wn oi
suntelestËc sthn ⇣ e–nai jetiko–, dialËgoume m–a gia na
mpei sth bàsh.
ApÏ tic basikËc metablhtËc pou mei∏nontai kaj∏c h
epileqje–sa mh-basik† metablht† auxànetai dialËgoume
thn pr∏th pou ja mhdeniste– gia na bgei apÏ th bàsh.
Metasqhmat–zoume to lexikÏ ∏ste h antikeimenik†
sunàrthsh kai oi basikËc metablhtËc na ekfràzontai
sunart†sei twn nËwn mh-basik∏n metablht∏n.
H tim† thc antikeimenik†c sunàrthshc gia th nËa b.e.l.
ja e–nai megal‘terh † –sh apÏ thn prohgo‘menh b.e.l.
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